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Preface

In this monograph, we analyse thin tubular structures, so-called “graph-like spaces”,
and their natural limits, when the radius of a graph-like space tends to zero. The limit
space is typically a metric graph, i.e. a graph, where each edge is associated a length,
and therefore, the space turns into a one-dimensional manifold with singularities at
the vertices. On both, the graph-like spaces and the metric graph, we can naturally
define Laplace-like differential operators. We are interested in asymptotic properties
of such operators. In particular, we show norm resolvent convergence, convergence
of the spectra and resonances.

Tubular structures with small radius have attracted a lot of attention in the last
years. Tubular structures are frequently used in different areas such as mathematical
physics to describe properties of nano-structures, in spectral geometry to provide
examples with given spectral properties, or in global analysis to calculate spectral
invariants.

Since the underlying spaces in the thin radius limit change, and even become
singular in the limit, we develop new tools such as

* Norm convergence of operators acting in different Hilbert spaces.
* An extension of the concept of boundary triples to partial differential operators.
e An abstract definition of resonances via boundary triples.

These tools are formulated in an abstract framework, independent of the original
problem of graph-like spaces, and in a way that they may be applied in many other
situations, for example when the underlying space is geometrically perturbed.

We briefly outline the content of this work. Chapter 1 is devoted to an exemplary
overview of the results proven in this work, their history and a discussion of
further research. In Chap.2, we introduce the necessary concepts for discrete
and metric graphs, especially Laplace-type operators. Chapter 3 contains partially
new material, in particular, boundary triples associated with a quadratic form
with applications to the PDE case. Moreover, we derive an abstract version of
complex scaling via boundary triples and introduce resonances, i.e. poles of a
meromorphic continuation of the resolvent. Chapter 4 provides new material on
(norm-)convergence of operators and quadratic forms in different Hilbert spaces. We
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viii Preface

extend these concepts to non-self-adjoint operators. Chapter 5 provides perturbation
arguments for manifolds under a change of the Riemannian metric. Moreover,
we present how a tubular neighbourhood can be reduced to the underlying one-
dimensional space using separation of variables.

In Chap.6, we define abstract graph-like manifolds associated with a star-
shaped graph. We allow different scaling behaviours of the vertex neighbourhood
and different boundary conditions, leading to different limit operators. Finally, in
Chap.7, we combine the convergence results for star-shaped graphs in order to
get convergence results for general metric graphs and graph-like manifolds. We
use the language of boundary triples in order to combine the local convergence
results for star-graphs to convergence results for general graphs. Combining and
extending existing results in the literature, we show norm-resolvent convergence of
the corresponding Laplacians, convergence of the spectrum and of resonances.

Berlin Olaf Post
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Chapter 1
Introduction

1.1 About This Monograph

The first aim of this monograph is to introduce into the asymptotic analysis of graph-
like spaces (also called graph-like manifolds, tubular branched manifolds, graph
neighbourhoods, fat graphs, network-shaped domains, inflated or d-dimensional
graphs) in the O-thickness limit and the convergence of associated operators and
related objects. The second aim is to provide necessary tools from functional
analysis and operator theory to treat such convergence problems, where operators
act in different spaces, and where spaces are coupled according to a graph.

A graph-like space is, roughly speaking, a Riemannian manifold X, (or more
precisely, a family of manifolds { X, }.) which converges to a metric graph as ¢ — 0,
i.e., a topological graph, where each edge is assigned a length and therefore each
edge is isometric to an interval (see Fig. 1.1).

The parameter ¢ describes the lengths scale of the collapsing transversal space
of the part shrinking to an edge. We allow different scaling behaviours at the part
shrinking to a vertex. A simple example is given by the e-neighbourhood of a metric
graph embedded in R?. More abstractly, we can think of a graph-like space as a
space coupled from building blocks according to a given combinatorial graph.

1.1.1 Convergence of Laplacians on Graph-Like Spaces

The first aim of this monograph is the asymptotic analysis of graph-like spaces in
the O-thickness limit. We provide in particular:

* Norm convergence of resolvents, operator functions and spectra of the
Laplacian

— With Neumann boundary condition on graph-like spaces with boundary
(“Neumann case™)

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 1
DOI 10.1007/978-3-642-23840-6_1, © Springer-Verlag Berlin Heidelberg 2012



2 1 Introduction

Fig. 1.1 A graph-like space X, here as a boundaryless manifold, the surface of a pipeline network
with thin radius of order ¢ (left), together with the underlying metric graph X, (right)

— On graph-like spaces without boundary (“boundaryless case”) (Theo-
rems 1.3.1 and 1.3.2)

— With Dirichlet boundary conditions on graph-like spaces with boundary
(“Dirichlet case”) under a certain “smallness condition” on the vertex neigh-
bourhood (Theorems 1.3.1 and 1.3.3)

to a natural Laplacian on the underlying metric graph. The underlying spaces are
allowed to be non-compact under some uniformity assumptions.

e Treatment of different scalings near a vertex for the Neumann and boundaryless
case (“fast decaying”, “slowly decaying” and “borderline case” determined by
the speed of convergence of the ratio “vertex volume” to “transversal volume”,
see (1.11) and below).

* Convergence of resonances on spaces with cylindrical ends shrinking to a half-
line (Theorem 1.4.4).

e Treatment of a star-graph and associated graph-like spaces first; the general case
follows by decomposing a graph into star graphs (in the middle of each edge)
and a coupling argument via boundary maps (star graphs and neighbourhoods
in Chap. 6, general graphs in Chap. 7, coupling via boundary maps Sect. 3.9 and
Proposition 4.8.3).

* Precise error estimates in terms of geometry and elementary spectral data of the
building blocks (like lower bounds on the edge lengths and first eigenvalues of
the vertex building block X, of the unscaled manifold) (for edge neighbourhoods
see the theorems in Chap. 5, and for vertex neighbourhoods in Chap. 6).

* Analysis of the limit spaces: quantum graphs (i.e., metric graphs together with
a natural Laplacian Aj on it); spectral relation between quantum graphs and
discrete graphs (Sects. 2.2 and 2.4).

» Extended quantum graphs as natural spaces in the limit of the “borderline case”
and their spectral analysis (Sect. 2.3).

1.1.2  Tools from Functional Analysis and Operator Theory

The second aim of this monograph is to provide a toolbox of mathematical methods
for the convergence of Laplacians on shrinking spaces (see Chaps. 3 and 4). We like
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to remark, that principally we present the concepts in a very abstract and general
way. In order to keep this work at a reasonable size, we only present graph-like
spaces as application. Nevertheless, we are sure that the general concepts introduced
here have many other applications.

* Norm convergence of non-negative operators and a related notion for quadratic
forms acting in different Hilbert spaces (Sects.4.2 and 4.4), convergence of
resolvents, convergence of spectra (discrete, essential) and convergence of
eigenfunctions (Sect. 4.3).

e Norm convergence of certain non-self-adjoint operators (typically not of type A
nor B in the sense of Kato) acting in different Hilbert spaces: convergence of
resolvents, convergence of eigenvalues and resonances (Sects. 4.5-4.9).

e Treatment of boundary value problems for (second order elliptic) partial differ-
ential operators via so-called boundary maps and boundary triples starting from
a (first order) quadratic form; coupling of such problems (Sects. 3.4-3.6).

* Abstract definition of resonances via boundary triples: typically, resonances and
embedded eigenvalues appear when a space is obtained by coupling a compact
(“interior”) part with a non-compact (“exterior”) part which is cylindrical. We
provide an abstract framework for the “complex dilation method” Sects. 3.6-3.8).

* A “black box” convergence result for resonances (Sect.4.9); without concrete
knowledge of the interior part; only some estimates on the difference of the
operators in the interior parts are needed (Theorem 4.9.12 (1)).

1.1.3 Outline of the Work

Let us briefly outline the content of this work in the order of appearance. Section 1.2
is devoted to a short outline of the history, main results and motivation for the
study of graph-like spaces. We provide a more detailed and exemplary exposition
of our main results on graph-like spaces and the tools from functional analysis and
operator theory in Sects. 1.3 and 1.4. In Sect. 1.5 we present some consequences of
the spectral convergence. In Sect. 1.6 we give an outlook on some ideas beyond the
scope of this monograph.

In Chap. 2 we introduce the necessary concepts for discrete and metric graphs.
Most of the material is standard, and in parts taken from [PO9b]. Generalised discrete
Laplacians have already been introduced in [P09a, PO8]. The concept of extended
metric graphs defined via boundary triples is presented in Sect. 2.3.

Chapter 3 contains the material related to a single operator and associated scales
of Hilbert spaces and boundary triples. In particular, it contains partially new
material: boundary triples associated with a quadratic form with applications to the
PDE case. Moreover, we derive an abstract version of complex scaling via boundary
triples, and an abstract definition of a resonance.

Chapter 4 provides new material on (norm-)convergence of operators and
quadratic forms in different Hilbert spaces. We derive consequences such as spectral
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convergence and convergence of resonances. The basic ideas were introduced
in [P06, EPO7]. We extend these concepts to non-self-adjoint operators.

Chapter 5 provides perturbation arguments for manifolds and for tubular neigh-
bourhoods. We present how a tubular neighbourhood can be reduced to the
underlying one-dimensional space using separation of variables.

In Chap.6 we define abstract graph-like manifolds associated with a star-
shaped graph. We allow different scaling behaviour of the vertex neighbourhood
and different boundary conditions, leading to different limit operators. We use
Lipschitz continuous metrics in contrast to the original papers [EP05, KuZ03,
KuZ01, RuS01a]. For the quadratic form on a graph-like manifold we find a §-
partial isometric quadratic form on the associated metric graph, which depends on
the scaling behaviour of the graph-like manifold. This is a generalisation of results
in [EPOS, KuZ03, KuZ01, RuSOla], where only the convergence of eigenvalues is
shown.

Finally, in Chap.7, we combine the convergence results for star-shaped graphs
provided in Chap. 6 in order to get convergence results for general metric graphs and
graph-like manifolds. We use the language of boundary maps and boundary triples
in order to combine the local convergence results for star-graphs to convergence
results for general graphs. In particular, we show norm-resolvent convergence of the
corresponding Laplacians, convergence of the spectrum and of resonances, combin-
ing and extending results of [EP07, P05, EP0S, KuZ03, KuZ01, RuSOla, Sa00].

1.1.4 Related Topics Not Included in This Work

The aim of this monograph is to show how far the very general and flexible tools of
convergence of operators in different Hilbert spaces developed here can be used for
the analysis of operators on graph-like spaces. In concrete examples, one can obtain
stronger results using different methods such as matched asymptotic expansions
used for problems involving regions that scale in different ways (see e.g. [GJ09,
GO08a, JS10]), or matching of scattering solutions (see e.g. [MV07, GO8a]). For
example, Grieser obtained the asymptotics Az (¢) = A (0)+O(e) instead of O(g'/?),
which is the convergence speed we obtain by our methods (see Theorem 1.3.2).

To summarise, we have not included the following subjects in this monograph;
mainly to keep it at a reasonable size, and since the methods differ from ours:

e The general Dirichlet (or other) boundary condition case.

* Asymptotic expansions of eigenvalues and eigenfunctions.

e Scattering properties.

e Schrodinger operators (i.e., Laplacians with magnetic and electric potential), for
such operators see e.g. in [EP07].

» Laplacians on differential forms and other vector bundles.

* Strong or weak convergence of operators acting in different Hilbert spaces.
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1.2 History, Results and Motivation

Let us start with a brief history on the convergence of Laplacians on graph-like
spaces. We explain further motivations in Sects. 1.2.4—1.2.7, as well as the history
of results on the tools from functional analysis and operator theory in Sects. 1.2.8—
1.2.9.

Already half a century ago Ruedenberg and Scherr [RSc53] used graph models,
elaborating an idea of L. Pauling, to calculate spectra of aromatic carbohydrate
molecules. In particular, Ruedenberg and Scherr claimed that an electron in an
organic molecule is approximately described by confining it to the bonds of the
molecule. In this approximation, the other electrons lead to an effective potential,
confining the electron under consideration into a small neighbourhood of the bonds.
Therefore, Ruedenberg and Scherr used a one-dimensional graph-model, called
in their paper free-electron network model, as a simple but powerful tool. They
achieved a reasonable accuracy for such a simple model, which nowadays is called
quantum graph model with Kirchhoff vertex conditions. In the approximation,
the electron confinement can be realised by an e-neighbourhood X, of the one-
dimensional graph model Xy, and the corresponding Schrodinger operator H, is
the Laplacian with Dirichlet boundary conditions on 0X,. An heuristic argument
was given' in order to support the claim that the graph spectrum arises in the thin-
neighbourhood limit of a Dirichlet Laplacian acting on the graph neighbourhood.

We provide more examples where graph-like spaces appear in Mathematics
and applications in the subsequent sections. Depending on the application, graph-
like spaces are also called tubular neighbourhoods of graphs [CdV86], graph-like
manifolds [EP0S], tubular branched manifolds, fat graphs, graph neighbourhoods,
network-shaped domains, inflated or d-dimensional graphs), and they have some
common features. First, a family of graph-like spaces {X.}. converges to the
underlying metric graph in the Gromov-Hausdorff distance, where ¢ is roughly
the transversal length scale of X,. Moreover, graph-like spaces are almost one-
dimensional spaces, i.e. a single length scale (namely the longitudinal one on each
edge) dominates all others.

Analytically, a graph-like space can be treated via separation of variables and
ODE techniques along the edges, but near vertices, i.e. the singularities of the metric
graph, the separation of variables technique breaks down. For a recent survey on thin
tubes including graph-like spaces we refer to [GO8b].

'In particular, Ruedenberg and Scherr assumed, that a family of eigenfunctions, such that the
associated eigenvalues minus the transversal eigenmode (proportional to £~2) converge, remains
bounded. But a simple counterexample shows that there are eigenfunctions concentrating around
a vertex neighbourhood, see Sect. 6.11.5. If such eigenfunctions are normalised with respect to an
L,-norm on a shrinking domain, then they cannot be bounded. If one excludes such eigenvalues,
then still the limit operator is generically decoupled, and a Kirchhoff operator in the limit, as
claimed by Ruedenberg and Scherr, is very unlikely (see the discussion in Sect. 1.2.2).



6 1 Introduction

1.2.1 Convergence of Laplacians on Graph-Like Spaces:
The Neumann Case

Colin de Verdiere gave the first mathematical treatment of spectral asymptotics
of graph-like spaces (“voisinages tubulaires des graphes”) in [CdV86], where he
proved the following:

Theorem 1.2.1. Let M be a closed manifold of dimension dim M > 3 and pu € N.
Then there exists a Riemannian metric g, on M such that the second (first non-zero)
eigenvalue of the Laplacian on (M, g,.) has multiplicity j.

The proof uses the argument that the spectrum of the Neumann Laplacian on a
thin tubular neighbourhood of a graph embedded in a manifold converges to the
spectrum of the Kirchhoff Laplacian on the graph (see Sect. 1.2.6 for more details).
Since this result is used as an intermediate step only and presented in a brief way,
the paper seemed to be overlooked in much of the mathematical physics community
until recently.

Freidlin and Wentzell considered the problem from a probabilistic point of
view in [FWO93] (see also [Fre96]). They show in their Theorem 7.3 the pointwise
convergence of the resolvent of the Neumann Laplacian on graph-like space to the
resolvent of the Kirchhoff Laplacian on the underlying metric graph after a suitable
identification. This result is a by-product of the convergence of a diffusion process
of a space X, on which the process moves fast in certain directions whereas the
motion in other directions is slow. The so-called averaging principle states that if
one identifies the fast directions to a point in a new space Xy, then the original
process converges to a process on X;. The case of a graph-like space in our sense
appears as a special example. A similar result, namely the weak convergence of the
resolvents for tree graphs, is proven by Saito in [Sa00].

The spectral convergence of the Neumann Laplacian on a thin graph neigh-
bourhood with curved edges towards the Laplacian with Kirchhoff boundary on
the metric graph is shown by Rubinstein and Schatzman [RuS0O1a]. Rubinstein and
Schatzman also allow a magnetic field, and have some application in superconduc-
tivity in mind (see [RuS01b]).

Independently, Kosugi proved in [Ko0O, Ko02] the uniform convergence of the
solution of a semilinear elliptic equation with Neumann boundary conditions on a
graph-like space to a corresponding solution on the metric graph (with Kirchhoff
conditions) after a suitable identification.

Kuchment and Zeng [KuZO01] simplify the arguments of [RuSOla], allowed a
variable radius r.(s) = er(s) for the edge neighbourhoods (where s is the coordinate
on the edge), and extend the result to a slower length scaling at the vertex
neighbourhood (¢, 0 < o < 1) [KuZ03]. The limit operator depends on «, and
will lead to different vertex conditions on the corresponding quantum graph. For a
2-dimensional e-neighbourhood of the graph, there are three cases, the fast decaying
case 1/2 < a < 1, the slowly decaying case 0 < o < 1/2 and the borderline case
« = 1/2. Heuristically, the cases are distinguished by the ratio of the area of the
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edge neighbourhood and of the vertex neighbourhood. Roughly speaking, one has
a decoupled operator in the slowly decaying case (the vertex neighbourhood acts as
an “obstacle” preventing the coupling of different edges at a vertex), and Kirchhoff
conditions in the fast decaying case. In the borderline case, a so-called “Wentzell”
condition appears on the quantum graph (see [FW93, (3.2)]).

In [EPOS5] we extend the analysis of [RuSOla, KuZ01, KuZ03] to more general
geometries. In particular, we introduced graph-like manifolds® and stressed the
geometric point of view of the analysis.

In all of the above examples (except the result of Saito [Sa00] and [PWZ08]),
the underlying spaces are assumed to be compact, and therefore, only the discrete
spectrum was considered. The main idea for the spectral convergence in [CdV 86,
RuS01a, KuZ01, KuZ03, EP05] is to compare the Rayleigh quotients using iden-
tification operators for the quadratic form domains (we call them here first order
identification operators). In [P06] we develop a method how to deal with the con-
vergence of operators acting in two different Hilbert spaces, and show in particular
the convergence of the discrete and essential spectrum for non-compact graph-like
spaces (in the fast decaying case). Pinchover, Wolansky and Zelig [PWZ08] proved
the spectral convergence of graph-like spaces for certain non-compact tree graphs
(see Sect. 1.2.5 for more details) in which the spectrum is still discrete, using again
first order identification operators and comparison of the Rayleigh quotients.

Let us stress the fact that the geometry of the (unscaled) vertex neighbourhood
is not important for the limit of the Neumann Laplacian. Similarly, if X, is a
neighbourhood of an embedded graph in R?, then the limit operator does not contain
any information on the embedding (e.g. the curvature of the edges or the angles of
the edges at the vertex). This robustness of the convergence is maybe the reason
why the problem with Neumann boundary conditions was solved earlier than the
problem with Dirichlet boundary conditions.

Recently, Joly and Semin considered graph-like spaces in [JS10] converging to a
metric graph as models for the propagation of acoustic waves using the techniques
of “matched asymptotic expansions” and proposed also an “improved Kirchhoff
condition” for the asymptotic expansion.

1.2.2 Convergence of Laplacians on Graph-Like Spaces:
The Dirichlet Case

The analysis of the Laplacian with Dirichlet boundary conditions on a graph
neighbourhood is more complicated. In contrast to the case of Neumann boundary

2The notion “graph-like manifold” is sometimes used for a manifold embedded in R” which can
be written as the graph of a function. In [KZh98], the notion of G-like manifold is introduced,
where G is a (discrete) graph. A G-like manifold is a manifold which is roughly isometric with the
(discrete) graph G, meaning that the manifold is metrically close to the (metric or discrete) graph.
This definition is different from ours.
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conditions or the case of manifolds without boundary, the lowest transversal
eigenfunction is no longer constant. In order to expect convergence of the spectrum,
one either has to rescale the Dirichlet Laplacian, or use an asymptotic expansion of
the eigenvalues in dependence of the transversal length scale ¢ > 0.

Under a certain smallness condition on the vertex neighbourhood excluding the
natural e-neighbourhood, is was shown by the author in [P0OS5], that the Dirichlet
Laplacian shifted by the lowest transversal eigenvalue converges to a decoupled
graph operator, namely the graph Laplacian with Dirichlet vertex conditions. This
result was somehow unexpected and “disappointing” from a physical point of view,
since a decoupled operator does not carry any information of the network structure.

The asymptotic behaviour of the Dirichlet spectrum for arbitrary vertex neigh-
bourhoods has been solved recently by Molchanov and Vainberg [MV07] and
Grieser [G0O8a]. The problem here is that the asymptotic splitting into eigenvalues
of a related graph problem and remaining eigenvalues as ¢ — 0 appears only in the
second term of the asymptotics, and not in leading order as in the Neumann case.
A first step to deal the problem is to turn it into a scattering problem. One way to
do so is to rescale the problem to a graph neighbourhood with transversal length
scale of order 1 and longitudinal length scale of order ™. In the limit, such a graph
neighbourhood “converges” to the disjoint union of star-graph-like neighbourhoods
X with infinite ends. It is now a scattering problem which determines the
asymptotic behaviour of the eigenvalues. After rescaling, the eigenvalue expansion
of the Dirichlet Laplacian on the compact graph-like space X, (with transversal
length scale ¢) is

Ae(e) = e 72 + O(e™/9), (k=1,....ko) and
Ai(e) = &2y + Jk—x, + O(e), k=1,...),

where k( denotes the number of L,-eigenvalues t; of @V A yoo below or equal to
the lowest (unscaled) transversal eigenvalue vy, and where /LkL are the eigenvalues
associated with a graph Laplacian with vertex condition at the vertex v determined
by the scattering matrix S, (vg) of X at the energy vy. It turns out that S, (vp) is a
unitary involution, i.e. S,(vo) has only eigenvalue 1 and —1. Moreover, the vertex
condition is given by

SO) ={/feO)}eer, € 7 1= ker(Sy(vg) — 1) and (1.1a)
S'0) = {f/(}eer, € ¥ = ker(S,(vo) + 1), (1.1b)

where E, denotes the set of edges adjacent with the vertex v, and where f,(v)
and f](v) denote the value of f. and the inward derivative of f, at the vertex v.
Grieser [G08a] also obtained complete asymptotic expansions for the k-th eigen-
value and the eigenfunctions, uniformly for k < Ce™!. Other boundary conditions
with non-zero transversal eigenmode like Robin boundary conditions can be treated
in the same way.
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Generically, the vertex condition is decoupled Dirichlet (i.e. S,(vo) = —1 or
¥, = 0), so it is unlikely to find some non-trivial coupling by choosing an arbitrary
vertex neighbourhood. The existence of non-trivial vertex conditions (i.e., %, # 0)
is related to the existence of threshold energy resonances at the energy A = vy of
X, i.e., eigenfunctions fulfilling the eigenvalue equation, being bounded but not in
L,(X>°). Molchanov and Vainberg [MVO08, Thm. 13] showed that if there is such an
eigenfunction, then the limit operator fulfils Kirchhoff conditions and dim %;, = 1.

Molchanov and Vainberg [MV07] considered the wave equation at energies j1/&>
where u is above the threshold vy, and gave an asymptotic description of the
corresponding wave function and a related function the metric graph. Note that
for such u, the vertex condition (“gluing condition” in [MVO07]) on the metric
graph depends on u, and becomes independent only at the threshold © = vy (see
also Theorem 16 of [GO8a] for a quantitative discussion). In [MV08, Thm. 11],
Molchanov and Vainberg proved a norm resolvent convergence of the operator
SZA?(S at energies 1 = vo + O(g?). In our language, they proved that

||(92A1})(g -w7 - J(SzA(XO,"I/) - = Ce,

where (Jf)e = fo ® ¢ee and (Jf), = 0 (see Sect. 1.3.4) and where Axyp) 18
the metric graph Laplacian with vertex condition given by (1.1). Here, @, is the
normalised first Dirichlet eigenfunction on the transversal manifold of the edge e,
and (J /), = 0 means that the function is set to O on the vertex neighbourhood. The
Dirichlet case has also been treated by Pavlov [Pav07] using Dirichlet-to-Neumann
techniques.

The case of a Dirichlet Laplacian on a graph neighbourhood is closely related
to the confinement of a particle to the graph neighbourhood by a strong narrow
potential. Again, the lowest transversal eigenvalue is positive and divergent in the
confinement limit. In [DeA07, DT06, DT04], Dell’ Antonio and Tenuta use the idea,
that from a dynamic point of view, the longitudinal scale is much smaller than the
transversal scale, and they can find a limit dynamic on the quantum graph for certain
geometries. For tubular neighbourhoods (without branching, i.e., singularities), a
detailed analysis of a particle confined to a submanifold by a squeezing potential
can be found in [TW09]. Note that in this situation, one can use (at least locally)
separation of variable techniques. In [SmSO06], a product model G x R with strong
confining potentials has been studied instead of the usual graph neighbourhood (see
also [MVO06] for a related model with Dirichlet boundary conditions).

1.2.3 Convergence of Resonances

The question of resonances in non-relativistic quantum mechanics is one of the
most interesting and challenging mathematical problems, and has been studied by
many mathematicians and physicists. A resonance is a pole of a meromorphic
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continuation of the resolvent. For a physicist, a resonance z is an almost stable
state with decay rate proportional to Im ,/z > 0. Resonances of a Laplace-type
(self-adjoint) operator occur for example on spaces with cylindrical ends or spaces
which look like R at infinity. Such operators have essential spectrum [vo, 00) and
possibly eigenvalues embedded in the essential spectrum. Such an eigenvalue is a
resonance without decay (i.e. a stable state), but there might be more resonances
in the complex plane. For a nice survey on resonances we refer to [Zw99] (see
also [Bal0] and references therein for a more recent article).

To our knowledge, the problem of the convergence of resonances of a graph-
like space to the resonances of the corresponding quantum graph was first treated
in [EPO7]. Typically, the spectrum of a non-compact quantum graph with compact
interior part and a finite number of infinite leads attached to the interior part
has eigenvalues embedded in the absolutely continuous spectrum [0, 00). These
eigenvalues arise e.g. from compactly supported eigenfunctions on loops in the
interior part. In contrast, for an elliptic partial differential operator, the unique
continuation principle prohibits compactly supported eigenfunctions. Of course, the
quantum graph may also have resonances with non-vanishing imaginary part (e.g. a
loop with one lead attached, Sect. 1.4.2 and Fig. 1.4 on page 41). Using the method
of complex scaling (see below), we show that for each resonance of the quantum
graph, there is a resonance of the Laplacian with Neumann boundary conditions on
an associated graph-like manifold with cylindrical ends nearby. It is unlikely (but not
proven nor disproven), that a resonance on the graph-like manifold arising from an
embedded eigenvalue of the graph is itself an embedded eigenvalue of the manifold.

In this monograph, we also extend the class of examples presented in [EP07] by
graph-like manifolds with different vertex neighbourhood scaling (the borderline
and slowly decaying case) and with Dirichlet boundary conditions. Moreover,
we provide a simple way how to calculate the resonances (cf. Theorem 3.8.4).
For decoupling limit operators, we obtain the convergence of resonances towards
embedded eigenvalues similar to the convergence of resonances of a Helmholtz
resonator (see Remark 1.4.6).

The method of complex scaling or complex dilation developed and applied by
many authors (see e.g. [Co69, AC71, BC71, Si72, CT73, Si79, CDKS87, BCD§9]
or [RS80, Sect. XI1.6 and XIII.10]), transforms the operator by a non-unitary
operator with the aim to rotate the essential spectrum uncovering a part of the
“second sheet” while leaving the poles at place. The advantage of the complex
scaling method is, that the poles of the resolvent become discrete eigenvalues of the
(non-self-adjoint) transformed operators, Hence, perturbation theory of resonances
is reduced to perturbation theory of discrete eigenvalues.

The method developed here is based on an exterior scaling introduced by [Si79]
(see also [CDKS87]). In particular, the dilation operator acts non-trivially on the
cylindrical ends (the so-called “exterior” part) only, and the transformed operator
has a domain depending on the scaling parameter. A smooth version leaving the
operator domain invariant was developed by Hunziker [Hu86] under the name
distortion analyticity (see also [HiS89]).
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In the following subsections we present different motivations for the study of
graph-like spaces and the functional analytic and operator theoretic tools, as well as
related results.

1.2.4 Mathematical Physics

Graph-like spaces appear in Mathematical Physics in physical networks, where
waves or (quantum mechanical) particles are confined to the vicinity of a one-
dimensional branched space.

If the length scale is reduced to some nanometres, the system is too small to
be treated using purely classical physics. Such networks are realised for example
in semi-conductors, carbon nano-structures or optical fibres, see e.g. the work of
Ruedenberg and Scherr mentioned in the beginning of Sect. 1.2. All these models
are governed by a Laplace-like Hamiltonian; and spectral properties of this operator
give information on the physical system (see e.g. [ES89]).

In a semi-conductor with network-like geometry, we consider an electron
confined to the network by the geometry. The corresponding Schrédinger operator
determines the main physical properties of the material. The spectrum of the
Schrodinger operator describes the energy in the one-electron model of solids. In
a periodic arrangement, the spectrum consists of bands, i.e. a locally finite union
of compact intervals. The gap or forbidden zone between the first and second
band is a measurement for the material to be a conductor, a semi-conductor or
an insulator, depending on the size of the gap. For example, an electron with an
energy in the forbidden zone cannot propagate through the material. Spectral gaps
typically occur in periodic media with high contrast (see e.g. [HP03]). Moreover,
impurities in the periodic arrangement can lead to additional levels inside the
forbidden zone, mathematically described by an eigenvalue in the spectral gap.
Such impurity levels are important in the theory of the colour of crystals (see
e.g. [ADH89, AADH94,P03a] and references therein).

Similarly, in a photonic crystal, i.e. a periodic arrangement of optical fibres, light
waves are confined to the fibre due to the difference in the dielectric constant of the
fibres and the embedding space. Again, a spectral gap tells us that electromagnetic
waves with certain frequencies cannot propagate through the photonic crystal.
Photonic crystals are often viewed as optical analogue of semi-conductors. For a
survey on the mathematical treatment of photonic crystals we refer to [KuO1] and
references therein.

All these systems have in common that the longitudinal length scale along the
network is much larger than the transversal length scale. It is therefore tempting to
ask the following:

(A) Does a proper one-dimensional branched space provides a good approxima-
tion of the network model with small transversal length scale?
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(B) Does the one-dimensional model yield information such as conductivity of the
original physical system?

Proper one-dimensional networks, also called quantum networks or quantum
graphs, have a long history in Chemistry and Physics (see e.g., [RSc53, AI83]). As
already mentioned in the beginning of Sect. 1.2, Ruedenberg and Scherr [RSc53]
believed by their heuristic arguments, that the Dirichlet Laplacian shifted by
the lowest transversal eigenvalue converges to the Kirchhoff Laplacian on the
graph. Although they obtained a reasonable accuracy for the spectra of aromatic
carbohydrate, the conclusion cannot hold, at least not for the e-neighbourhood of
a graph with straight edges and degree > 3 embedded in R?. Simple examples
using variational arguments show, that the Dirichlet Laplacian associated with
the e-neighbourhood has eigenvalues below the lowest transversal eigenvalue (see
e.g. [SRW89, ABGMI1] or Sect. 6.11.5).

Recently, quantum graph models have successfully be applied to carbon nano-
structures, i.e. molecules composed entirely of carbon. For example in graphene, the
carbon atoms are situated at the vertices of a hexagonal lattice in the plane, whereas
for carbon nano-tubes, the hexagonal lattice is rolled up into a cylinder, i.e. the
atoms are situated on a tube. As in the previous example, the electric conductivity
is determined by the spectrum of the underlying Schrédinger operator on the one-
dimensional network. In particular, the conductivity depends on how the nano-tube
is rolled up into a cylinder (see for example [ALMO04, BBK07, KLO7, KuP07]).

Mathematically, a quantum graph consists of a metric graph, i.e. a graph, where
each edge is considered as a one-dimensional space, and a self-adjoint (pseudo-)
differential operator acting on the edges. Typically, the operator acts as a system of
differential operators on each edge, and the system is coupled via vertex conditions
on the boundary values of each edge, in order to assure the self-adjointness.
For a recent survey on the subject, we refer to [KuO8] in [EKK'08], as well
as [GnS06, Ku05, Ku04, KS99] and the references therein. Quantum graphs are also
considered as solvable models since many properties can be calculated explicitly
(see the monograph [AGH™05] and the appendix by Pavel Exner).

Since there are a lot of self-adjoint extensions for symmetric differential opera-
tors on metric graphs, we have now the following questions:

(C) Which vertex conditions are “natural”? Does a given quantum graph occur as
a limit of a network, for which the transversal length scale tends to zero?

(D) Can we give a recipe how to construct a network converging to the quantum
graph?

The physical motivation of the questions is the following: If we can prove such
convergence results, we know that the simpler quantum graph model is a good
approximation of the real system. On the other hand, we might find interesting
features for certain quantum graphs and ask whether they can be manufactured
as nano-structure having the same features. As an example we may think of a
quantum switch (see e.g. Pavlov [Pav02] and the references therein): It is easy to
give an example of a vertex condition depending on a parameter such that a wave is
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transmitted or reflected, depending on the parameter. Can we find a corresponding
model in which for example the parameter has a geometric meaning? We will
give partial answers to these questions. In particular, the Kirchhoff Laplacian on
the metric graph is natural in the sense of question (C) above, by the results
of [RuS01a, KuZ01, EP05,P06] (see Theorem 1.3.2 (1)).

Note that the dependency of the limit operator depends on the scaling behaviour
at the vertex neighbourhood (see [KuZ03, EP05]): Roughly speaking, one has a
decoupled operator in the slowly decaying case, and Kirchhoff conditions in the fast
decaying case. This gives a partial answer to question (D) above. In particular, one
can construct a “quantum switch” by changing the geometry near a vertex using the
scaling rate «.

Note also, that in [EP07] we extended the convergence results in the fast decaying
case to magnetic Schrodinger operators on non-compact graph-like manifolds. In
particular, using results of [BGP07], we can show that certain magnetic Schrodinger
operators on a non-compact graph-like space have asymptotically a fractal spectrum
(see also Theorem 1.5.5).

Approximation of Quantum Graph Vertex Conditions
by Graph-Like Spaces

Let us make a short digression and give some partial answers to questions (C)
and (D) above. The following vertex conditions occur as limits of operators on
graph-like spaces:

1. Kirchhoff (or standard) vertex conditions: This vertex condition corresponds
to the vertex space ¥, = C(1,...,1), i.e. f is continuous at the vertex v
and ) ,cp f/(v) = 0, and occurs as limit of the Neumann Laplacian on a
graph-neighbourhood or as limit of a graph-like manifold without boundary
(see [RuSOla, KuZ01, EPOS, PO6], see Theorem 1.3.2 (1)). The scaling at the
vertex neighbourhood has to be fast enough. Allowing different radii for the
(unscaled) transversal direction, one obtains a weighted version of the Kirchhoff
condition (i.e. %, = Cp(v) with p(v) = {p.(v)}, p.(v) > 0). Similarly, starting
with a magnetic Schrodinger operator, one ends up with vertex conditions with
complex weights (see [RuSOla, KuZ01,EP07]).

2. Other energy-independent vertex conditions: A vertex condition is called
energy-independent if it is of the form f(v) € %, f'(v) € ¥ as above. The
name “energy-independent” reflects the fact that the corresponding scattering
matrix is independent of the spectral parameter (the “energy”). In principle,
any linear space %, C C% could be obtained by a suitable choice of the
rescaled vertex neighbourhood X °. If in addition, X>° could be chosen such
that there are no L,-eigenvalues below the threshold vy, then the spectrum of the
shifted Dirichlet Laplacian A]))Q — vp/&? on the corresponding scaled manifold
X, converges to a quantum graph with the prescribed vertex conditions 7.

Unfortunately, it is unlikely to find manifolds X°° with non-trivial vertex
conditions ¥, # 0. Generically, one obtains the physically less interesting
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decoupled Dirichlet vertex conditions as in [PO5]. Note that up to now, there is
no formal proof how to construct X >° from a given space ;. The very sensitive
dependence on the geometry of the vertex neighbourhood s in contrast to case (1)
above.

Another case, in which the decoupled Dirichlet vertex condition occurs as
limit, is the Neumann Laplacian on a graph-like manifold with slowly decaying
vertex neighbourhoods (see [KuZ03, EPO5]). Here, the vertex neighbourhood is
large compared to the transversal length scale, and has the effect of an obstacle;
an extra state remains from the lowest eigenmode on the vertex neighbourhood
(see Theorem 1.3.2 (3)).

3. A coupled vertex condition: The Neumann Laplacian on a graph neighbour-
hood with scaling &!/? at the vertex neighbourhood X, leads to an interesting
vertex condition, coupling the values of the function f at a vertex with an extra
state. The corresponding eigenvalue equation leads to the vertex condition that
£ is continuous at v with value f(v) and that

1
degv

L) =2 (vol X)) f(v). (1.2)

e€E,

This condition looks like a delta-interaction with energy-depending strength
(see [KuZ03,EPO5], Sect. 1.3.2 and Theorem 1.3.2 (2)), i.e. the spectral parame-
ter A enters also in the vertex condition itself, and is sometimes called “Wentzell”
condition, see [FW93, (3.2)]. Later on we present a nice general framework
for such vertex conditions. Kant, Klauss, Voigt and Weber [KKVWO09] showed
that the heat operator associated with the Laplacian with Wentzell condition is
submarkovian; they interpret the extra states as been implemented via extra point
masses at the vertices.

4. Delta- and delta’-interactions: In [EP09] we introduce a method how to obtain
delta- and delta’-interactions at a vertex (and possibly more general energy-
dependent vertex conditions) by a Schrodinger operator. Roughly speaking, one
has to add a potential at the vertex neighbourhood of strength ¢!, in order to
approximate an delta-interaction. A delta’-interaction can be approximated by
delta-interactions using ideas of [CE04]. In the same way, one can approximate
arbitrary vertex conditions by properly scaled (magnetic) Schrédinger operators
using ideas of [CET10]. Another idea of approximating delta-conditions is to use
Robin type conditions with a properly scaled factor on the boundary, such that
the lowest transversal eigenmode converges to 0 as ¢ — 0 (see [MNP10]).

For related results on neighbourhoods of a graph having two infinitely long
edges joint at one vertex leading to a non-trivial coupling, we refer to [ACF07,
CEOQ7]. We do not focus on such results in this work.

Joly and Semin provided a model for acoustic waves in [JS10]: They consider the
wave equation on a star-shaped graph-like space (with infinite edges) and Neumann
boundary conditions. Using the method of matched asymptotic expansions they
provide an asymptotic solution for the wave equation on the graph-like manifold
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constructed from the wave equation on the underlying metric graph with Kirchhoff
conditions. Moreover, they present an asymptotic solution constructed from an
“improved Kirchhoff condition” on the metric graph; an e-depending solution where
the function and its derivatives on the metric graph are evaluated at distance &
from the vertex and related with the use of a Dirichlet-to-Neumann operator on the
vertex neighbourhood. In the limit ¢ — 0, the solution with “improved Kirchhoff
conditions” converge to the solution of the wave equation on the metric graph with
(ordinary) Kirchhoff conditions.

1.2.5 Models from Mathematical Biology

Quantum graphs and corresponding graph-like spaces have also been used as models
in Mathematical Biology. One example is to consider tree-like structures with
no positive lower bound on the edge length (so-called “fractal” metric graphs).
Pinchover, Wolansky and Zelig considered in [PWZ08] non-compact tree-like
spaces with discrete spectrum with Neumann conditions on the boundary (except
at the root and at infinity). Such models can be used as models for a human lung,
vascular trees or neural networks (see e.g. [Ni87,Ze05, PWZ0S]).

Moreover, Penner et al used in [PKWA10] graph-like spaces with a large number
of vertex and edge neighbourhoods in order to encode the structure of a protein.
They are interested in the geometry of such spaces and how to encode them
for computer access. It is for example allowed that the edge neighbourhoods are
“twisted”.

1.2.6 Spectral Geometry and Spectral Invariants

1.2.6.1 Spectral Geometry

In Spectral Geometry, one investigates relations of the spectrum of the Laplacian (or
related operators) on a Riemannian manifold to its geometry. Graph-like manifolds
may serve as toy models in order to show certain properties, or to disprove a
conjecture. In particular, such spaces can be used in spectral engineering, i.e., in
constructing spaces with given spectral properties. Colin de Verdiere [CdV86] used
graph-like spaces in order to prove Theorem 1.2.1 about the multiplicity of the first
non-zero eigenvalue of the Laplacian on a manifold M .

In dimension 2, Cheng [Che76] proved that the multiplicity of the k-th eigenvalue
of a connected compact surface M of genus g is bounded by (2g+k)(2g+k+1)/2
where A{(M) = 0 < A,(M) < .... This result follows from a study of the nodal
lines, i.e., the set ¢; ' {0} where gy is the k-th eigenfunction.

In contrast, in dimension 3 or higher, there is no restriction on the multiplicity by
Theorem 1.2.1. In the proof of this theorem, Colin de Verdiere embeds a complete
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metric graph G with n vertices in (M, g). Such an embedding is possible, since
dim M > 3. Then he defines a family of metrics {g.} on M to be of thin tube type
on an e-neighbourhood G, of G and small outside. In a first step, Colin de Verdiere
shows that the eigenvalues of M are close to the Neumann eigenvalues of G,. Since
g 1s a conformal perturbation of g, the dimension assumption dim M > 3 also
enters in this step (see [PO3b, Sect. 4] for a similar argument).

In a second step, it can be seen that the Neumann eigenvalues of G, converge
to the eigenvalues of the graph Laplacian, using methods discussed below. A
topological perturbation argument allows to show that one may change the metric
such that the multiplicity is preserved.

A similar construction is used in [CdV87] in order to show the following more
general result: Let dim M > 3, andlet A; = 0 < A, < --- < A, be a sequence of
n numbers. Then there exists a metric g such that the corresponding Laplacian has
At, ..., Ay, as its first n eigenvalues.

1.2.6.2 Convergence of Manifolds and Spaces and Convergence of Spectra

Another interest of research is devoted to the study of spaces of manifolds and
convergence of manifolds in such spaces and its implications, like convergence of
spectra.

The convergence of eigenvalues of a sequence of compact manifolds M,
converging to a (possibly degenerated) manifold M, has been studied since a long
time. Rauch and Taylor [RT75] considered open subsets £2, in R™ converging
“metrically” to a subset §2, and consider the convergence of the associated Dirichlet
Laplacians. In particular, they obtain strong convergence of spectral projectors and
the solution of the wave equation and applied this convergence to wildly perturbed
sets £2,, e.g., a domain with many tiny obstacles removed. In particular, they
consider the so-called “crushed ice problem” where 2, is an open set §2 with n balls
of radius r, removed, where the n small balls are evenly spaced in some subregion
£2' C £2. This situation models the physical problem of the heat flow in §2,, where
the balls are little coolers maintained at temperature zero. The critical parameter is
nry:if nr, — 0, then the balls are negligible in the limit, and if nr, — oo, then the
limit operator is the Dirichlet Laplacian on £2 \ £2’ (see [RT75, Sect.4]). The case
when nr, is bounded is delicate and needs more assumptions on the placements of
the balls.

Chavel and Feldman [CF78,CF81] showed that one can remove small balls or add
small handles of a manifold, i.e., change the topological type, while the convergence
of eigenvalues Ay (M;) — Ar(My) still holds. One motivation was the question
of Kac [Ka66] “Can one hear the shape of a drum”. Chavel and Feldman [CF81]
showed that if one adds small handles to a manifold (which changes the Euler
characteristic), the eigenvalues still converge as the handles shrink to a point. In
particular, an approximate knowledge of the eigenvalues is not enough. One would
have to know a priori all the eigenvalues with accuracy uniform in k, but this cannot
be true, see Remark 1.5.2.
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Fissmer and Hamenstiddt [FHOS5] showed spectral convergence below the
essential spectrum, if the manifolds converge in the Gromov-Hausdorff sense (more
precisely, in the Lipschitz topology). They use the result in order to construct
manifolds with non-trivial essential spectrum and arbitrary high multiplicities
for an arbitrarily large number of eigenvalues below the essential spectrum. In
dimension 2, the metrics can be chosen to have constant curvature —1.

There are a lot of more results on convergence of spectra of families of
manifolds of specific type (like removing small balls, adding handles), for exam-
ple [0z81, 0z82, A87, A90, AC93, A94, AC95, JuO1, HO6] or more generally, on
elliptic theory on varying domains, cf. [Da08]. Moreover there is a vast literature
on homogenisation problems (see e.g. [Me08,Zh02,Me03, CLPZ02,Me01,KOZ94,
0SY92, SP80] and references therein), i.e., on partial differential equations, where
the coefficients have rapidly oscillating coeffients, or where the domain itself is
“rapidly oscillating”.

1.2.6.3 Spectral Invariants

A spectral invariant of a compact manifold is typically a function on the eigenvalues
of its Laplacian. If a spectral invariant is also a topological invariant, one may
change the metric on the manifold (and therefore also the eigenvalues) without
changing the invariant. Assume e.g. that X = X U X~ where Y = XT N X~
is a hypersurface separating X ™ and X ~. Then we can introduce a long cylindrical
part [-N, N] x Y at Y by changing the metric. Since the topology does not change,
the invariant remains the same also in the limit N — oo, and may be calculated
using the building blocks X T and X ™. Note that after rescaling of the manifold,
the limit N — oo corresponds to a thin radius limit. This idea has been used e.g.
in [MMO6] in order to calculate spectral invariants like the determinant. A similar
degeneration of the metrics has been used in [JuO1] in order to show the convergence
of eigenfunctions.

Spectral invariants like the determinant usually contain all eigenvalues simulta-
neously. Our spectral convergence gives only control over a finite number of the
eigenvalues, see the discussion in Remark 1.5.2); the large eigenvalues usually have
to be controlled by other techniques. For more details and references, we refer to
the survey of Grieser [GO8b].

1.2.7 Global Analysis

In global analysis, graph-like spaces can be used in order to construct “exotic”
spaces, i.e., spaces with unusual properties like heat kernel estimates with untypical
exponents.
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The heat kernel of a Riemannian manifold X is the smallest positive fundamental
solution to the heat equation —d,u = A yu where A, := d*d > 0 is non-negative.
For X = R?, the heat kernel is given by the classical formula

1 _ 2
pi(x.y) = eXp(— =l )
(4mt)d/2 4t

fort > 0 and x,y € R?. On a general manifold X, upper and lower estimates on
the heat kernel are only known under additional assumptions. A remarkable result
was shown by Li and Yau [LY86]. If X is a complete Riemannian manifold with
non-negative Ricci curvature, then

1 d(x, )’)2 1 d(x’y)z
C_m eXp<—T) =< Pt(x, y) = C+m exp(_T)

for x,y € X and ¢t > 0. Here, d(x, y) denotes the geodesic distance between the
points x, y € X, vol B,(r) denotes the Riemannian volume of a geodesic ball B, (r)
and c4, C4 are positive constants independent of the manifold. If the Riemannian
manifold can be decomposed into finitely many building blocks on which upper and
lower bounds on the heat kernel are known, one obtains similar bounds on the global
heat kernel (see [GSC99])).

The notion of a heat kernel can be extended to metric measure spaces with a local
regular Dirichlet form, for example to a fractal space with its Hausdorff measure (for
details we refer to [Gr10, GrO3] and references therein). Typically, on a fractal, the
heat kernel fulfils upper and lower estimates as below, but now with Gaussians of

the form . o« )ﬂ 1
X, B—1
W(B(177)) exo(~(Z5—)")

for some B > 2, e.g., B = log5/log?2 for the Sierpinski gasket fractal, a compact
subset of R2. Note that 8 = 2 corresponds to the classical manifold case discussed
above.

Up to recent time it was believed that Gaussian estimates with 8 > 2 are typical
only for fractals, but unlikely for smooth spaces. Surprisingly, one can construct
a so-called fractal-like> Riemannian manifold X having roughly the Gaussian
estimate with B = log5/log2 > 2 for large times ¢, and the classical Gaussian
estimate 8 = 2 for short times (see [BBKO06] and references therein). The complete
Riemannian manifold X is a graph-like manifold, constructed from a finite number
of building blocks according to a self-similar graph (see Fig. 1.5 for the Sierpinski
graph). From a probabilistic point of view, this behaviour can be understand as

3The name “fractal-like manifold” is used e.g. in [KZh98, BBK06]. More precisely we should
speak of a “graph-like manifold according to a self-similar graph”, since the notion “fractal (metric)
graph” is already reserved for a non-compact metric graph such that there is no positive lower
bound on the edge lengths, see Sects. 1.2.5 and 1.6.7.
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follows: p;(x,y) is the probability density that a particle starting at the point x
is at the point y in time . A particle moving on a fractal-like manifold sees the
smooth structure for short times, but for large times, the fractal nature becomes
apparent. Fractal-like manifolds were also used in [KZh98] in order to show some
untypical behaviour of the wave equation, namely that the average speed of effective
energy propagation of the waves satisfying a certain “long wave length condition”
is asymptotically zero.

1.2.8 Convergence of Operators Acting in Different Spaces

Many asymptotic problems deal with a converging family of manifolds (or more
generally, metric spaces) in a suitable topology. For example, in our main example,
we have a family of graph-like spaces X, converging to the underlying metric graph
Xy in the so-called Gromov-Hausdorff topology (see below). One is then interested
in the topology itself or in convergence properties of operator like the Laplacians on
these spaces.

In this monograph, we go a step further and develop an asymptotic theory for
operators acting in different Hilbert spaces. One motivation was to remove the
restriction of compactness of the underlying spaces (like in [RuSO01a,KuZ01,EP05]),
and to prove norm resolvent convergence of the Laplacians in a suitable sense as
in [P06]. In particular, we introduce here the more general notion of “§-partial
isometric equivalence” of the quadratic forms on the graph-like space and the metric
graph.

Let us give a brief history of related convergence results.

1.2.8.1 Convergence of Manifolds

We already mentioned in Sect. 1.2.6 the convergence of manifolds and of their
Laplacians and spectra in some particular cases. There is also a vast literature on the
study of spaces of manifolds and their topology, and the implications of convergence
of manifolds.

Let us mention here some works with a functional analytic viewpoint: Rauch and
Taylor [RT75] showed strong convergence of spectral projectors and the solution of
the wave equation for the Dirichlet Laplacian on convergent subsets in R™ (after
some natural identifications).

Gromov [Gro81] (see also [Gro99]) defined the — now called — Gromov-
Hausdorff distance of two metric spaces X and Y as the infimum of the numbers
dz(f(X),g(Y)) for all isometric embeddings f: X — Z and g:Y — Z
and all metric spaces (Z, dz), where dz (A, B) denotes the Hausdorff distance for
subsets A, B in the metric space (Z, dz) (see Definition A.1.1). The distance is for
example used in order to analyse the topology of certain families of manifolds,
and to establish (pre)compactness theorems on classes of compact Riemannian.
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In particular, if Mfd(n, D,x) denotes the set of isometry classes of compact
Riemannian manifolds of dimension n with diameter diam(M) < D and Ricci
curvature > —(n — 1)«2, then Mfd(n, D, k) is precompact (see also [ACh92] for a
related result with a lower bound on the injectivity radius instead of the upper bound
on the diameter).

Fukaya [Fu87] defined a related notion of convergence, the convergence
My, — M of manifolds in Mfd(n, D,«x) in the so-called measured Hausdorff
topology, and showed the convergence of eigenvalues Ay (M) — Ar (M) under
a uniform lower bound on the Ricci curvature and an upper bound on the
diameter. Kasue and Kumura [KK94, KK96] defined a new distance between two
compact Riemannian manifolds, the spectral distance (see also [Ka02, Ka06]).
A similar notion was introduced by Bérard, Besson and Gallot [BBG94]. The
topology induced by the spectral distance is finer than the Gromov-Hausdorff
topology on Mfd(n, D, k). Both results [KK94, BBG94] show the convergence of
eigenvalues as M, — M in the spectral distance ([KK94] also showed convergence
of eigenfunctions and weak convergence of the resolvents).

Most of the above convergence results, e.g. on spectra, need curvature bounds
and are formulated for compact manifolds. Results without compactness and
curvature assumptions are given by Colbois and Courtois [CC91]: They provide an
equivalent characterisation of the convergence of eigenvalues below the essential
spectrum in terms a lower bound on the Dirichlet spectrum around the ends
of the manifolds. Moreover, they do not need curvature assumptions. Fissmer
and Hamenstddt [FHOS5] showed spectral convergence for certain non-compact
manifolds below the essential spectrum. For a more complete review on related
convergence results we refer to [KSh03].

Let us remark that all these results do not directly apply to our situation of a
graph-like manifold X, converging to a metric graph X, for the following reasons:

» The limit space X is not a manifold since it has singularities at the vertices;

* The curvature of the family {X,}. is not bounded from below, since at least as
the vertex neighbourhoods shrink to points, the curvature tends to —oo;

* The spaces X, and X, are allowed to be non-compact (with certain uniformity
assumptions).

1.2.8.2 Convergence of Hilbert Spaces and Operators

Some of the previous work already contain sections on a convergence theory of
operators or quadratic forms acting on different Hilbert spaces. We mention here
exemplarily Fukaya [Fu87, Sect.4], Mosco [M094], Kuwae and Shioya [KSh03,
Ch. 2] (see also [Ka02,Ka06] for the convergence of Dirichlet forms and references
therein) as well as the vast literature on homogenisation problems [SP80, OSY92,
KOZ94,Me01, Me03].

Fukaya [Fu87] consider the convergence of eigenvalues: Typically, one has to
transplant eigenfunctions from the limit space onto the approximating space and
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vice versa. The next step is to compare the resulting Rayleigh quotients. This
eigenvalue comparison is the core of the spectral convergence for graph-like spaces
in [RuS01a, KuZ01, KuZ03, EP05,P06], where the limit space is a metric graph and
the approximating space consists of graph-like manifolds.

Mosco, Kuwae and Shioya [M094, KSh03] developed a theory of strong conver-
gence of resolvents, spectral projections and other related objects of operators Ay
and A in Hilbert spaces 7, and . This convergence is enough for the spectral
convergence from inside, i.e., 0(Ay) /" 0(A) (see Sect. A.1) which means that for
each A € o(A) there is a sequence A, € 0(Ay) such that A, — A (see [KSh03,
Prp. 2.5]). If the spectrum is discrete, the convergence of the eigenvalues follows.

Kuwae and Shioya [KSh03] also introduce the notion of a spectral structure

2 =(A,0,14(A). "L {Aa-07"),

where A is a non-negative operator with associated quadratic form 0. They show
that if the manifolds M, — M converge in the so-called compact Lipschitz
topology, then the associated spectral structures converge strongly (meaning that
the resolvents of the Laplacians converge strongly in an appropriate sense). This
convergence of manifolds usually preserves dimensions, and cannot be applied to
our case, since we have a collapsing of the graph-like manifolds X, as they converge
to the metric graph X, and singularities at the vertices of the limit space Xj.

When dealing with homogenisation problems (see the end of Sect. 1.2.6.2), an
abstract notion of strong (or weak) convergence of operators acting in different
Hilbert spaces has been defined (see e.g. [ZP07,Pas04] and references therein). The
Hilbert spaces there are for example L,-spaces of parameter-depending measures
on a given domain, and weak or strong convergence of resolvents is shown. In other
problems of homogenisations, abstract schemes for strong resolvent convergence
are established e.g. in [Me03, Me01, KOZ94, 0SY92]. In most of these works, the
approximating resolvents are assumed to be compact, and as a result of the abstract
theory, the convergence of eigenvalues is established.

In this monograph, we use a similar approach and reduce the concrete problem
of convergence of operators on graph-like spaces to a problem of operators acting
in different Hilbert spaces. In contrast to the previous works, we develop a theory
of norm resolvent convergence, and we do not pose any compactness conditions on
the resolvents, i.e., on the spectrum of the operators. The convergence of the spectra
(in particular, discrete and essential) and the norm convergence of the resolvents
(and other functions of the operators) are consequences of our general concept.
To the best of our knowledge, this approach is new, and surprisingly simple: The
estimates needed to ensure the convergence are easily shown in concrete examples,
and seem to be very natural. There is no doubt that the concept of strong convergence
developed e.g. in [KShO3] can also be applied in our situation, but would lead to less
strong results.

More precisely we generalise the concept of norm resolvent convergence and
unitary equivalence, where § measures the deviation of being unitary equivalent
and the distance of the two operators. The so-called §-quasi-unitary resp. §-partial
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isometric equivalence of the corresponding operators (or quadratic forms) reduces
to unitary equivalence if 6 = 0.

Interestingly, the necessary estimates needed for the proof of the §-partial
isometry of the quadratic forms are very similar to the ones needed for the
eigenvalue convergence only (see [EP0S, P06]).

1.2.8.3 Convergence of Non-self-adjoint Operators in Different Hilbert
Spaces and Convergence of Resonances

We are not aware of a systematic treatment of norm convergence results for non-
self-adjoint operators acting in different Hilbert spaces. We develop a theory for
such operators in order to treat the exterior scaling method described below in
Sect. 1.2.3. This treatment is somehow technical since the exterior scaling leads to a
holomorphic family of operators { H?}y which is not of type A nor B, where H? is
the original operator, in our case the Laplacian on X,. The reason is that functions
in the domain of the form resp. operator domain have a jump in the function value
resp. also in its derivative (see Sect. 1.4.2). Moreover, in order to keep track of the
e-dependence, we need to define some classes of operators with given resolvent
norm profile, i.e., |(H? —z)™'| < y(z) for a given function y on an open set
U C C\o(H!). This s developed in Sect. 3.3, where we also introduce an adequate
substitute for a first order space (on which the sesquilinear form is defined). Another
difficulty appears here from the fact that the sesquilinear form h? associated with H¢?

has an asymmetric domain #% x 571 if § is complex. We develop a convergence
theory for such operators and associated sesquilinear forms (see Sects. 4.5-4.7). Let
us mention that Mugnolo, Nittka and the present author developed in [MNP10] a
convergence theory for sectorial operators acting in different Hilbert spaces. Note
that such operators arise from sesquilinear forms with symmetric domain.

The merits for the abstract convergence results for non-self-adjoint operators is
a very general “black box” criterion for the convergence of resonances in Sect.4.9.
We only need some abstract information of the interior part (expressed as §-quasi
unitarity of the associated quadratic forms) and some natural conditions on the
exterior part.

1.2.9 Boundary Triples

1.2.9.1 Boundary Triples Associated with Quadratic Forms and Abstract
Complex Scaling

The concept of boundary triples was originally introduced for the study of exten-
sions of symmetric operators in a Hilbert space. The study of extensions goes
back to von Neumann [VN30], Friedrichs [Fri34], Krein [Kr47], Vishik [Vi52] and
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Birman [Bi53]. For a general treatment of boundary triples we refer exemplarily
to [BGP08, DHMS06, DM95, DM91, GGI1].

Since boundary triples are central objects in our analysis, we start with a brief
introduction. An (ordinary) boundary triple (I, I'1,¥) associated with a closed
symmetric operator A in a Hilbert space 57 is given by a Hilbert space ¢ and
linear operators I, I'1:dom A* —> ¢, such that (I, [7):dom A* — 4 @ ¥ is
surjective and that the abstract Green’s identity

(A" f.8) e — (LA™ e = (I f. 118)g — (I [, T0g) . (1.3)

holds for all f, g € dom A*. A very simple example is given by J¢ := L, (0, 1),

Af :=—f". domA:={feH(0.1)] f(0)=0.f(1)=0,7'(1)=0}
(1.4)

Lof = f(), If:=fQ), ¢ :=C. (1.5)
Note that we can describe all self-adjoint extensions of A in the form A; where
domAy :=={f edomA*|If =LILf},

and where L € R, and A® := A* |}, (formally, we have A = A). Here,
domA* = { f € H*(0,1)| f(0) = 0}. A Weyl function A(z) can be associated
with a boundary triple by mapping ¢ to A(z)¢ = I'ih, ., where h, ; is the (unique)
solution of the Dirichlet problem

(A*—=2)h=0 and Tph=g,
and where S(2)¢ := h,, . defines the so-called Dirichlet solution operator or Krein

I-field S(z): 9 —> . This works for z not in the Dirichlet spectrum o (AP). In
the simple example, we have

o(AP) = (K22 |k = 1,2,...}, hw,z(s)=% and  A(z) = J/Zcot \/Z.

An important tool of the theory of boundary triples is Krein’s resolvent formula
(AL -7 =A=' = S@AR + L)' S@*

for z not in the spectrum of A; and AP, comparing the two resolvents of A; and the
Dirichlet operator AP. In particular, we can characterise the spectrum of A; by

Aeo(Ay) <= AN +L=0
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for A ¢ o0(AP). In the simple example, we have A € o(A.) if and only
if cosv/A + L«/Xsin\/Z = 0. The above example easily extends to higher
dimensional boundary spaces ¢: If we use the point O also as boundary and set
¢ = C, domA = F20.1). i f = (f(0). f()) and [1 f = (~f'(0). f'(1)),
then the Dirichlet-to-Neumann operator is a (2 X 2)-matrix, and in the above spectral
characterisation, we have ker(A(A) + L) # 0. More complicated examples are
provided by quantum graphs. These examples show that boundary triples are a
useful tool for the extension theory of closed operators and for Sturm-Liouville
problems.

Vishik [Vi52] was the first who applied this concept to elliptic boundary value
problem. Several subsequent works treated elliptic boundary value problems in an
abstract framework, we only mention here [Gru68,GG91,BMNWO08,Pc08,BGW09,
MalO, GrulOb] and references therein. Let us present an example showing the
difficulties in applying the concept of boundary triples to elliptic boundary value
problems:

Let X be a bounded subset of R? with smooth boundary X # @. We set

H = L,(X), Au:= Au, domA:= ﬁz(X)
Tou:=ulyy, Iu:i=0zulyy, Y = L,(0X)

where Au = — )", 0;;u, where ISIZ(X ) is the completion of C2°(X') under a Sobolev
norm of order 2, where d,u denotes the normal outwards derivative of u near 0X,
and where 0X carries the natural Riemannian measure of dimension d — 1.

The above assumptions of a boundary triple cannot be fulfilled with dom A*
since

dom A* = { f € L(X)| Af € L,(X)}

is not subset of the Sobolev space H?>(X) (and not even of H'(X)). Moreover,
on dom A*, the boundary maps Iy and I do not map into L,(dX) (actually,
one can extend the boundary operators such that I(dom A*) = H™'/2(3X) and
I(dom A*) = H™3/2(3X), see e.g. [LM68]). Moreover, the (joint) surjectivity of
the boundary maps (1o, I'1):dom A* — 4G @ Y, (Io, 1) f := Iof & I f is not
fulfilled in the above example.

Elliptic boundary value problems in combination with extension theory and
Krein’s resolvent formula have attracted a lot of attention in recent years, see [BL10,
Grul0b, Grul0a, Mal0, BGW09, BHM ™09, PcR09, Gru08, BMNW08, Pc08, Ry(7,
P07, BLO7] and references therein. There are successful attempts to use ordi-
nary boundary triples also for elliptic PDE operators in [GrulOa, Mal0, BGW09,
BHMT09,BMNWO0S8], where usually, a regularised version of the normal derivative
is used. In particular, (minus) the Weyl-Titchmarsh function is not the usual
Dirichlet-to-Neumann map. In another attempt, Behrndt and Langer (cf. [BL10,
BLO7] restrict the operator A* to a subspace like H>(X) or H¥?(X). Then the
boundary operators map into the right space, but the restricted operator is no longer
closed.
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In this work, we develop a theory of boundary triples (I, I/, %) associated with a
non-negative quadratic form b > 0 instead of an operator as for ordinary boundary
triples above. To our knowledge, this extension of the usual theory of boundary
triples is new (apart from the work of Arlinskii [Ar00] mentioned below). We drop
the condition of surjectivity on the boundary operators I and I (they are called
I' and I'' in our approach, where usually, I"u is the restriction of a function to the
boundary, and I"’u the restriction of the normal derivative, for a simple example,
see Sect. 1.4.1).

In particular, our approach is very useful for our purposes because of the
following reasons:

It has a direct application to elliptic PDE operators on manifolds.

*  We can control the norms of several (first) order spaces (this is important since
our manifolds later on depend on a parameter ¢).

¢ The Weyl function associated with our boundary triple (I, I'’, %) is the Dirichlet-
to-Neumann operator of the corresponding manifold problem.

In the literature, the focus often lies on the extension theory of symmetric operators,
this was not our aim here.

We apply our concept of boundary triples in order to define an abstract version of
the complex scaling method on a purely functional-analytic level. In particular, we
simultaneously define the operator transformed via complex scaling on the manifold
and on the metric graph. In this approach, resonances can be calculated in an easy
way using the Dirichlet-to-Neumann operator (see the end of Sect. 1.4.2).

We also use boundary triple (more precisely only the boundary map 1) in order
to decompose a graph-like space into its star-graph components at each vertex. To
recover the global space, we define boundary triples coupled via graphs.

A related approach using sectorial forms has been given by Arlinskii [Ar00]
in order to characterise all maximal sectorial extensions of a given closed densely
defined sectorial operator. There, it is assumed that the boundary maps are surjective
and they are defined on the domain of the maximal operator.

We introduce the Dirichlet-to-Neumann operator via a naturally defined
quadratic form. Arendt and ter Elst [AtE10] used a similar approach in order to
define the Dirichlet-to-Neumann operator on domains in R¢ with “rough” boundary.

There is also some work on first order operators like a Dirac operator. For
example in [BBCO8] (see also [BCh05]), so-called Dirac systems are introduced, a
similar approach as our half-line boundary triples in Sect. 3.5. It would be interesting
to compare this approach with the one in [PO7].

1.3 Convergence of Operators and Spectra: A Brief Overview

Let us present exemplary results following from this work in a slightly informal
way. Precise definitions and generalisations are given in the subsequent chapters.
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1.3.1 Graph-Like Spaces

We can think of the construction of a graph-like space or manifold as a plumber’s
shop in which a pipeline network is constructed from a collection of building blocks
(fulfilling some uniformity assumptions) according to the given metric graph G.
Moreover, we introduce a shrinking parameter ¢ describing roughly the radius or
thickness of each pipe in the pipeline network X,. In a certain sense, the spaces X,
converge to the given metric graph G, and the space X, is also called a thick graph.
Here and in the sequel, we will often speak of “the” space X, meaning implicitly the
Sfamily of spaces {X,}o<c<¢, for some gy small enough, and similarly for operators
on X, etc.

We will now describe the construction of a graph-like space with different scaling
at the vertex neighbourhoods and different boundary conditions in more details.

1.3.1.1 Setting for Neumann Boundary Conditions

Let G be a metric graph, i.e. a discrete graph with vertices V, and edges E and a
length function £: E —> (0, co) associating a length ¢, to each edge ¢ € E. In
particular, each edge can be identified with an interval I, = [0, £,]. For ease of
exposition, we assume that the metric graph G is embedded in R? and has straight
edges, i.e. V is a discrete set of points in R? joined by non-intersecting straight line
segments. We denote by ¥,: I, —> R? the arc-length parametrisation of the line
segment corresponding to the edge e with tangent vector t, € R? and normal vector
n, € R2,
We assume the uniform lower length bound

e > L VeckE, (1.6)

for a certain constant £_ € (0, 1], say, {_ = 1. Let e, ¢’ be two edges meeting in a
common vertex v. We denote by £, (e, ') the angle between the tangent vectors t,,
tes at the vertex v, and we assume that there is a lower bound k¢ € (0, 7r/2] on this
angle, i.e.,

£y(e,e’) > ko VeeeE, Vvel. (1.7)

LetO0 <e <land 0 < « < 1. For each edge ¢ € E and vertex v € V' we associate
the closed sets

Xee 1= {er(s) + eyn, € R? i /2Dl =5 = (1 —&%/2)Lc, y €[-1/2,1/2] }’

Xeow = [J{v+ste+eyn, e R*[0 <5 < (/2L y €[-1/2.1/2]}.
e€E,

(1.8)

called the edge neighbourhood and vertex neighbourhood, respectively. We call
Y, = [-1/2, 1/2] the transversal manifold (for ease of exposition, we assume here
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Fig. 1.2 A simple example of a graph-like space with boundary and scaling rate « at the vertex
neighbourhood X, ,

that the transversal manifolds are the same for all edges). Moreover, E, denotes
the set of edges adjacent to v. Here, 0 < « < 1 denotes the scaling rate of the
vertex neighbourhood X, ,, i.e., the vertex neighbourhood scales with ¢* in each
direction. In particular, if « < 1 then X, , has a larger volume compared with the
edge neighbourhood X,, as ¢ — 0. The global assumptions (1.6) and (1.7) with
£_ = 1 assure that X, , has a shape as in Fig. 1.2. The total space is then

Xe = Xee U X (1.9)

e€E vevV

a simple example for a graph-like space. For « = 1, the closed set X, is just the
&/2-neighbourhood of G in R? (note that there are other choices for the unscaled
vertex neighbourhood X;, = X,). We consider the Laplacian A, = A x, on X,
with Neumann boundary conditions on 0X,. '

1.3.1.2 Graph-Like Spaces Without Boundary

Assume here that the metric graph G is embedded in R® and that X, C R3
consists of the points with distance ¢ from G for 0 < ¢ < g, i.e. the surface of a
pipeline network around G. In order to avoid dealing with non-smooth surfaces, we
slightly modify the neighbourhood near a vertex such that the surface is smooth. We
decompose X, into closed components X, and X, , such that (1.9) holds and such
that any two members of the family {X.,}ey and {X..}.cr intersect in subsets of
(2-dimensional) measure 0. Moreover, we assume that X, , is e-homothetic with
a fixed Riemannian manifold (X,, g,), i.e. X, is isometric to the Riemannian
manifold (X,, 2g,); for short X, , = eX,. We also write X, for the Riemannian
manifold (X, g,). We do not specify the precise global conditions on X, here (see
e.g. Sect.7.1), but assume for simplicity, that each Riemannian manifold of the
family {X,},ey is isometric to one member in a finite family 27 of Riemannian
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G X;

Fig. 1.3 A boundaryless scaled graph-like manifold

manifolds. Roughly speaking, we can think of X, as being constructed from a finite
number of (g-scaled) building blocks in 2y and cylinders X, , of length £, — O(¢)
and transversal manifold S!, the 1-dimensional sphere of radius ¢ (see Fig. 1.3).

The error term O(e) in the longitudinal direction comes from the fact that we
need a certain part of the edge for the vertex neighbourhood in order to embed the
total space in R3. In Chaps. 6 and 7 we will use an abstract definition of a scaled
graph-like manifold without such a longitudinal error correction. These abstractly
defined scaled graph-like manifolds need not to be embedded in an ambient space
any more; however they are easier to treat in calculations. The embedded situation
is then treated as a perturbation of the abstract spaces (see Chap. 5)

On the graph-like manifold, we consider the Laplace operator A, = Ay _on the
Riemannian manifold X,.

1.3.1.3 Setting for Dirichlet Boundary Conditions

Again, we assume that G is embedded in R?, and that X, = X, C R? is a graph-like
space as in the Neumann case. Here, we allow slightly more general vertex neigh-
bourhoods X, not necessarily bounded by straight lines. In particular, we assume
that X, , is e-homothetic with a closed subset X, in R2. Moreover, we assume that
the boundary of X, C R? has degv-many subsets 9, X, isometric to [0, 1] (degv
denotes the degree of the vertex v). Denote by doX, = 90X, \ U,c E, d. X, the
transversal boundary(i.e. the boundary induced by the boundary of the transversal
manifold [—1/2, 1/2]), and by §Xv = U.eg, 9. X, the internal boundary, i.e. the
topological boundary of X, C X; w.r.t. the relative topology. We assume that the
vertex neighbourhoods X, are small in the following spectral sense, namely that
the spectral vertex neighbourhood condition

inf AlXe(x)) > AP(=1/2,1/2]) = #? (1.10)

is fulfilled (see Fig. 6.12 on page 355 for an example). Here, A?(’X” (X,) denotes the
first eigenvalue of the Laplacian on X, with Dirichlet boundary conditions on dy X,
(and Neumann boundary conditions on the remaining boundary components d, X,).
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The condition is a sort of spectral smallness condition since roughly speaking,
a “small” manifold has large eigenvalues (e.g., if X, C X, is a closed subset
having the same internal boundary, i.e. 5)2V = §XV, then )L?OX” (X,) > )L?(’X” (X))).
In particular, the e-neighbourhood as constructed in the Neumann case (witho = 1)
does not fulfil the condition (1.10) (see Sect.6.11.5).

Since the lowest transversal eigenvalue is no longer O (as it is in the case of Neu-
mann boundary conditions or the boundaryless case), we have to rescale the operator
in order to expect a convergence result. Note that the lowest Dirichlet eigenvalue of
the scaled transversal manifold eY, = [0, ¢] is AP(eY,) = ¢72AP([0,1]) = =?/¢?
and diverges as ¢ — 0. We therefore set

7_[2

._ AD

A=Ay, — =
as operator on the closed set X, where AD denotes the Laplacian with Dirichlet
boundary conditions on dX,. Note that the spectral vertex neighbourhood condi-
tion (1.10) implies that A, > 0 (see Proposition 6.11.3).

1.3.2 The Limit Hilbert Spaces Associated with the Graph Models

1.3.2.1 Neumann Boundary Conditions and Boundaryless Case

Let us now describe the spaces and operators expected in the limit ¢ — 0. The limit
behaviour is determined by the ratio

vol, X, 2a—1 Vo2 X,
T2 AEY o Ay

vol(e,v) := 5 o s
vol; 0X,, vol; 0X,

(1.11)

where §X e.v 1s the internal boundary of X, ,, i.e. the topological boundary of X,
as subset of the topologlcal space X, (and not of the ambient space R? or R?), and
similarly for 8X = X 1.v- In particular, we distinguish three cases, depending on
the value of the limit vol(0, v) := lim,_,( vol(e, v), namely

1
o Fast decaying vertex volume: 3 <a <1 (vol(0,v) =0),
1
e The borderline case: o= 3 (vol(0,v) € (0, 00)),
1
e Slowly decaying vertex volume: 0 <o < 3 (vol(0,v) =

For simplicity, we assume that the scaling rate o does not depend on the vertex.
Roughly speaking, in the fast decaying case, the vertex neighbourhood is not seen
in the limit, and the limit operator on the graph is the usual standard Laplacian;
whereas in the slowly decaying case, the vertex neighbourhood serves as huge
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obstacle and leads to a decoupled limit operator on the extended graph (see below).
In the borderline case, we obtain a coupled operator on the extended graph.

If X, is a manifold without boundary, we can also introduce other scaling rates
than o« = 1. However, for ease of exposition we restrict ourselves here to the simple
situation o = 1.

1.3.2.2 Fast Decaying Vertex Volume

If 1/2 < « < 1 or if we are in the boundaryless case, the limit operator Ay is the
standard Laplacian or Kirchhoff Laplacian acting in the Hilbert space

A =1,(G) = PL,(L).

e€E

That is, the operator Ay is defined by (Ao f). = — f,” with

f € dom Ay = {f € H2,(G) := @DH(L) | f continuous, Y z; (v) = o},

e€E e€k,

where the last condition is valid for all vertices v € V. Here, the continuity of f
is a condition on the function at the vertex only. Namely, that f(v) := L (v) is

independent of e € E,, where for a function f € H! _(G), we denote by

max

£(0), ifv=a0_e,
ﬂ(£€)5 lfV = a+ea

—£.(0), ifv=0_e,

0= § folle), ifv=adge

and ze ) = {

the unoriented evaluation and oriented evaluation, respectively. It can be seen
that under the assumption (1.6), where it was assumed that the length is uniformly
bounded from below, the operator Ay is self-adjoint and non-negative (see Proposi-
tion 2.2.10).

1.3.2.3 The Borderline Case

If @« = 1/2, then the limit operator Ay acts in the extended Hilbert space

A =1,(G) @ L,(V) = P L, (L) & £,(V).

e€E
The space £,(V) = £,(V, deg) consists of elements F' = {F(v)},ey € £,(V) with

finite weighted £,-norm

IFIZ, 0y = D_IF)[ degyv.

vevV
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The domain of Ay couples the metric and the discrete components, namely,

domAg = { f = (£, F) e H,(G)®L,(V) | f continuous, f(v) = LW)Fv)},

max

where the last condition is valid for all vertices and where L(v) := (vol, X,)™!/?
denotes the coupling constant. The operator A acts as

We==f  wd  @HO =TS Fw

e€E,

on the components P, L,(/.) and £,(V), respectively. This vertex coupling is
sometimes also called Wentzell condition. We refer to Sect.2.3 for a systematic
treatment of extended spaces and operators generalising this Wentzell condition.

1.3.2.4 Slowly Decaying Vertex Volume

If 0 < @ < 1/2, then the limit operator Ay acts again in the extended Hilbert space
76 = L,(G)® L, (V). The operator Ay is the decoupled Dirichlet operator, namely,

Ay=EPa) e

eek

with respect to the above decomposition of .7). Here, A],)P is the Laplacian on the
interval I, = [0, £,] with Dirichlet boundary conditions at 0 and £,.

Note that the slowly decaying case corresponds to L(v) = 0 . The fast decaying
case can be obtained formally as a limit L(v) — oo in the sense that f(v) =
L(v)F(v) enforces F(v) = 0 in the limit L(v) — oo, i.e. the extra space £,(V)
is no longer present. In particular, the £,(}')-component of A f in (1.12) has to
vanish, and we obtain the so-called Kirchhoff condition on the vertex derivatives as
in the fast decaying case.

1.3.2.5 The Decoupled Dirichlet Case

If we have Dirichlet boundary conditions, the limit operator for A, = A} — 7?72

is the decoupled operator A, with Dirichlet boundary conditions at the vertices, i.e.

Ao=EP A}

e€E

acting in the usual space .7 = L,(G). In particular, it is not necessary to introduce
an extra space as in the slowly decaying case.
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1.3.3 Convergence Results for Operators in Different
Hilbert Spaces

In all of the above examples, the operators on the graph-like spaces and the operators
on the graph act in different Hilbert spaces J7; = L,(X,) and /7. We therefore
have to develop a concept of norm convergence of (non-negative) operators Ay,
A, in different Hilbert spaces. Basically, we introduce identification operators
Jo: oy — & and J!: 7, — % which are not unitary, but unitary up to an
error: Let § > 0 (typically, § = §,, but this dependence is not of importance for the
8-quasi-unitarity). We say that J, and J/ are §-quasi-unitary if the following four
inequalities hold:

Il < 2, I = J/ <6, (1.13a)

I =/ J) (Ao + D7 <8 and [|(idsg —JJ)(A: + D7 < 6.
(1.13b)

Note that if § = 0, then J, is unitary.
We say that the operators Ay and A, are §-quasi-unitarily equivalent if there is a
8-quasi unitary operator J, such that

[J:(Ao + D)= (A + D)7 < 6. (1.14)

Note that if § = 0, then the operators Ay and A, are unitarily equivalent. We say
that A, converges to Ay in the generalised sense (A, — Ay), if there is a family
{8¢}e=0 such that lim,,o 8, = 0 and A,, Ay are §.-quasi-unitarily equivalent. The
function & — §, is called the convergence speed or error.

In Sect. 4.1 we also introduce the slightly stricter concept of §-partial isometry
(namely, we assume J, = J* and JJ. = idsg). In addition, we introduce
identification operators on the first order spaces (i.e. on the quadratic form domains)
and define §-partial isometric equivalence for the corresponding quadratic forms.
For more details and precise definitions, we refer to Chap. 4.

Various convergence results follow from results in Chap.4, in particular in
Theorems 4.2.10, 4.2.14,4.2.16, and 4.3.3-4.3.5.

Theorem 1.3.1. Assume that A, — A (in the generalised sense) with convergence
speed 8., where Ay and A, are non-negative operators in 7, and 74, respectively.
Then the following assertions are true:

1. The discrete spectrum of A, converges to the discrete spectrum of Ay respecting
multiplicity.

2. If Ag is a discrete eigenvalue of multiplicity 1 with corresponding normalised
eigenvector @, then there exists a family of normalised eigenvectors {¢.} such
that || Jeo — @e|| < Ci18,, where Cy only depends on Ay and on the distance
between Ly and o(Ap) \ {Ao}-
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3. The spectrum of A, converges uniformly on any compact interval to the spectrum
of Ay. The same statement is true for the essential spectrum.

4. Let  be a bounded, measurable function on Ry such that \ is continuous in a
neighbourhood of a(Ag) and such that lim .« ¥ (L) exists. Then there exists a
constant Cy, > 0 such that

IV (Ae)Je = ey (A0l = Cyde  and — |[Y(Ae) — ¥ (Do) LIl = Cybe.

In particular, we can choose ¥ = 1; where I C Ry is an interval such
that 31 N o(Ay) = 0. Moreover, we can choose (L) = e™* and obtain the
corresponding convergence of the heat operators e /20 and e™'%.

5. Let A9 € Ry \ 0(Aop). Then there exist constants Cy, C; > 0 depending only on
Ao such that

(€74 J, — Jel" ) Py|| < (Cit + Co)8: and
”(eitAE - JseitAOJe/)Ps” =< (Clt + C0)8£7

where Py = 1{9,0(Ao) and P. = 1y, (A¢). In particular; ift = O(8; ") for
some 0 < y < 1, then the above operator norms are of order 831_y.

Let us stress that the above convergence results are formulated in a way that the
error terms can be expressed completely in terms of § = §,, of the operator function
Y and of the neighbourhood U, on which ¢ is continuous, e.g. ¥ = 1; and U
open such that 0/ N U = @. No other information on the operators or the spaces
enter into the error, even if the Hilbert spaces, their norms or the operators depend
on additional parameters.

The results in Chap.4 can be applied to many other situations, in which the
Hilbert spaces vary, especially when the Hilbert space is an L,-space with perturbed
underlying manifold. For example we may remove discs, add handles etc. Such
results are not included in this work and will be treated elsewhere.

1.3.4 Convergence Results for Graph-Like Spaces

The above concept of generalised convergence applies to the graph-like spaces and
their limits, once the uniformity assumptions (1.6) and (1.7) are fulfilled. Roughly
speaking, the identification operator J, maps functions on the metric graph to
the graph-like space by associating to a function f, on each edge the product
fe ® @eo, Where ¢, is the normalised lowest eigenfunction on the transversal
manifold Y., = &Y. In our example we have ¥, = [-1/2,1/2] or ¥, = S!,
independently of the edge. In the case of Neumann boundary conditions or in the
boundaryless case, ¢, . is constant; in the Dirichlet case, ¢, . is the first Dirichlet
eigenfunction.
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Let us describe the identification operators for Neumann boundary conditions
(or boundaryless transversal manifolds) in the fast decaying case (say, o = 1). In this
case we set

(Jsf)e(svy) = 871/2.}{‘(‘[&‘(‘9)) and (Jsf)v =0

with respect to the decomposition

L2(X8) = @ L2(X£,e) @ @ Lz(Xa,v)'

e€E veV

Here, t.:[ef./2, (1 —&/2)L.] —> [0, £.] is the affine linear (orientation preserving)
bijection correcting the longitudinal error of the embedding. Moreover, (s, y) are
the coordinates of the edge neighbourhood X, , (see (1.8)). For the identification
operator in the opposite direction, we set

1/2
(J/u)o(s) := &'/? [ o u(r; ' (s). y)dy.

In order to verify (1.13) and (1.14) we use Sobolev trace estimates and Poincaré-
type inequalities like

2
2 € 2
u—-vT u < —||Vu ,
|| fv |||_2(xw) = /\z(Xv) || |||_2(x5_())

where LU= (vol X )7 f X, is the normalised average of u, and A, (X,) is the second

(first non-vanishing) Neumann eigenvalue of the (unscaled) set X,. For example, for
the proof of the O(e!/?)-quasi-unitary equivalence we will show the estimate

2 2 2
= TeILull? oy = DMl ox,y + D = Poull? x, )

vev e€E
< 0@ (Il x,y + 1VullE,(x,)): (1.15)
where (Pou)(s) = f_lﬁz u(s, y)dy is the projection onto the first transversal

(constant) eigenfunction. Here, the error O(¢) depends only on the constants £_
and k( of (1.6) and (1.7), or more generally, of the class of building blocks 2 out
of which the (unscaled) vertex neighbourhoods are chosen. In particular, we have
IGdy,(x,) —J:I)(Ae + 172 < O(e'/?) since A, = V*V. Roughly speaking,
estimate (1.15) means that a spectrally bounded function u (i.e. a function in the
range of the spectral projection 1 3,(A,) for some Ao > 0) cannot concentrate on
X, and its transversally non-constant parts u — Pyu are small as well.

We will prove these facts in detail in Chap. 6 for the various graph-like spaces
associated with star graphs, and in Chap. 7 for general graphs. Since we define an
abstract graph-like space in Chap. 6 without the longitudinal length correction (i.e.
the edge neighbourhood s defined as X, = I, x¢Y,), we can even show the O(g!/?)-
partial isometric equivalence for the corresponding quadratic forms.
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We end the section by stating the main result for the Laplacian on a graph-like
space with Neumann boundary conditions (or the boundaryless case):

Theorem 1.3.2. Similar as above, let A, and A, denote the operators on the graph-
like spaces and on the corresponding limit, respectively. We then have A, — Ay in
the generalised sense with the following convergence speed §:

1. In the fast decaying case 1/2 < a < 1, we have §, = O(e%~/?).

2. In the borderline case « = 1/2, we have §, = O(e'/>7) (i.e. §,e=1/>7") — 0 for
all0 <y < 1/2).

3. In the slowly decaying case 0 < o < 1/2, we have §, = Q(gm™e1/2—a}),

In all cases, the error depends only on the lower length bound £_ and on the

isometry classes of building blocks Zy out of which the vertex neighbourhoods
X, are chosen.

A similar statement holds in the decoupled Dirichlet case:

Theorem 1.3.3. Let A, = A]))(; — 7272 be the rescaled Dirichlet operator on
the graph-like space, and let Ay = P, A][)g be the decoupled Dirichlet operator
on the graph. Then A, — Ay in the generalised sense with convergence speed
8. = O(g'/?), provided inf,cy )LgOX"(XV) > 72 and inf, £, > 0. Moreover; the error
depends only on these two infima.

1.4 Boundary Triples and Convergence of Resonances:
A Brief Overview

1.4.1 Boundary Triples Associated with Quadratic Forms

In order to explain our concept of boundary triple associated with a quadratic form,
we express the examples of Sect. 1.2.9 in terms of our approach here. Let 7 :=
L,(0,1),

1
b(f) = / |f'(s)[Pds, " :=domb:={f eH0,1)]f(0)=0}
0
We define the boundary map by I" f := f(1). It is now easily seen that
r#"—4:=C (1.16)

is bounded and surjective. Moreover, endowing .%#’' with its natural norm defined
by ||f||2%pl := bh(f) + ||.f||?, then we have the orthogonal decomposition

A= "P e T, where AP =kerI"
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and where 4! consists of the space of solutions —A” + h = 0, so that in the
example, 4! = Ch with h(s) = sinhs/sinh1. We can now invert I" on the
orthogonal complement .#"! of ker I', and obtain the Dirichlet solution operator
S:9 — N1 C H#". We define now the Dirichlet-to-Neumann operator A via the
quadratic form [ given by

((p) == IS¢l = b(Se) + IISell3,-

Itis easily seen that [(¢) = |@|* coth I in the simple example here, agreeing with the
value A(—1) = icoti = coth1 in Sect. 1.2.9. Note that we did not use the second
boundary map I'’ up to now. It enters in the theory as additional information: Let
w2 :=H*0,1) N ", then I'': #?* — ¥ is bounded and we have the following
version of Green’s formula

(fHg)w =b(f.g9) —('f.T'g)y ¥ feH' . geW? (1.17)

where Hg = —g” forg € #* = dom H.

Up to now, the concept of boundary triples associated with a quadratic form is
not much different from the ordinary one. Its power can be seen in the example of a
Laplacian on a subset X of R with smooth boundary dX . Here, we set

H = L,(X), b = |ldu|? " :=domb:=H"(X)

We define the boundary map here by I"'u := u |;y. Again, it is not difficult to see
that I" as operator (1.16) is bounded. Note that here, I is no longer surjective, but
only has dense range which we call ¢'/2 := ran I'. It follows from Sobolev space
theory, that ¢'/2 = H'/2(3X) in the example here, explaining the notation. Note
that the operator HY associated with b is the usual Neumann Laplacian, whereas
the operator associated with h® := b |, - is the Dirichlet Laplacian on X .

We define the associated Dirichlet solution operator as before, noting that is is
now only defined on the range of I', namely, we have S: %'/ — J#! and S is
unbounded as operator in 4 — .#’!. We define the Dirichlet-to-Neumann operator
again via its quadratic form given by I(¢) := ||S¢||éfl, ie., [(¢) is the energy
of its 1-harmonic extension & = S¢, defined only for ¢ € ¢'/2. The associated
operator A is now unbounded, and defines a scale of Hilbert spaces on ¢, namely
4" = dom A", which agrees with H" (0X) in our example.

We define the second boundary map I"" on #'% := H>(X) as I''u := 0,u 4y,
which leads to a bounded operator I'’: #'2 —> 4. Moreover, setting H := Aon
dom H := #?, we have again Green’s formula (1.17).

After these two examples, let us now briefly outline the concept of boundary
triples associated with a non-negative quadratic form and of abstract elliptic theory
(see Sect.3.4) in an abstract way. Note that the quadratic form setting fits well
to our applications: On parameter-depending manifolds, it is easy to control first
order objects like the norm of the operator (1.16), while second order objects
like Sobolev spaces of order 2 or estimates in terms of the graph norm of the
Laplacian are difficult to control quantitatively (in dependence on the parameter).
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To our knowledge, the concept of boundary triples associated with quadratic forms
is new, although there are strong links to existing concepts (see below). We stress
that our main purpose here is not to characterise all self-adjoint extensions of a
given symmetric operator, but to show that the concept of boundary triples can
successfully be applied to the PDE case, namely to Laplacians on parameter-
depending manifolds with boundary.

Let 27, ¢ be two Hilbert spaces, h a non-negative closed quadratic form on 77
with domain #' := dom b, and let I": 77! — ¥ be a bounded operator such that

AP .=ker" C H and @G'\? . —ranl' C ¥

are dense subspaces. We denote by HN the Neumann operator associated with b,
and by HP the Dirichlet operator associated with the closed form b | ;1.
Let
S:= (I} ) ey — 1 (1.18)

be the inverse of I" restricted to 4! := ! © ker I, where the orthogonal
complement is taken with respect to the Hilbert space .##’! with norm ||u||=2}f1 =
b(u) + |lu||%. It is easy to see that the quadratic form [ defined by

() == [S¢l%,.  doml=g"?2

is closed, and that () > [l@[|% /]I |I3_,, where ||I"||i—o denotes the norm of the
operator I': 7' — 4. We define the Dirichlet-to-Neumann map as the operator
associated with [.

It can be seen that A is bounded iff ran I' = ¢ (see Proposition 3.4.11). In the
unbounded case, we define a scale of Hilbert spaces on ¢ via

@™ := dom A™ and lelm := 1A @]l

Let us now define the concept of a boundary triple in our sense: A triple
(I, T, 49) is called a boundary triple associated with the quadratic form b if the
following hold:

1. The boundary operator I": 77 I @ is bounded, and ker I", ran I are dense in
JC, 9, respectively.

2. There is a Hilbert space # such that #% C 7" and ||u|| o1 < ||lu]lp2.

3. The boundary operator I": WP — G s bounded.

4. There is an operator H in # with dom H =%, bounded as operator
H:#? —s # such that the abstract Green’s formula (1.17) holds.

5. The space #2 := ker I" N ker I'' is dense in 7.

We say that (I, I, 9) is bounded iff ran I’ = ¥ (i.e. if the Dirichlet-to-Neumann
map is bounded).

For z € C\ o(HP), we can define an operator S(z): 4'/> — ', the Dirichlet
solution map, by associating to a boundary value ¢ the corresponding unique weak
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solution of the Dirichlet problem, namely & = S(z)¢ if
h(f.h)=z(f.h) Y fex'"® and Th=e.

Note that S(—1) = S where S is defined in (1.18).

We now make some assumptions in order to assure that S(z)¢ is also a strong
solution. These assumptions are an abstract version of facts fulfilled in the PDE
case. Namely, we say that (I, I'’,9) is ellipticiff

dom HP c »? and dom HN c #?
and if the operators
r:w*— @32 and r'=w?*— @32

are bounded and surjective (see Definition 3.4.21).
It follows now from Green’s formula that for an elliptic boundary triple and for
@ € 932, the solution of the Dirichlet problem & = S(z)¢ is a strong solution, i.e.

(H-—2h=0 and Th=¢.

For an elliptic boundary triple, we can define the Dirichlet-to-Neumann map for
arbitrary z € C \ o(HP) by

AR):93? — 4'/2, AR)g = TI''S(2)e,

i.e. the Dirichlet-to-Neumann map takes a boundary value ¢ and associates the
“normal derivative” of the corresponding Dirichlet solution. It can be seen that for
z = —1, the Dirichlet-to-Neumann map actually agrees with A defined above as
the operator associated with the form [ (more precisely, (¢, I''S¢) = || S¢ ||2%, , for
¢ € 93/?). Moreover, it can be seen (see Lemma 3.4.29) that —(I"/(HP —z)~")*
extends the operator S(z) uniquely to a bounded operator ¢ — 77 (denoted by the
same symbol).
We show Krein-type formulas like

(HN =)' —(HP =)' = S@AQR™'S@*: # —

forz € C\ (o(HY) U o(HP)). Moreover, we obtain a similar expression for the
resolvent difference as operator & — #? using the (abstract) ellipticity.
Let us mention some relation to other concepts of boundary triples:

 Assume that (I, I"/,%) is an elliptic boundary triple and that I"’(dom HP) =
@'/2 then (I" My, I, 9) is a quasi-boundary triple associated with H*, where

H=H Meer Frker - The concept of quasi-boundary triples was introduced
in [BLO7] (see Definition 3.4.35).
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o If (I, I"’,9) is an elliptic and bounded boundary triple and if I"’(dom HP) = ¢,
then (I" M2, I'',9) is an ordinary boundary triple associated with H* = H,
i.e. I, I"" are linear (not necessarily bounded) operators from %2 into ¢, the
operator #?> — G &Y, f — (I'f. "' f) is surjective and the following abstract
version of Green’s formula holds, namely

~

(Hf.Q)w—(fHg)w=(Tf.I'g)g—('"f.Tg)y ¥ fgeW™

The concept of (ordinary) boundary triples has successfully been applied to
the theory of self-adjoint extensions of symmetric operators (see Sect. 1.2.9 for
further details and references).

Let us now describe the main examples we have in mind, the first one have been
mentioned already before:

Example 1.4.1. Assume that X is a compact Riemannian manifold with smooth
boundary ¥ = 90X (or a smooth subset Y C dX, see Theorems 3.4.40 and 3.4.41
for details) and define

A= L,(X), 9:=L,(0X), hu) = ||dul? " :=H(X), #*:=H(X).

Moreover, H is the usual Laplacian with domain H?(X). The boundary operators
are given by

Tu:= u[‘Y and IMNu:= Ont er

where d,u is the outwards normal derivative near Y. It follows then from Green’s
formula and from the elliptic theory for PDEs on manifolds, that (I, I/, %) is an
elliptic boundary triple associated with b (see e.g. [LM68, Gru68, Grv85, Ta96]
resp. Theorems 3.4.39-3.4.41). Moreover, A(z) is the usual Dirichlet-to-Neumann
operator associating to a function ¢ on the boundary the normal derivative of the
corresponding Dirichlet solution. Furthermore, ¥ = H" (0X).

Example 1.4.2. Another example is given by a metric graph G with boundary
dG C V together with standard (Kirchhoff) vertex conditions. We assume that the
degree (number of adjacent edges) of the vertices in dG is globally bounded by a
number dy € N (this is of course fulfilled if dG is finite). We set*

“We use here an unweighted boundary space £,(dG), in order to have a simple coupling formula
for the interior and exterior part in the next section. In Sect.2.2 (especially the example with
the weighted standard vertex space, see (2.15)), we use a weighted version {,(dG, deg) with
”F“i(ac deg) = Y veac | F(v)|> degv. In this way, one can avoid the global bound on the degree
degv < d,. Roughly speaking, the difference of the unweighted and weighted space is to consider
the combinatorial and normalised discrete Laplacian given by
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H=1,(G), 9 :=6,006), b(f) =117 =Y 1L15,, #":=Hu(G),

e 0| T T 0 =0We v \G) wnd (L f) =~

e€E,

where ch‘om(G) := Hf_ (G) N C(G). The boundary operators are given by

max

/

rf=Whar  wd =1 F @b 0 a9

‘e
e€ek,

Then (I, I'',¥) is a bounded, elliptic boundary triple associated with b, i.e. the
triple (1" 12, I, %) is an ordinary boundary triple. The Dirichlet-to-Neumann map
of this boundary triple has a nice interpretation: Assume that F' € £,(9G) describes
a voltage applied to the boundary vertices of a graph. The Dirichlet-to-Neumann
map gives the current at each boundary vertex (associated with the “energy” z).
Actually, such measurements are commonly used in practise; and it is an interesting
question what information on the (hidden) entire graph can be deduced from A(z).

1.4.2 Resonances and Complex Dilation

Let us briefly explain the concept of complex dilation in order to describe resonances
(i.e. poles of a meromorphic continuation of the resolvent) as eigenvalues of a non-
unitarily transformed operator. We assume that the space consists of an interior
and exterior part,that the interior part is compact and that the exterior part is a
cylindrical end (not necessarily connected). As simple example, let G be the metric
graph embedded in R? consisting of a half-line Gey = Ry = [0, 00) (the exterior
edge) attached to a loop Giy, = (27)~'S' of perimeter 1 at the vertex v.> The
spectrum of the corresponding standard Laplacian H? = A is purely essential and
given by [0, 00). Moreover, we have eigenvalues embedded in the essential spectrum
arising from compactly supported eigenfunctions fin(s) = sin(2zks) for k € N
and fo = 0, since

Jine() == fie(0) = fi(1) =0 and fu/n(v) = fu/n(l) - flr/n(o) =0

(AL™F)(v) = Y (FO) = F(w))  and  (A¥™F)(v) = %gv > (F() — F(w))
on £,(V') and £,(V, deg), respectively.

5Tn contrast to Sect. 1.3.1, we allow here curved edges. It is shown in Sect. 5.4 that the deviation of
the tubular neighbourhood of a curved edge from the tubular neighbourhood of a straight edge is
small, and that the corresponding quadratic forms are O(e)-quasi-unitarily equivalent.
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Gexl

G

Fig. 1.4 A simple example of a graph and the corresponding graph-like space with one exterior
edge and a loop attached. Here, the (scaled) transversal space Y, is isometric to the interval

[—&/2.¢/2]

on the loop. Such eigenvalues induce a pole in the resolvent. If the resolvent is
continued meromorphically onto the second sheet of /z (cut along [0, 00)), the
continuation might have more poles, called resonances. For simplicity, we call any
pole of the resolvent a resonance, i.e. an embedded real eigenvalue is also called a
resonance.

The complex dilation (or scaling) method provides a simple method how to
obtain these poles as eigenvalues of a complexly dilated operator H?: On the half-
line Gex, We have an unitary action of the group R by

(U7 )(s) = e f(e"s)

for real 6 € R. In particular, we define the exterior dilation operator UO(’ by UOG f =
fin ® U fox on L,(G) = Ly(Gin) ® L,(Gex), which in fact is unitary. We set

H) :=UlA;U; .
For real 8 € R, the domain of Hg) is given by

dom Hy = { f € H,, (10, 1) & H(R1) | fext(0) = "2 fin(v),
12,0 = 2 £ ()}, (1.20a)

where fir € H2 ([0, 1]) iff fin € H2([0, 1]) and £(0) = f(1). Moreover,
HYf =—fm & (—e 2 £1). (1.20b)

The idea of exterior complex dilation is to use (1.20) as definition for complex 0 €
Sy, where Sy := {0 € C||Imf| < /2 } denotes the horizontal strip around R of
thickness ¢ € (0, 7/2) (Fig. 1.4).

We consider a similar situation on the associated graph-like space X, = X, in U
Xeext, Where X, oxy = Ry x Y, and where X, iy is a graph-like manifold (with vertex
neighbourhood scaling rate « = 1) associated with Gi,; with an additional boundary
component X, i N Xeext = Y. (identified with Y, in the sequel) in the vertex
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neighbourhood of the vertex v. We define the unitary exterior dilation operator by
Ufu = Uint B (Uexy ® id)utey for 6 € R w.r.t. the decomposition

Ly(Xe) = Li(Xein) @ (Ly(R4) ® Ly(Ye)).

Let Ay be the (Neumann) Laplacian on X,. The transformed operator Hf =
U Ay U7 then has domain

dom Hse = {” € Hz(Xs,int) @ Hz(Xa,ext) | Uext = eG/ZMint»

U = Ul on Y, }, (1.21a)

ext

where ui’m denotes the outward normal derivative on X, i, and ul, denotes the

inward normal derivative on X, . (i.e. the derivative in the longitudinal direction).

_ 1
Hou= Ayt ® (_e 4+ (i ®Ay)uext). (1.21b)

2
Note that Y, = ¢Y where Y := Y;. Again, we use (1.21) as definition for complex
0 e Sﬂ.

Using the language of boundary triples, we can abstractly define the complexly
dilated operator H? from two boundary triples (Iin. I 9) and (I, I ) on
the interior and exterior parts. Note that above, we associated an elliptic boundary
triple to a compact Riemannian manifold only. Since in the situation here, X,
has cylindrical ends, the theory can be carried over to such “nice” non-compact
manifolds.

The complexly dilated operator H? has domain

domH® ={ue W} & W2 | T = e * Ty,  Tlu=e*Tu},
generalising the above two examples. The coupled operator can be understood as
the Neumann operator of a coupled, complexly dilated boundary triple. Moreover,
we show the Krein-type formula

(H’ —2)7' —(H*P =)™ = 50 A()) "' " ()" (1.22)

for real 6 € R, where H'P = HP @ HSPD is decoupled, and HD, HEP are the
Dirichlet operators associated with the interior and exterior boundary triple. One of
the main observation is here, that there is no parameter 6 entering in the coupled
Dirichlet-to-Neumann map A(z) = Ain(z) + Aext(z) (see Sect. 3.6.2). The coupled
operator HY for complex values 6 € Sy is then defined via its resolvent in (1.22).
The resolvent formula indeed defines a closed operator H? for complex 6, such that
(H? —z)~" depends holomorphically on . This takes some effort and the details are
given in Sects. 3.5-3.7, based on a concrete PDE example developed in [CDKS87].

The advantage of the abstract formulation in terms of coupled boundary triples is
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a common treatment of both the PDE and metric graph case, and the possibility to
apply the results to other models in an easy way.

Let us now state an important result on the operators Hf (¢ > 0). Note that
the result is valid for any coupled complexly dilated operator defined via boundary
triples satisfying some natural conditions (see Proposition 3.8.1, Theorems 3.8.2
and 3.8.4).

Theorem 1.4.3.

1. The operator HY has spectrum in the sector Xy={zeC||argz] <9},
and the family {Hf}ges,, is self-adjoint, i.e. (Hf)* = H!. Moreover, for
z€ C\ Xy, the resolvent (Hf —2)~! depends holomorphically on 6 € Sy.

2. The essential spectrum of H 89 is given by®

oeSS(HOQ) =e 290, 00)  resp.

Oess(Hf) — e—ZiImG[Oyoo) U U{ lkg(ZY) + e—ZiImGK ) K€ [0700)}
k>2

for e = 0vresp. ¢ > 0. The singular continuous spectrum of Hy is empty.

3. The discrete spectrum ogisc(H?) is locally constant in 6. Moreover, if 0 <
Im 6, <Im6, < /2 then o4isc (HI) C ogise (HP).

4. For 0 ¢ R we have U(Hf) N [0,00) = 0,(H?), where o,(H?) denotes the
set of eigenvalues of the undilated operator H(? = A, resp. HY = Ay, Le
the eigenvalues of H? embedded in the continuous spectrum are unveiled (see
Fig. 3.2 on page 176).

5. The set of discrete eigenvalues of H, 89 coincides with the poles of a meromorphic
continuation of the resolvent of H?. More precisely, A € Xy is a discrete
eigenvalue of Hf iff there exists ¢ € F¢; such that the meromorphic continuation
of (¢, (H, —2)7 @) has a pole in A.

The above theorem allows us to define a resonance of Ag resp. Ay as a discrete
eigenvalue of the coupled complexly dilated operator H? for Im 6§ large enough.
The multiplicity of a resonance is the multiplicity of the corresponding eigenvalue.
This definition does not depend on 6 and agrees with the definition of a resonance
as a pole (see the preceding theorem).

Let us calculate the resonances z on the loop graph G. We use the ansatz

S /2

fini(s) = F — 1«/_ (sin((l —5)VzZ) + sin(sﬁ)) and

foxt(s) = €2 F exp(s - ”iy/2)

SIn our example, we have Y = [—1/2,1/2], so that A, (Y) = =2 (k — 1)%.
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for some coefficient F € C. Here, ,/z is the complex root cut along [0, c0). Note that
fext € L,(R4), since Im(e? \/z) > 0 forz € C\ Xy and since 6 € Sy. In particular,
f solves the equation H(f f = zf and the first vertex condition Iy f = %2 Iy f.
Moreover, the condition on the derivatives reads as

ewﬂi\/zF = fe;t(o) = ese/zfirln(v) = e30/2Aint(Z)Fv

where Aiy(z) := Fh’nSim(z) denotes the Dirichlet-to-Neumann map of the interior
graph (here, the Dirichlet-to-Neumann map is just multiplication with the complex

number Ajy(z)). In our example, we have

22
sin /z

In particular, for /z ¢ 7Ny, the function f is a non-trivial solution of H{ f = zf
iffi,/z = Ain(z), or equivalently,

Aim(2) = — (1 = cos \/7) = =2/ztan(/z/2).

isiny/z=-242cosz, or wW—=3)w—1)=w>—4w+3 =0,

where w = evZ, In particular, w = 1 or w = 3 are (formal) solutions, i.e. z =
(27k)? and z = 2wk — ilog3)? for k € Z. Note that the solutions z = (27k)?
arise from the embedded eigenvalues of the loop states. The Dirichlet-to-Neumann
map is not defined for these values since (27rk)? is part of the Dirichlet spectrum on
Gin, but can be extended holomorphically there. The solutions z = (2k —ilog 3)?
are non-real resonances.

Krein’s resolvent formula (1.22) allows us to generalise the above considerations
and to give a simple criterion for resonances also for more complicated spaces: let
z€ C\ [0,00). Then

zisaresonance <  ker A(z) # 0,
where A(z) is the (maximal holomorphic extension of the) Dirichlet-to-Neumann
map of the (dilated or undilated) coupled boundary triple (see Theorem 3.8.4). In
particular, we can calculate A(z) as

A(Z) = Ain(2) + Aext(z),

where Ae(z) = —iy/zresp. Aexi(z) = —i1y/z— Ay /&? for an exterior edge resp. a
cylindrical end X ext-

1.4.3 Convergence of Resonances on Graph-Like Spaces

Let us now formulate the convergence result for resonances in a slightly more
general way, taking the different vertex neighbourhood scalings and boundary
conditions of Sects. 1.3.1 and 1.3.2 into account.
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Assume that G = Gjp U Gex is a graph with a compact interior part Gy and
an exterior part Gy isometric to a finite number of copies of half-lines. Let X, be
an associated graph-like space with operator A, (the Neumann Laplacian or AI))(F -
72 /&? in the Dirichlet case).

Theorem 1.4.4. Let Ay € C be a resonance with multiplicity i > 0 of the limit
operator Ao on the metric graph G. Then there exist y resonances ;. of the
operator A, (not all necessarily different) such that Aj. — Ao for j = 1,..., 1
(with the same convergence speed as in Theorems 1.3.2 and 1.3.3).

In particular, an embedded eigenvalue of Ay is approached by a resonance of the
operator Ae.

The above theorem also gives interesting results for the decoupled limit operators
Ay = Apint D Aoext in the slowly decaying (Neumann) case and the decoupled
Dirichlet case: Recall that the spectrum of the interior graph Giy is given by
0(Aoin) = {0} U ZP resp. 0(Agin) = XP in the slowly decaying resp. Dirichlet
case, where

2k2
ED:z{”62 ‘eeEim,kzl,Z,...}, (1.23)

e

since the operator Ag iy is an orthogonal sum of Dirichlet operators. In particular,
we have:

Corollary 1.4.5. Let Ay € 0(Apin) be a discrete eigenvalue of multiplicity p >0
of the interior operator Agiy in the slowly decaying (Neumann) case resp. the
Dirichlet case. Then there exist ju resonances A . of the (Neumann) Laplacian Ay,
resp. the rescaled Dirichlet Laplacian A]})(F — % /&?* converging to Ag.

Remark 1.4.6. The effect is similar to a Helmholtz resonator: A Helmholtz res-
onator consists of a compact cavity joined by a thin connection with a non-compact
exterior part. Although the eigenvalues of the interior problem (without the thin
connection) are no longer eigenvalues of the entire problem, they give rise to
resonances. A simple example is obtained from the disconnected set Xy := {x €
R3|0 < |x| <rjorr, < |x|}for0 < r; < r, by joining the two components with
a thin cylinder of radius ¢. The spectrum of the (Dirichlet or Neumann) Laplacian on
the resulting space X, is purely essential. Moreover, the eigenvalues of the interior
ball are limits of resonances of the Laplacian on X, as ¢ — 0. Such problems have
been treated e.g. in [Be73, HiM91,Hi92, BHM94, HiL.O1].

The effect on a graph-like space is similar: Assume that we put a slowly decaying
vertex neighbourhood at the vertex vy joining the interior and exterior part, but
use fast decaying vertex neighbourhoods on the remaining vertices of the interior
part. Then the limit operator decouples at vo, and the spectrum of the interior graph
appears as embedded eigenvalues in [0, co) (the spectrum of the exterior part). The
embedded eigenvalues on the interior graph are again limits of resonances of the
Laplacian on the graph-like space.
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1.5 Consequences of the Convergence Results

Let us state some exemplary consequences of the convergence results on graph-like
spaces. In particular, we give partial answers to questions (A) and (B) of Sect. 1.2.4
on conductivity (spectral gaps) and impurity levels (eigenvalues in gaps). More
generally, we are interested in spectral engineering, i.e., in constructing spaces with
given spectral properties similar as in Colin de Verdiere’s work (cf. Theorem 1.2.1
and Sect. 1.2.6). Note that we already gave partial answers to questions (C) and (D)
on which vertex conditions are obtained by graph-like spaces and how to construct
given vertex conditions on a metric graph by graph-like spaces in Sect. 1.2.4.

Recall that the graph-like spaces associated with a graph are assumed to fulfil
some uniformity conditions on the vertex neighbourhoods and the edge length (e.g.,
that X, is isometric to one member of a finite family of Riemannian manifolds
Zy and that inf, £, > 0). We call such graphs and graph-like spaces uniform. The
operators A, acting on graph-like spaces X, are given by the (Neumann) Laplacian
A, = Ay resp. the rescaled Dirichlet Laplacian A, = A} —7?e72, see Sect. 1.3.1.
The operators Ay on the limit space are explained in Sect 13.2.

1.5.1 Spectral Gaps and Covering Manifolds

A spectral gap of a (non-negative) operator A is an interval / C [0, co) such that
o(A)NI =49.

Of course, if A is a Laplace-type operator on a compact space, A has purely discrete
spectrum and spectral gaps always exists. Therefore, we are interested in spectral
gaps of the essential spectrum of non-compact spaces. A simple consequence of the
spectral convergence of Theorems 1.3.1 and 1.3.2—1.3.3 for operators on graph-like
spaces is the following existence result for spectral gaps:

Theorem 1.5.1. Suppose that G is a (non-compact) graph with associated uniform
graph-like manifold X,. If the limit operator Ay has a spectral gap (a, b), then the
operator A, on the graph-like space has a spectral gap close to (a, b) provided ¢ is
small enough.

An important class of uniform graph-like spaces are covering spaces with a
compact quotient: Clearly, a covering metric graph G — G with compact quotient
G fulfils the global lower length bgund inf, £, > 0. Similarly, an associated family
of graph-like covering manifold X, — X, with compact quotient X, has only
finitely many isometry classes of vertex neighbourhoods. For examples of quantum
graph with spectral gaps we refer to [LPO8a, EPO5] and references therein.

Let X — X be a covering with abelian covering group Z". Here, X is either
a graph-like manifold or a metric graph. The corresponding Laplacian A on X
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commutes with the covering group. Moreover, the spectrum of A can be analysed
using Floquet theory. Floquet theory uses basically a partial Fourier transformation
in order to transform the periodic operator A on the non-compact space into a
family of so-called @-periodic operators {A%}g on the compact quotient. Here, 6
belongs to the dual 7' = T", and we identify the torus T" (as measure space, not as
topological space!) with W := [0, 27r]". As main result we obtain for the spectrum
of the periodic operator that

o(d)=|JBi. where Bi={M(A%)]0eW =[0.27]}
keN

denotes the k-th band. Each band is a compact interval, and the union of the bands
is locally finite. Moreover, A; (A?) is the k-th eigenvalue of A? (ordered w.r.t.
multiplicity). The operator A? can be defined on #-periodic functions

u(yx) = e u(x) for x€X and yeZ (1.24)

(see e.g. [LPO8b, LP07,P03b] and Leferences therein). Note that a band may reduce
to a point (i.e. an L-eigenvalue of A). In general, the intervals may overlap or touch,
so that in the extreme case, 0(A) has no gap at all.

The existence of spectral gaps for the operator on a graph-like space is in
particular ensured, if we are in the slowly decaying case. The spectrum of the
decoupled limit operator is o(Ag) = {0} U XP (see (1.23)). Since the quotient
is compact, the set of different length £, is ﬂnite, and 0(4y) is a diggrete setin R.
In particular, any interval [, b] C Ry \ 0(Ay) is a spectral gap for A, provided ¢ is
small enough.

Nevertheless, we cannot conclude in general that the Laplacian on the graph-like
manifold X, has infinitely many spectral gaps:

Remark 1.5.2. The spectrum of a periodic operator typically has band-gap struc-
ture, but in higher dimension, the bands tend to overlap. The Bethe-Sommerfeld
conjecture states that a periodic Laplace-type operator in dimension 2 or more
has only finitely many gaps in its spectrum. This conjecture is confirmed e.g.
for periodic Schrodinger operators (see [Par08, Sk85, DT82, Sk79]). On singular
spaces like metric graphs or an array of attached manifolds it is in general easy to
construct examples with infinitely many gaps (see e.g. [BGLOS, BEG03, EG96]).
On an equilateral metric graph, the Laplacian has infinitely many spectral gaps
iff the corresponding discrete Laplacian A has spectrum different from [0, 2] (see
Theorem 2.4.1). Note that a(A) C [0, 2].

Our analysis here in general does not prove nor disprove the Bethe-Sommerfeld
conjecture for periodic graph-like manifolds: The spectral convergence implies
the convergence Ax(AY%) — /\k(Ag) as ¢ — 0 for each k € N uniformly in
0 € [0,2x]. If this convergence would be uniform in k € N, then we could
construct a counterexample to the Bethe-Sommerfeld conjecture for the Laplacian
on a manifold.
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But the convergence cannot be uniform in k € N: Otherwise, the theta-function

_ A0 _ 9
@g(t) =1tre tAXf = Ze 1Ak (A7)
k

would converge to OF (t). More precisely, if |Ax(A%) — Ac(A§)| < 7 for & small
enough uniformly in k, then

0/ - O§ )] _

m
=ne
CHO

)

so that the fraction converges to 0 uniformly in ¢ € (0, 1] as n — 0. But the Weyl
asymptotics are different in the two cases,

voly X,
(4mt)d/2’

vol; G

O (1) ~ A
(1) (471)1/2

whereas @g (t) ~

ast — 0 (cf. [Ch84, Sect. VI.4] and Theorem 2.5.5 resp. [Rot84, Thm. 1], [KPS07,
Thm. 4.1]). Recall thatd > 2 and vol; G := ), £,, i.e. the total length of the graph.

A different procedure of creating gaps in a metric graph is provided by the so-
called graph-decoration. Roughly speaking, the new graph G is obtained from a
given infinite graph G by attaching a fixed (compact) graph G to each vertex v
of G. The Laplacian on G now has spectral gaps. This result has been established
for a discrete graph in [AS00]. The general case for quantum graphs is announced
in [Ku05], and proved in the case when G is a compact graph (in the sense that
there is no spectrum of the decorated graph near (certain parts) of the spectrum
of the decorating graph). For quantum graphs, there are related examples leading
to gaps (cf. [AEY94, Ex95]). A similar effect by attaching a single loop to each
vertex of a periodic graph has been used in [EP0S5, Sect. 9]. The case of periodically
arranged manifolds connected by line segments or through points has been analysed
in [BEG03, BGLO5].

1.5.2 Eigenvalues in Gaps

Suppose that G is a uniform metric graph such that its standard Laplacian has a
spectral gap, namely, 0(A;) N (a, b) = @. By the previous example, the (Neumann)
Laplacian on a corresponding uniform graph-like manifold X, (with fast decaying
vertex neighbourhoods) has also a spectral gap close to (a, b) provided & is small
enough.

Let us now change the metric graph locally, e.g. by attaching a loop of length £; at
a fixed vertex v; € V, and call the decorated graph G. The corresponding standard
Laplacian on G has additional eigenvalues Ay = (27k/{;)? with eigenfunctions
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located on the loop and vanishing at v; and on the rest of the graph (there might
be additional eigenvalues). For example, if 27/+/b < {; < 27/./a then the
ground state of the loop lies in (a, b). Note that the essential spectrum of G and
the decorated metric graph G are the same since the perturbation is compact; in
particular, only discrete eigenvalues occur in the spectral gap. Due to the spectral
convergence, a corresponding (uniform) graph-like manifold now must have (at
least) one eigenvalue in (a, b). Furthermore, if the corresponding eigenvalue of the
quantum graph is simple (i.e. there are no other eigenvalues of the decorated graph
Gath = (27/£y)?), then there is a unique eigenvalue close to A; of multiplicity 1.
The corresponding normalised eigenfunction ¢y of the graph-like manifold is close
to the normalised eigenfunction ¢, of the metric graph, i.e.

g — el — 0

(see Theorem 1.3.1). Roughly speaking, the convergence says, that an eigenfunction
on the graph-like manifold is approximately given by the corresponding eigenfunc-
tion on the graph, extended constantly in the transversal direction (and set to 0 in
the vertex neighbourhood).

Eigenvalues in gaps have been discussed e.g. in [AADH94, PO3a] (see also the
references therein). One can interpret such a local perturbation as an impurity of
a periodic structure, say, a crystal or a semi-conductor. The additional eigenvalue
in the gap of the unperturbed operator and the corresponding eigenfunction corre-
sponds to an additional energy level and a bound state, respectively.

1.5.3 Egquilateral Graphs

Let us consider now a special class of metric graphs closely related to the
corresponding discrete graph. Assume that the metric graph is equilateral, i.e. that
all edges have the same length, say £, = 1. We assume here, that we are in the fast
decaying or borderline case, hence the limit operator on the graph is the standard
Laplacian or the coupled operator A on the extended metric graph defined in (1.12).

For equilateral graphs, we have a simple spectral relation of the corresponding
metric and discrete graph Laplacians. The discrete Laplacian A is defined in (2.4)
and has spectrum in [0, 2]. The spectral relation is given in Theorem 2.4.1 (see
also [vB85,Ni87,Ct97,Ex97, Pan06, PO8, BGPOS]).

Theorem 1.5.3 (Fast decaying vertex volume). Suppose that G is an equilateral
graph with associated graph-like manifold X, and vertex neighbourhoods X, =
eX, with scaling rate o« = 1. If the corresponding discrete Laplacian A has a
spectral gap (a,b) C (0,2), then the metric graph Laplacian A has spectral gaps
I;, where Iy are the connected components of

{AZO|1—cosﬁe(a,b)}.
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Moreover, the Laplacian A, on the graph-like manifold has spectral gaps close to
the gaps I provided ¢ is small enough.

Note that if the discrete Laplacian has a spectral gap (a, b), then the metric graph
Laplacian has infinitely many spectral gaps /i since the function 1 — cos is periodic.
Nevertheless, we do not know whether the number of gaps of 0(Ay ) is infinite or
not, see Remark 1.5.2.

A similar result can be proven for the borderline case (see the spectral relation in
this case in Theorem 2.4.3):

Theorem 1.5.4 (The borderline case). Suppose that G is an abelian covering of
a compact equilateral graph G with associated 2-dimensional graph-like manifolds
X¢ — X, such that the vertex neighbourhoods X., = €*X, have scaling rate
a = 1/2 and that the volume

vol, X, = ¢

is independent of v. € V. Then the Laplacian A}« on the graph-like covering
manifold has spectral gaps close to

{A=0|mc(A) = cvVAsin VA +1—cos VA ¢10,2])}

provided ¢ is small enough. In particular, given n € N, there exists ¢, > 0 such that
O(A»)? ) has at least N gaps.

The existence of an infinite sequence of spectral gaps for the extended metric graph
Laplacian Az defined in (1.12) is ensured by the fact that m (1) oscillates between

+c+/A as A — oo, but the discrete operator A on G only has spectrum in [0, 2].
The restriction to abelian covering manifolds is necessary since Theorem 2.4.3 states
the spectral relation only for eigenvalues. We are confident that the result extends
to the entire spectrum, so that Theorem 1.5.4 should be valid for any equilateral
graph and associated graph-like manifolds X, with scaling rate o = 1/2.

Another class of examples is given by self-similar metric graphs,i.e. graphs
arranged in a self-similar manner (see Fig. 1.5). Note that the Sierpinski metric
graph is non-compact. We assume that each edge has length 1. The main point here
is that the metric graph spectrum has a fractal structure, so if ¢ is small enough then
the corresponding Laplacian on a graph-like manifold has an arbitrary (but a priori
finite) number of spectral gaps in a compact spectral interval [0, Ao].

Let G be the equilateral metric Sierpiiski graph given in Fig. 1.5. Note that
G has one vertex of degree 2, all other vertices have degree 4. The nature of the
spectrum of the discrete Laplacian A was calculated by [Tep98, Thm. 2]: Namely,
we have

o(A) = J U D, D::{z}UUp_”{E}, J:=D, (1.25)
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Fig. 1.5 The Sierpinski
graph G. Note that G is a
non-compact equilateral
metric graph

where p(z) := z(5 — 4z) and p™" is the n-th pre-image, i.e. p~"{3/4} = {z €
R| p®(z) = 3/4}. The spectrum of A s pure point and each eigenvalue has
multiplicity oo, therefore the spectrum is also purely essential. The set D consists
of the isolated eigenvalues and the set J is a Cantor set of Lebesgue measure 0
(the Julia set of the polynomial p). Due to Theorem 2.4.1 the spectrum of the
equilateral metric graph Laplacian A is pure point and purely essential. It is
given by

a(Ac)\ ZP =m~ (D) Um™ (J \ {0}).

Since m(A) =1— cos VA is a local homeomorphism mapping measure 0 set into
measure 0 sets and vice versa, m~' (D) consists of isolated eigenvalues of Ag of
infinite multiplicity and m~'(J\{0}) is a Cantor set of measure 0 (away from the
Dirichlet spectrum XP = { (7k)? |k =1,2,...}). A similar statement holds for 1,
restricted to A such that m.(X) € [0, 2].

Now our spectral convergence result on graph-like manifolds leads to an example
of a family of smooth manifolds approaching a fractal spectrum:

Theorem 1.5.5. Suppose X, is a family of graph-like manifolds associated with the
equilateral metric Sierpiriski graph. Then the essential spectrum of the Laplacian on
X, approaches the fractal spectrum of A in any fixed interval [0, Ao]. The discrete
spectrum of Ay is either empty or merges into the essential spectrum as ¢ — 0. In
particular, 6(A ) has an arbitrary large number of spectral gaps in the compact
interval [0, Ao] provzded & is small enough.

Again, we cannot conclude that the number of gaps in the interval [0, A¢] is infinite,
since the uniform convergence of the essential spectrum allows us to control the sets
up to an error only (as ¢ — 0). In order to conclude that X, has fractal spectrum,
one has to use different methods.
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In particular, the above constructions of manifolds with spectral gaps may be
seen as a weak version of spectral engineering in Sect. 1.2.6: We are able to localise
approximately the spectral gaps. Moreover, let S be a closed and unbounded set
S C R4. In principle, it should be possible to construct a quantum graph G with
spectrum S. The corresponding graph-like manifold then has a spectrum close to S
by Theorems 1.3.1 and 1.3.2-1.3.3.

Let us also mention the results on spectral gaps for coverings with residually
finite covering groups in [LPO8b, LPO8a]. In particular, we constructed in [LP08a]
examples of discrete and equilateral metric graphs where we could assure that
certain subsets were not included in the spectrum of the covering Laplacian. For
the existence of spectral gaps of the Laplacian on differential forms on certain
Z-periodic manifolds, we refer to [ACP09].

1.5.4 Spectral Band Edges

Let us mention another interesting example on the spectral band edges:It was
commonly believed by Physicists that the k-th band of a Z"-periodic operator (i.e.,
an operator on a Z’-covering space commuting with the group action) is actually
given as the range of

Bi = {a(4a") |6 € oW 3,

where W is the so-called Brillouin zone, a fundamental domain of the dual lattice
which is identified with Z" in our case here. More precisely, if the covering space
has more symmetries, on considers the reduced Brillouin zone, a subset of the full
Brillouin zone, taking the additional (discrete) symmetries into account.

Harrison, Kuchment, Sobolev and Winn [HKSWO07] gave interesting examples
of periodic operators on discrete graphs where By C By, i.e., where the band edges
are attained by interior points 6 € (0,2m)", disproving the commonly believed
argument above. Exner, Kuchment and Winn [EKW10] even gave an example of a
Z-periodic metric graph with By C By. The periodic metric graph graph in their
example has a (suitable) fundamental domain, which is connected with its forward
neighbour by more than one edge.

Using the spectral relation between discrete and equilateral metric graphs of
Sect. 1.5.3 we can construct periodic graphs with the same properties, i.e., where
By C Bg. Since the eigenvalues of a graph-like manifold converge to the ones of
an appropriate quantum graph, i.e., A4(A?) — Ax(A§) for § € W, and since
Bi(Ao) = {/\z(Ao) |0 € OW } € Bi(Ap), we also have an example of a periodic
manifold on which the band edges are not achieved by the boundary values 6 € dW.

1.5.5 The Decoupled Case

Let us consider again the slowly decaying case (the decoupled Dirichlet case can
be treated similarly). Recall that the (Neumann) Laplacian on X, converges to the
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decoupled limit operator Ay 1= P, Allje @ 0 acting in the extended Hilbert space
4 = L,(G) & £,(V), where Az is the Dirichlet operator on the interval [, =
[0, £.] and O is the trivial operator on £, (V). In particular, the spectrum of the limit
operator Ay is pure point and given by (1.23). Moreover the multiplicity of A is | V|
ifA=0and [{ec E|A=Ak(e)}|if A > 0.

Since the graph structure is no more visible in the limit due to the decoupling,
we just give a simple example of a graph consisting of a half-line with one vertex
of degree 1 at 0 and the others of degree 2. We label the edges by n € N. By an
appropriate choice of the length £,, we can construct a manifold with certain spectral
properties. If we consider e.g. £, := /n/m then A;(n) = k?/n. Since every
rational number 7 can be written in the form r = k?/n (r = p/q = p*/(pq)).
the operator Ay has dense point spectrum consisting of all non-negative rational
numbers. Therefore the spectrum of A equals [0, co) and is purely essential. Other
choices of the length are possible, e.g., a set of rationally independent length £,
e € E. Once one is able to determine o(A() by number theoretical arguments one
has a Laplacian Ay_with a spectrum close to 0(A).

The spectral convergence result here is too weak to say anything else about
the nature of the Laplacian on the graph-like manifold X, with slowly decaying
vertex neighbourhoods than that it is purely essential in any bounded spectral
interval. Moreover, we cannot apply the results on resolvent convergence since the
eigenvalues A € 0,(4y) are not isolated. We expect that Ay also has pure point
spectrum, but one needs further arguments to prove this. '

1.6 Outlook and Remarks

Finally, we outline several topics of further research which in principle can be
treated by similar methods as developed in this work.

1.6.1 Geometric Perturbations

We are confident that the convergence methods developed here can be applied
in many other situations: For example, one can show convergence results for the
Laplacians on topologically perturbed manifolds (removing discs, adding handles
etc.), or on conformally perturbed metrics. Such problems have been treated e.g.
in [CF78,CF81,0z81,0z82, A87, A90, AC93, A94, AC95,H06, Da08, ACP(09], but
mostly only the eigenvalues on a compact space have been considered.

Formally, adding long thin handles to a family of compact manifolds labelled by
the vertices of a graph corresponds to the case when the shrinking rate at the vertex
neighbourhoods is &« = 0. In particular, for such graph-like manifolds, the vertex
neighbourhood do not shrink to a point.
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We are confident that we can show the convergence of resonances also for such
geometrically or conformally perturbed spaces, and obtain results on Helmholtz-
resonator-type systems. A Helmholtz resonator is a system with a cavity joint by a
thin connection with a non-compact exterior part. Although the eigenvalues of the
interior problem (without the thin connection) are no longer eigenvalues of the entire
problem, they give rise to resonances, i.e. poles of a meromorphic continuation of
the resolvent. Such problems have been treated e.g. in [Be73,HiM91,Hi92, BHM94,
HiL01]. The basic property for all these results is a decoupling of the limit problem,
leading to embedded eigenvalues in the continuous spectrum. For example, if one
approximates hybrid spaces as hedgehog-shaped manifolds presented in [BG03] by
smooth manifolds, the limit problem decouples in many situations. Nevertheless,
we still obtain the non-trivial result that the embedded eigenvalues of the decoupled
limit problem are approached by resonances. Such approximations are interesting
in understanding manifolds with cusps (see e.g. [BGOS]).

One should also analyse the convergence speed of resonances for our graph-
like manifolds. If a resonance approaches e.g. an embedded eigenvalue, then the
convergence speed gives the decay rate of the corresponding quasi-stable state.

In addition, one can use the abstract convergence arguments for wildly perturbed
domains as in [RT75] (see also [HSS91,S196]). In particular, it should be possible to
construct manifolds with given spectral properties (spectral engineering). For such
results, one needs scattering theory adopted to our situation, see below.

1.6.2 Scattering Properties

For graph-like spaces, the convergence of scattering data like the scattering matrix
and the coefficients of reflection and transmission is of interest (see e.g. [Pav(07,
Pav02]). More generally, one may develop a scattering theory for operators in two
Hilbert spaces as in [K67] making use of our zeroth and first order identification
operators. Using similar methods, it should also be possible to show the convergence
of the heat kernels. Note that in Theorem 1.3.1 we showed the convergence of the
heat operators in the operator norm only, not in the Hilbert-Schmidt norm.

1.6.3 Convergence of Differential Forms
and First Order Operators

On graph-like spaces, the convergence of differential forms is also of interest. Here,
the topology of the graph-like manifold is of importance. For graph-like spaces
homotopy-equivalent with the original metric graph, 1-forms should converge to
“1-forms” on a graph. Here, an abstract setting using first order boundary triples as
in [PO7] combined with the two Hilbert space formalism and identification operators
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might be helpful. One should obtain stability results on the index as in Sect.2.4.2.
Stability results on the index can be useful in order to decide whether a certain vertex
condition can be approximated by purely geometric operators (like the Laplacian
on forms) or not. If the indices of the graph operator and the manifold operator are
different, there cannot hold such a convergence result.

In [ACP09], we show that for ne€N and a Z-covering X - M of a
d-dimensional compact manifold M, there is a metric g, on X — M such that
the spectrum of the Laplacian on p-forms on (X, g,) has at least n spectral gaps
provided the (d — 1)/2-Betti number of X' vanishes. The main idea is to deform the
compact quotient manifold M in a neighbourhood U =~ (—1, 1) x X using a warped
product on U, where ¥ is a non-disconnecting hypersurface in M. In [ACP09],
only the convergence of the discrete spectrum is shown (making use of Floquet
theory). In principle, it should be possible to carry over the convergence results
to general non-compact spaces, and to show for example the convergence of the
resolvents.

1.6.4 Convergence of Boundary Triples Coupled via Graphs

We define boundary triples coupled via graphs. In the spirit of our generalised con-
vergence of operators in different Hilbert spaces, one can define the “convergence”
of such boundary triples and show e.g. the convergence of the coupled operators.
In particular, all our results on graph-like spaces can be understood in this way;
and maybe some proofs simplify. Note e.g. that in all our examples we use the
natural idea to associate to a function f, on the metric graph edge e the function
fe ® @, of the associated edge neighbourhood of the graph-like space, where @,
is an eigenfunction of the transversal manifold. In addition, one might find other
results by choosing ¢, to be the second or a higher eigenfunction etc.

A convergence criteria for boundary triples should also yield the convergence of
the associated Dirichlet-to-Neumann maps under suitable assumptions. Such results
are of interest e.g. for graph-like spaces and their limits (see e.g. [Pav02]).

1.6.5 Metric Structure on the Space of Operators

Given two non-negative and self-adjoint operators A and A on the Hilbert spaces
A and 2, respectively, we can define a sort of “distance”

d(A, Z) = inf{ §>0 | A, A are 8-quasi-unitarily equivalent}.

In this way, we have shown in Theorem 1.3.1 that e.g. the spectrum depends
continuously on A. Moreover, for the Laplacian A, on a graph-like manifold and its
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corresponding graph operator Ay we have shown that d(A,, Ag) < O(&P) for some
B > 0 depending on the geometry.

Several questions arise: What is the metric structure of this space of non-negative
operators? A systematic approach of the associated topology as it was e.g. done for
the strong convergence of such operators by Kuwae and Shioya in [KSh03] and a
comparison of the different concepts deserves a systematic treatment.

Another question is whether our (upper) error estimates on the distance
d(A,, Ap) are optimal in the sense, that we can find a lower bound on d(A,, Ap) of
order O(e?).

1.6.6 Dirichlet-to-Neumann Map and Inverse Problems

The treatment of boundary triples associated with quadratic forms developed in
this work provides an abstract way to deal with the Dirichlet-to-Neumann map
on a manifold. There are interesting inverse problems concerning the Dirichlet-
to-Neumann map: Can one reconstruct the inner domain (or the inner metric
graph) from the data of the Dirichlet-to-Neumann map? Such problems occur very
often in applications like electrical resistivity tomography. For example, a typical
measurement is the following: One applies a voltage to the boundary, and measures
the current at the boundary. This measurement is precisely, what the Dirichlet-to-
Neumann map gives as a result. We refer to [Na88, LUO1] and [CM91, CMM94,
CIM98,CMO00] for solutions of the inverse problem and related results on manifolds
and discrete graphs, respectively.

1.6.7 Fractal Metric Graphs

If the global lower length bound (1.6) is violated, we obtain fractal metric graphs.
On such graphs, the minimal Laplacian (defined as closure of functions in H2,_ (G)
with compact support) is (in general) no longer essentially self-adjoint. In particular,
one has to define boundary conditions at “infinity” (see e.g. [Ca00, So04], where
radial trees are considered). The corresponding graph-like spaces can be used e.g.

in modelling blood-flow in a lung (see [PWZ08]).



Chapter 2
Graphs and Associated Laplacians

In this chapter, we provide the necessary notation and basic results on spectral
graph theory needed in the subsequent chapters. Results on spectral theory of
combinatorial Laplacians can be found e.g. in [Do84, MW89, CdV98, CGY96,
Chu97, HS99, Sh00, HS04, Su08]. For metric graph Laplacians we mention the
works [Rot84, vB85, Ni87, KS99, Ha00, KS03, Ku04, FT04a, Ku05, KNO5, BF06,
KS06,Pan06,BR07,Ku08,P08,HiP09,P09b]. Discrete and metric graphs often serve
as a toy model in spectral geometry (see e.g. [CGY96,CGYO00]).

Let us briefly motivate the generalisation of the usual discrete (or combinatorial)
Laplacian on a graph presented in Sect.2.1. Generalised discrete Laplacians as
defined below in Definition 2.1.10 occur naturally in the Dirichlet-to-Neumann
operator of a boundary triple associated with the corresponding (equilateral) metric
graph together with a self-adjoint Laplacian acting on it, see Sect.2.2.3 (the notion
of boundary triples will be introduced in Sect.3.4). The self-adjoint (energy-
independent) vertex conditions of a metric graph Laplacian can be encoded in a
certain vertex space ¥ = @@, #;. Here, ¥, is a subspace of the deg v-dimensional
space CEv, where E, is the set of edges adjacent to v, and degv = | E, | is the degree
of the vertex. The generalised discrete Laplacian will be an operator acting on ¥,
generalising the usual discrete Laplacian defined on £,(1).

In Sect.2.1 we introduce discrete Laplacians and their generalisations. Sec-
tion 2.2 contains material on metric graphs and associated operators, as well
as quantum graphs (a metric graph with vertex space). Moreover, we associate
boundary triples to a quantum graph, declaring a subset of the vertices as boundary.
In Sect. 2.3 we define so-called extended quantum graphs, which appear naturally
as limit spaces for certain vertex neighbourhood scalings (the “borderline case” in
Chap. 6). In all cases (discrete graph, quantum graph and extended quantum graph),
we introduce the Laplacians A via an exterior derivative d by setting A := d*d.

The theory of boundary triples gives us a spectral relation between the discrete
and metric graph Laplacian, at least for equilateral graphs, see Sect.2.4. The
interpretation of the corresponding discrete operator as a new type of combinatorial
Laplacian might be of its own interest (see also [Sm07] for a related generalisation
of combinatorial Laplacians via a scattering approach). Moreover, we show in

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 57
DOI 10.1007/978-3-642-23840-6_2, © Springer-Verlag Berlin Heidelberg 2012
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Theorems 2.4.5 and 2.4.7 the equality of a naturally defined index for discrete and
metric graph Laplacians, defined as the Fredholm index of d (cf. also [FKWO07]).

We end this chapter with some trace formulas for discrete and quantum graph
Laplacians (Sect. 2.5). In particular, we can interpret the constant term in the trace
formula of Kostrykin, Potthoff and Schrader [KPS07] in Theorem 2.5.5 as index of
the associated quantum graph.

2.1 Discrete Graphs and Generalised Laplacians

The aim of the present section is to define the spaces and operators associated with
a discrete graph and to conclude some simple consequences needed later on.

2.1.1 Discrete Graphs and Vertex Spaces

Let us first fix the notation for graphs.
Definition 2.1.1.

1. A discrete graph G is given by (V, E,d), where V, E are countable. Here,
V = V(G) denotes the set of vertices, E = E(G) denotes the set of edges,
and 0: E —> V x V is a map associating to each edge e the pair (d—e, dre) of
its initial vertex and terminal vertex, the connection map. 'Tn particular, de fixes
an orientation of the edge e.> Abusing the notation, we also denote by de the set
{0_e, 01e}.

2. For each vertex v € V we define the (set of outgoing (—) resp. incoming (+))
edges adjacent to v by

Ef:={ecE|dre =1} and E,:=E'UE],

i.e. EVjE consists of all edges starting (—) resp. ending (+) at v and E, their
disjoint union.’

The use of a connection map allows us to consider multiple edges. Such graphs are sometimes
called multi-graphs, in contrast to a simple graph, where 0 is assumed to be injective. For a simple
graph, we may define the set of edges as a subset of V' X V.

2Some authors (see e.g. [Su08]) prefer to use E™ := E U E for the “doubled” edge set, i.c.
each edge e € E has a counterpart e with the opposite orientation. Starting with a set """, an
orientation of a graph can be defined as a subset £ C E""" such that either e or e belongs to E.
In our setting, we automatically fix an orientation. Note that the orientation is important for the
exterior derivative d in (2.5), but not for the Laplacian A in (2.4); the former is of “first order”,
while the second is of “second order”.

3Note that the disjoint union is necessary in order to generate two formally different labels for a
self-loop e, i.e. an edge with d_e = d4e. Moreover, a loop is counted twice in the degree of
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3. The degree of v € V is defined by
degv:=|E,| = |[Ef| + |E|,

i.e. the number of adjacent edges at v. In order to avoid trivial cases, we assume
that degv > 1, i.e. no vertex is isolated. We also assume that deg v is finite for
each vertex.

4. A discrete graph is (edge-)weighted , if there is a function £: E —> (0, c0)
associating to each edge e € E a length £, > 0. Alternatively, we may think of
1/€, as a weight associated with the edge e.* If £, = 1 for all edges, we call the
graph equilateral.

Let us slightly generalise the concept of a graph by allowing edges with infinite
length, i.e. having its terminal vertex at “infinity”:

Definition 2.1.2.
1. We call G = (V, E,0) a discrete exterior graph if we have a decomposition
of E into interior and exterior edges, i.e. E = FEjy U Ee. In addition, we

assume that 9: E — (V x V) U V maps an interior edge e € Ej, onto the pair
de = (0—e, dye) of its initial and terminal vertex, and an exterior edge e € Eeyx
onto its initial vertex de = d_e only. The set E, of edges adjacent to v and the
degree deg v is defined as above. Note that an exterior edge e € E¢ belongs only
to the set £~ of outgoing edges since v = d_e.

2. Wecall G = (V, E, 0,£) an (edge-)weighted discrete exterior graph if (V, E, )
is a discrete exterior graph, and £: E — (0, 0o] is a length function such that

Em={ecE|li<oo} and Ee={eckE|l =00}

Note that for a weighted discrete exterior graph, we may interpret interior edges
as edges of finite length, and exterior edges as edges of infinite length with terminal
vertex at “infinity”.

We will use frequently the following elementary fact about reordering a sum over
edges and vertices, namely

Z F(0ye,e) =Z Z F(v,e) and ZF(B_e,e) =Z Z F(v,e)

e€Ejn vevV eeEj_ e€E vEV e€E
2.1
for a function (v, e) — F(v, e) depending on v and e € E, with the convention that
a sum over the empty set is 0. Note that this equation is also valid for self-loops and

a vertex. This convention is useful when comparing discrete and equilateral metric graphs (see
Theorem 2.4.1).

“The interpretation “length” will become clear when defining metric graphs in Definition 2.2.1,
as well as the interpretation of 1/£, as a weight or conductivity, see the definition of the norm on
£,(E)in (2.6).
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multiple edges. The reordering is a bijection since the unions Ein = ) ¢}, E;" and
E =),y E, are disjoint. For a graph with finite edge set, the relation

2| Eind + |Eex| = ) _ degv 2.2)

vevV

follows by setting F (v, e) = 1. For simplicity, we assume for the rest of this section
that the graph has no exterior edges, i.e. that £ = Ejy.
Let us make the following assumption on the lower bound of the edge lengths:

Assumption 2.1.1. Throughout this work we assume that there is a constant {— > 0
such that
Lo > 40— Veeck, (2.3)

i.e. that the weight function £~ is bounded. Without loss of generality and for
convenience, we assume that £_ < 1.

We want to introduce a vertex space allowing us to define Laplace-like combina-
torial operators motivated by general vertex boundary conditions on metric graphs.

The usual discrete (weighted) Laplacian is defined on scalar functions F': V' —
C on the vertices V', namely

1 1
AF®) = ~Toav EXE: e—e(F(v(,) — F(v)), (2.4)

where v, denotes the vertex on e opposite to v. Note that A can be written as A =

d*d with
d: 6,(V) — £,(E), (dF), = F(d4¢) — F(d_e). (2.5)

Here, £,(V) = {,(V,deg) and {,(E) = {,(E,£") carry the weighted norms
defined by

1
IFIZ, 0 =D IF()Pdegy and |0,z =D _Inel7-.  (26)

vevV e€E

and d* denotes the adjoint with respect to the corresponding inner products.
We sometimes refer to functions in £,(V) and {,(E) as O-forms and 1-forms,
respectively.

We would like to carry over the above concept for the “vertex space” £,(V') to
more general vertex spaces ¥ = €, #;. The main motivation to do so are metric
graph Laplacians with general vertex boundary conditions as defined in Sect. 2.2.2
and their relations with discrete graphs (cf. Sect. 2.4).
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Definition 2.1.3.

1. Denote by ™™ := CEv the maximal vertex space at the vertex v € V, i.e. a
value F(v) = {F.(V)}eer, € 7™ has degv components, one for each adjacent
edge. A vertex space at the vertex v is a linear subspace 7; of 7#,"**.

2. The corresponding (total) vertex spaces associated with the graph (V, E, d) are

max . @nj/‘}max and ¥ = @%’

vev veV

respectively. Elements of 7 are also called 0-forms. The space ¥ carries its
natural Hilbert norm, namely

IFI5 =Y IFmP =" Y [Fm).

vev veV e€E,

Associated with a vertex space is an orthogonal projection P = € ., Py
in 7™, where P, is the orthogonal projection in ¥, onto ;.

3. We call a general subspace ¥ of ™ [ocal if it decomposes with respect to
Y =@, VG if Y = @, ¥ and ¥, C ¥,™*. Similarly, an operator A
on ¥ is called local if it is decomposable with respect to the above direct sum.

4. The dual vertex space associated with 7 is defined by '+ := #™* g ¥ and
has projection P+ = 1 — P.

Note that a local subspace 7 is closed since 7%, < #,™* is finite dimensional.
Alternatively, a vertex space is characterised by fixing an orthogonal projection P
in ¥ which is local. In view of the corresponding notation on a metric graph (see
Definition 2.2.5), one may call the pair (G, ¥') a discrete quantum graph.

Example 2.1.4. The names of the vertex spaces in the examples are borrowed from
the corresponding examples in the metric graph case, see below. For more general
cases defined via vertex spaces, e.g. the discrete magnetic Laplacian, we refer
to [P09a].

1. Choosing #, = Cl(v) = C(1,...,1), we obtain the standard vertex space
denoted by ¥*Y, also called continuous vertex space or Kirchhoff vertex space.
The associated projection is

1

v degv

E
where [E denotes the square matrix of rank degv where all entries equal 1. This

case corresponds to the standard discrete case mentioned before. Namely, the
natural identification

=PI — 4L0), F—F, FO):=F,®),
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(the latter value is independent of ¢ € E,) is isometric, since the weighted norm
in £,(V) and the norm in ¥ agree, i.e.

I =D D IF)P =Y IF()[* degv = | FI7 ).

veV e€E, %

. More generally, we can fix a vector p(v) = {p.(v)}cck, With non-negative entries

Pe(v) # 0 and define the weighted standard vertex space by % := Cp(v). The
corresponding projection is given by

PF() = mwx F)) pOo.

As in the previous example, we have an isometry

~ v ~ = F.(v)
=PI — 4L,V pP. FF, F(v) := o)

(the latter value is independent of e € E,), since

1F 0 =32 D 1R = 3 IFOPIpOIF = IF I

veV e€E, %

. A special case of a weighted standard vertex space is given by vectors p(v) such

that |p.(v)] = 1, we call such a vertex space a magnetic perturbation of the
standard one. An example is giving in the following way: Let « € R? be a
function associating to each edge e the magnetic vector potential o, € R and set

Pe(V) — e—i?(.(v)/Z
N . . . mag,o
where o, (v) := *a, if v = d1e. We call the associated vertex space 7,
magnetic.
. We call 7™ := 0 the minimal vertex space or Dirichlet vertex space.

Similarly, 7™ is called the maximal vertex space or Neumann vertex space.
The corresponding projections are P = 0 and P = 1.

. Assume that degv = 4 and define a vertex space of dimension 2 by

¥, =C1,1,1,1) & C(1,i, -1, —i).
The corresponding orthogonal projection is

2 141 0 1-—i
Pvzl 1—1 2.1+i 0.
4 0 1—-1i 2 1+i

I+1 0 1—-1i 2
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In Example 2.1.7 (2), we will show some invariance properties of this vertex
space.

In contrast to the standard vertex space, the vertex space may “decouple” some
or all of the adjacent edges ¢ € FE, at a vertex v, e.g., if the vertex space is
ymax - “Decoupling” here means, that we may split the graph at a vertex space
¥, such that the corresponding projection P, has block structure w.r.t. a non-
trivial decomposition %, = 71, ® 7.,. We call a vertex space ¥, without such
a decomposition irreducible. Similarly, we say that ¥ = €D, ¥, is irreducible, if all
its local subspaces ¥; are irreducible. For more details, we refer to [PO9b].

In [P09a, Lem. 2.13] we showed the following result on symmetry of a vertex
space:

Proposition 2.1.5. Assume that the vertex space ¥, of a vertex v with degree d =
degv is invariant under permutations of the coordinates e € E,, then 7, is one of
the spaces Y™ = 0, Y™ = CE s = C(1,...,1) or (73YL ie. only the
minimal, maximal, standard and dual standard vertex spaces are invariant.

If we only require invariance under the cyclic group of order d, we have the
following result:

Proposition 2.1.6. Assume that the vertex space ¥, of a vertex v with degree
d = degv is invariant under cyclic permutation of the coordinates e € E, =
{e1,...,eq}, i.e. e; = ej1q and eq > ey, then V¥, is an orthogonal sum of spaces of
the form V% = C(1,6%,6% ..., 0=k fork = 0,...,d — 1, where 6 = e**V/4.

Proof. The (representation-theoretic) irreducible vector spaces invariant under the
cyclic group are one-dimensional (since the cyclic group is Abelian) and have the
form #* as given above. O

We call ”//vk a magnetic perturbation of ¥*, i.e. the components of the generating
vector (1, ..., 1) are multiplied with a phase factor (see e.g. [P09a, Ex. 2.10 (vii)]).

Example 2.1.7.

1. If we require that the vertex space ¥, is cyclic invariant with real coefficients
in the corresponding projections, then %, is spanned by either (1,...,1) or
(1,—1,...,1,—1) (if d even) or both. But the sum is not irreducible since

¥ =C(,....) ®C(,—1,....1,-1)
=(C(1,0,1,0,...,1,0)® C(0,1,0,1,...,0,1)

and the latter two spaces are standard with degree d /2. In other words, the
irreducible graph at v associated with the boundary space 7, splits the vertex
v into two vertices v; and v, adjacent with the edges with even and odd labels,
respectively. The corresponding vertex spaces are standard.

2. The sum of two cyclic invariant spaces is not always reducible: Take the
cyclic invariant vertex space %, = ¥ @ ¥ C C* of dimension 2 given in
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Example 2.1.4 (5). Note that ¥; is irreducible, since the associated projection
P, does not have block structure. This vertex space is maybe the simplest
example of a (cyclic invariant) irreducible vertex space which is not standard
or dual standard. Note that if degv = 3, then an irreducible vertex space is
either standard or dual standard (or the corresponding version with weights and
magnetic perturbations, i.e. (1,..., 1) replaced by a vector p(v) with non-zero
entries).

2.1.2 Operators Associated with Vertex Spaces

Let us now define a generalised coboundary operator or exterior derivative
associated with a vertex space. We use this exterior derivative for the definition
of an associated Laplace operator below:

Definition 2.1.8. Let 7 be a vertex space of the graph G. The exterior derivative
on ¥ is defined via

dy: ¥ — L, (E), (dy F)e := F.(d4¢) — F.(d_e),

mapping 0-forms onto 1-forms.

We often drop the subscript ¥ for the vertex space or write dgq instead of aly/std
etc. The proof of the next lemma is straightforward using (2.1) (see e.g. [P09a,
Lem. 3.3]):

Lemma 2.1.9. Assume the lower lengths bound (2.3), then d is norm-bounded

by /2 /L_. The adjoint
%l (E) — ¥

fulfils the same norm bound and is given by

@nm=r(l; Tof ) en.

e€E,

N . .
where 1M, (v) := %, if v = 0dre denotes the oriented evaluation of 7, at the
vertex v.

Definition 2.1.10. The discrete generalised Laplacian associated with a vertex

space ¥ is defined by A, 1= d* dy, i.e.

Ay P = P{ %e(Fe(V) -, )

for F € ¥, where v, denotes the vertex on e € E, opposite to v.
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Remark 2.1.11.

1. From Lemma 2.1.9 it follows that Zﬂ,/ is a bounded, non-negative operator on ¥’
with norm estimated from above by 2/¢_. In particular, U(A',,,) c[0,2/£-].

metric setting, we refer to [P09a]. In particular, we have

o(A%)\ {0} = a(AY) \ {0}

Moreover, in [P09a, Ex. 3.16-3.17] we discussed how these generalised Lapla-
cians can be used in order to analyse the (standard) Laplacian on the line graph
and subdivision graph associated with G (see also [Sh00]).

The next example shows that we have indeed a generalisation of the standard
discrete Laplacian:

Example 2.1.12.

1. For the standard vertex space ¥ sd it is convenient to use the unitary trans-
formation from 7 onto £,(V) associating to F € ¥ the (common value)
F(v) := F,(v) as in Example 2.1.4 (1). Then the exterior derivative dgyy and

its adjoint d,, are unitarily equivalent with

d:6,(V) — ,(E),  (dF), = F(dye)— F(d_e)

and

1 1 ~
d- = - e (v),
@0 =gy 2 e
e€E,
i.e. d is the classical coboundary operator already defined in (2.5) and d* its
adjoint.
Moreover, the corresponding discrete Laplacian A, := A, is unitarily

easily check.

Similarly, for the weighted standard vertex space ¥'? with p,(d—e) = p.(0+e)
(=: pe), the generalised discrete Laplacian expressed on the space £,(V, | p|?) is
given by

e~ 1 )2~ ~
BF0 = 3 "2 (F(ve) = F ), 2.7

e€E,

where [p(W)[* = 3 cp, [Pe ().
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For the magnetically perturbed standard vertex space we have

~ 1 1 N~ ~
A F — _ +10‘e(V)F 0)) — F ,
Anaga F)0) =~ XEj e (ve) = F(v)

i.e. the discrete magnetic Laplacian associated with the magnetic potential
o = {d.}.. Note that the §-periodic boundary condition of Floquet theory as
in (1.24) lead to a magnetic perturbation of a vertex space.

2. For the minimal vertex space ¥ ™" = 0, we have d=0,d*=0and A
For the maximal vertex space, we have

~y/min = O

(Byan F1e0) = |- (R0 = E00)}

v

and

Il

1 —
Ay @ A,, where A, 7 (_11 11) .

e€EE

In particular, in both cases, the Laplacians are decoupled and any connection
information of the graph is lost.

Let us now assume that the graph is equilateral (i.e. £, = 1) and the graph has
no multiple edges (i.e. d is injective). Then we can write the Laplacian in the form

A, =1-My, My = PA™,

where My :? — ¥ is called the principle part of the generalised discrete
Laplacian, and A™*: Y™ — M the generalised adjacency matrix, defined
by

APLE(W)hy = {A™X (0, w)F(w)},,  A™(v,w): CE» — CE

for F € 7™ Furthermore, A™* (v, w) = 0 if v, w are not joined by an edge and

AmaX(Vv W)e,e’ = 86,6/5 eckE, e € E,

otherwise. In particular, written as a matrix, A™** (v, w) has only one entry 1 and all
others equal to 0. The principle part of the Laplacian then has the form

(My F)(v) = Y Ay (v, v) F(ve),

e€E,

for F € ¥ similar to the form of the principle part of the standard Laplacian defined
for 754 =~ £,(V), where

Ay (v,w) := PA™™ (v, w)P,: ¥, — V.
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Equivalently,

My =@ Ay(v.w) (2.8)

veV wev

where the sum is actually only over those vertices w, which are connected with v.
In particular, in the standard case 7 = 7*Y, the matrix A« (v, w) consists of one
entry only since ¥ =~ C(degv) isometrically. Namely, we have Aywa(v, w) = 1
if v and w are connected and O otherwise, i.e. A« is (unitarily equivalent with) the
standard adjacency operator in £,(V).

Let us return to the general situation (i.e. general lengths £, and possibly multiple
edges). Let G be a discrete graph. We define a Hilbert chain associated with a vertex
space ¥ on G by

GG 0 — ¥ L 0,(E) —> 0.

Obviously, the chain condition is trivially satisfied since only one operator is
non-zero. In this situation and since we deal with Hilbert spaces, the associated
cohomology spaces (with coefficients in C) can be defined by

HO(G, V) = kera«y >~ keray/ ran0,
HY(G,7) :=kerd’, = (randy)’ = ker0/randy

where ran A := A(J#) denotes the range (‘“image”) of the operator A: 7] —> J43.
The index or Euler characteristic of the Hilbert chain € (¢, ) is defined by

ind(G, ¥) := dimkerdy — dimkerd?,,

i.e. the Fredholm index of 'dly, provided at least one of the dimensions is finite.
Note that for the standard vertex space #*¢ =~ £,(V), the exterior derivative is
just (unitarily equivalent with) the classical coboundary operator defined in (2.5).
In particular, the corresponding homology spaces are the classical ones, and
dim H? (G, ¥*%) counts the number of components (p = 0) and edges not in a
spanning tree (p = 1).

Using the stability of the index under continuous perturbations, we can calculate
the index via simple (decoupled) model spaces and obtain the following result
(see [P09a, Sect.4]); alternatively, we can apply standard arguments from linear
algebra:

Proposition 2.1.13. Let ¥ be a vertex space associated with the finite discrete
graph G = (V, E, 0), then

ind(G,¥) =dim 7 — |E|.

Note that in particular, if ¥ = 9, ie.if ¥ = £,(V) is the standard vertex space,
we recover the well-known formula for (standard) discrete graphs, namely
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ind(G, 7Y = |V| — |E],

i.e. the index equals the Euler characteristic y(G) := |V| — | E| of the graph G. On
the other hand, in the “extreme” cases, we have

ind(G,7™) = |E| and ind(G,?™") = —|E|.

since dim 7™ = 3" _ degv = 2|E| and dim@™" = 0. Note that the first
index equals the Euler characteristic of the “decoupled” graph G%¢ consisting of
the disjoint union of the graphs G, = (de, e) having only two vertices and one
edge, i.e. we have

ind(G, 7™) = x(G*) = > x(G,) = |E|.

since y(G,) = 2 — 1 = 1. Similarly, the second index equals the relative Euler
characteristic, i.e.

ind(G’Wmin) — X(Gdecv aGdEC) = X(Gdec) _ X(aGdeC) — —|E|,

where G4 = ), 0G, and 0G, = de.
In [P09a, Lem. 4.4] we established a general result on the cohomology of the
dual 7 of a vertex space 7. It shows that actually, 7+ and the oriented version

~ ~
of V,ie. ¥={F € V™| Fe ¢}, arerelated:
Proposition 2.1.14. Assume that the global length bound

(- <t <ty forallecE 2.9)

holds for some constants 0 < {_ < {4 < oco. Then H*(G, ¥ *) and H'(G, “?) are
isomorphic. In particular, if G is finite, then ind(G,%4~1) = —ind(G, ;)

The orientation also occurs in the metric graph case, see e.g. Lemma 2.2.8.

2.2 Metric Graphs, Quantum Graphs and Associated
Operators

In this section, we fix the basic notion for metric and quantum graphs and derive
some general assertion needed later on. Most of the material is standard, and we
refer to the literature for further results and references, see e.g. [Ku08, Ku05, Ku04,
KS99, KSm99].
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2.2.1 Metric Graphs

Definition 2.2.1. Let G = (V, E, d) be a discrete (exterior) graph. A fopological
graph G'P associated with G is a CW complex containing only 0-cells and 1-cells,
such that the O-cells are the vertices V' and the 1-cells are labelled by the edge set
E, respecting the graph structure in the obvious way.

A metric graph G™" associated with a weighted discrete graph (V, E, 9, £) is a
topological graph associated with (V, E, d) such that for every edge e € F thereis a
continuous map ®,: [, —> G, [, := [0, £,] (resp. I, := [0, 00) if ¢ € Eey), such
that dbe(loe) is the 1-cell corresponding to e, and the restriction @, : Ioe — <1§(Ioe) C
G ™" is a homeomorphism. The maps @, induce a metric on G™'. In this way, G™
becomes a metric space.

By abuse of notation, we omit the labels (-)'P and (-)™* for the topological and
metric graph associated with the discrete weighted graph, and simply write G or
(V,E,d,0).

Given a weighted discrete graph, we can abstractly construct the associated metric
graph as the disjoint union of the intervals I, for all e € E and appropriate
identifications of the end-points of these intervals (according to the combinatorial
structure of the graph), namely

G =) L/~ (2.10)

e€E

We denote the union of the 0-cells and the union of the (open) 1-cells (edges) by G
and G', i.e. )
GO =V < Gmd, Gl — U Ie s Gmm,

e€E

and both subspaces are canonically embedded in G™.
Remark 2.2.2.

1. The metric graph G™' becomes canonically a metric measure space by defining
the distance of two points to be the length of the shortest path in G™,
joining these points. We can think of the maps @,: I, —> G™* as coordinate
maps and the Lebesgue measures ds, on the intervals I, induce a (Lebesgue)
measure on the space G™'. We will often omit the coordinate map &,, e.g., for
functions f on G™" we simply write f, := f o®, for the corresponding function
on I,. If the edge e is clear from the context, we also omit the label (-),.

2. Note that two metric graphs G"' and G can be isometric as metric spaces,
such that the underlying discrete graphs G; and G, are not isomorphic: The
metric on a metric graph G™* cannot distinguish between a single edge e of
length £, in G| and two edges ¢’, e¢” of length £/, £,r with £, = £y + Lor
joined by a vertex of degree 2 in G,: The underlying graphs are not (necessarily)
isomorphic. For a discussion on this point, see for example [BR0O7, Sect. 2].
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2.2.2 Operators on Metric Graphs

Since a metric graph is a topological space, and isometric to intervals outside the
vertices, we can introduce the notion of measurability and differentiate function on
the edges. We start with the basic Hilbert space

L@ =@Lt)  wd IF =11 = 2 [ 1P

e€E e€E v e

where f = { f.}. with f, € L,(l.).
In order to define Laplacian-like differential operators in the Hilbert space L,(G)
we introduce the maximal Sobolev space or decoupled Sobolev space of order k as

Hi o (G) := D H (1),

e€E

2 . 2
11 o) = D el

e€E

where H¥ (1.) is the classical Sobolev space on the interval /., i.e. the space of
functions with (weak) derivatives in L, (/) up to order k. We define the unoriented
evaluation at a vertex and oriented evaluation at a vertex of f on the edge e at the
vertex v by

1(0), ifv=ad_e,
fe(l(e)), ifv=oie

—£.0), ifv=0_e,

~
and LU= ). ity = dye.

S0 =

~
Note that ie (v) and L (v) are defined for f € H! (G). Recall that ¥™* =
@, 7 =@, C5

Lemma 2.2.3. Assume the lower lengths bound (2.3), then the evaluation operators

o Hl (G) N Af/max’ rg: Hrlnax(G) N nj/max’

foo £ = Deerhy €V™ and f = (], Wleer}y € V™

are bounded by (2/(_)'/>.

Proof. By Corollary A.2.18, the boundedness of the individual evaluation operator
H'(1,) — C, f, — =+ f.(v) is bounded by (2/ min{1, £.})'/2. The boundedness of
the global evaluation operators follow immediately. O

These two evaluation maps allow a very simple formula of a partial integration
formula on the metric graph, namely
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(f. &)L = (f—=g L@ + (f. &) yms, 2.11)

where f' = {f/}, and similarly for g. Basically, the formula follows from partial
integration on each interval /, and a reordering of the sum as in (2.1).

Remark 2.2.4. 1f we distinguish between functions (0-forms) and vector fields (1-
forms), we can say that O-forms are evaluated unoriented, whereas 1-forms are
evaluated oriented. In this way, we should interpret ' and g as 1-forms and f,
g’ as O-forms.

Let us now introduce another data in order to define operators on the metric
graph:

Definition 2.2.5. A quantum graph (G, ") is given by a metric graph G together
with a vertex space ¥ associated with G (i.e. a local subspace of 7™, see
Definition 2.1.3). In particular, a quantum graph is fixed by the data (V, E, d,£, 7).

Note that in the literature (see e.g. [Ku08]), a quantum graph is sometimes defined
as a metric graph together with a self-adjoint (pseudo-)differential operator acting
on it. This definition is more general, since we only associate the Laplacian A,
defined below with a quantum graph (G, 7).

Associated with a quantum graph (G, 7¥'), we define the Sobolev spaces

HY (G) == {f eH (G| f e} and H’;}(G) ={f e H (G| ze V).

max

k

By Lemma 2.2.3, these spaces are closed in Hj .

(G) as pre-image of the closed
subspace ¥ and the bounded operators e and ?, respectively; and therefore
themselves Hilbert spaces.

On the Sobolev space HI,/(G), we can rewrite the vertex term in the partial
integration formula (2.11) and obtain

(f.8)L6 = (fi—g e + (/. P (2.12)

for f € ¥ and g € Y™ where P denotes the orthogonal projection of ¥ in 7™,
Let us now mimic the concept of exterior derivative:

Definition 2.2.6. The exterior derivative associated with a quantum graph (G, V")
is the unbounded operator dy in L,(G) defined by dy f := f’ for f € domdy :=
HL (G).

Remark 2.2.7.

1. Note that d is a closed operator (i.e. its graph is closed in L, (G) &L, (G)), since
H!, (G) is a Hilbert space and the graph norm of d = dy, given by | f |3 :=
417+ L./ . is the Sobolev norm. i, | £ la = I/ . o
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2. We can think of d as an operator mapping 0-forms into 1-forms. Obviously, on
a one-dimensional smooth space, there is no need for this distinction, but the
distinction between 0- and 1-forms makes sense through the vertex conditions
f € V¥, see also the next lemma.

The adjoint of dy can easily be calculated from the partial integration for-
mula (2.12), namely the vertex term P ;’: has to vanish for functions g in the domain
of d7:

Lemma 2.2.8. The adjoint of dy is given by dj, g = —g’ with domain domd’j, =
HL | (G).
v
As for the discrete operators, we define the Laplacian via the exterior derivative:

Definition 2.2.9. The Laplacian associated with a quantum graph (G,7') is
defined by

Ay, = A(G,“I/) = di;/dy/
with domaindom A, := { f € domdy |dy f € domd7, }.
Let us collect some simple facts about the Laplacian:

Proposition 2.2.10. Let (G, 7)) be a quantum graph with lower lengths bound
inf, £, > £_, {_ € (0,1].

1. The Laplacian A, = d7,dy is self-adjoint and non-negative. Moreover, the
Laplacian is the operator associated with the closed quadratic form 3y (f) 1=
ldy fI% and domdy = H! (G).

2. The domain of the Laplacian A, = d’,dy is given by

f\//
domA, ={feH, (G| feV. fer}
Proof. The self-adjointness follows immediately from the definition of the Lapla-
cian. Moreover,

(f,Ayg) =(dy f.dyg) =0y ([ 8)

for all f € domdy and g € dom A,,. Hence, A, is the operator associated with
¥ (see Theorem 3.1.1). Finally, the domain characterisation is easily seen using
Lemma 2.2.8. O

~/
The condition f € ¥, f € YL will be called vertex condition, and similarly,
= S

~
JWeN f (e L vertex condition at the vertex v.
An important example is the quantum graph with standard vertex space

=P 7 =C(,....1) cCh, (2.13a)

v
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respectively, its weighted version

Y — @%p(v), ¥P®) = Cp(v) C CE, (2.13b)

where p(v) = {pe(V)}eck, and p,(v) # 0.
Note that H lj/sld (G) consists of continuous functions on the topological graph G:

On each edge, we have the embedding H!(1,) € C(I,), i.e. f is already continuous
inside each edge. Moreover, the evaluation ie (v) is independent of e € E,. This is

the reason why we call 7% also the continuous vertex space.

Corollary 2.2.11. Let (G, V") be a quantum graph with weighted standard vertex
space VP and lower lengths bound inf, £, > £_, £_ € (0, 1].

1. The domain of the adjoint d; :=d7,, is given by

domd = {g € H\, (G) | Y pe() g, () =0 Vv eV}

e€k,

2. The domain of the Laplacian A , := A.,,, is given by

domA, ={f eH (G| f() eCp(). > p.v) zg (=0 VveVl]

eek,

In particular, a function f is in the domain of the standard Laplacian or
Kirchhoff Laplacian A, = A iff f € H2...(G), f is continuous and if
the flux condition on the derivatives

Y fm=0  VveV.
e€E,
is fulfilled.
Remark 2.2.12.

1. Let us make a short remark on the extremal vertex spaces ¥™* = Cv and
ymin = 0: Assume that a quantum graph has %™ as vertex space at the

vertex v. Then the corresponding Laplacian fulfils the vertex conditions
f.(») =0 Ve€ekE, resp. f/(v)=0 VeeckE,
i.e. the function f fulfils individual Dirichlet resp. Neumann vertex conditions at

the vertex v. This is the reason for the name Dirichlet vertex space resp. Neumann
vertex space in Example 2.1.4 (4).
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In particular, if # = 0 and ¥ = #"™* are the minimal and maximal vertex
spaces, then
al,
A, =P A} and A, =4,
e e

respectively, i.e. the operators are decoupled. Here A?:" is the Laplacian on I,
with Dirichlet boundary conditions on d/,, and similarly, A, is the Laplacian on
I, with Neumann boundary conditions on d/,.

. If degv = 2 and ¥, = C(1,1) then functions f in the domain of the associ-
ated Laplacian “do not see” the vertex condition at v: Namely, f and f’ are
continuous along the vertex in an appropriate orientation of the two edges
ey, e; € E,. In particular, one may join the two edges to one edge of length
l, =4, + L., and omit the vertex v (see also Remark 2.2.2 (2).

. There are other possibilities how to define self-adjoint extensions of a Laplacian,
see e.g. [Ha00, Ku04, FKWO07] and (4) below. In particular, for a self-adjoint
(bounded) operator L on ¥, we can define a self-adjoint Laplacian A with
domain

(7.L)

dom Ay )= { £ <Hy(@) | PF =L},
where P is the pI‘O]eCtIOIl in 7™ onto the space ¥. The vertex conditions

S €7 and P f = L f at the vertex v split into three different parts, namely

/

the Dirichlet part f € V', the Neumann part P i € (ker L) C 7 and the

/

Robin part P ? = Lf on (ker L)* (see e.g. [FKWO07] for details). If L = 0,
then the Robin part is not present, as it is the case in Proposition 2.2.10.

. One can encode the vertex boundary conditions also in a (unitary) operator S
on Y™ the scattering operator (see e.g. [KSm97, KS99, KSm03, KPS07]). In
general, S = S(4) depends on the eigenvalue (“energy”’) parameter A, namely,
S (1) is (roughly) defined by looking how incoming and outgoing waves (of the
form x — ei"ﬁ“‘) propagate through a vertex. In our case (i.e. if L = 0 in
A(% L described above), one can show that S is independent of the energy,

namely,
10
S = =2P-1 2.14
(52%) Q.14
with respect to the decomposition #»™* = ¥ @ ¥L and where P is

the orthogonal projection of ¥ in #™. In particular, the so-called energy-
independent vertex conditions are precisely the ones without Robin part (i.e.
L = 0), see (3) above.

. Asin the discrete case, we can consider AE}/ := A, as the Laplacian on 0-forms,
and Al,, := dyd7, as the Laplacian on 1-forms. By supersymmetry, we have the
spectral relation

a(Ay) \ {0} = o(A5) \ {0}.

For more details we refer to [P09a, Sect. 5].
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‘We have the following simple, but useful observation (recall the definition A < B
for operators in Definition 3.1.3):

Proposition 2.2.13. Assume that V| and V5 are two vertex spaces with Y1 C ¥,
then the corresponding Laplacians fulfil A, < A.,..

Proof. The assertion follows directly from the inclusion H), (G) C H',, (G) and the
fact that the quadratic forms agree on domd+;. Recall that the forms are given by
0y (f) = ||df||f2(G) and domdy;, = Hl,/i(G). |

We say that a quantum graph (G, ¥") is compact if the underlying metric graph G
is compact as topological space. In particular, G is compact iff | E| is finite and all
edges have finite length.

Proposition 2.2.14. Assume that (G, V') is a compact quantum graph, then the
resolvent (A, + )7! of the associated Laplacian is a compact operator. In
particular, A, has purely discrete spectrum, i.e. there is an infinite sequence
{Ak}k of eigenvalues, where Ay = Ar(A.,) denotes the k-th eigenvalue (repeated
according to its multiplicity) and Ay — oo as k — oo.

Proof. The compactness of the resolvent follows easily from the estimate A, >
Ay = P, A ;, of Proposition 2.2.13. In particular, the operator inequality
implies the opposite inequality for the resolvents in —1, i.e.

0<(Ay+ D7 <= (Ayme + D' =4, + 7"

e€E

Since E is finite and since £, < oo for all e € E, the latter operator is compact as
direct sum of the compact resolvents of the Neumann Laplacians A, . O

Combining the last two results together with the variational characterisation of the
eigenvalues (see Theorem 3.2.3), we obtain the following eigenvalue inequalities:

Corollary 2.2.15. Assume that G is a compact metric graph and that V1, V5 are
two vertex spaces with Vi C V5. Then

Ai(Ay) < Ak(Ayy)

for all k € N. For a single vertex space V', we have

A 1e) = MApe) = M(Ay) = M(Agi) = A2 (U Ie)

where /\E/N (Ue Ie) is the k-th eigenvalue (respecting multiplicity) of the decoupled
Dirichlet/Neumann Laplacian A, . = h. Al,)e/N.

In particular, if G is equilateral (i.e, £, = 1), then

(m— 1’7 < A(4y) < m’x
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fork = (m—-1|E|+1,....m|Elandm = 1,2,..., and the eigenvalues of A.,
group into sets of cardinality |E| (respecting multiplicity) lying inside the intervals
Ky = [(m — 1)272, m*n?).

Note that )LkN(Ue Ie) =0fork =1,...,|E|,and AE+|E|(U6 Ie) = AE(UL) Ie), and
the latter sequence is a reordering of the individual Dirichlet eigenvalues )&E(Ie) =
k272 /€2 repeated according to multiplicity.

2.2.3 Boundary Triples Associated with Quantum Graphs

We need the notion of a boundary of a graph:

Definition 2.2.16. A boundary of a metric graph G is a discrete subset IG of G.
We call vertices in V := V' \ dG interior vertices.

Remark 2.2.17. The boundary of a metric graph need not necessarily consist of
vertices. In Chap. 7, we decompose a metric graph G into its star-graph components
G = |J, G, by cutting the metric space G in the middle of each interior edge.
Then G, consists of the interior half-edges and the exterior edges adjacent to v. In
particular, G, is a star-shaped graph. It is convenient in Chap. 6 that the points in
dG, are not considered as vertices. Otherwise, if we glued the star-shaped graphs
G, together, we would have an additional vertex of degree 2 in the middle of each
edge on the entire metric graph. The graph obtained in this way from G is called the
subdivision graph.

However, in this section, it is convenient to assume that 0G C V:1f w € dG \ V,
then w lies in the interior of an edge e. Splitting this edge into two edges e, e, joined
by the point w, we obtain a new underlying graph with an additional vertex w, and
two new edges ej, e, replacing e. As vertex space we use %, = C(1,1). We have
seen in Remark 2.2.12 (2) that such vertex spaces are not seen by the corresponding
Laplacian.

In this section, we assume for simplicity that dG C V. In particular, we do not
exclude the extreme case 0G = V.

Let us now define a boundary triple associated with a quantum graph (G, ¥') (see
also [Pan06, BGP07,BGP08,P08]). The concept of a boundary triple is explained in
detail in Sect. 3.4. Note that a boundary triple in our sense is associated with a non-
negative quadratic form 0 (see Definition 3.4.3). The definition slightly differs from
the usual one, since we assume that the boundary map I': J#! — ¢ is defined
on the “first order space” J#! = domd, while the boundary map I'": #? — ¢
is defined on the “second order space” # 2. The (abstract) Green’s formula in this
context reads as

(fAg) e =0(f.8) —([f.T'g)y

forall f € " and g € #?. Here, A is the “maximal” operator with domA =
#%. Nevertheless, in the context here, our definition of a boundary triple embeds
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naturally in the usual one (see Corollary 3.4.37). In particular, for a quantum graph
(G,7) we set

H =L, (G), A =HY(G). o(f) = lldy .
4 = @ 7 I'f:={f(}eic-
vedG

Moreover, we need
f\«/ o
W2 ={feH,(G)|P f =0 VveV}

~/ .
r'f:={P, f Mheic:  (Af)e=—1",
where P = P, P, denotes the orthogonal projection of ¥ in ¥™*. In particular,

A/
functions in 7 fulfil the vertex conditions J()eFand f (v) € ”//VJ- for all inner
vertices, whereas for the boundary vertices v € dG, only i (v) € ¥, is assumed.

Note that #/? is a Hilbert space as closed subspace of H2,_ (G) by Lemma 2.2.3.

If ¥ = Y7 is a weighted standard vertex space, we can use the equivalent space
£,(V,|p|?) (see Example 2.1.4 (2)). Moreover, for f € #? = Cp we use the
notation -

_ _ S
fv)=fvph), where fv) = eC, (2.15)
- Pe(v)
since the quotient is independent of e € E,. In this case, the boundary operators are
given by

! = —l D.(v ¥ \%
IrHE)=fv) and 7)) = TOE e;:vl?e( ) S, ).

Proposition 2.2.18. Assume that (G,Y) is a quantum graph with boundary
dG C V and lower length bound £, > {_ for some {_ € (0, 1]. Then we have:

1. The operator I': ' —> 9 is a non-proper boundary map associated with the
quadratic form 0. Moreover, || I" || 1o < (2/0-)"/2.

2. The triple (I'T"', %) is a bounded boundary triple associated with 0. The
Neumann operator of this boundary triple (i.e., the operator associated with )
is the Laplacian A, defined in Definition 2.2.9.

. The boundary triple (I', I'', 9) is elliptic (see Definition 3.4.21).

4. The boundary triple (I', I'',9) is associated with an ordinary boundary triple

(see Corollary 3.4.37).

w

Proof. Let us start with a general observation: Let y € CZ°(R) be a function such
that0 < y <1, y(s) = 1 nearOand y(s) = 0ifs > {_/2.For F € 4 ande € E
set
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he(s) := Fe(3—e) x(s) + Fe(9+e) x(£e — 5), (2.16)
where we extend F' by F(v) = 0forv € V. Then he € C*(1,), and

185 ) = D_(Fe@-)” + | Fe@+e) D)1 Al )
e€E
= D IO PIl g = 1F I -
veV e€E,

(1) We have to show that I" is bounded, that #'P := ker I' is dense in .7 and
that ran I' = ¢. The boundedness of I together with the norm-bound follows as

in Lemma 2.2.3. The density of ker I' = P, i (1.) follows from the standard fact

that |3|1(Ie) ={f eHU)|f t;, = 0} is dense in L,(I,). The surjectivity of
I’ (i.e., that I" is non-proper) follows from the consideration above for k = 1: For
F e ¥, lethbeasin (2.16). We have h € 7' = HE,/(G) and clearly, 'h = F

(2) Recall the notion of a boundary triple Definition 3.4.3. The embedding #> C
" is norm-bounded by 1, since

[ P A o 1 P e (A o (A s A g A 7

The boundedness of I' follows as before, namely we have
~'
I £l < Z Lf O 5m = X:(Ife'(a—@l2 + 1/ @+0)%)
= Z(Ilf I, + 127 < e ||f||

as in Lemma 2.2.3. For the density of ran I"” we actually show that I""(#?) =
Let » € C°(R) such that ¥ (s) = s near 0 and ¥ (s) = 0 fors > £_ /2 For F e %

we define /2 as in (2.16) with y replaced by —. It is easily seen that h = F and
that 1 = 0. Moreover, ||h||W2 = ||F||g||1/f||H2(]R) < 00. Clearly, A is bounded (by

1) as operator #> — . Green’s formula follows from partial integration (2.12),
namely

(f.4g) = (f.=¢") =(f". &)= (. P ig"w =0(f.8) —('f.T'g)y

/ o
for f € ' and g € #? since P, g (v) = 0 for v € V by definition of #2.
The density of #? = ker I" N ker I'' follows from the density of |<-)|2(Ie) inL,(1,)

and the fact that €, ﬁz(le) - #°. The assertion AN = A, follows from
Proposition 2.2.10.
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(3) We have already seen that I'(#') = ¢ and I''(#?) = %. It remains
to show that the domain of the Dirichlet and Neumann operators are subsets of
#?, ie., that dom AP C #? and dom AN C #2. We recall form Sect. 3.4 that
the Dirichlet operator is the operator associated with the form 0 ', -, while the
Neumann operator is the operator associated with 9 itself. We use Proposition 3.4.24
in order to show the remaining assertion of ellipticity: In particular, we have

LA = WA+ 012+ 171 < %(Ilfll2 +ILF1?) = %(Ilfll2 +114° 1)

for f € #?>P := kerI" N #? using the partial integration (2.12) for the term
| f"I> = (f’, f') and the fact that the boundary terms vanish. The same argument
is true for the Neumann operator and f € #>N :=ker '’ C #.

(4) It remains to show that I''(#*P) = ¢, where #>P = dom AP is the
domain of the Dirichlet operator, see above. Actually, we have shown this already
in (2). The result follows now from Corollary 3.4.37. O

For the next proposition, we need some more notation. Let /z be the square
root cut along the positive axis Ry = [0, 00), so that in particular, Im /z > 0. We
denote by

. in. (€, —
sin, e 4 (s) 1= S and sing . (s) 1= SmZ(—S) (2.17a)

sin, £, sin; £,
where sin (s) := sin(y/zs) for z € C\ Ry, the two fundamental solutions of

—f" = zf. on I, with sin, 4 (0) = 1, sin.. 4 (£,) = 0 and vice versa for sin,, —.>
Moreover, we set

tan,(s) = tan(4/z5) and cot,(s) := cot(/z5). (2.17b)

If the boundary consists of all vertices, i.e. dG = V, then we can give explicit
formulas for the Dirichlet solution operator and the Dirichlet-to-Neumann map (for
the notation, we refer to Sect. 3.4, similar results can be found in [POS, BGP0S8]).
Note that in this case, the boundary space of the boundary triple agrees with the
entire vertex space, i.e. 4 = 7

Proposition 2.2.19. Assume that (G,?) is a quantum graph with boundary
0G =V and lower length bound £, > L_ for some {_ € (0, 1]. Then for z € C\R4,
we have:

1. The Dirichlet operator AP associated with the boundary triple (I, T, Y) is the
Laplacian associated with the minimal vertex space V™" = 0, i.e.

SWe also need the analytic continuation in z = 0, i.e. we set sing e 4+ (s) 1= 7 and sing . —(s) 1=
e
s
1——.
£
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AP = Ay = P AT
e
In particular, AP is decoupled. The spectrum of AP is
2.2

k
o(AP) = { E’;

)eeE, k = 1,2,...}.

Moreover, if the graph is equilateral, then
o(AP) = {kK*n’ |k =1.2,...} = XP.

2. The Neumann operator associated with the boundary triple (I',T"', V) is the
Laplacian associated with the quantum graph (G, V), i.e.

AN = A,

3. The Dirichlet solution operator S(z): V —> W2, defined by f = S(2)F, where
[ is the (unique) solution of the Dirichlet problem (A —z)f =0, 'f = F, is
given by

F.(0—e)sing . —(s) + F.(04e)sin g, +(s), ife € Ein

. (s) = .
Je©®) F,(d_e)elv?s, ife € Eex,

where F = {F(W}eyr € P, % =7.
4. The Dirichlet-to-Neumann map A:V —> ¥ is given by

(AQF)(v) = PLHYv),  H(@) = {H.(V)}eek,

where

ﬁ .
H,(v) = { sin £, ((COSZ L)F.(v) — F, (ve)), ife € Ein

iﬁFe(8_e), l.fe S Eext,

and where v, denotes the vertex adjacent with e opposite of v. In particular, if the
graph is equilateral (£, = 1), there are no exterior edges and we have

N
A(z) = sin\/Z(A“’/ — (1 —cos ﬁ))

i.e. the Dirichlet-to-Neumann map is an affine-linear (z-depending) function of
the discrete Laplacian A.,.
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For star graphs, we calculate the Dirichlet solution and Dirichlet-to-Neumann
operators in Sect. 6.1.

Proof. The first assertion is obvious. The second assertion follows from the char-
acterisation of the domain of A., in Proposition 2.2.10. Note that if G = V/, then
W= H?,,(G). For the third assertion, note that f = S(z) F solves the differential
equation on each edge, that I" f = F by the ansatz for f and that f € L,(G). From
the inequality

102
02

171y = QPSP < (P21 L1 =2 P

using Proposition A.2.19 on each interval I, individually, it follows that f € #2.
The last assertion is easily seen by a straightforward calculation. O

2.3 Extended Quantum Graphs

Let us provide Laplacians defined on an extended space associated with a quan-
tum graph (G, ¥). This Laplacian appeared first in an article of Freidlin and
Wentzell [FW93] in a probabilistic context. In [KKVWO09], Kant, Klauss, Voigt
and Weber interpreted the extra states on the vertices as extra point masses at the
vertices, and they showed that the heat operator associated with the Laplacian with
Wentzell condition is submarkovian. Both articles are restricted to the standard
vertex space, i.e., to continuous functions on the metric graph. Here, we allow more
general vertex spaces ¥/, and we give a factorisation of the corresponding Laplacian
in the form A v = ((Al(»y, L))*a(n;/, 1), Where L is a non-negative local operator on
¥ (see below and Proposition 2.3.3).

We always assume that the lower length bound ¢, > ¢_ > 0 is fulfilled.
The operators on the extended space described below occur naturally in the
limit of graph-like manifolds, in particular, when the shrinking rate of the vertex
neighbourhood volume is of the same order as the transversal volume, see Chap. 6.

Definition 2.3.1. An extended quantum graph is a triple (G, ¥, L), where (G, ?")
is a quantum graph (i.e. G is a metric graph and ¥ = €, ¥, a vertex space), and
L a self-adjoint, bounded operator on ¥". Moreover, we assume that L is local, i.e.
L =P, L(v), where L(v) acts on ¥;.

We sometimes refer to a quantum graph (G, ?") and the related operators and
spaces (see Sect.2.2.2) as simple.

We now associate the Hilbert spaces and operators to an extended metric graph.
Basically, we define the extended spaces and operators as the extended correspond-
ing objects associated with the boundary triple (I, I"’, ¥'), see Definition 3.4.47. In
particular, the extended Hilbert space is given by
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# =LG)a Y,

(see Proposition 3.4.48). .
The extended exterior derivative d(y 1) is defined via

dopry: ) — L(G),  dupyf:=f"  for  f=(fF)eA,
where

A = {(f.F)eH, (G)®V|f=LF} (2.18)

is the extended space of order 1 associated with (G, ¥, L). The following result
follows straightforward:

Lemma 2.3.2. The adjoint of (Al(»y/, 1) is given by

Ar1)*g=(-g.LPg) and  dom(dr.))* = HL,(G),

where P denotes the projection onto V' in Y™,
From Proposition 3.4.48 we conclude the following assertions:

Proposition 2.3.3. Assume that (G, V') is a quantum graph and L a bounded
operatoron Y.

1. The extended quadratic form 3, associated with (G,¥') and L is given by
0L(f) = lldery £ 13

with domain dom 6L = %ZLI (see (2.18)). In particular, 6L is closed and non-
negative.
2. The extended Laplacian A("I/,L) = (d(v.1))*d(y 1) is non-negative and acts as

N ~/
A(V,L)(ﬁ F)= (_f”, LpP i)
with domain given by
domAy, , ={f=( F)eH (G @Y |feV, [f=LF}

In particular, for L = 0 we obtain (see Corollary 3.4.49 and Proposition 2.2.19):

Corollary 2. 3 4. Assume that (G, V') is a quantum graph. Then the extended qua-
dratic form 3o and the corresponding operator A(y, 0) associated with (G,?") and
the trivial operator L = 0 are decoupled, i.e.

@ 0‘”’5 and AAWVO) = @ A?:" @0

e€FE 2=
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with respect to the decomposition H = D, L,(I.) DY, where D?!" and A?E’e denote
the Dirichlet quadratic form and the Dirichlet Laplacian on 1., respectively.

If ¥ = 77 is a weighted standard vertex space, we can use the equivalent space
£,(V,|p|?) (see Example 2.1.4 (2)). Now, the local, bounded operator L viewed
as operator on £,(V, | p|?) can be identified with a bounded, real-valued sequence

{L(V)jver:

Corollary 2.3.5. Let G be a metric graph with weighted standard vertex space V7
and {L(v)}vev a bounded, real-valued sequence. Then the following assertions are
true:

1. The adjoint (d(p,1))* of d(p.1) := d(wr 1) acts as

(dpa)*g = ( { ((‘;)|2 Z ) gf (V)}VEV)

with domain dom(a(p,L))* = H! (G)~

max

2. The extended Laplacian A (L) = A (vr.1) 4cts as

by (fiF) = (-] L((‘;LZpe(v) 7o)

with domain given by
dom A, 1, = | / € B (@) @ LV, 1pP) | £ ) = 10)p (),
f() = LO)F() Vv eV }
Remark 2.3.6. We can define an extended Laplacian acting on “1-forms” by
Aty 1y = dorndern)*

acting as A 2",/’ )& = —g" with domain given by

. n N
domAfy,  ={geH (G)| g€V, ¢+LPg=0}.

In particular, A %% 1) Tepresents a Laplacian on a (simple) quantum graph, i.e. the
Laplacian acts in the (simple) Hilbert space L,(G). For details on this point of view,
we refer to [P09a]. If ¥'” is a weighted standard vertex space, then the Laplacian
Al (v.1) can be interpreted as a delta’-interaction, see e.g. [EP09].



84 2 Graphs and Associated Laplacians
2.4 Spectral Relations Between Discrete and Metric Graphs

In this section, we provide two results of a spectral relation between the discrete
and quantum graph Laplacian. The first one is true for the entire spectrum, but only
for equilateral graphs, the second is valid for general metric graphs, but only at the
bottom of the spectrum.

2.4.1 Spectral Relation for Equilateral Graphs

The spectral relation between the metric and combinatorial operator for the standard
vertex space is well-known, see for example [vB85, Ni87] for the compact case
and [Ct97] for the general case (see also [Ku04, Pan06, PO8, BGPOS] and the
references therein). Moreover, in [Ex97], delta- and delta’-vertex conditions are
considered. Dekoninck and Nicaise [DNOO] proved spectral relations for fourth
order operators, and Cartwright and Woess [CW07] used integral operators on the
edge.

Let us combine the concrete information on the boundary triple (I, I"’, ¥') with
Theorems 3.4.44 and 3.4.45, in order to obtain a spectral relation between the
quantum and discrete graph spectrum:

Theorem 2.4.1. Assume that (G, V') is a quantum graph with lower length bound
L, > L_ for some L_ € (0, 1]. Then the following assertions are true:

1. Forz € C\ o(AP) we have the explicit formula for the eigenspaces
ker(A, —z) = S(z) ker A(z).

In particular, if the graph is equilateral (i.e. £, = 1) andz ¢ X° = { (7k)* |k =
1,2,...}, then

ker(A., —z) = ﬁS(z) ker(ﬂy/ — (1 —cos /2)).

Here, AL,, is the discrete Laplacian associated with the vertex space V (see
Definition 2.1.10).
2. Forz ¢ 0(A,)Ua(A,) we have 0 ¢ o(A(z)) and Krein’s resolvent formula
Ay =27 = (M- +S@AR)T'SE"

holds, where S(2)* is the adjoint of S(2): V" — L,(G).
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3. We have the spectral relation
0e(Ay)\o(4y) = {k e C\a(4,) ‘ 0 € 0e(A(L)) },

where @ € {0, pp, disc, ess}, i.e. the spectral relation holds for the entire, the pure
point (set of all eigenvalues), discrete and essential spectrum.

Assume in addition that the graph is equilateral and that A ¢ X°. Then we
have the spectral relation

A€oge(dy) &  (1—cos \/X) € 0.(54,,)

for all spectral types, namely, ® € {@,pp,disc, ess, ac, sc, p}, i.e. the spectral
relation holds for the entire, pure point, discrete, essential, absolutely contin-
uous, singular continuous and point spectrum (0,(A) = opp(A)). Finally, the
multiplicity of an eigenspace is preserved.

Proof. The first assertion is immediate from Proposition 2.2.19 (2) and Theo-
rem 3.4.45 (1). The second assertion follows from (3.45a) in Theorem 3.4.44. For
the last assertion, we use Theorem 3.4.45 (3) and (4) with m(z) = 1 — cos /z and
n(z) = (sin \/z)/ 4/z (with the analytic continuation n(0) := 1). Note that the zeros
of n agree with the Dirichlet spectrum XP. O

For the weighted standard vertex space ¥ = P, Cp(v), identified with
£,(V,|p|?) as in Example 2.1.4 (2), we immediately obtain the above result with
the vertex space ¥ replaced by £,(V, | p|?). Moreover, A.'y/ is replaced by A'p, the
discrete weighted standard Laplacian given in (2.7).

Remark 2.4.2.

1. We do not make an assertion about the Dirichlet spectrum. For weighted
standard vertex spaces and equilateral graphs, we have given a topological
interpretation of the corresponding eigenspaces associated with eigenvalues
A = k?’m? € XP in terms of the homology of the graph, see [LP08a] and
references therein.

2. One can use the above spectral relation of discrete and metric graphs for an
eigenvalue bracketing argument in the discrete case. Note that one has the
eigenvalue monotony Proposition 2.2.13 in the metric case. Such estimates
can be used for example to ensure spectral gaps for the discrete Laplacian
on an infinite covering of a finite graph with residually finite covering group,
see [LP08a] for details.

Let us now compare the extended Laplacian AA(% 1) With the corresponding
discrete operators as in Theorem 3.4.50. The Dirichlet solution and the Dirichlet-
to-Neumann operator for the boundary triple (I, I"’,¥) are given in Proposi-
tion 2.2.19.
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Theorem 2.4.3. Assume that (G, V') is a quantum graph with lower length bound
Le > L_ for some £_ € (0, 1], and that L is a local, bounded operator on V. Then
the following assertions are true:

1. For z ¢ o(AP), we have
ker(4 ;) —2) = S ker(LAQR)L —2). (2.19)

where S(z) YV — %2 Cc H? (G)® 7V and S(z)F (S(z)LF, F). Moreover,
S (z) is an isomorphism between the above spaces.

2. Assume that ). € R\o(AP), then ) is an eigenvalue ofAA(n,,yL) iffker(LA(z)L—z)
is non-trivial. Moreover, the multiplicity of the (eigen)spaces is preserved.

3. Assume in addition that the graph is equilateral (i.e. £, = 1) and that A ¢
X0 = {(mk)* |k = 1,2,...}. Moreover, assume that L = Lyidy for some
Ly € R\ {0}. Then we have the spectral relation

A is an eigenvalue ofAA(n,,,L) & gy (A) is an eigenvalue of A'y/,

where

i, (A) = L2/ Asin VA + (1 — cos V).
Finally, the multiplicity is preserved.

Proof. We have shown in Proposition 2.2.18 that (I, I/, ¥) is a bounded, elliptic
boundary triple. The assertions follow now from Theorem 3.4.50 and the concrete
expressions for the boundary triple objects in Proposition 2.2.19. O

Again, the above theorem immediately applies to the case 7 = €, Cp(v);
and we obtain a similar assertion with the vertex space ¥ replaced by ez(V Ipl?).
Moreover, A, y is replaced by the discrete weighted standard Laplacian A ; and the
local bounded self-adjoint operator L on ¥ is replaced by multiplication with the
bounded sequence {L(v)},ey of real numbers.

Remark 2.4.4.

1. Note that for a quantum graph (G ¥) with invertible operator L, the eigenvalue
equation A L) f =1 f for f (f.F)e %” ? is equivalent with

_f;://:;\'ﬂ’a ZAf

~
|2,

since F = L™ f. For example, for a weighted standard vertex space, we have

2
— = AL, L Lo Y pe(v) (v) =Af().  (2.20)

( )|2 e€ek,
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In particular (for invertible operators L), the eigenvalue equation can be
expressed completely in terms of the function f, without reference to the
auxiliary vector F' € #. Nevertheless, the vertex condition now depends on the
spectral parameter A.

2. If we consider the Laplacian A(n,/. L acting in L,(G) (see Remark 2.2.12 (3)), the
eigenvalue equation A, ;| f = Af reads as — f” = A/, and

/ 1 . r\//
=Lf ad oo ZE P.0) [, () =LO) )

[~2

P

for a general vertex space 7 and a weighted standard one, respectively. The
vertex condition in the latter case is sometimes also referred to as delta-
interaction with vertex potential (proportional to) L(v). In particular, in the
weighted standard case, the eigenvalue equation (2.20) can be interpreted as a
delta-interaction with energy-dependent vertex potential AL (v) 2.

2.4.2 Spectral Relation at the Bottom of the Spectrum

Let us analyse the spectrum at the bottom of A, in more detail. For simplicity, we
assume that there are no exterior edges, i.e. £, < oo for all edges e € E. As in the dis-
crete case, we define the Hilbert chain associated with the exterior derivative d by

Cg(Gmetynt/)jo — Hlj/(Gmet) i) LZ(Gme[) —50

and call elements of the first non-trivial space O-forms, and of the second space
1-forms. The associated cohomology spaces (with coefficients in C) are defined by

H°(G™, ¥) :=kerdy = kerdy/ran0,
H'(G™,¥) := kerd®, = (randy)" = ker0/ randy

The index or Euler characteristic of the Hilbert chain %(gme 4 associated with
the quantum graph (G™, ¥) is then defined by

ind(G™, ¥) := dimkerdy — dimkerd?,,

i.e. the Fredholm index of d, provided at least one of the dimensions is finite.
We have the following result (for more general cases cf. [P09a], and for related
results, see e.g. [FKW07,Ks08, KPS07, GO91]):

Theorem 2.4.5. Assume that G is a weighted discrete graph with lower lengths
bound (2.3), and that (G™, V') is a quantum graph, where G™ denotes the metric
graph associated with G. Then there is an isomorphism ®* = &F & & with

@* HY(G™, V) —> H?(G. V).
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More precisely, @* is induced by a Hilbert chain morphism @ , i.e.

d
%Gmet’y/)jo — H;/(Gmel) _7/> Lz(Gmet)

D D,

.
€6y 0 V4 2 ,(E)

0

is commutative, where
wfi=f o= [ wwas
1A
In particular; if G is finite (and therefore G™' compact), then

ind(G™, ¥) = ind(G, V) = dim ¥ — |E|.

For general results on Hilbert chains and their morphisms we refer to [Lii02, Ch. 1]
or [BL92].

Proof. The operators @, are bounded. Moreover, that @ is a chain morphism
follows from

@y ). = [ S1605 = £it) = 10 = G e = @v ).
I,
Furthermore, there is a Hilbert chain morphism ¥, i.e.

0

d
Ggmeyy: 0 — HL(G™) =5 L(G™)
Wy v,

dy 0

%G,«;/)i 0 v ZZ(E)
given by
U F := S(0)F = {F,(0—e) singe— +F,(0+e)singe—}o, win = {nely,/le}e

(see (2.17a)), i.e. we let @y F be the edge-wise affine linear (harmonic) function

(S(O)F)e(s) = Fe(afe) .

¢, -
; o +Fe(8+e)-%, sel; 2.21)

e e
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and @7 be an (edgewise) constant function. Again, the chain morphism property
Udy = dy¥ can easily be seen. Furthermore, ®¥ is the identity on the
second (discrete) Hilbert chain 6(g, ). It follows now from abstract arguments (see
e.g. [BL92, Lem. 2.9]) that the corresponding induced maps CD; are isomorphisms
on the cohomology spaces. O

Remark 2.4.6. The subcomplex ¥ (%, y)) of G(gme ) consists of the subspace of
edge-wise affine linear functions (0-forms) and of edge-wise constant functions (1-
forms). In this way, we can naturally embed the discrete setting into the metric graph
one. In particular, assume that 0 < {_ < {, < {4 < oo forall e € E, then

1 Le
WoFIP =35 /O |Fe(0_¢)(Ee — 5) + Fo(ds)sds

l S
= Y S (IF@-0) + Re(F(-) Fu(010)) + | Fu(00) ).

so that ‘ ’
cy cy
- 2 2 + 2
—IFly = IWFI” = S-IIFI5.
6 2
i.e. redefining the norm on ¥ by ||F|ly1 = |[WF| gives an equivalent norm
turning ¥y into an isometry. Moreover, ||¥1n| = ||n]l¢,(x). For more details on this

point of view (as well as “mixed” types of discrete and metric graphs), we refer
to [FT04b] and references therein.

Finally, we analyse the spectrum at the bottom of the extended model. Let (G, ¥')
be a quantum graph and L = L* be a local, bounded operator on ¥". We define the
Hilbert chain associated with the exterior derivative d¢y 1 by

A1 doviL
Giome v .1):0 — A} 25 1L (G™) — 0

and call elements of the first non-trivial space extended 0-forms,and of the second
space 1-forms. Recall that d¢» 1)(f. F) = f’. The associated cohomology spaces
(with coefficients in C) are defined by

H°(G™", ¥, L) :=kerd(y 1) = kerd(y 1)/ ran0,

H'(G™, 7 L) = kerdqu,/.L) = (rand(»y/.L))J‘ =~ ker0O/randy

The index or Euler characteristic of the Hilbert chain €{gme 1 associated with
the extended quantum graph (G™, ¥, L) is then defined by

ind(G™', ¥, L) := dimkerdy 1) — dimker dz'i,/,L),

i.e. the Fredholm index of d(y 1), provided at least one of the dimensions is finite.
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We define the extended discrete Hilbert chain associated with the graph G with
vertex space ¥ and operator L by

Cov1)0— ¥ 5 0,(E) — 0.

Similarly, we denote by H”(G, ¥, L) the corresponding cohomology spaces for
p = 0, 1. The index of the extended discrete Hilbert chain is given by the Fredholm
index of dy L, namely

ind(G, 7, L) :=dimkerdy L — dimker L d%
=ind(G, ker L*) + dimker L
=dimker L+ — |E| 4+ dimker L = dim ¥ — |E|.
We have the following result:

Theorem 2.4.7. Assume that G is a weighted discrete graph with lower lengths
bound (2.3). Assume in addition, that (G™, ¥, L) is an extended quantum graph,
where G™ denotes the metric graph associated with G. Then there is an isomor-
phism @* = &F @ O with

dF. O HP(G™, ¥, L) — HP(G.V.L).

More precisely, @* is induced by a Hilbert chain morphism P, ie.

% d‘i/.L me
Ggmey.1):0 A 28 (6™ 0
b, b,
dy L
%6.v.0).0 v —2L= + (,(F) 0

is commutative, where
anfP=F o[ aow).
I e
In particular; if G is finite (and therefore G™* compact), then

ind(G™, ¥, L) = ind(G, ¥, L) = dim¥ — |E|.

Proof. The operators @, and @, are bounded. Moreover, that @ is a chain morphism
follows from
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(@1d0y1) (. F))e = f, £s)ds = f(Lo) — £(0)
= (iy f)e = @y LF), = @y Lbo(f. F))..

Furthermore, there is a Hilbert chain morphism lIA/ 1.e.

. d
Bigmey.1):0 A E (6™ 0
A ¥,
dyL
€6y .1):0 v —2= L (,(F) 0
given by
W F := S(0)F = (S(O)LF. F), W = {nely, /ete.

where S(0) F is the affine (harmonic) function as defined in (2.21). It is shown in
Theorem 3.4.50 that S (0) maps into .7;'. Moreover, the chain morphism property
Udy L = dey, L)lflo is easy to see. In addition, DY is the identity on the second
(discrete) Hilbert chain %, v 1). It follows again from abstract arguments (see
e.g. [BL92, Lem. 2.9]) that the corresponding induced maps 43(’)" and @ are
isomorphisms on the cohomology spaces. O

2.5 Some Trace Formulas on Metric and Discrete Graphs

Let us finish this chapter with some results concerning the trace of the heat
operator. Trace formulas for metric graph Laplacians appeared first in an article
of Roth [Rot84], where standard (Kirchhoff) boundary conditions are used; more
general self-adjoint vertex conditions (energy-independent, see Remark 2.2.12 (4))
are treated in [KS06, KPSO7]. Trace formulas are useful for inverse problems,
see [KINO5, KN06, No07, Ks08] and references therein.

We first need some (technical) notation; which is inevitable in order to properly
write down the trace formula. For an illustration of the next definition see Fig. 2.1.

Definition 2.5.1. Let G be a discrete graph. A combinatorial path ¢ in G is a
sequence
c = (e07 V(), elv V17 ey el’h Vna en“rl)a

where v; € de; N de;jqq fori = 0,...,n. We call |¢| := n + 1 the combinatorial
length of the path ¢ (the number of vertices passed inside the path), and e_(c) := ey
resp. e+ (c) := ey+ the initial edge resp. terminal edge of c. Similarly, we denote
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le| =3

Fig. 2.1 Different types of paths: In the first row, we have general paths, in the second properly
closed and in the last, non-properly closed paths. The cross indicates the start and endpoint of
each path. The combinatorial paths of length |¢c| = 2 are given by ¢ = (eo, vo, €1, Vi, €2) with
e—(c) = ep, e4(c) = ey, 0—c = vy, d4¢c = vy by ¢ = (ey,vp,e1.v1,e;) wWithe_(c) = ¢} =
e4(c), d—c = vy # d4c = vy and by ¢ = (e, vo, €1, vo, €p) With e_(c) = ey = e4(c) = ey,
d—c = vy = d4c = v (top down)

by d_c := vy and d4c := v, the initial vertex resp. terminal vertex of c, i.e. the
first resp. last vertex in the sequence c. We call a path with e_(c) = ey (c) closed .
A closed path is properly closed if ¢ is closed and d_c¢ # 9 c.% Denote by C,, the
set of all properly closed paths of combinatorial length m, and by C the set of all
properly closed paths.

If the graph does not have multiple edges, a properly closed combinatorial
path can equivalently be described by the sequence ¢ = (vy,...,v,) of vertices
passed by. In particular, if the graph has no self-loops then |Cy| = |V, |Ci| = 0
and |C,| = 2|E|. Moreover, Cy,+1 = @ for all k > 1 is equivalent with the fact
that G is bipartite. A graph G is called bipartite, if V = V. U V_ and all edges join
exactly one vertex in V_ with exactly one vertex in V.

Definition 2.5.2. Two properly closed paths ¢, ¢’ are called equivalent if they can
be obtained from each other by successive application of the cyclic transformation

(€0, v, €1, V1,... €5, Vn,e0) = (e1,V1,..., €, Vy, €0, Vo, €1.)

The corresponding equivalence class is called cycle and is denoted by ¢. The set
of all cycles is denoted by C. Given p € Nand a cyclec, denote by p¢ the cycle
obtained from ¢ by repeating it p-times. A cycle ¢ is called prime, if ¢ = p¢’ for
any other cycle ¢’ implies p = 1. The set of all prime cycles is denoted by ﬁpﬁm.

SA closed path of (combinatorial) length O consists by definition of a single vertex and is by
definition properly closed. A closed path of length 1 is never properly closed. For a self-loop e
(i.e. an edge e with d—_e = 04) we make the following convention: the closed path ¢ = (e, v, e)
has length 1 and is properly closed (by definition).
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Definition 2.5.3. Let y: [0, 1] —> G™ be a metric path in the metric graph G™,
i.e. a continuous function which is of class C!' on each edge and y’(¢) # 0 for all
t € [0,1] such that y(z) € G' = G™'\ V,i.e. y'(¢) never vanishes inside an edge.
In particular, a path in G™* cannot turn its direction inside an edge. We denote the
set of all paths from x to y by I'(x, y).

Associated with a metric path y € I'(x, y) there is a unique combinatorial path ¢,
determined by the sequence of edges and vertices passed along y(¢) for0 < ¢ < 1.
It is not excluded that the initial point y(0) or the terminal point y (1) of the path are
vertices, but these vertices are not encoded in the sequence c.

On the other hand, a combinatorial path ¢ and two points x, y being on the initial
resp. terminal edge, i.e. x € I._(¢), ¥ € e (), but different from the initial resp.
terminal vertex, i.e. x # d_(c) and y # 04(c), uniquely determine a metric path
y = y. € I'(x, y) (up to a change of velocity). Denote the set of such combinatorial
paths from x to y by C(x, y).

Definition 2.5.4. The length of the metric path y € I'(x, y) is defined as £(y) :=
fol [y’ (s)|ds. In particular, if ¢ = ¢, = (eo, Vo, .. ., €n. Vu, €n41) is the combinatorial
path associated with y, then

de(x,y) :=L(y) =[x —0_cy| + D Lo, + |y — 040y

i=1

where |x — y| := |x. — y.| denotes the distance of x, y being inside the same
edge e, and x,, y, € I, are the corresponding coordinates (cf. Remark 2.2.2 (1)).
Note that there might be a shorter path between x and y outside the edge e. For
a properly closed path ¢ we define the metric length of ¢ as £(c) = £(y.) and
similarly, £(¢) := £(c) for a cycle. Note that the latter definition is well-defined.

Finally, we define the scattering amplitude associated with a vertex space ¥ and
a combinatorial path ¢ = (eq,vo,...,€n, vy, ent+1). Denote by P = P, P, the
orthogonal projection in "™ onto #". Denote by S := 2P — 1 the corresponding
scattering matrix defined in (2.14). In particular, S is local, i.e. S = €, S\. We
define

n
Sy(c) =[] Serersr ().
i=0
where S,/ (v) = 2P,/ (v) — 8. for e,e’ € E,. For a cycle, we set S(¢) :=
S(c), and this definition is obviously well-defined, since multiplication of complex
numbers is commutative.

For example, the standard vertex space ¥ has projection P = (degv)™'E,
where E denotes the (deg v x deg v)-matrix such that all entries are 1. In particular,

1.

e

2
S (v) = degy’ if e#é, and  S3(v) = degr
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If, in addition, the graph is regular, i.e, degv = r forall v € V, then one can simplify
the scattering amplitude of a combinatorial path ¢ to

o= (3 -

where b is the number of reflections in ¢ (¢; = e;4+1) and a the number of
transmissions e; # e; 41 in c.

We can now formulate the trace formula for a compact quantum graph with
Laplacian A, (cf. [Rot84, Thm. 1], [KPS07, Thm. 4.1]):

Theorem 2.5.5. Assume that (G™, V') is a compact quantum graph (without self-
loops) and A, the associated self-adjoint Laplacian (cf. Proposition 2.2.10). Then
we have

met
—tA, _ V011 G 1

t =7 4 _(dim¥ —|E
re @ * 3 @m 7 —1E)
1 pH(C)?
R p _
+(4m)1/2~§~: )" Sy @) e(a)exp( o )
CEC prim PEN

fort >0, where vol; G™" = )" L, is the total length of the metric graph G™".
Remark 2.5.6.

1. The first term on the RHS is the term expected from the Weyl asymptotics. The
second term is precisely 1/2 of the index ind(G™",¥') of the metric graph
G™" with vertex space ¥, i.e. the Fredholm index of dy. In Theorem 2.4.5
we showed that the index is the same as the discrete index ind(G, ?") (the
Fredholm index of dy). In [KPS07], the authors calculated the second term
as (trS)/4, but since S = 2P — 1, we have tr § = 2dim ¥ — dim ¥™* =
2(dim ¥ — |E|). The last term in the trace formula comes from a combinatorial
expansion. Nicaise [Ni87] proved a similar formula using the spectral relation
for equilateral graphs Theorem 2.4.1.

2. The sum over prime cycles of the metric graph G™' is an analogue of the sum
over primitive periodic geodesics on a manifold in the celebrated Selberg trace
formula, as well as an analogue of a similar formula for (standard) discrete
graphs, see Theorem 2.5.7.

3. Trace formulas can be used to solve the inverse problem: For example, Gutkin,
Smilansky and Kurasov, Nowaczyk [GSmO1, Ks08, KN06, KNO5] showed that
if G™* does not have self-loops, multiple edges, and if all its lengths are
rationally independent, then the metric structure of the graph is uniquely
determined. Further extensions are given e.g. in [KPSO7]. Some results can be
extended to the case of (trivially or weakly) rationally dependent edge lengths
(see [NoO7]), but counterexamples in [Rot84, GSmO1, BSS06] show that one
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needs some conditions on the edge lengths. In particular, there are isospectral,
non-homeomorphic graphs.

The proof of Theorem 2.5.5 uses the expansion of the heat kernel, namely one can
show that

pi(x,y) = 2(71—1)1/2<5x,yexp( x _yl ) Z S(c)exp( C(x J’) ))7

ceC(x,y)

where 6, , = 1if x,y are inside the same edge (and not both on opposite sides
of de) and 0 otherwise. The trace of e *4¥ can now be calculated as the integral
over p;(x,x). The first term in the heat kernel expansion gives the volume term,
the second splits into properly closed paths leading to the third term (the sum over
prime cycles), and the index term in the trace formula is the contribution of non-
properly closed paths. More precisely, a non-properly closed path runs through its
initial and terminal edge (which are the same by definition of a closed path) in
opposite directions. For more details, we refer to [Rot84] or [KPSO7].

Let us finish with some trace formulas for discrete graphs. Assume for simplicity,
that G is a simple discrete graph, i.e. G has no self-loops and no multiple edges.
Moreover, we assume that G is equilateral, i.e. £, = 1. For simplicity, we write
v ~ wif v, w are connected by an edge. Let ¥ be an associated vertex space. Since
A, =1— My and My (see (2.8)) are bounded operators on ¥, we have

o0 [”
tre v =e ' tre™” =e™ E :_,trM;l/.
n!
n=0

Furthermore, using (2.8) n-times, we obtain

=@ - D Arov)Ay ) - Ay e v,

Vo vi~v Vn~Vn—1

and

tr M7y, = Z Z Z tr Ay (vo, vi) Ay (vi,v2) « ... - Ay (Vy—1, Vo)-

Vo Vi~Vo Vn—1~Vn—2

Note that the sum is precisely over all combinatorial (properly) closed paths ¢ =
(vos . .., vy—1) € C,. Denoting by

Wy (c) = tr Ay (vo, vi) Ay (vi,v2) - ...+ Ay (Vu—1.V0)

the weight associated with the path ¢ and to the vertex space ¥, we obtain the
following general trace formula. In particular, we can write the trace as a (discrete)
“path integral”:
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Theorem 2.5.7. Assume that G is a discrete, finite graph with weights £, = 1
without self-loops and multiple edges. Then

o0

" rlel

tre "4y = e E E mWn//(c) =e’ E WW“I/(C)‘ (2.22)
n=0ceC, ceC '

Let us interpret the weight in the standard case ¥ = ¥, Here, A «a(v,w) can
be interpreted as operator from C(deg w) to C(deg v) (the degree indicating the cor-
responding £,-weight) with A« (v,w) = 1 if v, w are connected and 0 otherwise.
Viewed as multiplication in C (without weight), A« (v, w) is unitarily equivalent
to the multiplication with (degvdegw)™'/2 if v ~ w resp. Aywa(v,w) =0

otherwise. In particular, if ¢ = (vo, ..., v,—1) is of length n, then the weight is
1 1
W (c) = —
©) degvy degv degv,—

n

If, in addition, G is aregular graph, i.e. degv = r forallv € V, then W*4(c) = r~".
Then the trace formula (2.22) reads as

o0
i " - |E| |Cs]
tA _ —t ot 2 3
tre”’" =e ’;r"n!wn'_e <|V|+_r2 t +—6r3t +)
since |Cy| = |V|, |C1| = 0 (no self-loops) and |C,| = 2| E|. In particular, one can

determine the coefficients |C, | form the trace formula expansion.

The weight W*4(c) for the standard vertex space is a sort of probability of a
particle choosing the path ¢ (with equal probability to go in any adjacent edge at
each vertex). It would be interesting to give a similar meaning to the “weights”
Wy (c) for general vertex spaces.



Chapter 3
The Functional Analytic Part: Scales of Hilbert
Spaces and Boundary Triples

In this chapter, we present the necessary quantitative analysis for a single operator in
a Hilbert space. Basically, we introduce the natural scale of Hilbert spaces associated
with a non-negative operator (Sect. 3.2) and to general closed operators (Sect. 3.3).
We need quantitative norm estimates on the resolvent and other functions of such
closed operator as well as norm bounds on related embeddings especially when
dealing with families of operators in Chap. 4. The closed operators we are dealing
here with, are more general than sectorial operators. Note that for such operators
H , there is usually no easily expressed upper estimate on the norm of the resolvent
|(H —z)7 || like |[[(A —2)7!'|| = dist(z,0(A))~! for a self-adjoint operator A.
Therefore we use an estimate ||(H —2)™'|| < y(z) as assumption, and call y the
resolvent norm profile of H .

The remaining part of this chapter (Sects.3.4-3.9) is devoted to the theory
of boundary triples associated with non-negative quadratic forms, e.g. arising
from Laplacians on manifolds or metric graphs. Boundary triples are introduced
for several purposes: First, to introduce abstractly the notion of resonances or
eigenvalues of a complexly dilated operator (Sects. 3.6-3.8). Second, via boundary
triples (or, more precisely, boundary maps) it is easy to carry over the analysis of
objects associated with a star graph to general graphs (see Sect. 3.9).

The treatment of what we call elliptic boundary triple is stated on a purely
functional analytic level. Moreover, quadratic form techniques are used in order
to obtain “natural” estimates. These estimates can be controlled also when the
underlying space depends on a parameter. We give a more detailed introduction
to boundary triples at the beginning of Sect. 3.4 (see also Sects. 1.2.9 and 1.4.1).

3.1 Sesquilinear Forms, Associated Operators
and Dense Subspaces

Let .77 be a Hilbert space with inner product (-,-) = {(-,-)» and norm |- =
||| s#. Throughout the paper we use the convention that (-, -) and other sesquilinear
forms are anti-linear in the first and linear in the second argument. In what follows,

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 97
DOI 10.1007/978-3-642-23840-6_3, © Springer-Verlag Berlin Heidelberg 2012
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we skip subscripts whenever it is clear from the context which Hilbert space is
meant. Moreover, for a bounded operator A in 7, we denote its usual operator
norm by || A]|. Let 0(A4) and p(A) = C\ a(A) denote the spectrum and resolvent
set of A, respectively.

Let us give a short overview on sesquilinear forms and the associated operators.
For more details, we refer to the book of Kato [K66, Chap. VI]. For the moment,
we only consider sesquilinear forms with symmetric domains, i.e. we consider
sesquilinear forms

h: 2 x 7 —s C 3.1)

defined on the product Z x & of the same space Z; the non-symmetric case will
appear in Definition 3.3.16. We will always assume that h is densely defined, i.e.
that & is dense in 7. We call

bH(u) := bu,u) (3.2)

the quadratic form associated with . We set dom ) := Z. Note that any sesquilin-
ear form is uniquely determined by its quadratic form due to the polarisation
identity

3
bu,v) = Zikb(u+ikv) =hu+v)—bu—v)+ih(u+iv)—ihu—iv). (3.3
k=0

Therefore, we use the same symbol for a sesquilinear form and its associated
quadratic form.
We denote by o and 1 the quadratic form with domain .# given by

o(u) =0 and 1(u) = |Jul?,
respectively. For 0 < 9 < /2 let
Xy :={zeC|largz] <9 }. (3.4)
be the sector with angle ¢ at the origin. We say that b is ¢-sectorial, IF
hu) € Xy
for all u € dom h). We say that a ¥-sectorial form b is closed , if b is densely defined

and if
A" = A (h) := dombh (3.5)

is complete with respect to the norm defined by

lull} := Nlullf := Rebu) + [lul®. (3.6)
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Here,

1 — 1 N
Rebh(u,v) := E(b(u, v)+hv,u)  and  Imb(u,v) = Z(b(u, v) —h(v,u)).
Since

Re’z

Re’z <[> =Re’z+Im’*z < (1 + tan’ ¥) Re’ z = 5
cos? ¥

by elementary geometry, we can use the equivalent norm |h(u)| + |lu||* instead of
||u||f). Note that Re h, Imh and h = Re hh + i Im b are bounded with respect to the
norm |[|-|y.

Let H be a densely defined operator in .77. The operator H is closed if the graph
gr H = {(u, Hu) |u € H } of H is a closed subspace of ¢ x 7. Equivalently, H
is closed if

H? = #*(H) :=dom H (3.7
endowed with the norm
lull2 :== llullm == [I(H — z0)ul| (3.8)

is complete for some (any) 7y in the resolvent set p(H ).
We say that H is ¥ -sectorial if the numerical range of H is in the sector Xy,
ie. if

(u, Hu) € Xy

for all u € dom H. We say that H is maximally ¥-sectorial if H is 1-sectorial,
closed and has no ¥-sectorial extension (following the terminology of Kato [K66,
Sec. V.3.10, p. 280]).

Let H be a ¥¥-sectorial operator. Then the sesquilinear form (u, Hv) with u,v €
dom H has a closed extension ) = by, the sesquilinear form associated with the
operator H (see [K66, Thm. VI.1.27]).

From [K66, Thm. VI.2.1] we obtain:

Theorem 3.1.1. Let ) be a closed, ¥-sectorial sesquilinear form (0 < ¢ < m/2).
Then there exists a maximal-9-sectorial operator H such that:

1. dom H C domb and b(u,v) = (u, Hv) for allu € domb and v € dom H,
2. dom H is dense in (F', |||p),
3. ifvedomh, we I and

b, v) = (u,w)

for all u € dombh = ' (or for all u in a dense subspace 9 C '), then
v edomH and Hv = w.

The operator is uniquely determined by (1).
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Remark 3.1.2.

1. By the spectral calculus for non-negative operators (see Theorem 3.2.2), one can
show that dom h = dom H'/2 and h(u) = || H "/ ?ul|?.

2. The above theorem and other assertions mentioned above extend easily to sesqui-
linear forms with numerical range in the sector Xy — Ao with vertex at 1¢ € R,
by replacing ) with h — Ag1. In particular, the theorem applies to sesquilinear
forms with range in [Lo, 0o) for some A € R, i.e. h(u) > Ao||u||? for u € dom b.

Quadratic forms allow us to define an order relation on the set of self-adjoint
operators:

Definition 3.1.3. Let a and b be two closed quadratic forms with range in [A¢, 00)
for some Ay € R. We define a < b if doma O domb and a(u) < b(u) for all
u € domb.

Similarly, for two self-adjoint operators A and B, bounded from below, we
define A < B if ay < bp, where ay and bp denote the corresponding forms,
respectively.

There is an intuitive “justification” of the — at first sight — unintuitive order relation
for the domains: Let a be a quadratic form, bounded from below. We extend a onto
H by setting a(u) = oo if u € s\ doma. Then we have a < b (in the sense
defined above) iff a(u) < b(u) for all u € 5 (see e.g. [D95] for details).

Let us give a useful quantitative definition of a dense embedding:

Definition 3.1.4. Let C > 0. We say that & is C-densely embedded in 5 if 9 is
dense in .77, if & carries a norm ||-||» such that & itself is a Hilbert space, and if
the embedding ¥ — J is bounded by C, i.e. ||u]l» < Cllu| 2.

We will often omit C if 0 < C < 1. Note that the precise value of C does not
matter, when dealing with a single subspace ¥ C .. Later on we will consider
families of C-densely embedded subspaces Z. in .7, where not only %, but also
J¢; or their norms are allowed to depend on ¢.

Let us give some typical examples which are discussed in more detail in the next
sections. The value of C is of particular interest for families of operators H, as in
Example 3.1.5 (2):

Example 3.1.5.

1. Let A be a non-negative operator and set 7 := #* = dom A*/? with norm
lullz = |(A 4+ 1)¥/?u]|, then Z is 1-densely embedded.

2. More generally, if H is a closed operator with bounded inverse (i.e. 0 € p(H)),

then 2 := dom H with ||u|o := ||Hul| is C-densely embedded with C =
IH.

In the following, we state that the above Example 3.1.5 (1) (with A = (A 4 1)¥)
covers already the general case:

Lemma 3.1.6. Assume that 9 is C-densely embedded in 7, then there exists a
strictly positive operator A > 1/C with associated quadratic form a such that

Iz = 114" 2ull* = a(w).



3.1 Sesquilinear Forms, Associated Operators and Dense Subspaces 101

Proof. Define a(u) := ||u||2@ with doma = &, then it is easily seen that
a is a densely defined, non-negative quadratic form. Furthermore, from the C-
boundedness of the embedding, we obtain the estimate a(u) > C~!||u||>. Now,
A is the operator associated with a by Theorem 3.1.1, and the equality on the norm
of 7 follows. O

We call A the generating operatorof the C-densely embedded space 2.

Remark 3.1.7. Note that the above constructed non-negative operator A associated
with a C-densely embedded space is not always the best choice to work with: For
example, if H is closed with 0 € p(H), then

lulZy = |Hul® = (u, H*H)u = | (H*H)"ul?,

i.e. the space & is generated by the positive operator A = H* H. Nevertheless, it is
sometimes useful to keep the original operator: If e.g. H is a differential operator,
A2 could be a pseudo-differential operator, and more difficult to treat.

We define the dual 2* of & as subspace of S as follows:
Definition 3.1.8. Let & be C-densely embedded in 7. The dual Z* is defined by

2% :={¢: 9 —> C| ¢ anti-linear and bounded }, (3.92)
with norm
(u)
lollz+ := sup 1o |. (3.9b)
e |ullo

Proposition 3.1.9. Let & be C-densely embedded and A > 1/C be the corre-
sponding generating operator. Then 2* can be defined by the (abstract) completion
of F with respect to the norm ||v||g+ = |A™V?v||, v € . In particular, the dual
space D* is a Hilbert space.

Proof. Let v := (-, v), then it is easy to see that (v € 2. Moreover, we have
|{u, v)| |(u, v)| (472w, )|

levllo+ = sup = sup = sup
v lullz — wew 1Al ~ el

= (472

showing the equality of the norms. In particular, the completion of (.77 is a subspace
of P*.

Let us now show that (.7Z is dense in 2* (hence the completion of (.77 equals
2*): Assume that ¢ € 2* and 1 > 0. By the Riesz-Fischer theorem (in the Hilbert
space (Z, ||I-||#)) and Lemma 3.1.6, there exists v € & such that

@) = (u,v)o = au,v)
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forallu € . By Theorem 3.1.1 (2), there exists w € dom A such that ||[v — w4 <7.
Now,

() = {u. Aw)| = |a(u,v —w)| < la@) v = w)| < Jull oy —wlla < nlullz

forall u € 2, since A is the operator associated with a. In particular, we have shown
llo — t(Aw)|| o= < n,i.e. the density.

Finally, Z* is a Hilbert space, since its norm fulfils the parallelogram equality
on a dense subset. |

We will often identify .7 with its canonical image (.5 in Z*.
Lemma 3.1.10. Let 9 be C-densely embedded in €, then € is C-densely
embedded in 2 via 1:v +— (-, v). In other words, the embeddings

D — H — P*

are bounded by C and have dense ranges.

Proof. We have

(v ge = sup S G Tl

< =Clvl
UEPD ”u”@ UEPD ”u”@

showing the boundedness of the embedding. The density of 7 in 2* was already
shown in the previous proposition. O

3.2 Scale of Hilbert Spaces Associated with a Non-negative
Operator

Let us define in this section the scale of Hilbert spaces associated with a non-
negative operator operator A in a Hilbert space 7. We will always assume that
A is a closed operator; in particular, A is self-adjoint. More details on scales of
Hilbert spaces can be found e.g. in [RS80], [GGI1] or [AKO0O].

The scale of Hilbert spaces associated with A is defined as follows: For k >0
we set

A = A (A) = dom(A + 1)}/, lullx := (A + D*2ul|, k=>o0.
(3.10)
For negative powers, we set &% := (%)* (see Definition 3.1.8). For the natural
pairing J7% x 7% we also write

() = ( Yemp: O x 78 — C.
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Note that .# = #° embeds naturally into .77~ via 1:v > (-, v) since

|(u,v)| [(R* 2w, v)|
[ovl|— = sup = = [|[R*?y]o.
ue sk ”I/t”k we 0 ”W”O
where
R:=(A+171, (3.11)

i.e. 7% can be viewed as the completion of . with respect to the norm
IVl = 1A + D72 (3.12)

We call the family {#%}, = {#*(A)}x the scale of Hilbert spaces associated
with A.
If A is defined via the closed non-negative quadratic form

ou) = | AV ?u|?, domd = ' = dom A'/?, (3.13)
(see Theorem 3.1.1) then
lall? = Nluell® + 2(u). (3.14)
Moreover, if v € J# C 7!, then ||v||=; < § is equivalent with the fact that
[(w.v)| < 8llull; (3.15)

for all u € ' In addition, we have the following estimate:

Lemma 3.2.1. The norm ||-||x and the graph norm of A*/* are equivalent, i.e.
LA+ 1A 2 F12 < 1 F1E < 25017112 + 1A% £11%)

forall f € H#*.
Proof. We have

IFIP+ 1A 2 FI1P = (£ A+ A5 F)  and  |IfIF = (£ +2)F)

for f € A#?* = dom A*¥ C s#*. By the spectral calculus, the estimates follow
from
k

k
L+ <+ =3 (]:)A <> (];)(1 + 25 =251 +2h
i=0

i=0

for A > 0. O
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For non-negative operators (or more generally, self-adjoint or normal operators),
we have the Loo-functional calculus:

Theorem 3.2.2. Let ¢ € L (R4), then |o(A)|| = [|¢/lLo®4)-

Let A be a non-negative operator with purely discrete spectrum, i.e.
o(A) ={ Ak =1,2,...},

where A; denotes the k-th eigenvalue written in ascending order and repeated
according to multiplicity such that Ay — oo as k — oo. In this case, we can
employ the min-max principle (see e.g. [D97] for the formulation used here):

Theorem 3.2.3. Let ® be a non-negative closed quadratic form such that the
associated operator has purely discrete spectrum. Then the k-th eigenvalue of A
is given by

Ax = inf  sup m

(3.16)
Dk reppioy 1112

where the infimum is taken over all k-dimensional subspaces Dy of 7' = domDd.

Clearly, the previous theorem holds not only for non-negative quadratic forms but
also for forms bounded from below.

3.3 Scale of Hilbert Spaces Associated with a Closed Operator

Although we mainly use non-negative operators like the Laplacian on a manifold
in our applications, we also need to treat non-self-adjoint operators. Such operators
arise naturally when dealing with resonances. A resonance will be defined as
the (discrete) eigenvalues of a “complexly dilated” non-negative operator. The
complexly dilated operator is no longer self-adjoint, but usually has spectrum inside
a sector in the right half-plane. We will explain the setting in detail in Sects. 3.5—
3.8. In what follows, we present a scale of Hilbert spaces associated with a closed
operator, as well as a quantitative analysis of norm-bounds of various associated
embeddings and operators, starting from a norm estimate on the resolvent.

Since we mostly deal with second order operators, we refer to the operator
domain as second order and to the corresponding sesquilinear form domain as first
order.

3.3.1 Scale of Hilbert Spaces of Second Order Associated
with a Closed Operator

Let H be a closed, densely defined operator in the Hilbert space .72. We fix a point
7o in the resolvent set p(H) = C \ o(H) of H throughout this section. In most of
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our applications we choose zp = —1. Denote
R(z) :=(H —2) !, R := R(zo) (3.17)

the resolvent of H in z € p(H) resp. zo. Let
H(H) =domH,  ullo.n = [I(H —zo)ul (3.18)

denote the scale of order 2 associated with H." Note that 7#?(H ) with the given
norm is a Hilbert space, since H is closed. For the adjoint H*, we use the norm
lull2.m+ = ||((H* —Zo)ul|. Denote by s 2(H) := (H*(H*))* the dual of
P (H*) with respect to 7, see Definition 3.1.8. We call #2(H) the scale of
order —2 associated with H . It follows from Proposition 3.1.9 (with A = (H — z9)
(H* — 7Zp)) that we can embed 27 into # 2(H) via t:u + (-,u) and define
J~%(H) as the completion of .2# in the norm

el =211 = [(H —z0)"'ull = | Rull = [(R*R)"ul| = A2l (3.19)

The proof of the following lemma is obvious:

Lemma 3.3.1. The maps
(H —z0): #*(H) — # and R:H# — #*(H) (3.20a)
are isometries and inverse to each other. Similarly,
(H —z): H — #>(H) and R: A *(H) — H (3.20b)

are isometries and inverse to each other. Here, the operator H — zo in (3.20b) is
definedby (H—z0)g := ((H* — 20)(*), &), and R(1g) := Rg extends to an isometry
on H#2(H).?

Lemma 3.3.2. The function p(H) — (0,00), z — ||R(2)|| depends continuously
on z.

Proof. The assertion follows immediately from the holomorphy of z — ( f, R(z)g).
O

In order to formulate quantitative assertions on families of closed operators, we need
the following definition:

! The notion “order” refers to the fact that A will be a second order elliptic differential operator in
our applications.

2In order not to overwhelm the notation, we use the same symbol H —z, resp. R acting on different
scales of Hilbert spaces and similarly for other operators. We indicate the precise meaning by the
map notation, e.g., we write (H — z9): S —> s~ 2(H).
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Definition 3.3.3. Let U C C, zp € U and y:U — (0,00) be a continuous
function.

1. We say that H has resolvent norm profile y on U (of order 0)if U C p(H) and

IR@)I < y() (3.21)

for all z € p(H). We denote by Z(y,U) = Zo(y,U) the set of all closed
operators with resolvent norm profile y on U of order 0.
2. If U contains only one point zyp and the map has the single value C > 0 we set

Z(C,z0) = Z(z20 — C,{20})-

Lemma 3.3.4. Let H € %(C, z9), then 7*(H) is C-bounded in 5. In particular,
the natural embeddings

AH) — A <> A2(H)

are bounded by C and the ranges of the inclusions are dense.

Proof. The continuity of the embedding .7#*(H ) < J# follows from

lull = [IRCH — zo)ull = |RINI(H —zo)ull = IR lull2.r < Cllull2.n-

The remaining assertion follows from Lemma 3.1.10. O

Moreover, we can naturally extend the resolvents and the operator on the scales of
second order:

Lemma 3.3.5. Assume that H € Z(y,U) and k € {—=2,0,2}, then the resolvent

as operator
R(z): % (H) — A% (H) (3.22a)

is bounded by y(z). Moreover, the resolvents as operators

R(2)

22 2 29 2w (3.22b)

are invertible and bounded by
Yo(2) == 14 |z—z20ly(2) (3.22¢)
forz € U. Its inverses are given by
) H—z H—z )
H(H) — H — H “(H) (3.224d)
and bounded by 1 + |zo — z|y(20)- In particular, the operators
2 a a -2
H(H) — H — H “(H) (3.22e)

have norms bounded by 1 + |zo|y (z0).
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Proof. The first claim follows from the fact that R(z) and H commute, and therefore
IR |lk.i—k.z = ||[R(z)|| < y(2).For the second norm estimate, note that

IR@) f o = (H —20)R@) f || = [ (i[d+(z — 20)R(2)) f |
<(1+lz—2ly@)If]I.

ie. [R@)los2.u <1+ |z—20|y(z), and the boundedness of R(z) from 7 2(H)
into .77 follows by duality. The remaining assertions can be seen similarly. O

We will also need the following holomorphic functional calculus. Let D C C
be an open set with piecewise smooth boundary dD. We choose an orientation of

0D, such that D “lies on the left side” of dD. We do not exclude the case that D
“passes” infinity, i.e. that D is unbounded.

Theorem 3.3.6. Assume that H is a closed operator with resolvent norm profile y
onlU C p(H), ie. H € Z(y,U). Assume in addition that D is an open set in C
such that 0D C U (and therefore 0D C p(H)). Let ¢ € L1(dD, y(z)d|z|) such that
@ is holomorphic in a neighbourhood of D . Then the operator

o L@
o) = =5 p@REE =5 Hu

is well-defined and bounded. Moreover, the integral exists in the operator norm
topology. Finally, the norm can be estimated by

et = 5 [o@Ir@ = Cole.7).
T Jop

For the definition and some results on vector-valued integrals we refer to
Sect. A.2.1.

Remark 3.3.7. Tt can be seen that ¢ p (H ) depends only on the homotopy type of dD
in the resolvent set p(H) = C\ o(H), i.e. on the connected components of o (H)
contained in D. If 6(H) C D, then we simply write ¢ (H ) instead of ¢p (H).

3.3.2 Scale of Hilbert Spaces of First Order Associated
with a Closed Operator

The aim of the following considerations is to give a “good” first order Hilbert space
scale 7' (H) associated with the closed operator H (for the notion “order” see
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Footnote 1 on page 105). Basically, we want to assure that ;7! (H) and its dual
behave like the “natural” scale of Hilbert spaces. Note that for sectorial operators,
one could define the square root (H + 1)'/2 as natural scale, but it is in general
a difficult task to determine the domain of (H + 1)!/2. In particular, if H is a
second order elliptic partial differential operator, then it is difficult to decide whether
dom(H + 1)"/% is a Sobolev space of order 1. This question is also known under
the name “Kato’s square root problem”, see e.g. [Mcl72, AHLT01]. Moreover, the
expression for |[(H + 1)!/2 f||? is (in general) no longer a differential operator,
and therefore difficult to handle with. At first sight, our approach looks more
technical, but we will see that the necessary conditions are naturally fulfilled in
many cases.

Let us give a motivation why we are interested in such a scale of order 1
associated with H: In our applications, we easily obtain estimates given in the “free”
scale J#% = #%(A) associated with A (or the corresponding quadratic form ).
Lete.g. A: ' —> # be an operator on the free scale of order 1 such that

[Av]| < 8llvlli = 8II(A + DV2v]| = §(IIv]I* + 2(v)) (3.23)

holds for all v € 7', But when dealing with the scale of Hilbert spaces associated
with a closed operator H, we finally need an estimate in terms of the norm

N2z
We will use the “free” operator A in order to define a scale of order 1 associated
with H:

Definition 3.3.8. Let H be a closed operator and A a non-negative operator in the
Hilbert space 7.

1. We say that H is compatible with A (with compatibility operator T )it T: 7 —
S is a bounded and invertible operator such that

T(domH) C ' and  T*(domH*) C 7", (3.24a)

where 77! = domD is the scale of order 1 associated with A (the domain of the
associated quadratic form 0). We sometimes refer to 0 (resp. A) as the free or
reference form (resp. operator) associated with H .

2. Weset N (H) := T~ (") and 7' (H*) := (T*)~' (") endowed with the
norms

lulli = [Tully = (A + D)'2Tull, (3.24b)
lull e == [T*ully = (A + D)'*T*ul. (3.24c)

3. The dual of 2#'(H) is defined by s#~'(H) := (' (H*))* with its natural
norm (see Definition 3.1.8).
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Remark 3.3.9.

1. The operator T restricted to 7' (H), i.e. T': A\ (H) — ', u — Tu,is
unitary.
2. The natural embedding 1: 57 < S~ (H), v = (-, v), gives

|(u, )|

[ovll-1m = sup
ueV(H*) ”M”LH*

{(TH)*(A + D™ wv)|

= sup

wet wll
, A 1 —1/2T—1
= sup |(W ( + ) V)| _ ||(A + 1)_1/2T_1v||.
wer wll

In particular, we can alternatively define .77~ (H) as the completion of .7 in
the norm ||v||_1.x := [[(A 4+ 1)7"/2T~'v||. Moreover, T~' extends naturally to
a unitary operator
TV oY (H) — 7,

since |77V = (A + DT | = [v]|-14.

3. Note that ||-||;.# is the norm associated with the non-negative quadratic form 9o 7
defined by f + 0(Tf) on 2#'(H) in the Hilbert space (7, ||T||) with norm
givenby f +— || Tf|, since

leell} = (Tw) + I Tull.

The scale of order 1 should behave like a scale of Hilbert spaces, e.g., the embedding
H*(H) < ' (H) should be bounded. This will be ensured by the next definition
and the following lemmata. Note that for operators A: .#~'(H) — '(H) and
B:.# — ' (H), the corresponding operator norms are given by

lAll—1gs1m = (A + DY2TAT(A+ 1)"/?|| and (3.25a)
IBllos1.r = (A + 1)'/2TB|. (3.25b)

Definition 3.3.10. Let y: U — (0, 00) be a continuous functionon U C C.

1. We say that the closed operator H has resolvent norm profile y on U of order
1 (with respect to A), if U C p(H) and if H is compatible with A with
compatibility operator 7" such that

ITI <vGo). T =y&) and (3.26a)

IR@|-1x—>1.0 <¥(2) (3.26b)
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for all z € U. We denote the set of all closed operators H having resolvent norm
profile y on U of order 1 w.r.t. A by Z,(y, U) (omitting the dependence on A in
the notation).

2. If U = {zo} contains only one point and if C = y(z0) > 1, then we also say that
H is C-compatible of order 1 w.r.t. A, for short H € Z%,(C, 29).

Remark 3.3.11. Note that this setting is a generalisation of the scale of Hilbert
spaces associated with a non-negative operator: Assume that H = A is non-
negative and set zo = —1. Then we can choose 7 = id and y(z) = dist(z, R4+)™!
forz e U = C\ Ry4. Moreover, y(z0) =1 = ||T|.

Lemma 3.3.12. Assume that H has resolvent norm profile y on U of order 1 and
set C := y(z0). Then

R o>1.8 < Cy(2) and [R@)-1.—0 < Cy(2), (3.27a)
IR()llo0 < C?y(2) (3.27b)

forall z € U. In particular, H has resolvent norm profile C*y on U of order 0, i.e.
Z\(y,U) C Zo(C?y, ).

Proof. The norm estimates of the resolvent can be seen as follows
IR@llo—1.6 = (A + D2PTR@T(A+ DA+ D)7TT
< [R@l-1a-1ul(A+ DT2NT™ < yC,
and similarly for the estimate on || R(z)|—1.z—0. Moreover,
IR@ o0 = T~ (A + 1)™2(A+ D)'’TRE)|
<177 + DT2R@ Nlo—>1.0 < CPy(2),

forallz € U. O

Note that (3.27a) is just the desired estimate on Av = AT u in (3.23) in terms of
the scale associated with H, namely

IATull < 8I(A + 1)V?Tull = Sllulliz < C*8|lull2.p.

The next lemma shows that the embeddings are bounded in terms of universal
constants depending only on the resolvent norm profile y and zo.
Lemma 3.3.13. Let H € % (y,U) and set C := vy(z0). Then the natural
embeddings

HP(H)— A" (H) and A" (H)— #>(H)
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are bounded by C 2 Moreover,
HNH) > A — A7 (H)

are C-densely embedded (i.e. they are bounded by C and have dense range).

Proof. The boundedness of the first embedding follows from
Il = (A + D2Tull < [|Rllos1ul(H = z0)ull < C*|lull2n
and (3.27a). Moreover, for the embedding 7' (H) < J#, we estimate
lull = IT7HA +1D72(A+ D2Tull < C(A + D2Tull = Clulia.
The space ' (H) = T~ (") is dense in J# since 7" is dense in s and T !

is bounded. O

Remark 3.3.14. A priori, it is not clear whether the density of J#?(H) in #' (H)
already follows from our assumptions, i.e. whether

HVH) = dom H' " < ' (H) (3.28)
already equals 7' (H ). We do not try to prove (or disprove) this fact here. A similar

remark holds for H*.

Lemma 3.3.15. Let H € Z%,(y,U) and set C := y(z9). Then the resolvent as
operator
R(z): % (H) — A (H)

is bounded by C?y(z) for k = 0, &1, £2. Moreover, the resolvent as operator

221 2 1) resp. N H) 2D )

is bounded by
(1+ |z — 20| C*y(2))C.

Finally, the resolvents as operators

. RG) . RQ)
H(H) — H — H (H)

are bounded by Cy(z).

Proof. For k = 1, the boundedness of the resolvent as operator R(z) in % (H) is
a consequence of
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IR@1t—1.1 = I(A+ D'VPTRRT (A + D772
< HR@los1aIT7HIIA + DTV < y(2)C?
using (3.27a). For k = — 1 we obtain the result by duality, and for k =0, £2, the
estimate follows from || R(2) ||, 7.7 = | R(2) o0 and (3.27b). Here, || Allx. -k, 1

denotes the operator norm of an operator A: /X (H) — % (H), and we omit H
if k = 0. Finally, we have

IR@ull2m < (14 12— 20lC?y@)llull < (1 + |z —20[C*y(@))Cllull,a
by (3.22c¢), (3.27b) and Lemma 3.3.13. Moreover,
IR@ullm = (A +1)'*TR@u| < Cy@)|ull

by (3.27a). The norm estimates for the negative scales follow by duality. O
Definition 3.3.16.

1. Let H be C-compatible of order 1 w.r.t. A. We say that b is a sesquilinear form
associated with H if

a. The form h: ' (H*) x #'(H) —> C is sesquilinear and bounded, i.e.

5G] < W0l lull vz [V

forallu € #'(H*)andv € ' (H);
b. We have
h(u,v) = (u, Hv)

forallu € ' (H*) andv € #*(H).
2. Let h: 5" (H*) x s#'(H) —> C be sesquilinear and bounded. The operator
Hy: ' (H) — "' (H) induced by Y is defined by
(Hyv)u := bu,v), ue A (H*), ve#'(H).

The operator Hy, induced by b fits naturally in the scale of Hilbert spaces:

Lemma 3.3.17. Let b be a sesquilinear form associated with H and let Hy be the
operator induced by b, then

Hy: A (H) — ' (H)

is bounded by || ||1x1. Moreover, the induced operator extends the original operator
H,ie Hyv =, Hv)or
(Hyv)(u) = (u, Hv)

foru e " (H*) andv € 7#*(H).
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Proof. The proof follows immediately from Definition 3.3.16. O
The associated sesquilinear form is unique under the following condition:

Lemma 3.3.18. If J#*(H) is dense in 7' (H), then the sesquilinear form b
associated with H is uniquely determined.

Proof. If b1 and b, are both associated with H, then
hl (I/t, V) = (uv HV) = bz(us V)

forallu € ' (H*)andv € 2#?(H). Since both forms are bounded on .77 (H *) x
AV (H), and 272 (H) is dense in ' (H), we have h; = b,. O

Remark 3.3.19.

1. In the sequel we will not always distinguish between H and Hy, although Hy
may contain information not included in H, e.g. if 2#*(H) is not dense in
0V (H).

2. Existence of associated sesquilinear forms: A priori, it is not clear what is the
“right” sesquilinear form associated with H: Let h be a bounded sesquilinear
form defined on 2’ x 2, where 2’ and 2 are C-densely embedded subspaces of
J€. We say that b is a sesquilinear form associated with H (in the generalised
sense) if dom H C 9,dom H* C 2’ and

b(u,v) = (u, Hv)

forall u € 2’ and v € dom H With this definition we can always associate
sesquilinear forms to H, namely

b x #*(H) — C, b1(u,v) := (u, Hv) or
by HP(H*) x H# — C, Bo(u,v) i= (H*u,v).

Of course, one wants a more “symmetric”” domain. It is not clear to us whether
one can always find a domain as in Definition 3.3.16. A possibility would be to
use interpolation spaces in order to interpolate between the two extreme cases b
and b.

3. Note that we do not always need the boundedness of § or of the induced operator
Hy: ' (H) — #~'(H). For example one application is an estimate on the

operator —~ ~
J'Hy — HyJ " A (H) — 7' (H)

for two operators H and H and identification operators J!' and J~! (see
Definition 4.7.1), which can be expressed in terms of the associated sesquilinear
forms (see (4.46¢”)). In this estimate, the individual boundedness of the operators

AV H) 2 e (1) D e\ (F)

and a similar expression for HJ I'is not needed.
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As in Theorem 3.3.6, we have the following holomorphic functional calculus:

Theorem 3.3.20. Assume that H is a closed operator with resolvent norm profile
y of order 1 onU C p(H), i.e. Z1(y, U). Assume in addition that D is an open set
in C such that 9D C U (and therefore 0D C p(H)). Let ¢ € L1(dD, y(z)d|z|) such
that ¢ is holomorphic in a neighbourhood of D . Then the operator

op(H) = ——¢ PpRREz = 5— 9§ Z‘”_(Z) dz: 7V (H) — A\ (H)

is well-defined and bounded. Moreover, the integral exists in the corresponding
operator norm topology. Finally, the norm can be estimated by

oot -1 = 3= [0@IyGNE = Cole. )

3.4 Boundary Triples and Abstract Elliptic Theory

As already mentioned in the introduction, the concept of boundary triples was
originally introduced for the study of extensions of symmetric operators in a Hilbert
space, going back to von Neumann [vN30], Friedrichs [Fri34], Krein [Kr47],
Vishik [Vi52] and Birman [Bi53]. Vishik [Vi52] was the first who applied this
concept to elliptic boundary value problem. Several works later on treated elliptic
boundary value problems in an abstract framework, we only mention here [Gru68,
GG91, BMNWOS, Pc08, BGW09, Mal0, GrulOb] and references therein. For a
general treatment of boundary triples we refer exemplarily to [BGP08, DHMS06,
DM95,DMOI1].

We briefly recall the definition of a boundary triple, named here ordinary
boundary triple, in order to distinguish the standard concept from ours introduced
below (see also Sect.1.2.9). Let A be a closed, symmetric operator in a Hilbert
space 7. Then (I, I7,%) is said to be an (ordinary) boundary triple for A* if
% is a Hilbert space and [, [1:dom A* —> & are linear operators, such that
(Io, I'):dom A* — & @ ¥ is surjective and that the abstract Green’s formula®

3We use the sign convention for Iy and I} such that the abstract Green’s formula agrees with the
partial integration formula

b — b— — —/
| T sas = [ Tmgnas = (7~ (7 sl

where 57 = Ly(a,b), Af = —f" for f € domA = Ic-’|2(a,b), choosing ¥ = C?> and I'f =
(f(@), f(B)) and I f = (= f"(a). ' (b))
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(A*f.8) e — (LA ) e = (I0 f. T18)e — (I [, T0g) % (3.29)

holds for all f, g € dom A*. Note that a boundary triple exists for A* if the defect
indices dimker(A =+ i)* are equal (cf. [BGPOS, Prp. 1.10]).

Besides operator extension theory, the concept was introduced in order to treat
boundary value problems of elliptic partial differential operators like the Laplacian.
For example if X C R? is an open set with smooth (non-trivial) boundary,
then 57 = L,(X), ¥ = L,(0X) and A = A > 0 is the closure of the
Laplacian acting on CZ°(X). Although one has Green’s formula in this situation
with boundary maps Iy f := f 4y and I'1f = 0, f |45 (the outwards normal
derivative) for f € H?(X), the above concept does not apply, since dom A* is
strictly larger than H?(X), and the boundary operators I and I'j do not extend
to dom A* without leaving the space ¥4 = L,(dX) (see e.g. [Gru68, BMNWO08]
and Sect.1.2.9). Either one has to work on a dense subspace #? of dom A*
(see e.g. the concept of quasi-boundary triples introduced in [BLO7]), or one
has to modify the boundary operators (see e.g. [Gru68, BMNWO0S, PcO8, BGW09,
Malo])).

Boundary triples as defined here are associated with a non-negative quadratic
form, a concept which seems to be new, to our knowledge. As in [BLO7], we work
on a restriction of the operator A*, but we allow different domains for the boundary
maps. In the case of the Laplacian on a manifold with boundary, the Sobolev trace
operator I'u := u |,y is naturally defined on the quadratic form domain H'(X) of
the Laplacian, and its norm can be estimated in geometric terms in an easy way. We
define the Dirichlet-to-Neumann operator in a natural way via its quadratic form
(see also [AtE10] for a similar approach to the Dirichlet-to-Neumann operator on
domains in R? with “rough” boundary). The advantage of our approach is that
the Dirichlet-to-Neumann operator is the usual Dirichlet-to-Neumann operator on
a manifold with boundary, associating to a suitable function ¢ on the boundary the
normal derivative d,/1 of the solution to the Dirichlet problem (A — z)h = 0 with
h = ¢ on the boundary.

We used a similar approach to boundary triples using quadratic forms instead of
operators for first order operators in [PO7].

Our main purpose here is not to characterise all self-adjoint extensions of a
given symmetric operator, but to show that the concept of boundary triples can
successfully be applied to the PDE case, namely to Laplacians on a manifold with
boundary. In particular, we are interested in quantitative norm estimates on the
operators involved. Moreover, the concept of boundary triple as presented here
leads to an abstract and unified approach to resonances as eigenvalues of non-
self-adjoint “complexly dilated” Laplacians in Sects.3.5 and 3.8. The quantitative
control of the norm estimates will be needed especially in Sect. 4.9 where we show
the convergence of resonances. The concrete PDE case with the direct application
to the resonances of certain Schrodinger operators in RY was already considered
in [CDKS87].
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3.4.1 Boundary Triples Associated with Quadratic Forms

Definition 3.4.1. Let [ be a closed non-negative quadratic form in the Hilbert space
A with domain 7! := dom . We endow .5#’! with its natural norm given by the
quadratic form,

el 2= Heell§ == 0Ga) + JJull. (3.30)

Moreover, let
r:w —v

be a bounded map, where ¢ is another Hilbert space. We denote the norm of the
operator I" by || I ||1—o.

1. We say that I" is a boundary map associated with the quadratic form b if the
following conditions are fulfilled:

a. A'P = ker I is dense in 7.
b. 42 .= ran T is dense in 4.

2. We denote by h® := h ' .10 the quadratic form* restricted to 7#°!"® and denote
the inclusion 7P < J#! by ipy.
3. If 92 #£ &, then we call the boundary map I" proper, otherwise non-proper.

Note that the natural embeddings

(DN

P g g1 Y g iD (3.31)

are all bounded by 1. We now define the operators corresponding to the quadratic
forms hP and b (see Theorem 3.1.1), the names are borrowed from the concrete PDE
example (see Theorem 3.4.39):

Definition 3.4.2. Let I" be a boundary map for b.

1. The self-adjoint and non-negative operator HP associated with the quadratic
form hP is called the Dirichlet operator.

2. Similarly, the self-adjoint and non-negative operator H associated with the qua-
dratic form b is called the Neumann operator.

3. We denote by %P resp. 7N the natural scales of Hilbert spaces associated
with the self-adjoint operators HP resp. HY as defined in Sect. 3.2.

Let us now define a boundary triple:

Definition 3.4.3. Let I be a boundary map for h. We say that (I, "', ¥) is a
boundary triple associated with the quadratic form b if the following conditions
are fulfilled:

4Note that hP is a closed form since I is bounded on 7.
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1. There is a Hilbert space #? < ' with ||u|| ,1 < ||u|y> such that
r'v*— (3.32a)
is a bounded operator.

2. There is an (unbounded) operator H in # with dom H = %2, bounded as
operator H: #/? — J, such that the (abstract) Green’s formula

(fHg)w=b(fg —(I'f.I'g)y (3.32b)
holds forall f € 7' and g € #>.
3. The space
W :=ker NkerI"' Cc #? (3.32¢)

is dense in 7.

We say that the boundary triple (I', I'’, ¥) is unbounded if I is a proper boundary
map, i.e. if 41/ = ran I" # ¥, otherwise the boundary triple is called bounded.

Remark 3.4.4.

1. The attributes “bounded” and “unbounded” become clear in Proposition 3.4.11.

2. We will show in Corollary 3.4.37 that certain bounded boundary triples have a
canonical associated ordinary boundary triple. For simplicity, we mostly omit
the attribute “associated with a quadratic form” and simply speak of “boundary
triples” here.

3. The reader should have the following example in mind: The above abstract
setting mimics the situation where H is the Laplacian on a compact manifold
X or on an open domain X ¢ R with smooth boundary 0X # @: We set

H = L,(X), A= H(X), hw) = ||dull?,
4 = L,(0X), Tu:=ulyy, Tu = 04ulyy,

where d,u is the outwards normal derivative on 0X. It is easily seen that
(I, T',4) is indeed an (unbounded) boundary triple with the choices #? :=
H?(X) (the usual second order Sobolev space without boundary conditions) and
Hu = A, being the usual Laplacian (see also Theorem 3.4.39 for further
properties). In particular, the Dirichlet and Neumann operators are the usual
Dirichlet and Neumann Laplacians, respectively, i.e., H?> = AD and HN = AY.

In particular, in this situation, H with domain #?2 = H2(X) is not a closed
operator in 5 = L,(X). Its operator closure is the maximal operator defined on
the domain of functions such that f and H f are in 7. In the PDE case, the
maximal operator domain is strictly larger than the second order Sobolev space
#? (provided 0X # @). In particular, H is not the maximal operator used in
ordinary boundary triples (see Corollary 3.4.37).
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4. We do not assume a maximality condition on the domain of H.If we set #/2 =
H¥(X) for some k > 2 in the previous example, then we still obtain a boundary
triple. A sufficiently large domain for H will be required in Sect. 3.4.2, namely
we want that dom HP and dom HN are subsets of 2. This is actually the core
of elliptic regularity theory.

Let us state a simple consequence of Definition 3.4.3, justifying the labels (-)P
and (-)N. The equality with the domains of the Dirichlet and Neumann operator will
be an extra assumption (“ellipticity”) in Sect. 3.4.2. The inclusion may be strict, see
Remark 3.4.4 (4) above.

Proposition 3.4.5. We have

WP ={ueW?* | I'u=0} C domHP", (3.33a)
w*N={uew*|I'u=0} CdomHN, (3.33b)

and the operators act as HP f = I:If and HNf = I:If for f € #*P and
f e WN, respectively.

Proof. The proof follows easily from the characterisation of the operator associated
with a quadratic form (see Theorem 3.1.1 (3)) and Green’s formula (3.32b). O

We will now define so-called “solution operators” S(z) = SP(z) resp. SN(z)
associating to given boundary data ¢ € ¢ the corresponding solution 2 € #? of
the Dirichlet resp. Neumann problem, i.e. a solution of

(H—2)h =0, Th=¢ resp. I''h=¢
p

for some z € C \ [0, 0o0). For an unbounded boundary triple (i.e. I" is not surjective,
or, equivalently, ¥'/2 C %), we have to define a natural scale of Hilbert spaces on
¢ and take care of the order of the boundary elements ¢.

We start with the Dirichlet solution operator and z = —1:

Definition 3.4.6. Let .4"! be the orthogonal complement of ker I" in #!. We call
the inverse
S =T rﬂl)_l:%l/z — !

of the bijective map I' } ,1: A" — 412 := ran I the (weak) Dirichlet solution
operator (at the point z = —1).

The name “Dirichlet solution operator” is justified by the following obvious fact
(following again from Green’s formula (3.32b)):

Lemma 3.4.7. We have
N2i={ueW?|(H+u=0}C A" (3.34)

Mgreover, ifo € @12 is such that the Dirichlet solution h = S is in W2, then
(H+1)h=0and I'h = ¢.
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The solution operator is defined also for elements 1 = S¢ € A '\ 42, In this
case, (H + 1)h = 0 has the meaning

(on(HN + D)h =0, where (5 (HN 4+ 1): " — 7P,

in the natural scales of Hilbert spaces. Note that we use the symbol HN also for
extensions onto the scale of Hilbert spaces.’ In particular, H/ is here defined by
HNR(f) := b(f, h); and the equation (5 (HN + 1))h = 0 € 277" is equivalent
with

b(fh) + (f h)ow =0 v fen'?.

But the latter condition is just an orthogonal condition w.r.t. the inner product on
S, ie. saying that h € ' © #'P.

The Dirichlet solution operator S allows us to define a natural norm on the range
G2 of I
Definition 3.4.8. We set

@l == IS¢l 1.

i.e. the norm of the boundary element ¢ is given by the .7#’!-norm of its Dirichlet
solution.
Clearly, the operator S:%'/? — #' is isometric and its left inverse
r: /" —s @2 is unitary. In particular, ¢'/? is itself a Hilbert space (with
its inner product induced by ||-||1/2). Moreover, the natural inclusion ¢!/ < & is
bounded. In particular,

el = 11Selle < I ol Seller = 11 h—ollg gy, (3.35)

where || I"||1—o is the norm of I' as operator I": #' — 4.
Proposition 3.4.9. Let I" be a boundary map associated with b, then we have:

1. The Dirichlet solution operator S is closed and densely defined as operator in
G — . Its domain is given by dom S = ¥'/2.

2. The quadratic form | defined by I(¢) := ||S¢||} with dom[ = G2 is a closed
quadratic form in 4. Moreover,

|
(o) > ———Ilel%.
I 113

and the constant is optimal. Moreover, we have ||I" |1 o = || A™'/?].

> More precisely, we should use a notation like H*~*=2N for the operator from the scale
%N into s%=2N_ In particular, we have used the short hand HN = H'7~'N here. In
order not to overwhelm the notation, we refrain from doing so. Instead, we use the notation
HN: 8N — 57k=2N o indicate the precise meaning if necessary. Moreover, we sometimes
also omit the embedding (py in the notation.
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Proof. (1) Let ¢, — ¢ in ¥4 with ¢, € dom S = 4'/2 and S¢, — h in #". Since
{S@,}, is a Cauchy sequence, {¢,}, is a Cauchy sequence in ¢!/ by definition
of the norm on ¢'/? and therefore, ¢, — ¢ € ¥'/? and S, — S@. By (3.35),
the convergence ¢, — @ also holds in ¢ and therefore ¢ = @ and S¢ = h. In
particular, we have shown that S is closed.

(2) The lower bound on [, the optimality and the norm equality for ||I"||1—0
follow immediately from (3.35). Let (¢,), be a Cauchy sequence in ¢'/2 with
respect to [, then (¢,), is also a Cauchy sequence in ¢, hence converges in ¢ to
an element ¢ € ¢. Moreover, (S¢,), is a Cauchy sequence in J#!, hence also
convergentto h € #'. Since S is closed it follows that ¢ € dom S = %'/? and
S¢ = h,ie., ¢ € domland [(¢, —¢p) = 0. O

Let us now associate a natural operator A to a boundary map I". It will turn
out later on (cf. Proposition 3.4.13) that A is the Dirichlet-to-Neumann operator,6
i.e., Ag associates to a boundary value ¢ the “normal derivative” of the associated
solution of the Dirichlet problem & = S¢.

Definition 3.4.10. Let A be the operator associated with the quadratic form I. Then
A is called the Dirichlet-to-Neumann operator (at the point z = —1) associated with
the boundary map I" and the quadratic form h. We denote by ¢ the natural scale
of Hilbert spaces associated with the self-adjoint operator A, i.e. we set

G =domA*, gl = (1A ]l

Note that [l¢|},, = 1A2p]> = Ugp) = @l ie. the setting is compatible
with our previously defined norm in Definition 3.4.8. The exponents in the scale of
Hilbert spaces .7#% and ¢ will be consistent with the regularity order of Sobolev
spaces in our main example in Theorem 3.4.39, a boundary triple associated with a
Laplacian on a manifold with boundary.

In the following proposition, we denote the adjoints’ of I': #! — & w.r.t. the
inner products in .#! and & by I"'*. Similarly, the adjoint of the operator S viewed
as (possibly unbounded) operator from & into .#! with domain ¢'/? is denoted
by S*!.

Proposition 3.4.11. Let I" be a boundary map associated with b.
1. We have (4! = )dom A = dom S*'S and

A=S*S > ;. (3.36)
g

1—0

6 Actually, A will be minus the usual Weyl function due to our sign convention.

It is easy to see that I''* = RI'*: 4 —> ! and S*' = S*(HN + 1): ' —> ¥, where
r*:—' — @ and S*:9 —> " are the duals with respect to the pairing (-, -) 1 1: s~ x
#' — C.
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In particular, A" = I'I"'* exists and is a bounded operator in G with norm
bounded by ||I"||3_,,.
2. The operators A and A~" extend to bounded operators

A=S*HN + 1)5:92 S g T 1 S g2,
A = P(HN + 1) reg 2 D gt B Do

respectively.
3. The boundary map I is proper (ie., the boundary triple (I'’T7,9) is
unbounded) iff A is unbounded.

Proof. (1) The lower bound on A follows from (3.35). Moreover, by definition of
the associated operator (see e.g. [K66, Thm. VI.2.1]) ¢ € dom A iff

[('7 90) = ('7 @)gl/z = (SvS¢>3fl

extends to a bounded functional ¢ — C, i.e., iff S¢ € dom S *1 Moreover,

(0. AQ)y = (0. @)g12 = (S9. S¢) o1 = (9. S*' S¢)y

for ¢ € dom A. Since S is closed, densely defined and S™! = I': ! — G is
bounded, it follows that the operator S*! is invertible and (S*!)™' = I"''* (cf. [K66,
Thm. I11.5.30]), hence A~} = '"'*.

(2) follows immediately from (1) and Footnote 7.

(3) Assume thatran I = %. Since I" | ,1: 4! — ¢ is bounded and bijective,
its inverse S is bounded as well by the open mapping theorem. Hence A = S*!§
is bounded. On the other hand, if A is bounded, then [(¢) = ||.S <,0||é,f1 is a bounded
and everywhere defined quadratic form. In particular, S: ¢ —> 7! is everywhere
defined and bounded. For ¢ € ¢ we thenhave ¢ = 'S¢ €ran[l,i.e,ranl = ¥.

0

Remark 3.4.12.

1. If the boundary triple is bounded, then A is bounded and ¢ k= @ forall k > 0.
In particular, we have

IC 12500 lly < llellge < 1AI @l

2. We will show in Corollary 3.4.37 that certain bounded boundary triples naturally
induce ordinary boundary triples. For more results and references on ordinary
boundary triples, we refer to the recent review [BGP08], where also new results
on the absolute and singular continuous spectrum of the Dirichlet-to-Neumann
map and of self-adjoint restrictions of H are proven.
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In Definition 3.4.31, we define the Dirichlet-to-Neumann operator A(z)
for values z ¢ o(HP) other than z = —1. In this case, (minus) the
Dirichlet-to-Neumann operator A(z) is also called Krein’s Q-function, (operator-
valued) Weyl-Titchmarsh, Herglotz or Nevanlinna function in the context of
ordinary boundary triples.

3. Note that

lollt 2 = 1420l = (9, S*'S) st = @512,
i.e. the setting is compatible with our previously defined norm on the scale of
order 1/2 in Definition 3.4.8. Moreover, since the Dirichlet-to-Neumann operator
A is a pseudo-differential operator of order 1 in the PDE case, we do not use k /2
as exponent in the norm definition, in order to be consistent with the regularity
orders in the PDE case (see also Corollary 3.5.5).

The name “Dirichlet-to-Neumann operator” will be clear from the following
proposition:

Proposition 3.4.13. Assume that for ¢ € 9'/2, we have additionally h = S¢ €
W2, then A = I''S¢, i.e. A maps the Dirichlet data onto the Neumann data of
the solution h.

Proof. By assumption, & € #?2, so we can apply Green’s formula (3.32b). In
particular,

(Y. @) = (SY.h) 1 = B(SY. h) + (SY. h)ow = (Y. I 'h)y

for all ¥ € ¢'/2, using also Lemma 3.4.7 and the fact that (H + 1)k = 0 in the
last equality. Since A is the operator associated with [, it follows that Agp = I'h =
I''Se. |

Let us now define the Dirichlet solution operator for general values z ¢ o(HP).
To simplify matters, we assume in the sequel that z € C \ [0, 00) if not stated
otherwise. We start with the definition of weak solutions:

Definition 3.4.14. Set

N ={ge A |0(fe) =2fg) Vfen""]
We say that & is a (weak) solution of the Dirichlet problem with boundary data
¢ €9V2ifI'h = pandh € A '(z), or, equivalently, t (HN—z)h = 0 € 7P,

The following lemma follows easily from the fact that h® is non-degenerative for
z€C\o(HP):

Lemma 3.4.15. The space N ' (z) is closed in 5. Moreover; if z € C \ o(HP),
then®

8Here, # = 4 + 5 means that 77 is the topological sum of 7 and 7%, i.e. the sum is direct
(but not necessarily orthogonal), and .77}, .74 are closed in .77.
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%01 — %1.D + JVI(Z)-
If 7 < 0, then the sum is orthogonal.

Denote by’
RP(z):= (HP —2™" and RP:= RP(-1)

the resolvent of the Dirichlet operator in z ¢ o(HP) and in —1. We use a similar
notion for the resolvent of the Neumann operator. Note that we use the symbols
HN and RP(z) also for the corresponding extensions as operators on the associated
scales of Hilbert spaces.

We will often need the following constant when dealing with norm resolvent
estimates:

Lemma 3.4.16. Let z,w € C\ [0, 00), then

21—
1 <C(z,w) :=sup | il

< 0. (3.37)
a0 1A —2|

Moreover, if H > 0, then
I(H —w)(H —2)7'[| < C(z.w)

forz,w e C\ Ry.

Proof. The boundedness follows easily from the fact that the limit of [A — w|/|A — ]
is 1 as A — oo, i.e. the fraction extends to a continuous function on [0, co] and
attains therefore its maximum (depending of course on z and w). The norm estimate
follows from the continuous functional calculus. O

The operator S(z):%'/> — " appearing in the next proposition is named
(weak) Dirichlet solution operator (in z). Recall that S: 4'/? — " is the (weak)
Dirichlet solution operator of Definition 3.4.6 (in z = —1). Moreover, (py is given
in (3.31).

Proposition 3.4.17. Let z € C\ o(HP) and ¢ € 4'/?, then the weak Dirichlet
solution h with boundary data ¢ is unique. Moreover, h = S(z)¢ with

S(2) == SP(2) := (id e —onRP @)U (HN = 2))S: 92 — ' (2) ¢ 2!

is the weak solution of the Dirichlet problem with boundary data ¢. Finally, the
operator S(z):9"/* — ' has norm bounded by

[S@ 1251 < 1+ C(z,—1)C(—1,2).

9We often omit the argument z if z = —1, i.e. we write R® = RP(—1), § = S(—1) etc.
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Proof. The uniqueness of the weak Dirichlet problem follows from the fact that
hP — z1 is a non-degenerated sesquilinear form on 7' if 7 ¢ o(HP). Moreover,
the operator S(z) is properly defined on the corresponding scales of Hilbert spaces.
It is an easy calculation that 7 = S(2)¢ is the weak solution with boundary data ¢.
The norm bound follows from the fact that S is an isometry by definition and
that

IS@Ilj21 < 1+ [(HY + 1D 2ionRP @i (HY + DRYZ
<1+ [(H + DRP@I(RP) i (HN + D2 RN(HN = 2)|
<14 C(—-1)C(—1,2).
Note that we used (HN + 1)"2ipy = (HP + 1)V/2 and [|(RP)/2 5 (HN + 1)1/2)|
= 1. O
We call a weak solution 4 = S¢ with i € #'? a strong solution of the Dirichlet
problem. This is justified, since

N2(z) = ker(H —2) C N (2).

as the next proposition shows:
Proposition 3.4.18. Letz € C\ o(HP).

1. Ifo = g with g € W2, then S(z)¢ := g — R°(2)(H — 2)g is well defined.

2. h = §(z)(p e N(2), i.e., h is the weak solution of the Dirichlet problem
(cf. Definition 3.4.14), and S(z2)¢ = S(z)¢. Moreover, h is unique.

3. If% h = S(2)¢ € #7?, then h is the strong solution of the Dirichlet problem with
boundary value ¢ = I'h, i.e.,

(H-—2h=0, Th=g. (3.38)

In particular, I' S(z)p = ¢.
Proof. (1) Assume that I'g; = I'g, and g1, g, € ”//Z,A}hen g1—g € WP C
dom HP and R (2)(H —2)(g1 — 2) = g1 — 22> hence S(z)g is well-defined.
(2) Let g € #2, then RP(2)*(HN — 2)g = RP(2)(H — z)g: Namely we have
(R°(2*(HN = 2)g, f) = (H = 2)g,.R°@) f)-11 = (h — 2)(g, R° (@) f)

=((H-2)g.R°@) f) = (R°()(H — 2)g. )

ONote that 1 € #? iff g € #? is only true if ran RP(z) = #*P C #2. This is actually an
additional information, provided in the concept of elliptic boundary triples, see Definition 3.4.21.
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for f € 2, where we used Green’s the third equality. The equality §(z)<p =
S(z2)¢ € A'(z) now follows from Proposition 3.4.17. (3) follows similarly as in
Lemma 3.4.7. O

We can now address the solution of the Neumann problem:

Definition 3.4.19. We say that h € #7? is a (strong) solution of the Neumann
problem with boundary data ¥ € ranI"’ if h € A4?(z) and I"'h = ¥, or,
equivalently,

(H—2h=0 and TI'h=vy.

As for the (strong) Dirichlet problem, we can show:
Proposition 3.4.20. Letz € C\ o(HN).

1. The solution of the Neumann problem is unique. If v = I''g with g € W, then
SNV := g — RN(2)(H — 2)g is well defined.

2.Ifh = SN € #7? then h is the solution of the Neumann problem with
boundary value y = I''h. In particular, I'' SN(2)yr = . Moreover; h is unique.

We call SN(z):ran I’ — #? the Neumann solution operator. We will specify
ran I’ in the next section.

3.4.2 Elliptic Boundary Triples

We now require more assumptions on the boundary triple in order to ensure that
the space %2 is chosen large enough. In particular, we assume that the domains
of the Dirichlet and Neumann operator are subsets of %2, which is actually the
core of elliptic regularity theory for partial differential operators on manifolds with
boundary. Guided by the example of the Laplacian on a manifold with boundary
(see Theorem 3.4.39), we also assume the following conditions on the regularity
order of the boundary maps.

Definition 3.4.21. We call the boundary triple (I, I"’,%4) associated with the
quadratic form b elliptic if the following conditions hold:

1. %P = dom HP ¢ #? and #*N = dom HN c #2,
2. I':#? — %°/? is bounded and surjective, and
3. I'':#?* — ¢4'/? is bounded and surjective.

We call the last two items the regularity assumptions of the boundary maps.

For elliptic boundary triples, we actually have the natural interpretation of
ker TN #? = W*P andker I'" =: W>N:

Proposition 3.4.22. Assume that the boundary triple is elliptic (actually, condi-
tion (1) of Definition 3.4.21 is enough). Then the domains of the Dirichlet and
Neumann operators are given by
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AP =domH® ={ueW?|F'u=0}, (3.40a)
AN =dom HN = {ue#? | I'u=0} (3.40b)

72 2.D 2.N 2 . 1
and W= = %P N AN, Moreover, W= is dense in €.

Proof. The assertions on the domains of the Dirichlet and Neumann operators
follow immediately from Proposition 3.4.5 and Definition 3.4.21 (1). For the last
assertion, note that >N C #? C #'. Since the operator domain J#>N =
dom HN is a form core for the corresponding quadratic form domain 2! = dom b,
cf. [K66, Thm. VI.2.1], the assertion follows. O

For elliptic boundary triples, we have the following bounded embeddings (recall
that we endow dom HP = J#>P with its graph norm given by the natural scale of
Hilbert spaces, and similarly for the Neumann operator):

Proposition 3.4.23. Let (I', I'',9) be an elliptic boundary triple then
lell.D- %Z'D — 7/2 and LellN- %Z'N — 7//2

are bounded operators.

Proof. The embedding (o p: P < #?*P is actually a bijection with bounded
inverse, since

£ l2p = ICHP + ) fI| = I(H + D fIl < ([Hllp2ose + ltprs e DI 92

for f € s#*P C 2. By the closed graph theorem, it follows that ¢ p is also
bounded. The argument in the Neumann case is similar. O

Let us give a condition assuring the ellipticity; the converse of Proposition 3.4.23.
Actually, we could use (3.41) as definition of ellipticity instead of the first condition
in Definition 3.4.21.

Proposition 3.4.24. Let (I, I"',%) be a boundary triple such that there exists a
constant C > 0 with

/15 < CUHLIP+1S1P) (341

forall f € W*P U #W*N. Then the boundary triple fulfils the first condition of
Definition 3.4.21, i.e., dom H® C #? and dom HN c #.

Proof. Note first, that for f € #*P := %2 N dom H®, we have H f = HP f
(Proposition 3.4.5). Let HP be the restriction of H to #2P.If f, € #*P and
f.g € A with f, — f and I;VDfn — g, then (f;) is a Cauchy sequence in # P
by (3.41). Moreover, #*P is closed in #°%, and therefore itself Agomplete. Thus,
fo = fin #?P < . Since f, — f in J, we have f = f.Itis now easy
to see that AP f = g, and therefore, HP is closed. Moreover, HP is non-negative.
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Since dom HP c dom HP and (I:IDf,g) = bP(f.g) forall f € dom HP and
g € domhP using Green’s formula, one sees that HP = HP: Indeed, the equality
follows by the uniqueness of the operator HP associated with the non-negative form
hP (cf. [K66, Thm. IV.2.1]).

The argument for the Neumann operator is similar. O

Remark 3.4.25. The boundedness of the embeddings teyp: . #>P < #? for the
Dirichlet domain and i n: 572N < #? for the Neumann domain is basically
the core of elliptic (L,-)regularity theory in the case of PDEs: The boundedness
means that we can estimate the Sobolev norm on %2 by the graph norm of HP,
i.e. that

el < Cllullsp = CIHP + Dul?

for u € %P, and similarly for the Neumann operator (as in the previous
proposition). Note that the constant C will depend on the concrete manifold or
on the open set in a complicated way, and it seems to be hopeless to control the
constant if the manifold depends on some shrinking parameter as in our case.
We therefore have to avoid this embedding in quantitative estimates. Nevertheless,
the boundedness is needed in qualitative statements, e.g., for the holomorphy of
certain families of resolvents in Sect. 3.6. We will sometimes refer to norms, which
can be expressed in terms of ||I"||;—o and of the resolvent parameter z only, as
naturally bounded. Note that || I" ||1—o can be controlled explicitly in our examples
(see e.g. Propositions 6.1.4 and 6.2.9).

Let us now analyse when a boundary triple with finite-dimensional boundary
space is elliptic. Note that such a boundary triple is bounded since A is bounded, cf.
Proposition 3.4.11).

Proposition 3.4.26. If the boundary space 4 of a boundary triple (I, T"',¥9) is
finite-dimensional, if I''(#?) = 9 and if (3.41) holds for f € W*P U #W?*N, then
the boundary triple is elliptic.

Proof. We have I''(#?) = 4 = 4'/2 by assumption. Moreover, let ¢ € 9.
Since ran I" = ¥ (again by density of the range), there exists f € ! such that
I'f = ¢. Moreover, by Proposition 3.4.24, the first condition of Definition 3.4.21
is fulfilled, hence we can apply Proposition 3.4.22, and therefore, %/ is dense in
', In particular, there exist f, € #? such that f, — f in 2!, and hence
I'f, — I'f = ¢ in 9. We therefore have shown that I"(#?) is dense in ¢, hence
rw*)h=9. O

Note that we cannot drop the assumption (3.41). An example is given by a half-
line model on s = L,(Ry) with 4 = C and K = 0 (see Sect.3.5.1 and
Remark 3.4.4 (4)). If we choose #2 too small, for example #2 = H*(R,), then
dom AP = { f e H*(R4)| f(0) = 0} is not a subset of #2.

Let us now specify how the regularity assumptions of Definition 3.4.21 affect the
solution operators. For the rest of the section, we assume that z € C \ [0, 00).
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Proposition 3.4.27. Let (I, I'',9) be an elliptic boundary triple. Then we have:

1. Let 7 ¢ o(HP), then the restriction of the weak Dirichlet solution operator
(cf. Proposition 3.4.17) to 93/> maps into #* and is bounded as operator

S(): 9 — w? (3.42a)

with right inverse I':W? —s 432 Moreover, S(2):9°> — N?(2) is a
topological isomorphism, and P>P (z) := S(z): W? —> W? is the projection
onto N ?(z) along F°*P.

2. Let 7 ¢ o(HN), then the Neumann solution operator (cf. Proposition 3.4.20) is
bounded as operator

SN(): 9?2 — (3.42b)
with right inverse I'': W?* — 4'V/2. Moreover, SN(2): 9?2 — ¥2(2) is
a topological isomorphism, and P>N(z) = SN@I'":W?* — W72 is the

projection onto N *(z) along >N,

Proof. (1) Let ¢ € 432, then by Definition 3.4.21 (2) and Proposition 3.4.18, there
exist g € #? such that '¢ = g and S(2)¢ = g — RP()(H — 2)g € #2,
and finally, I'S(z)¢ = ¢. Moreover, since ker(I': #?> — ¥) = #*P by
Proposition 3.4.22, the operator I": .4%(z) —> %3/? is injective, and bounded and
surjective by Definition 3.4.21, hence, by the closed graph theorem, its inverse S(z)
is also bounded. (2) The same arguments holds for the Neumann case. O

In contrast to the case of ordinary boundary triples (where one can choose the graph
norm of H on #2, see [BGP0S, Prp. 1.9]), it is not clear to us whether the norm on
#%(z) is in general equivalent to the norm on 7.

The following is a useful way how to prove that a boundary is elliptic:

Proposition 3.4.28. Assume that (I', I'',9) is a boundary triple such that:

1. The elliptic estimate (3.41) holds (o¥, alternatively, we have dom H® C #? and
dom HN c w?),

2. The boundary maps I': W?* — 43* and I'": W* — 4'/? are bounded, and
that

3. The Dirichlet solution operator (in z = —1) fulfils Sp € W2 for all ¢ € G3/2.

Then the boundary triple is elliptic.
Proof. The only point to check is the surjectivity of the boundary maps: For I this is
clear, since the Dirichlet solution operator is a right inverse for I", hence ¢ = I"'S¢
for ¢ € 43/ For I'’, we show that

SNi=85A7g2 s 2

is indeed the Neumann solution operator: Let 4 := SNy for ¥ € ¢'/2. Then

(Tf.T'hy = (h+1)(fh) =(T'f . ATh) 1210
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for f € 4! using Green’s formula (3.32b), since 4 € #'* and (H —z0)h = 0. But
since AI'h_= v, we have I'’'h = . By the uniqueness of the Neumann solution,
we obtain SNg = SNg (see Proposition 3.4.20). Hence, we have ¢ = F’§Nw for
¥ € 4'/2, and the surjectivity of I"” follows. O

Let us now describe the solution operator via its adjoint. The following operator
B(z) will be useful in Krein’s resolvent formula of Theorem 3.4.44:

Lemma 3.4.29. Assume that the boundary triple (I', "', 9) is elliptic and that 7 €
C\ o(HP). Then the operator

/ D R°Q) _»p ) I
B(@) ;= -T"teypR"(2): H# —> H"° > W — Y

is bounded. Moreover, for ¢ € 4%, we have
B@)"¢ = S(2)¢

and S(z) extends to a bounded operator G — €.

Proof. The boundedness of the operator B(z) follows from Proposition 3.4.23 and
Definition 3.4.21 (3). Let ¢ € 4'/2, then h := S(z)¢ € . Moreover, for g €
%P we have

(HP =2)g.h) =b(g.h) —z(g.h) —(I'g.T'h)yy = —(I''g.¢)y

using Green’s formula and the fact that 4 is a weak solution. In particular, by the
definition of the adjoint map, (HP—2)g € dom S(z)* and S(z)*(HP-2)g = —1I''g,
ie.

S(z)* = -I'"R°(Z) = BR): H# — 9.

Finally, S(z) extends to a bounded operator S(z)** = B(Z)* from ¢ into /7 since
B(Z) is bounded. O

The Neumann solution operator SN(z) is related to the adjoint of another
naturally defined operator:

Lemma 3.4.30. Assume that z € C\ o(HY), then the operator

N B@ . oN 1
AR) =TR ). H — " > H — Y

is bounded. Moreover, for ¢ € @12 we have
A@)*¢ = SN(2)p

and the Neumann solution operator SN(z) extends to a bounded operator 4 — .
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Proof. Letg € 9'/2 then h := SN(z)¢ € #? by Proposition 3.4.27 (2). Moreover,
for g € >N we have

(HN —=2)g,h) = (g, (HN —2)h) + (I'g. I"'h)y = (I'g, ¢).

Here, we have used Green’s formula twice and the fact that 4 is a solution. In
particular, (HN —Z)g € dom SN(z)* and SN(2)*(HN —Z2)g = g, i.e.

SN*=TRN@) = A@Q): H# — 9.
Finally, S™(z) extends to a bounded operator SN (z)** = A(z)* from ¢ into 7 and
the result follows. O

We can now define the Dirichlet-to-Neumann map for general z ¢ o (HP):

Definition 3.4.31. Let (I, I"',%) be an elliptic boundary triple. We call the
operator

S 4
AQ) = T'S@): 9> S 2 L g2
the Dirichlet-to-Neumann operator in z € C \ o(HP).

Note that A(—1)p = Ag for ¢ € 932 (see Proposition 3.4.13), where A was
defined in (3.36)). We need the following relation of A(z) with A:

Proposition 3.4.32. Assume that (I', "', 9) is an elliptic boundary triple, and that
7€ C\o(HP), then A(z) — A extends to a bounded operator (denoted by the same
symbol)

AiZ)— A= (z+1)BBR)*:¥9 — 9.
Moreover, A(z): 9" — 94 is bounded.
Proof. Let ¢,y € 43/2, then by ellipticity, f = S¢ and g = S(z)¥ are both in
#%. Now, we have
0= (/(H-2g) —((H+1Df.g)

=(I'"f.T'g)y —(I'f.I'g)y — @+ D(f.g)

= (Ap.V)g — (9. AQV)g — @+ D(Se,. S@Y)
using Green’s formula (3.32b) for the second equality, and the definition of A and
A(2) in the third equality. By Lemma 3.4.29, S(z) extends to a bounded operator

B(Z)*:9 — 7, and similarly for S =S(—1), so that the boundedness of
A(z) — A follows. Finally,
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[AG@)elly < 1 4¢lly + |z + 1HIBBR) ¢lly < lelg + 2+ HIBIIB@ I l¢ly

and we are done. 0O

The boundedness of A(z):%4! — % can be interpreted by saying that A(z) is an
operator of order 1.

Remark 3.4.33. Note that the difference A(z) — A is not naturally bounded (see

Remark 3.4.25), since ||S|| = ||B|| < [II"'|l2>olltenp|| by Lemma 3.4.29 and
similarly for ||S(z)|] = ||B(z)|, i.e. the norm contains estimates on I’ and the
elliptic embedding.

Proposition 3.4.34. Assume that 7 € C \ Ry, then the Dirichlet-to-Neumann map
A(2):9%* — G2 is bijective. Moreover, its inverse A(z)~':4'? — @32
extends to a bounded operator (denoted by the same symbol) A(z)~": 9412 —
G112 given by

-1 N x.p—172 " RO T
AR =TRQIr'*:9¢ — T = H — Y

and this operator is naturally bounded by
1A@ ™ -1/212 = 4@ 15172 = C(z, =1). (3.43)

Proof. Consider A(Z) as operator

.
A@) = FRY@: 27 29 et Lo g2,

Let ¢ € 432, Since A(z)p € 42, we have h = AR)*A(R)¢ = SN(2)A(R)e
by Lemma 3.4.30. Moreover, we have I'h = ¢, so that ¢ = T'A(2)*A(z)¢. In
particular, we have shown that A(z) is injective as operator %2 — ¢'/2. By
definition and the regularity assumptions, A(z) is also surjective, hence bijective.
Clearly, I'RN(z)I"* as operator ¥~'/2 — @!/2 extends the inverse as operator
@1/ — 43/2_The norm estimate follows from

1A@) " l=1/2m12 = ITA@*I=1/251/2 = |A@)* =121 = |A@) -1-1/2
= [FRY®@)-1>172 = IRY@[-1>1 < C(z.—1),

where C(z,—1) is defined in (3.37) O

Note that we have just shown the following relation between the Dirichlet and
Neumann solution operator

S@) =S@QVA@R):9* —#? and SN2) =S@AR) YV — w2
(3.44)
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3.4.3 Relation with Other Concepts of Boundary Triples
and Examples

In this subsection, we compare our notion of boundary triple with the one introduced
in [BLO7, Def. 2.1] and with ordinary boundary triples. Moreover, we present
our two main examples, namely boundary triples associated with a manifold with
boundary and to a metric graph.

Definition 3.4.35. Let A be a closed operator in a Hilbert space #. We call
(I, I'1,9) a quasi-boundary triple for A* if there is a dense subspace #/2
of dom A* such that Iy, I'1: #? — & are linear maps with the following
properties:

1. The joint boundary operator (I, I): #? —> & defined by (I). I') f = o f @
Iy f has dense range;

2. AP := Al py is self-adjoint;

3. Green’s formula (3.29) holds for f,g € #2.

Proposition 3.4.36. Assume that (I', I'',9) is an elliptic boundary triple associ-
ated with the quadratic form b such that I''(A*P) = G2 Then (I" |2, ", 9)

o o v
is a quasi-boundary triple associated with H*, where H := H | S

Proof. We set A := H . Note first that 4 is a closed operator as the intersection of
the two self-adjoint operators H” and H™ and that A |\, = HP is self-adjoint
(see Proposition 3.4.22), using the first assumption of ellipticity only. It is easy to
see from Green’s formula (3.32b) for the operator and quadratic form that Green’s
formula (3.29) for the operator holds. Moreover, #? is dense by assumption and
#?* C dom A* follows easily by (3.29), since the boundary terms vanish.

For the density condition on the joint boundary operator, let ¢, ¥ € 4. Since
43/2 and 9'/? are dense in ¢, we have sequences {¢,}, C ¥*? and {y,}, C 4'/?
such that ¢, — ¢ and ¥, — V¥ in &. Moreover, A, € ¥'/? by Definition 3.4.10.
Now, by assumption, there is f, € #>P suchthat I'’ f,, = ¥,— Ag,. Finally, we set
hy .= S, + fu,then Thy, = @, > @and I'hy, = 'S+, — Agy = ¥y — ¥,
which shows the density. O

In particular, we can use a characterisation of quasi-boundary triples for being
ordinary boundary triples (namely, we only have to replace “has dense range” by “is
surjective” in Definition 3.4.35 (1)), given in [BLO7, Cor. 3.2]:

Corollary 3.4.37. Assume that (I, I"',9) is a bounded, elliptic boundary triple
associated with the quadratic form b such that I'' (#>P) = 4. Then H = H* and
(I" My, I, 9) is an ordinary boundary triple associated with H*, where H :=
HY o,

w2

Proof. Since (I' |',y2, I'', 9) is a quasi-boundary triple by the previous proposition,
we only have to show that the joint boundary operator (I, I"'): #?* — 4 & Y
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is surjective (see [BLO7, Cor. 3.2]): Let ¢, ¢ € ¢, then by assumption, there is
f e AP suchthat I f =  — Ag. Seth := S¢ + f,then h € #? since
the boundary triple is elliptic. Finally, we have I'h = ¢ and I'’h = ¥, and the
surjectivity follows. O

Remark 3.4.38. The condition I"'(s#*P) = 4'/2 (resp. I''(A*P) = %) in the
previous two results is an extra condition, which does not follow from our abstract
setting. For example, the condition follows from the existence of an “extension
operator”, aright inverse E: 943> —s #?of I' (i.e., ' E¢ = ¢) with the additional
property that u = E¢ fulfils I"'u = 0 (see the proof of Theorem 3.4.39 (4) below).
In our main examples below, the existence of such a right inverse is assured.

The following theorem presents the main example from PDE theory, explaining
the notion “elliptic”. We call the boundary triple constructed below the boundary
triple associated with a manifold. For the notion of Sobolev spaces of order 1 and
other notation related to manifolds see Sect.5.1.3. Sobolev spaces of higher order
on compact manifolds can be introduced via a covariant derivative (see e.g. [He96])
or locally via a partition of unity (see e.g. [Ros97, LPPV08]).

Theorem 3.4.39. Assume that X is a compact d-dimensional manifold (d > 2)
with smooth boundary 0X. We set

H = L,(X), A" = H\(X) h(u) = ||dul?,
4 = L,(3X), Tu:=ulyy, Tu = 04ulyy,

where dnu is the outwards normal derivative on dX. Then the following assertions
hold:

1. (I"T',9) is an elliptic boundary triple with #* = H*(X) and H is the
Laplacian on H*(X) fulfilling no boundary condition.

2. HP and HN are the Laplacians on X with Dirichlet and Neumann bound-

ary conditions on 0X, respectively. Moreover, A(z) is the usual Dirichlet-to-

Neumann operator.

The scale of Hilbert spaces on the boundary space is given by 9% = H*(3X).

4. We have I''(A*P) = 4'2 50 that (I' 12, I'',9) is a quasi-boundary triple
associated with I-? * where ISI is the minimal operator, the closure of the
Laplacian on smooth functions with support away from the boundary.

w

Proof. (1) Most of the assertions of a boundary triple are easily seen. For the
ellipticity, we recall that the a priori estimate (3.41) is fulfilled by standard elliptic
regularity theory (see e.g. [Ta96, Thm. 5.1.3]). The regularity assumptions on the
boundary maps, i.e., I'(H*(X)) = H¥?(0X) and I''(H*(X)) = H!/?(0X) are also
standard facts, see e.g. [LM68, Gru68]. Therefore, the boundary triple is elliptic.

(2) follows from Proposition 3.4.22 and Definition 3.4.31. Moreover, (3) follows
from the fact that the Dirichlet-to-Neumann operator A is an elliptic pseudo-
differential operator of order 1, and hence || ¢ ||y = || A¥¢| defines a norm equivalent
to any norm on H¥(9X).
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For the final assertion (4), consider an extension operator E:H¥?(3X) —
H2(X), i.e., a right inverse of I' (I'Ep = ¢) with the additional property that
I'"Egp = 0 (see Remark 3.4.38). Note that such an extension exists: in a collar
neighbourhood of dX choose u = E¢ to be constant in the normal direction.
Then 93/2 C I'(A*P) follows: Let ¥ € 43? and set h := SNy. By elliptic
regularity, we have h € H*(X).Setu = h — ETh. Then 'u = 'h — 'h = 0 and
Iu=T'h—0=vy,ie, ¥ € I'"(A#*P). The assertion on the quasi-boundary
triple follows from Proposition 3.4.36. O

Let us now consider the case when we only consider a part Y of the entire
boundary dX as “boundary” in the sense of boundary triples. On the remaining
part Z := dX \ Y we assume a Neumann condition:

Theorem 3.4.40. Assume that X is a compact d-dimensional manifold (d > 2)
with piecewise smooth boundary 0X such that Y < 0X is a smooth manifold with
boundary of dimension d — 1 (having possibly several components). We assume
that near Y, the manifold has a collar neighbourhood U isometric to a product
[0,£-] x Y." We set

H = Ly(X), A" = H\(X) bu) := | dul?,
G = L,(Y), Tu:=uly, Iu:=ouly,

where 0,u is the outwards normal derivative on Y (in the collar coordinates (s, y) €
U, 0,u = —dsu). Then the following assertions hold.:

1. (I, T, 9) is an elliptic boundary triple with
W2 ={ueH*(X)|du, =0},

and H is the Laplacian on W fulfilling a Neumann condition on Z.

2. HP is the Laplacian on X with Dirichlet condition on' Y and Neumann condition
on Z, and HN is the Laplacian on X with Neumann condition on 0X. Moreover,
A(z) is the usual Dirichlet-to-Neumann operator associating to the boundary
data ¢ on'Y the normal derivative on Y of the Dirichlet solution h € W with
Neumann condition on Z.

3. The scale of Hilbert spaces 9% (defined as dom A* with norm |@|g =
| AR @ ||« ) is equivalent with the scale of Hilbert spaces 9*(AY) associated with
the Neumann Laplacian on Y (with norm ||(p||qu(A)I\j) = (A} + D)*%p||«).

4. We have I''(A*P) = G'V2 5o that (I V., T'',9) is a quasi-boundary triple
[e] o
associated with H*. Here, H is the minimal operator, i.e., the Laplacian with
Neumann condition on 0X and Dirichlet condition on'Y .

"'We assume the product structure near Y for simplicity only. Smooth deformations of this
situations still lead to the same result.
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Proof. The proof is very much the same as the one of Theorem 3.4.39. (1) For
the ellipticity, we recall that the a priori estimate (3.41) depends only on the local
structure of the boundary. We have assumed here the product structure of the collar
neighbourhood U, so that we can also use arguments as in Sect. 3.5, especially as
in Theorem 3.5.6 for the proof of ellipticity (including the regularity assumptions
F(W? = 43?and I''(#?) = %'/?). For a discussion of a priori estimates for
domains with non-smooth boundary, we refer to [Grv85], e.g., Thm. 4.3.1.4 for
polygons, or to the recent survey [Da08]. (2) is obvious.

For (3), we again refer to the discussion in Sect. 3.5, especially to Corollary 3.5.5.
Note that the behaviour of the boundary maps depends only on the behaviour on U.
Moreover, A is an elliptic pseudo-differential operator of order 1.

The final assertion (4) can be seen as in Theorem 3.4.39. O

Similarly, we consider the case where we assume a Dirichlet condition on
the on the remaining part Z = 0X \ Y. The proof is analogous to the one of
Theorem 3.4.40.

Theorem 3.4.41. Let X, Y C 0X as in Theorem 3.4.40. We set

Ho=L,(X), A =H(X,Z)={ueH X)|ut, =0} b :=|dul?
G =L,(Y), Tu:=uly, Tu:=ohuly.

Then the following assertions hold:

1. (I’ T, 9) is an elliptic boundary triple with
W2 ={ueHX)|ul, =0},

and H is the Laplacian on % fulfilling a Dirichlet condition on Z.

2. HP is the Laplacian on X with Dirichlet condition on 0X, and HN is the
Laplacian on X with Neumann condition on Y and Dirichlet condition on Z.
Moreover, A(z) is the usual Dirichlet-to-Neumann operator associating to the
boundary data ¢ on Y the normal derivative on Y of the Dirichlet solution
h € #* with Dirichlet condition on Z.

3. The scale of Hilbert spaces 9% (defined as dom A* with norm |@|gx =
| Ak @« ) is equivalent with the scale of Hilbert spaces 9*(AY) associated with
the Dirichlet Laplacian on Y (with norm ||(p||<4k(A1;) = ||(AD D 20]|s).

4. We have I'' (> D) =@'\? so that (I' 1y, I'',9) is a quasi-boundary triple
associated with H*. Here, H is the minimal operator, i.e., the Laplacian with
Dirichlet condition on X and Neumann condition on 'Y .

Remark 3.4.42.

1. If 3X is smooth, then the norm bound on I": H' (X) — L,(3X) will depend on
the geometry near dX < X. Basically, we have the behaviour || I"||?_,, < C£Z',
where £_ is the width of a collar neighbourhood dX x [0, £_] of dX. Moreover,
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the metric on the collar neighbourhood is of the form ds? + &, and C depends
on the behaviour of the metric i, on dX compared with hy. We will calculate
I |l1—o0 in an example in Proposition 6.2.9, an abstract version can be found in
Corollary A.2.7.

2. One can extend the above example of a boundary triple associated with a
manifold X also to certain examples of non-compact manifolds X with compact
boundary 3X . Actually, the boundary map I": H!(X) — L,(dX) and its derived
objects such as the Neumann and Dirichlet operator, the (weak) Dirichlet solution
operator and the Dirichlet-to-Neumann map are still defined for a general non-
compact manifold with compact boundary 0.X, but for further objects such as the
second order space #/, it is not a priori clear what space to use.

For example, if we define the norm on H2(X) locally via an atlas <7, the
space H?(X) = H?(X,.«/) depends on the choice of <7, and may even differ
as vector space for different atlases (see e.g. [LPPVOS, App.]). In Sects. 3.5-3.8
we present a concept of boundary triples which allows non-compact manifolds,
decomposing into a compact part and cylindrical ends. For such spaces, we can
control the H?-norm on the infinite ends (see Proposition 3.5.4).

Example 3.4.43. We constructed a boundary triple associated with a quantum graph
(G, ¥) with boundary dG C G in Sect. 2.2.3. It is shown in Proposition 2.2.18 that
this boundary triple is bounded, elliptic and associated with an ordinary boundary
triple in the sense of Corollary 3.4.37.

3.4.4 Krein’s Resolvent Formulas and Spectral Relations

Krein’s resolvent formula relate the resolvent of different self-adjoint extensions of
a symmetric operator. Here, we only compare the Dirichlet and Neumann operator.
Recall the definition of B(z) and A(z) in Lemmata 3.4.29 and 3.4.30. The main
result in this context is the following:

Theorem 3.4.44 (“Krein’s resolvent formula”). Assume that (I, "', %) is an
elliptic boundary triple. Let 7 € C\ (6(HP) U (HN)), then the resolvent difference
can be expressed by the chain of bounded operators

RN@) — R°G) = 4@ B@): 2 22 4 1%

= BE AR B 2L 9L 4 and (3450

B(2) 1/2 A(z)

RN — R°(2) = SQ)AQ) ' BR: A — 4 ) 50)

@32 "2 2 (3.45b)

Moreover, the resolvent difference extends to a bounded operator

7_1 Vd
RY() — 1ox RP @iy = S@ AR S@ o 2% g2 9 g2 59
(3.45¢)
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Proof. Set u = RN(Z)i and v = RP(z)v. By the ellipticity, namely its first condi-
tion, u, v € #2. Therefore, we can apply Green’s formula (3.32b) twice and obtain

(it. (RN(2) = R°(@)) = (u, HPv) — (H"u.v) = (T'u,~I"v)g
= (i, A()" B(2)u).

In particular,
RN(2) = R°(z) = A®)*B(2) = [R®)]"B(2)
= [I'(R°() + A@)*B®)] BR) = BO*[I'4Q®*] B()
since I'RP(z) = 0. Moreover,
TFTAR* =TSNz =A@ Y —9

due to Lemma 3.4.30 and Proposition 3.4.34. In particular, (3.45a) follows.
Equation (3.45b) can be seen from the ellipticity of the boundary triple and Propo-
sition 3.4.34. Equation (3.45c¢) is a consequence of the fact that S(2)*: #~! —
4~1/2 extends B(z) and that B(Z)* restricts to S(z) by Lemma 3.4.29. O

Let us deduce some consequences of Krein’s resolvent formula (based on results
in [BGPOS]):

Theorem 3.4.45. Assume that (I, I'',9) is an elliptic boundary triple. Then the
following assertions are true:

1. Letz ¢ o(HP), then

ker(HYN — z) = S(z) ker A(z), (3.46a)

where A(z) = I''S(2): 93> — 42, and S(z) is bijective as map between the
kernels.
2. For A ¢ o(HP), we have the spectral relation

Aeo(HY) &  0ea(A)). (3.46b)

Moreover, the multiplicity of an eigenspace is preserved.

3. Assume in addition that the boundary triple is bounded (i.e. that A is bounded)
and that T''(F*P) = 9, then the spectral relation (3.46b) remains true for the
spectral types pp, disc, ess, i.e. for the pure point (set of all eigenvalues), discrete
and essential spectrum.

4. Assume in addition to (3) that (a,b) N o(HP) = @, i.e. (a,b) is a spectral gap
for HP. Moreover, assume that the Dirichlet-to-Neumann map has the special
form



138 3 Scales of Hilbert Space and Boundary Triples

A —m(z)
Al) = ——,
(@) prE
where A is a bounded, self-adjoint operator on 4 and where m, n are functions
holomorphic on (C\R) U (a, b) and n(X) # 0on (a,b). Then for A € (a,b) we
have
AeoodHY) < md) €0.(A)

for all spectral types, namely, o € {0, pp, disc, ess, ac, sc, p}, the entire, pure
point, discrete, essential, absolutely continuous, singular continuous and point
spectrum (0p(A) = opp(A)). Finally, the multiplicity of an eigenspace is
preserved.

Proof. (1) Assume that h € ker(H™ — z). By ellipticity, we have 4 € #? and ¢ :=
I'h € 93/2. By definition of the Dirichlet solution operator, we have & = S(z)¢, so
that

ARQe=T"'S@Qe=T"h=0 (3.47)

using Proposition 3.4.22 for the characterisation of the Neumann operator domain.
For the opposite inclusion, let ¢ € ker A(z). By definition, ¢ € %°/2, so that
the regularity assumptions of the ellipticity imply & = S(z)¢ € #72. It follows
from (3.47) and Proposition 3.4.5, that & € dom H™ and therefore h € ker(HN —z).
In particular, (3.46a) is shown, as well as the surjectivity of S(z) as map between
the kernels. The injectivity is clear, since S(z) has a left inverse, namely I".

(2) Let 0 ¢ o(A(z)™"). By (3.45a), RN(z) = RP(z) + B@)*A(2)7'B(z) is
bounded, and therefore z € C\o(HY). For the opposite inclusion, letz € C\o(HY).
By Proposition 3.4.34, the operator A(z)™' = I'RN(z)I"* is bounded as operator
@=1/2 5 @1/2 hence also as operator on ¢. In particular, 0 € o(A(z)™").

(3) follows from the fact that a bounded elliptic boundary triple is naturally asso-
ciated with an ordinary boundary triple (Corollary 3.4.37) and [BGP08, Thm. 3.3].
Finally, (4) follows from [BGP08, Thm. 3.16]. Note that the special form of A(z)
already implies that A = A(—1) is bounded, and therefore the boundary triple is
bounded. |

Remark 3.4.46. We used the condition I"’(##>P) = ¢ only to ensure that we have
an associated ordinary boundary triple, in order to apply the results of [BGPOS]. It
is not clear to us whether this condition is really needed in this context. Moreover,
we are confident that one may prove a similar result for unbounded boundary triples
as in Theorem 3.4.45 (3) and (4) under suitable conditions. We want to treat these
questions in a future publication.

We end this section with the construction of an extended self-adjoint operator
associated with a boundary triple (for simplicity bounded), motivated by a similar
construction on quantum graphs (see Sect. 2.3):

Definition 3.4.47. Let (I, I'’, %) be a bounded, elliptic boundary triple, and let L
be a bounded operator on %. The associated extended Hilbert space is given by
H = ®Y, and similarly, the extended quadratic form h 1 is defined by
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b (f):==0(f),  f=(fF)edomby =7,

where .
A ={(/[F)e ' ®94|If=LF}. (3.48)

Proposition 3.4.48. Assume that (I', I'',9) is a bounded, elliptic boundary triple
such that T''(A*P) = ¢, and L a self-adjoint bounded operator on 4. Then the
extended quadratic form b is closed and non-negative. Moreover, the associated
self-adjoint operator is given by

A.f =HLLD'f)  for [ =(fF)edomH, =7,

where

AP ={(fF)eWV*®Y|I'f=LF).

Proof. The closeness of 6 1, follows from the fact that j?f is a closed subspace of
' ® 4, since I' and L are bounded. The statement on the associated operator
follows by an obvious calculation, using Green’s formula (3.32b). Moreover, from
Corollary 3.4.37 it follows that dom I-OI* = W2, where I?I = H FWOZ,

particular,dom H;, C #2 & ¥. 0

so that in

‘We mention the special case L = 0:

Corollary 3.4.49. Assume that (I, "', 9) is a bounded, elliptic boundary triple
such that I''(J*P) = 9. Then the extended quadratic form b and the corre-
sponding extended operator H associated with L = 0 are given by

ho=b"®o and Hy=H’ @0,

where o0 and 0 are the trivial form and operator on 9, respectively.
Let us now relate the spectrum of H; with the one of A(z):

Theorem 3.4.50. Assume that (I', "', 9) is a bounded, elliptic boundary triple
such that T''(#*P) = 4. Then the following assertions are true:

1. Forz ¢ o(HP), we have
ker(Hp —z) = S(z) ker(LAQ)L — z) (3.49)

where S’(z):g — J?Lz CW?>®Y and §(z)F := (S(z)LF, F). Moreover,
S (z) is an isomorphism between the above spaces.

2. Assume that A € R\ o(HP), then A is an eigenvalue of Hy iffker(LA(z)L —z)
is non-trivial. Moreover, the multiplicity of the (eigen)spaces is preserved.

3. Assume that (a,b) Na(HP) = @, i.e. (a,b) is a spectral gap for HP. Moreover,
assume that L = L idg for some Ly € R\{0}. Assume finally, that the Dirichlet-
to-Neumann map has the special form
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_ A—m(2)

A(2) EN

where A is a bounded, self-adjoint operator on 4 and where m, n are functions

on (C\ R) U (a, b) such that n(L) # 0 for A € (a,b). Then for A € (a,b),
A is an eigenvalue of H < mr,(A) is an eigenvalue of A,

where
i, (M) = Ly2zn(X) + m(A).

Proof. (1) Note first, that §(z)F = (S(z)LF, F) fulfils the coupling condition,
since LF = I'S(z)LF.Let (f. F) € 5 suchthat (H—z)(f, F) = 0, then (H —z)
f=0,LI"f =zF and I'f = LF.Inparticular, f = S@)I'f = S(Z)LF, so
that S(z) F = (f, F). Moreover, LA(Z)LF = LI''S(z)LF = LT"'f = zF by the
definition of A(z) (see Definition 3.4.31). In particular, the inclusion “C” follows.
The other inclusion can be seen similarly. In addition, S (z) is bijective on the given
spaces. (2) follows immediately from (1), as well as (3). O

Remark 3.4.51.

1. For brevity, we do not provide a resolvent formula similar to the one given in
Theorem 3.4.44. Moreover, as in [BGP08] (see Theorem 3.4.45), one may prove
similar results for other spectral types.

2. Formally, the above extended operator converges to the Neumann operator HN
in S if Ly — 00, and to the decoupled case of Corollary 3.4.49 if Ly — 0. The
limits can be given a precise meaning. For example, the function 71 ,(A) tends
to m(A) if Ly — oo.

3.5 Half-Line Boundary Triples and Complex Dilation

In this subsection we present a simple example of a boundary triple associated with
a half-line. Roughly, the idea is to consider elliptic partial differential operators like
the Laplacian A, = —d, + A, onacylinder X = Ry x Y as an operator-valued
ordinary differential operator on Ry = [0, 00), and express the conditions on the
transversal manifold Y and transversal operator K = A, on ¥ = L,(Y) only in
functional analytic terms. The construction given in Sect. 3.5.1 is closely related to
the setting of abstract fibred spaces in Sect. A.2, see also the book [GGI1] for related
results and [BChOS5] or [BBCOS] for similar concepts for first order operators. The
half-line example shows in a simple and abstract way why we loose “half” of the
regularity when restricting a function on a manifold to its boundary. Moreover, we
obtain explicit formulas for the Dirichlet solution and the Dirichlet-to-Neumann
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operator. Finally, the abstract setting allows us to treat the metric graph and manifold
(and other) models at the same time.

Next, in Sect. 3.5.2, we introduce the so-called complex dilation, starting with
the usual dilation ®’: R, — Ry, ®%(s) := e’s for § € R acting only on
the longitudinal half-line Ry = [0, 00). The corresponding unitary action U’
acts in the obvious way on the Hilbert space 77 := L,(Ry) ® ¢. The explicit
formulas for the unitarily equivalent operators like H? := UHU™Y, a priori
only defined for real 8 € R, will serve as a definition for complex 6 in the strip
Sy = {60 € C||ImB| < ¥/2} for & € (0,7/2). In the above example of the

Laplacian on a cylinder, the (Neumann-)Laplacian H = —e 29N + A, becomes
H? = —e729N + A, In particular, using the latter expression as a definition for

complex 0, the essential spectrum o.s(H) = [0, 00) of the undilated operator turns
into the complex plane as e (H 9) = e_ZIme[O, o0). Moreover, we can define a
dilated boundary triple (I'?, —I'"? | 4). Tt is an important fact that the associated
Dirichlet-to-Neumann map is independent of 8, i.e., A?(z) = A(z).

We will see that in more complicated examples (given by coupled boundary
triples in Sects. 3.6-3.7), eigenvalues (of finite multiplicity) embedded in [0, co)
for the undilated operator H remain unchanged and therefore become discrete
eigenvalues of HY.

We introduce the complex dilation in this simple half-line model first, in order
to illustrate the simple idea of complex dilation. The more complicated discussion
involving the domains for coupled boundary triples will be given in Sects. 3.6-3.7.

3.5.1 Half-Line Boundary Triples

We start with a Hilbert space ¢4 and a non-negative operator K with associated
quadratic form £. We assume that dom ¢ is dense in ¢. We associate a boundary
triple to these data as follows: The Hilbert space is given by

H =LR)®Y =L,(R+,9), (3.50a)

where R4 = [0, 00). Moreover, we define a non-negative quadratic form b by
h(f ® ) = I/IE, wplely + 1S IE @) t@), (3.50b)
with dom b =: #! generated by all f ® ¢ with f € H'(R;) and ¢ € domé, i.e.

the closure of all linear combinations of such elementary tensors with respect to the
norm

Lf ® @5 = ILf ®@elh = I£IPlel* + 1Lf 17e) + ILf IPllel”.  (3.500)
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Next, we denote by %2 the subspace of /#! defined by the closure of all linear
combinations of elementary tensors f ® ¢ with respect to the norm

Lf ® @l = 1 e lole + 112, @ 8@ + I FIIE @) I K0l

(3.50d)
where f € H>(R) and ¢ € dom K.
Proposition 3.5.1. Define
r:x'—e, Tu:=u0)e¥9, (3.51a)
rv?*—ga, INu:=u0)e%9, (3.51b)

then the operators I' and I’ are bounded by V2. Moreover, (I''—I"",9) is a
boundary triple with operator H given by

Hu = —u" + Htu, H' =id®K. (3.51¢)

where u” = (0, ®d)u is the second derivative with respect to the variable s € R .
For the choice of the sign in I"’ we refer to Remark 3.5.3 (1).

Proof. First, we note that 7! C H'(R;) ® 4 and #? C H*(R4) ® 4. Moreover,
the norm of both inclusions is bounded by 1, since

Lf ® ¢l @, yew = (LFIP+ 1L 1Pl < 1Lf ® @150

A similar assertion holds for #/2. In particular, we can apply the results of Sect. A.2
and Corollary A.2.8, and the boundedness of I" and I"’ follows (choosing s; = 0,
52 = 1, poo = 1). The density of ker I and ker I'’ in 7 is a known fact from
Sobolev space theory. In order to proof the density of ran I, assume thatu = f ® ¢
with /€ H'(R4) and ¢ € dom¢, then I'u = f(0)¢. Since dom £ is dense in & by
assumption, the density of ran I" in ¢ follows. Green’s formula and the form of H
is easily seen by partial integration and the fact that

uW'(s)e9 and u(s) € dom K (3.52)

for almost all s € Ry and all u € %72, using the definition of the norm on
#2. Here, we consider u as element in L, (R, %). Moreover, the boundedness of
H:W? — J is easily seen. O

Definition 3.5.2. We call the boundary triple (I',—I"’,%) associated with the
quadratic form € on ¢ as constructed above in (3.50)—(3.51), a half-line boundary
triple. We call £ resp. the associated operator K in & the transversal form resp.
transversal operator of the half-line boundary triple.
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Remark 3.5.3.

1. We prefer the minus sign inside the definition of I’ since then, continuity of
the “derivative” along the passage from the interior to the exterior part can be
expressed as I, u = I',u, see Proposition 3.6.2.

2. The basic example we have in mind is the PDE case where ¢ = L,(Y) and
K = Ay. Then # = Ly,(X) with X = Ry x Y, ' = H'(X) and
#? = H2(X). Since this example is pretty simple, we use it as a toy model
in order to define the complex scaling, and separate the arguments of complex
scaling and coupled boundary triples. Moreover, in this example, the Dirichlet-
to-Neumann map can be calculated explicitly (see Corollary 3.5.5). The more
interesting coupled model will be introduced in Sect. 3.6.

Let us now give explicit formulas for the solution operator and the Dirichlet-to-
Neumann map. Denote by 4" (K) = dom K"/?> C ¢ the Hilbert scale associated
with K. We assume that K has discrete spectrum p; = A;(K) (note that the case
dim¥ < oo is included):

Proposition 3.5.4. Assume that K has the spectral decomposition Koy = i@k,
where {@i} is an orthonormal basis of ¢4, and where the eigenvalues i form a
discrete set. Moreover, we assume that 7 ¢ Xy = {z € C|largz| < U}, where
¥ e (0,7/2).

Then the Dirichlet solution operator S(z): Y —> J€ is given by

S@¢ = {er. ) fi ® i

k

where fi.(s) = eV and \/w is the complex root cut along the positive half-axis
Ry. The convergence of the sum in 7 = L,(Ry) ® 9 and S(z) as operator from ¢
into A is bounded by 27'/?(sin(99/2)) "/ 2dy (z)~/*, where dy (z) = dist(z, C\ Zy)
(see Fig.3.1).

Moreover, S(z)p € H"(R1) ® 9 iff ¢ € 9" V2(K) for integer m > 0, and
the sum converges in H"(Ry) ® 4. In particular, S(z)¢ € " iff ¢ € 4'/*(K)
and S(z)p € W72 iff o € 9°/%(K), and the sum converges in 7" resp. #*. Finally,
S(z):9V*(K) — " and S(z):9%*(K) — #'* are bounded by a constant
depending only on ¥ and dy(z).

Proof. Note first that Im /z — jix > 0 and ¥ < arg(z — ux) < 2w — . Moreover,

1
2Im ik
1 1
< <
~ 2sin(¥/2)|z — i |V2 T 2sin(P/2)dy(2)1/?

o0
1Al = [ v,
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Xy + Uy

w] Imw

Fig. 3.1 The complex plane z with cut along [u;,00) and the complex half-plane of w =

/7= it Here, ¢ = arg(z — 1)

for all k (see Fig. 3.1). Similarly, the m-th derivative is fk(m) = (iy/z— mx)™ fx,and

therefore we have 12
||f(m)||2 < w
k ~  2sin(¥/2)

Set u := S(2)¢. Since { fr ® @i} is an orthogonal system, we have

1
P = Z| w11 = s ol

This shows the convergence in 77 of the sum and the norm bound. Similarly,

el ., o = Z{ (or.0)| Zuf,j”n le|I?

i=0

_Z{ (ge. o) [ Zz|lm\/g|

< (sin(®/2))"')] 1 2w i
{;g ©/2) }'EZ}(%,(PH > e = el 72
= k i=0
and the latter expression is finite iff ¢ € ¢”~!/2(K). Since the coefficients of

_ 2 2 _ 2 Mk
Q1 ® 6 = ;|<<pk,so>| FARIOE ;\m,m T Weeyml

are of order /L]l{/ :

order /Lz/ 2, we have u € dom1 ® € and u € domid ® K, respectively. In particular,
u € A" resp. u € #?. The convergence of the sums in the appropriate norms

follow from the above estimates, as well as the boundedness of S(z). O

|? are of

as k — oo and similarly, the coefficients of ||(id ® K)u
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Corollary 3.5.5. Assume that K has purely discrete spectrum K¢ = |k @r. Then
the Dirichlet-to-Neumann operator A(z) :== —I"'S(z) is given by

AQp = =i ) Vi= o 9l = —ivz— Ko
k

with domain

dom A(z) = {(p € fﬁ‘ Z(l + i) (@i @) | < oo} = dom K/2,
k

Moreover, A(z)?> = K — z, and A(z)™" is compact. In particular, for z = —1, we
have
A=ACD =3 VI plpe e = (K + D'
k

Finally, the scales of Hilbert spaces 4™ (K) and 4™ (see Definition 3.4.10) agree
and have equal norms

l@llgn ) = I(K + D)™ = |A" ¢ = [|¢llgn.

Proof. Since for ¢ € 9%?(K), the expansion of u = S(z)¢ convergesin % by the
previous lemma, we can interchange the sum and I'’ in the expansion of A(z)¢ =
I'’u, and obtain the desired expression for A(z)¢. The other assertions follow easily.

O

Theorem 3.5.6. Let (I, —I"',9) be the half-line boundary triple associated with
ton 4. If the associated operator K has purely discrete spectrum, then the boundary
triple is elliptic.

Proof. We check the assumptions of Proposition 3.4.28. The Dirichlet and Neu-
mann operator HP and HN associated with the boundary triple are given by

H°N = 9PN 4 id®K = L+ H™,

where L := —E)EY/ N denotes the Laplacian on R4 with Dirichlet resp. Neumann
boundary condition at 0. By Proposition 3.4.24, we have to show that the % 2-norm
can be estimated by the graph norm of the Dirichlet resp. Neumann operator. In
particular, for the Dirichlet operator we have

el 2 = Null® 4 N’ 1P+ I+ NCHS) 2l )+ | H
= llel® + (. Lu) + || Lual® + (Lo, Hu) + | H b

CY
< 2(lll® + I Lull® + [ Hul?)
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for u € #? with u(0) = 0 resp. u/(0) = 0, since L and H- commute. By the same
reason, the spectral calculus applies and we have

ILull® + 1 H > ull® = (u, (L + (H))u) < (u, (L + HY u) = | HPNul?,

hence we have shown (3.41).

Next, we show that I": #? — %3/2 is bounded: For u € #72, let ®(s) =
| K3*u(s)|). It can be seen that ®(s) exists and is derivable for almost all s € R,
that @(s) — 0 as s — oo and that ®'(s) = 2Re(Ku(s), K'/?1/(s)). Then we have

o0 cY o0
1 ullZs, = @(0) = —fo P(s)ds =< [0 (IKu) P+ K2d ($)11)ds < llul,»

using the fact that 4" is the scale of order m associated with K (see Corollary 3.5.5).
Therefore, the boundedness with norm bound 1 is shown.

For I'":#? — %2 we argue similarly, now with ¥(s) := || K%/ (s)|>.
Here, we have ¥'(s) = 2Re(—u"(s), K"/ ?u(s)) and || I"u|| =¥(0) < ||14||2W2
similarly as before.

It remains to show that S(¢3/%) C #2, but this was shown in Proposition 3.5.4.

O

2
@1/2

3.5.2 Complex Dilation

Let us now define the one-parameter unitary group of dilations. Such unitary groups
will be used later on in order to define resonances. For a self-adjoint restriction
H of H, we define the dilated operator H? = U HU Y for real parameters 6,
and use the explicit form of HY later on as definition for complex values of 6.
A discrete eigenvalue of H % will be called a resonance; and it can be shown that
the definition does not depend on 6 provided Im 6 is large enough. Note that such
eigenvalues only occur for coupled systems. In the half-line model here, there will
be no resonance (e.g., the spectrum of H?P — the dilated Dirichlet operator H") —is
purely essential, see Proposition 3.5.14). Nevertheless, we think that it is helpful to
treat first the complex dilation in this section, and then coupled systems in Sects. 3.6
and 3.7.

Definition 3.5.7. For # € R we define U?: # — ¢ by
U'(f @) =0 &0
where U is the unitary dilation operator in L, (R ) given by

(O F)(s) = "2 f ().
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A simple calculation shows that U is unitary. Let us now define the unitarily
transformed quadratic form h?:

Definition 3.5.8. The dilated quadratic form associated with h is defined as
hO (u) := h(U%u), dombp? := U%(domB).

Note that h° = b is the original form. If H is the operator associated with b (the
Neumann operator), then
H =U"HU™".

Denote by h= the form defined by b~ ( f ® ¢) = || £ ||*£(¢), i.e. the form associated
with H+ = id®K.

Lemma 3.5.9. Let 6 € R, then the dilated quadratic form 4 is given by
6% (u) = e [lu/|I* + b () (3.53)

foru € domb? = domh = 2.
Proof. By the definition of U?, we have h? (1) = h(U ~%u). Moreover,

mvﬁw=ﬁ 1O ~u) () ]13.ds + b ()

since b (U™ (f ® ¢)) = bH (O f @ ) = 1T f[Pe(p) = | fIPe(p) =
b1 (f ® @) by (3.50b). The integral equals

* 6 0 00 0 0
| 1w ol = [ e e s
0 0

and the formula for h? follows by substituting s = e~ ’s. O

We can now define a dilated boundary triple (I'?, —I""? | %) with
r‘.=e*?r and Ir"?:=e7r. (3.54)
The following result is now a simple consequence. The ellipticity follows as in

Theorem 3.5.6:

Proposition 3.5.10. [f0 € R, then (', —=r"?.9) is a boundary triple for h®. The
operator H is defined on W* and acts as

v

HY = %3, ®id +id®K (3.552)

where 0y denotes the second derivative operator in L,(Ry), and where K is the
non-negative operator in 4 associated with &.
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Assume in addition, that K has purely discrete spectrum, then the dilated
Dirichlet solution operator is given by

'@ =Y (o o) @, where  f(s) = "HVETE - (3.55D)
k

Moreover, the same convergence assertions as in Proposition 3.5.4 hold.

The dilated Dirichlet-to-Neumann operator, defined by A% (z) := —I""? S%(z), is
independent of 0, i.e., A?(z) = A(z), where A(z) = —I''S(z) is the Dirichlet-to-
Neumann operator associated with the undilated boundary triple (I', —I"',9). In
particular, the Hilbert spaces 9* associated with the Dirichlet-to-Neumann are the
same for all 9.

Finally, the boundary triple is elliptic.

We will now use the above formulas (3.53)-(3.55a) as definition for complex
values of 0. Let ¢ € [0, 7/2)'? and denote by

Sy :={60 € C||Imb| < ¥/2} (3.56)

the horizontal strip of thickness ¢ centred around the real axis.

Definition 3.5.11. Let # € Sy. We say that the boundary triple (I'?, —I""?,9)
associated with h? with operator HY as given in (3.53)—(3.55a) is obtained from
the half-line boundary triple (I, —I"’, %) associated with ) by complex dilation. We
also call (I'?, —I"'? | 4) the complexly dilated boundary triple.

Formally, (I'?,—I""%,%) is a boundary triple associated with the sectorial
quadratic form h? in the sense of Definition 3.4.3, with the corresponding dilated
operator HY given in (3.55a) for 0 € Sy. For example, Green’s formula in the
complexly dilated case reads as

(, H) o = b, v) + (Iu, T (3.57)

We also extend the notion of “ellipticity” to the case treated here. In particular, we
call the complexly dilated boundary triple (I"?, —I"" | 4) elliptic, if the conditions
of Definition 3.4.21 are fulfilled.

Since the spaces #2, #*P = dom H?P and s#*N = dom H'N are
independent of 8, and since the dilated and undilated boundary maps differ only
by a factor, the ellipticity of the complexly dilated boundary triple can be seen as in
Theorem 3.5.6.

We do not provide a general theory of boundary triples associated with sectorial
quadratic forms and operators here, for this purpose see e.g. [Ar00].

Note that the domain of the Neumann operator HN for a coupled dilated
boundary triples as defined in Sect.3.6.2, which plays the role of the coupled

12We restrict  to [0, 7/2) in order to obtain sectorial operators like H 0D of Proposition 3.5.14
having its spectrum lying in a sector strictly contained in the right half-plane. Some results remain
true also for 7/2 < ¥ < 7.
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operator will depend on 6, causing some technical trouble when showing the
holomorphic dependence on 6 in Sect. 3.7.
For the rest of this section we assume that 0 < ¥ < ¥y < 7/2,

06S0={9€C||Im9|§ﬂ/2} and zeC\Z‘,yoz{z€C||argz|>z90},
where Xy, 1= {ze(C]|argz|§190}, (3.58)

if not otherwise stated. Then the sum in the dilated Dirichlet solution operator
given in (3.55b) converges in #? (resp. in H"(R;) ® %), as in the proof of
Proposition 3.5.4.

Remark 3.5.12. Note that we need to restrict z to C \ Xy, C C\ X in order that

the dilated Dirichlet solution operator converges as in Proposition 3.5.4 (replacing
U by 99 — ).

Let us now look at the holomorphic dependence on 6 and give some precise
bounds on certain operators associated with the complexly dilated boundary triple.
We first need the following extension of Lemma 3.4.16 for the dilated case:

Lemma 3.5.13. Forz,w € C\ Xy and 0 € Sy set

sup M (3.59a)

CQ(Z, W) : B
ai=0 €724 + Kk — 2

—29/1 _
COw) = sup 1= 2Tk =wl (3.59b)
a0 Atk —2

Then Cy(z, w) and C?(z, w) fulfil
1 < Colz,w), C%(z,w) < 0. (3.59%)

Both constants depend only on Im 6 and the dependence is continuous. In particular,
the constants

C<p(z,w) := sup Cy(z,w) and C="(z,w) := sup C/(z.w) (3.59d)
0eSy 0€Sy

are monotonous in ¥ and fulfil the bounds
1< Caplzw), C=(zw) < 0. (3.5%)
Proof. In order to see the boundedness note that

- . Atk —w . A+Kk—w
e 2Rebl < hmlnf—| T | <1 <limsup —| T | < g2IRefl
Li—oo [€e 20N 4+ Kk — 7] Ax—oo €724 + K —7]
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In particular, Cy(z, w) fulfils the bounds (3.59¢). Moreover, replacing A by A’ =
e 2Re? one can see that Cy (z,w) = Cime(z, w), and the latter depends continuously
on Im#. In particular, C<y(z, w) fulfils the same bounds and is monotonous. The
assertions for C?(z, w) follow similarly. O

We collect some obvious facts about the Dirichlet operator. Similar assertions
hold for the Neumann operator H?N:

Proposition 3.5.14.

1. Let H?P be the Dirichlet operator associated with the dilated boundary triple
(I'?,—r"%,%4), then H%P is given by

HP = —¢ 90 @ id+id ®K., (3.60a)

where —dP. is the Laplacian on R4 with Dirichlet condition at 0. Moreover, the
domain dom H®P = dom HP is independent of 0.

The operator H?P is normal, i.e. commutes with its adjoint.

The operator H%P commutes with the undilated operator H® = H%P.

The family { H%P}y is self-adjoint, i.e. (H®P)* = HOD,

The family { H%P}y depends holomorphically on € Sy, 0 < ¥ < 1/2, i.e. the
family is of type A (see [K66, Sect. VII.2]).

6. The spectrum of H?P is purely essential and given by

Lk W

o(H*P) = o(K) +e72™%[0,00) = {k + > |k € 0(K), A =0},

and is contained in the sector Xy. Moreover, the resolvent RO’D(z) =
(HOP — 2)~! fulfils the norm estimate

1
”RG.D(Z)” = m = J/,gD(Z), ie. HO’D e%(y?,C\Eﬂ)

(see Definition 3.3.3).
7. The resolvent as operator

RG'D(Z)Z%IC’D — jkarZ,D

is bounded by C<y(z,—1) for z ¢ Xy and 0 € Sy (see Lemma 3.5.13), where
JFP s the scale of Hilbert spaces associated with H® = H%P. In particular,

IRP @11 < Czo e =) =7 @), e H'P € Z1(y! . C\ Zy)

(see Definition 3.3.10).

Proof. The assertions are easily seen. For example, the explicit expression of
HP in (3.60a) guarantees the holomorphy as well as the commuting properties.
Moreover,
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o(H*P)y c {e™ A+« |1 k>=0}C .

The boundedness of the resolvent in (7) follows from
IR*P (@) lk—k+2 = I(HP + DR*P )| < Co(z.—1),

where we also used (3). |

Due to (3), we can use the scale of Hilbert spaces associated with H D In particular,
we do not need a compatibility operator as in Sect. 3.3, since the domain of H%P =
' is independent of 6.

The dilated Dirichlet solution operator S?(z) maps ¢'/2 into

N () = {v e A" | 6% (u,v) = z(u,v) Yu € #"'P }, (3.61)
the weak solution space.
We have an expression for the solution operator as in Proposition 3.4.17:
Lemma 3.5.15. The Dirichlet solution operator S%(z): 9> — ' can be
expressed as

S%(2) = e??(id o1 —tonRPP ()i (HPN - 2)) S, (3.62)

where S is the Dirichlet solution operator in z = —1 for the undilated boundary
triple (see Definition 3.4.6), and where ipn: P — A is the natural
embedding.

Moreover, the above chain of operators is bounded by

1S°@Ilj2—1 < (1 4 C<p(z. —1HC="(-1.2)).
Here, 412 carries the norm of the undilated boundary triple (see Lemma 3.5.13 for

the definition of the constants).

Let us now summarise the assertions on holomorphic dependency on 6 and
boundedness of certain dilated operators as follows:

Proposition 3.5.16. Assume that the transversal operator K has purely discrete
spectrum. Then the adjoint of

B(2) = e iqpRIP(2): A — 4

extends the Dirichlet solution operator S(z): 9> —s 7', Moreover, the adjoint
of the Dirichlet solution operator S°(Z): 4> — A" extends B (z). In addition,
the following operators are bounded and depend holomorphically on 8 € Sy as
operators
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BY(0): # — 9, BY(2)*: 9 — 2,
BY(2): 0 — 9'/2, S§%2): 937 — w2,
S @ — g2, S 9 — .

Proof. The boundedness and holomorphic dependence of B? (z): # — ¥ follows
by ellipticity of the boundary triple. Moreover, that the adjoint of BY(Z) extends
the Dirichlet solution operator follows similarly as in Lemma 3.4.29, namely if
¢ € 92 then
B°(@)*¢ = S’ (2)p.

In particular, the operators in the first line of the second displayed formula are
bounded. The boundedness of the operators in the second line is ensured by the
ellipticity. The holomorphic dependence of the operators in the second line follows
from the holomorphic dependence of the operators in the first line and the fact that
an operator-valued function is holomorphic w.r.t. the operator topology iff it is holo-
morphic w.r.t. the weak topology (see e.g. [K66, Thm. I11.3.12]). Indeed, it suffices
to consider the weak holomorphy only on a dense subset in the Hilbert space, since
the operators depend continuously on 6, and therefore are locally bounded (cf. the
remark after Thm. II1.3.12 in [K66]): Denote by A the strictly positive operator
associated with the 1-densely embedded space #? into .# (see Lemma 3.1.6). Then

(, S° (@) > = (Au, S° (@) e = (B’ (@) Au, 9)

foru € domA C #? and ¢ € 43/2. But the latter depends holomorphically on 6
by the explicit expression for B?(Z) and Proposition 3.5.14. Moreover, since A is
strictly positive, ran A = . and therefore S%(z):4%? — #? is holomorphic.
The holomorphy of BY(z): s# — %'/? follows similarly.

Finally, the boundedness in the third line follow from Lemma 3.5.15, and the
holomorphic dependence can be seen similarly as below. O

We will need similar properties as above for the scale of Hilbert spaces on ¢
associated with a coupled Dirichlet-to-Neumann map as defined in the following
section.

3.6 Coupled Boundary Triples and Dilation

In this section we define a new boundary triple by coupling two boundary triples
having the same boundary space ¢. If one of the boundary triples is a half-line
model, we can define the associated dilated, coupled boundary triple. The associated
Neumann operator H? fulfils jump conditions at the passage from one boundary
triple to the other depending on a (in this section) real parameter 6.
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3.6.1 Coupled Boundary Triples

We first define a coupled boundary triple associated with a coupled quadratic
form. Note that the construction for ordinary boundary triples is well- known see
for example [DHMSO00, Sect. 5] and the references therein. Let (In, I, %) be a
boundary triple associated with a quadratic form by, > 0 on J77 with operator Hlm
as in Sect. 3.4, the interior boundary triple. Moreover, let (I'ex, — Iy, ¢) be a half-
line boundary triple associated with the transversal quadratic form £ as in Sect. 3.5
having the same boundary space ¢ as the interior boundary triple. The underlying
Hilbert space is #exe = L, (R4) ® 9. We call (Iox, =1y, &) the exterior boundary
triple. We assume that K has purely discrete spectrum The results of this subsection
also hold for more general boundary triples ([ ext, — 9) (see Example 3.9.6).

1nt ’

exl ’

Remark 3.6.1. We use the subscripts (-)iye Or (+)ext for the corresponding objects
of the interior and exterior boundary triple. If it is clear from the context which
boundary triple is meant, we often omit the subscripts. For example, we write I/ u

nt
instead of I''/ uin etc.

The aim of the following section is to define a so-called coupled boundary triple
(I, T'’,%9) associated with a coupled quadratic form §. The Hilbert space of the
coupled boundary triple is defined by

H = S ® Hixe. (3.63a)

For further references, we also define the decoupled spaces

A = A AL, and W =W (3.63b)
Moreover, we denote by HP and HY the corresponding parts ¢ = int, ext (see

Definition 3.4.2) and the associated Hilbert scales by AP and N, respectively.
The corresponding spaces
AP = 5D @ 5P and N = N @ N (3.63¢)

“int nt

are decoupled. Note that 771N = jz71-dec,
The coupled quadratic form b is defined by

b(u) == Binc(u) + hexe ()
foru € domb := " and
A= {ue A | L = Texaut §. (3.63d)

On 7", we define the boundary map
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r:#"—¢,  I'u=lyu= .
since the latter are equal. The operator H is defined on
W2 = {ue W | Fnu = Tyt } (3.63¢)
and given by Hu = I-Vlimu @ ﬁextu. Finally,

r'w*—g, INu:=T]

u— I (3.63f)

Proposition 3.6.2. Assume that (I'n., I}, 9) and (I'ex. =T 9) are the two
boundary triples associated with by and Yex,, and that (I', I'',9) with the asso-
ciated objects are defined as in (3.63).

1. The coupled space " is closed in 7. In particular, the quadratic form
b = (Dint D Hext) [ 1 is closed.
2. Assume that
@2 := ran [y N ran Doy (3.64a)

is dense in 9, then (I, T"',9) is a boundary triple associated with b, called
coupled boundary triple.

3. The associated Dirichlet operator HP = HiEt &) Hert
the associated Neumann operator H = HN has

is decoupled. Moreover,

2N . 2.dec
/4 .={u€7/ °°|Fexlu=1"imu, Ilou= i:nu}
in its domain, i.e., W*N C #?* = #*N ;= dom HN.
4. The associated Dirichlet solution operator is given by

S(Z)§0 = Sint(z)(p @ Sext(z)(p (3.64b)

for ¢ € 412,
5. The associated Dirichlet-to-Neumann operator is given by

A == Aint + Aex[, (3.64C)

where Se(z) and Ae are the Dirichlet solution and Dirichlet-to-Neumann
operators associated with the interior and exterior boundary triple, respectively.
In particular, if the transversal operator K of the exterior boundary triple has
purely discrete spectrum, then A(z) = Ain(z) —iv/z — K by Corollary 3.5.5.

6. The coupled boundary triple is bounded iff the interior and exterior boundary
triples are bounded.

Proof. (1) The operators I's: 77! —> & are bounded so .7 is a closed subspace
of s#1%¢ and therefore b a closed form. Recall that e is assumed to be a closed
form on 7', i.e. 7 with its natural quadratic form norm is a Hilbert space.



3.6 Coupled Boundary Triples and Dilation 155

(2) The boundary operator I'': #> — % is bounded, since I and I,
Moreover, we have

h(u7 v) = hint(uv V) + hext(uv V)
= <u HmtV)mt + (u Hexlv>ext + (Fu Fmtv Fxtv>

= (u, Hing¥)int + (16, HexVext + (Tt T'V) g

for u € domh and v € #? using Green’s formula (3.32b) for the individual
boundary triples, so that Green’s formula for the coupled triple holds. Next, ran I =
ran [, N ran Iy is dense in ¢, as well as

ker I = ker Iy @ ker Ly and kerI'' D V/H%t <) ”//ei[

are dense in .77, since the corresponding property is true for the interior and exterior
triple. Finally, it is easily seen that H:#?* —> A is bounded, since H,: Ve —
e are bounded.

(3) The assertion on the Dirichlet operator is clear. The assertion on the Neumann
operator domain is obvious from Proposition 3.4.5, since # >N = ker I'"".

(4)—-(5) The formula for the Dirichlet solution operator is easily seen. In
particular, S*'u = S:ltlu + Sxluforu € 71, and therefore (3.64c) follows.

(6) Finally, A is bounded iff Aj, and Ae are bounded, and by Proposi-
tion 3.4.11, the same is true for the boundary triples. O

Denote by ¥ and ¥* the scale of Hilbert spaces associated with A, and A =
Aine + Aexe, respectively, where ¢ = int, ext. Let us relate the different scales of
Hilbert spaces on ¢:

Lemma 3.6.3. We have

el = 1Sl = ||§0||2 12+ ||<P||2 12 2 ||<PII2 1722 (3.65)

ml ext

and in particular, the natural embeddings

g1/2 c @ g—l/Z

A

@)/* < g g2

are bounded by 1.

Proof. The result follows from

||¢||?<¢1/2 = ”SQD”(Z;QM = ||Sint§0|| 2 + ||Sext(P||2 = ||§0||2 2t ||§0||2 12>

ml
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using the definition of the norm on ¢'/? (Definition 3.4.8). i
Remark 3.6.4.

1. In general, we can not expect to have other relations between the different scales
4" and ¢4 than the one for m = 1/2 in the above lemma. Note that (0 <) A, <
A does not in general imply that Ak < A fork > 1,i.e.

el = (0. ASe) < (0. A%0) = llglliyes,

since (-)¢ is not operator monotone. On the other hand, the function (-) is
operator monotone for 0 < k < 1, and therefore, we have a similar diagram
with 1/2 replacedby 0 <m =k/2 < 1/2.

2. Note that ellipticity for the individual boundary triples does not imply in general
the ellipticity for the coupled boundary triple, since the scales of Hilbert spaces
on ¥ associated with Ajy, Aex and A = Ajy + Aexe may be different, as we
have seen above, and there is (in general) no relation between the scales of order
|m| > 1/2.

But if we know that a priori that (3.66a) holds for some constants 0 < ¢ < C,
then we can conclude by operator monotonicity that the scale ¢™ associated
with the coupled Dirichlet-to-Neumann operator A agrees with the scale ¥4
associated with A, for |m| < 3/2, moreover, the m-norms are equivalent. Note
that then also condition (3.64a) is fulfilled since ¥'/? = A /2 = ranT.,.

In order to assure the ellipticity for the coupled boundary triple (see Defini-
tion 3.4.21), we therefore have to assure that the scales of Hilbert spaces ¢" and
@™ agree for m = 3/2 and therefore for all |m| < 3/2.

Theorem 3.6.5. Assume that (In.T')..%¥) is an elliptic boundary triple and
that K has purely discrete spectrum (so that (I'exi, — I, ¥) is also elliptic by
Theorem 3.5.6). If

(cA)? < A < (CA)’ (3.66a)

holds for some constants 0 < ¢ < C, and if in addition, the domain of the coupled
operator H (the Neumann operator for the coupled triple) fulfils

2N =dom H c w2, (3.66b)

then the coupled boundary triple is elliptic. Moreover, for z € C \ Ry, the coupled
(strong) Dirichlet solution operator is given by

S@:9* — w2 S@¢ = S ® Sex ()9 (3.66¢)

for ¢ € 432, the coupled Neumann solution operator reads as
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SN@: 9?2 — w2, SNy = SN (@) A AT @ SN (D) Ae AT Y
= S AT'Y B Sex(2) Ay (3.66d)

for ¥ € 42 and the coupled Dirichlet-to-Neumann operator is
A@R) = An(@) + Aen(2): G — G2, (3.66€)

Moreover, all these operators are bounded.

Proof. For the ellipticity, we check the assumptions of Proposition 3.4.28: First, we
have to ensure that the domains of the Dirichlet and Neumann operators are actually
subsets of #2. Since dom HP = dom HP. & dom HY,, and since both boundary
triples are elliptic, we have

dom HP = (#;2 Nker INy) & (W2, Nker [ey) = #> Nker ' C W2
The corresponding assertion for the Neumann operator is part of our assumption.
Moreover,

—3/2 I —3/2 —3/2

I ullgs/2 < ¢

lullyz < ™ llully-

ext

Fexatt]| 32 = €
(see the proof of Theorem 3.5.6 for the second inequality), and similarly
I ullgro < 2 (1 gt r2 + I Tt 172)
int ext
< 2Tl 2 + D(lullye + llully2)

< cTV22(I5 12 + Dllullp2.

Finally, let ¢ € %/2. It follows from (3.66a) that ¢ € /> N 42/*. Moreover, by
the ellipticity of the individual boundary triples, Sing € Wuﬁ and Sexp € Weit In

particular, we have S¢ = Sin@ D Sextp € #2. The ellipticity now follows from
Proposition 3.4.28. O

Remark 3.6.6. We would like to conclude the coupled ellipticity only from the
individual ellipticity and the compatibility condition (3.66a), i.e., we would like to
drop the condition (3.66b). By a slightly different approach to boundary triples we
can prove Krein’s resolvent formula RN = RP + SA™!B: # — 7 (see (3.45a))
without using ellipticity (namely dom HN C #/%; note that the proof of (3.45a) uses
this assumption in a slightly hidden way: we assumed there that v = RN(z)v € #/2
in order to apply Green’s formula). Then we have

dom HN = ran RN c ran R® + ran SA~'S*
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for the coupled operators, and the ellipticity of the individual boundary triples
ensures that the latter space is included in %2, since

A—l
* / D , D 1/2 3/2
S*f = =TI tinenp RY, fint + T textenp R, fou € GV — 43/

for f € 2 and S(4%?) C #? by (3.66c). We will treat this approach in a
future publication. In any case, the domain condition (3.66b) is fulfilled in our main
examples, see Propositions 3.6.11 and 3.6.13.

Corollary 3.6.7. Assume that (I, I, 9) and (I'exi. — Iy, 9) are bounded ellip-
tic boundary triples and that dom H = >N C W2, then the coupled boundary
triple is elliptic.

Proof. We only have to check (3.66a) from Theorem 3.6.5. But this is obvious
since all Dirichlet-to-Neumann operators A, Aj, and Agy are bounded by Proposi-
tion 3.4.11 (3). O

3.6.2 Dilated Coupled Boundary Triples

Let us now define the dilated coupled boundary triple, first for dilations with real
parameter 6. The main observation for dilated coupled boundary triples is, that the
Dirichlet-to-Neumann operators associated with the dilated and undilated boundary
triple agree.

The one-parameter unitary group of dilations on the coupled system defined by

Ut — s,  U'u=idn U, (3.67)
for 6 € R, where U, = U? ® idy was defined in Definition 3.5.7.
The unitarily transformed coupled or dilated form h? is given by

6% (u) ;= H(U %),  domb’ := U’(domBb). (3.68)

Note that h” = b is the original form. The proof of the following proposition is now
straightforward:

Proposition 3.6.8. Let 0 € R, then the dilated quadratic form 4 is closed and
given by

b7 (u) = () + 0% ), bl ) = e |? + b () (3.692)
foru e domb? = 210 where

AV ={u e A T = L }. (3.69b)
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The associated operatoris H? = U’ HU =% > 0 and acts as

H% = Hyu® HS u, where HY = —e2%3, +id®K, (3.69¢)

ext

and K is the transversal operator associated with the half-line boundary triple,.
Moreover,

dom HY > w>0N .=
{ue W | Ty ="My, Tlu=e’TLu}. (3.69d)

We can now define the associated dilated coupled boundary triple as follows:
Definition 3.6.9. Let 6 € R. The dilated coupled (or 0-coupled) boundary triple
(I'?, ', 4) associated with the quadratic form h? is defined by

= Lo = Tou = e Ty, ue ", (3.70a)
IMu:=rlu— T = Tu—e2 T u, uew>, (3.70b)

ext
The operator H is given by

Hu = Hiwu ® HSu = Hittine ® (—e 2ul + (id @ K )ttext) (3.70c)

CXI

foru € ¥, where
w0 .= {u € e ’ Tyu = ee/zﬂntu}

with norm as on %/ 24,
The dilated coupled boundary triple is indeed a boundary triple:

Proposition 3.6.10. Let 6 € R and assume that ran [y N ranle = ranl” is
dense in 94 (see (3.64a)). Then the triple (I'°, I''% |4 associated with the (closed)
quadratic form 1Y is a boundary triple.

Moreover; the associated Dirichlet operator H%P = Hllr?t ® H 9[ is decoupled.
The corresponding (weak) Dirichlet solution operator is given by

S (2)p = Sm(2)p ® L ()¢ (3.71a)

for ¢ € 92 and z € C\ Ry. The associated Dirichlet-to-Neumann operator is
given by
AG(Z) = A(Z) = Aint(Z) + Aext(Z)y (3.71b)
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where Ae(z) are the Dirichlet-to-Neumann operators associated with the interior
and exterior boundary triple. In particular, the Dirichlet-to-Neumann operator is
independent of 6.

Finally, the dilated coupled boundary triple is elliptic if the (undilated, i.e.,
0 = 0) coupled boundary triple is elliptic. In particular, dom H? = w>oN
(see (3.69d)).

Proof. The assertions follow from the fact that U? is unitary and that U? maps the
undilated spaces onto the dilated ones. This is in particular true for the condition
dom H? C #?Y of the ellipticity. Moreover, the associated undilated and dilated
Dirichlet-to-Neumann operators A and A? are equal (see Proposition 3.5.10), so
that the corresponding scales of Hilbert spaces agree. O

Note that the assumptions of the above theorem are fulfilled in our main
examples: the PDE case (for the notion X = Xj, U X see Sect.5.1.2) and the
metric graph case.

Proposition 3.6.11. Assume that X = Xy U Xex is a manifold with finitely many
cylindrical ends Xexy = R4 X Y and compact interior part Xin with piecewise
smooth boundary 0Xiy such that the common boundary of the interior and exterior
part Y = Xint N Xext is smooth and compact. In addition, we assume that the metric
on Xext has product structure ds? + h, where h is the metric on Y. Moreover, we set

= LX), A =H'(X.)., #2:=HA(X.). be(u):= ||dul?

G :=L,(Y) Tou = ue |y, Tlu:=u,ty, H, = Ay,,

where o = int,ext and u' is the derivative in outgoing direction on the cylinder.
Then the dilated coupled boundary triple (I'?, ' ,4) on A = L,(X) is given by

%1’0 = {u € Hl(Xim) D Hl(Xext) | Uint ry = e_e/zuext rY },
he(“) = ”d“”izm + 3_20||M'||§xt + ”dY"‘Ilgxt’

—30/2.1
uext Y-

Toui= by = e uey Iy, Iy .= u, by —e
Moreover, the dilated coupled boundary triple is bounded and elliptic. The transver-
sal operator is given by the (Neumann) Laplacian on Y, i.e, K = Ay, and the
Dirichlet-to-Neumann operator is independent of 6, namely

A'(2) = AQR) = Am(z) —iyz— 4y.

Proof. The individual (undilated) boundary triples are elliptic by Theorems 3.4.39
and 3.4.40. Note that we can always assume the situation of Theorem 3.4.40, namely
the existence of a collar neighbourhood U = [0,{_] X Y near Y in Xj, by cutting
the entire manifold on the cylindrical end. Since Ao, and A are elliptic pseudo-
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differential operators of order 1, the norms on the associated scales of order m are
all equivalent as in Theorem 3.4.40 (3). In particular, (3.66a) is fulfilled.

For (3.66b), we use the ellipticity of the coupled operator, which is just the
Laplacian H = Ay on X. In particular, the ellipticity ensures that dom A, C
#?* = H*(X). The ellipticity now follows from Theorem 3.6.5. O

We have a similar result for Dirichlet boundary conditions on dX as in The-
orem 3.4.41. In this case, the transversal operator K is the Dirichlet Laplacian
AYonY.

The (dilated or undilated) coupled Dirichlet-to-Neumann operator A(z) = A% (z)
of the above example is indeed the Dirichlet-to-Neumann operator of the manifold
in the sense that given a smooth function ¢ € L,(Y) on the common boundary,
then Ag is given by the jump of the normal derivative of the Dirichlet solution, i.e.
Ap = (ul, —ul) 'y, where u is the solution of (A —z)u = Oand u |y = ¢.

Let us now present the second main example: Let G be a metric graph with
a finite number of exterior edges. We decompose the graph into its interior and
exterior part G = Giy U Gey. Here, Giy consists of all edges of finite lengths,
whereas Gex: contains the exterior edges. Gexr may be disconnected. This happens
if exterior edges are attached to different vertices. In particular, ¥ := Gip N Gexe
consists of finitely many vertices only.

We assume that (Ge, %) are quantum graphs with standard weighted vertex
space Yo = €D, Y. For the notion of a quantum graph we refer to Definition 2.2.5.
In particular, 76, = Cpe(v) (see (2.13)) with weights pe.(v) # 0 for ¢ = int, ext.
Moreover, we write

£0) = {feeOecra, = fo0)pa(v) € Fia,

where fo(v) = foro(v)/peo(v) € C is independent of e € E,,. As vertex space
on the entire graph at the boundary, we choose the standard weighted vertex space
¥, 1= Cp(v) with p(v) = {peW)}eer, = (Pine(V). Pexe(V)).

We define a boundary triple associated with the quantum graphs (G., %) with
respect to the boundary Y in a slightly different way than in Sect. 2.2.3. In particular,
we set

Ha = L,(Go), A = H), (G.). 7 = Hj, (G.).
he(f) = ||f/||ﬁ2(c.) ¢ :=C",
IS % .
(Fe fH) == fo(v), (L) = Z Pec(v) f, V), (Hef)e:=—f
¢€EEq

(for the notation of the Sobolev spaces see Sect.2.2.2). The difference with the
setting in Sect. 2.2.3 is that we use an unweighted boundary space here (i.e., C¥ =
£,(Y) instead of £, (Y, |p|*)). It is now an easy exercise to check that (Is, I'),%)
is a boundary triple associated with he for ¢ = int, ext (provided we have a global
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positive lower bound on the edge lengths if Gi, is non-compact). Moreover, this
boundary triple is elliptic and associated with an ordinary boundary triple. This can
be seen similarly as in Proposition 2.2.18.

Remark 3.6.12. The relation of the boundary triple (Iin. I, %) with the boundary
triple with weighted space 4 = £,(Y, | pint|?) is as follows: Let us denote the objects
associated with the weighted space by a bar =. Then Iy = Iy, rl = Pim|2fn/n
and Aiy(2) = | pini|* Ain(2). Here, | pini|? denotes the multiplication with the number
| pine(v)|? on each component F(v) of F = {F(v)},ey.

Proposition 3.6.13. Assume that G = Giy U Gey is a metric graph with finitely
many exterior edges and a positive lower bound on the edge lengths infeeg,, L. > 0,
together with the associated boundary triples (I'e, I}, %) as explained above. Then
the dilated coupled boundary triple (I'°, I'"? |4 on A = L,(G) is given by

A = f e Hy (Gin) @ HY (Gex) | fin(v) = e fou(v) Vv € Y },

ext

b () = 1S I+ ¢ 1S N
I’ fH) = fin) = e " fu,(0)  and

TN = Y Pae®) £, 0) =2 3 poce) £ (0),

e€Einty €€ Eext v

Moreover, the dilated coupled boundary triple is elliptic. The transversal operator
is K = 0, and we have

A% (2) = AQR) = Ain(@) + Aext(2) = Aim(2) — iv/Z| pext]*.

Proof. The proof follows from an application of Proposition 3.6.10 and the fact
that the undilated coupled boundary triple associated with the metric graph G is
elliptic: To see this, we use Corollary 3.6.7. It is actually shown in Sect. 2.2 that
the individual boundary triples are bounded, elliptic and that dom HN ¢ #? =
H?,(G)). Moreover, it is easily seen that (Aex(2) F)(v) = —i/z| pex(V)|*F(v). O

Let us present a particularly simple example, where we calculate the Dirichlet-
to-Neumann map explicitly:

Example 3.6.14. If there is at least one edge in the interior metric graph and if all
these edges have length 1, if all weights are equal, say, p.(v) = 1, and if all vertices
of Gy, are connected with an exterior edge, i.e., Y = Vi, = V, then

o Wz o
Ain(2) = on /2 degim<Aim (1 —cos ﬁ))
= & Acomb .
~ sin ﬁ(Aim degyy (1 —cos ﬁ)), (3.72)
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where deg;, denotes the multiplication with the degree deg;, (v) of the vertex v €
Vine w.r.t. the interior graph Giy (i.€., the number of adjacent edges). Moreover, A,
is the normalised discrete Laplacian (see (2.7)) acting on £,(V, deg;, ), namely

(A F)(v) = 5 > (F) = F(v)).

ml( e€Einy

where v, is the vertex on e opposite to v. Moreover, Aﬁf"tmb denotes the combinatorial
(discrete) Laplacian acting on £,(V'), defined by

(A F)(v) = > (F(v) = F(v)).

ee Einl,v

These facts follow from Proposition 2.2.19 and Remark 3.6.12.
In particular, the coupled Dirichlet-to-Neumann operator is given by

sin—@ (A — deg,, (1 — cos 4/z) — i(sin y/Z) deg,y,). (3.73)

We can now state the analogue of Theorem 3.4.44 for the 8-coupled case. Note
that the Dirichlet-to-Neumann operator in Krein’s resolvent formulas below is the
undilated Dirichlet-to-Neumann operator. We write 6 although 6 is real here for
consistency with the next section, in which 6 is allowed to be also complex-valued.

A(z) =

Theorem 3.6.15. Assume that 0 € R and z € C\ [0, 00). Assume in addition that
the coupled boundary triple (I', I'',9) is elliptic. Then the resolvent difference can
be expressed by the bounded operators

R%(2) = R"P(2) = W(2) A — o (3.74a)
RY(z) —tenR*P(z) = WP072(z) A — W, (3.74b)
R'(2) =R (@S, =W ™ — M (3740

where

W) = (BT @) A Bt m g L g P

—1 (4
W@O%Z(Z) _ S (Z)A(Z) B (Z) 7N B%() gl/z Aﬂ) g3/2 w WZ.Q’

sP@)* A
1o 8@ 12 407

7 59z
W) = SU QAR (ST A 112 1 12 19 ypro
are bounded and the operators W (z) and W?972(z) agree up to the target space,

and the operator W17 1(z) extends W (z).
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Proof. The operator equalities (3.74a) and (3.74c) follow from Theorem 3.4.44
for the dilated coupled boundary triple (I"?, I''? %), which is elliptic by Propo-
sition 3.6.10. Moreover, the boundedness of the operators follows from Propo-
sition 3.5.16 for the exterior boundary triple, and from Lemma 3.4.29 and the
ellipticity for the interior boundary triple. O

3.7 Complexly Dilated Coupled Operators

In this section, we extend the previously defined dilated coupled operator HY to
complex values of O € Sy. Since this section is somewhat technical, we give a short
outline first. The basic ideas can already be found in [CDKS87] for a concrete PDE
example, but not formulated in the language of boundary triples. This conceptual
language allows us to treat the metric graph and manifold case simultaneously.
Moreover, our results may be applied to many other similar situations in an easy
way, once the problem is formulated in terms of boundary triples.

The proof that H? depends holomorphically on 6 (in the sense that (H? —z)~" is
holomorphic in 6 for suitable z) needs some effort: We will first extend the definition
of HY (apriori only defined for 6 € R) to a non-self-adjoint operator H? via Krein’s
resolvent formula

Rx) =R"P(x) + W’(z)

as in Theorem 3.6.15, but now for non-real 6. It is easily seen that the RHS is
holomorphic in 6 (as we show in Sect.3.7.1). In Sect. 3.7.2, we show that R(z) is
the resolvent of a closed operator H? such that

dom H? = w*N_ where (3.75a)
wEIN = Lue w? | Tyu = Nyu,  Thu=e*?Tu},  (3.75b)

mi

and

H% = Hinu ® HS = Hitting ® — 1 + (1d ® K ttex: (3.75¢)
for u € dom H?. In particular, HY = HY for real 6 (and hence, we also use the
notation H? for complex values 6 € Sy). Note that HY is formally the Neumann
operator of the complexly dilated coupled boundary triple. In Sect. 3.7.3 we extend
the operator H? onto suitable first order spaces 70 — 7 ~1.%,

Note that the operator domain of H? and even the quadratic form domain depend
on @ already for real 6 (due to the “jump” condition [jyu = e /2 u), so that
{H"?}y is neither a holomorphic family of type A nor of type B in the sense of Kato
(see [K66, Sect. VIL.2]).

Throughout this section we assume that the (undilated) coupled boundary
triple (I, I'', %) is elliptic. Note that the dilated boundary triple (I"?, I""?,9)
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(see Definition 3.6.9) for real 0 is elliptic iff the undilated (§ = 0) coupled
boundary triple (I, I'’,¥) is. For conditions assuring the ellipticity of the latter,
see Theorem 3.6.5.

3.7.1 Holomorphic Dependency

We start with the holomorphy and other properties of the decoupled operator H?P.
The proof follows straightforward from Proposition 3.5.14.

Proposition 3.7.1. Assume that assume that0 <9 < /2,0 € Sy andz € C\ Xy.
Then the following assertions hold:

1. The operator

HP = HY & (—e 9 +id ®K)

is the Dirichlet operator associated with the complexly dilated boundary triple
(%, 1'%,9) formally defined as in Definition 3.6.9 for complex values of 0
(recall that _8st denotes the Laplacian on Ry with Dirichlet condition at 0).
Moreover, the domain dom HP is independent of 6.

. The operator HYD is normal, i.e. commutes with its adjoint.

. The operator H%P commutes with the undilated operator H® = H%P.

. The family { H?Pg is self-adjoint, i.e. (H*P)* = H?P.

. The family {H%P}y depends holomorphically on @ € Sy, i.e. the family is of
type A (see [K66, Sect. VIL.2]).

6. The spectrum of H%P is given by

LA Wi

o(H"P) = o(Hp) U (o(K) +¢ ™[0, 00))
=o(H2)U{k +e?™ )|k ea(K), A >0},

and is contained in the sector Xy. Moreover, the resolvent
0D\ _ 6.D -1 _ D -1 6.D -1
R (Z) - (H - Z) - (Hint - Z) @ (Hext - Z)

fulfils the norm estimate

[ = y§@, ie H"PeZ(yf C\ L)

1
6,.D
R0 = Gy

(see Definition 3.3.3).
7. The resolvent as operator

RQ’D(Z)I%k’D N <%pk—l—ZD
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is bounded by C<y(z,—1) forz € C\ Xy and 0 € Sy (see Lemma 3.5.13), where
5P s the scale of Hilbert spaces associated with HP = HP. In particular,

IR*P@))|-151 < C<pc=1) =1 7' (1), ie. H*P € Zi(yy".C\ )

(see Definition 3.3.10).

Let us now define the operator W?(z) appearing in Krein’s resolvent for-
mula in Theorem 3.6.15 on different scales for complex values of 6 € Sy =
{0 eC||ImO| < v¥/2}. We start with the dilated coupled Dirichlet solution
operator, given by

S°@):9 — #, S'@)¢ = Sm@)e @ Sk (2. (3.77)

X

Let us summarise some facts on the coupled, dilated solution operator S?(z) and
its adjoint BY (z): # — ¢ defined by

Bg(Z)u = _F/gRgD(E)M = Bint(Z)uint + Bga(z)uext

= I R @ttin + € 22T RIP @teyr. (3.78)

ext

for 0 € Sy and z € C\ Xy,) from the previous sections (see Remark 3.5.12 for the

need of the two variables ¥ < ). Note that R?P(Z)u € #? since the (undilated)
boundary triple is elliptic, and in particular, dom H?P = dom H"P c »2.

We show the boundedness and holomorphy of these operators on different scales
of Hilbert spaces:

Proposition 3.7.2. Assume that 0 < ¥ < ¥y < 7/2, 0 € Sy andz € C\ Xy,.
Then the adjoint of BY(z): # —> 9 extends the Dirichlet solution operator
SO(z): 92 — 4V, Moreover, the adjoint of S°(): 9> — A" extends
BY(2). In addition, the following operators are bounded as maps

B2y ¥ — 9, B9 — #, (3.79a)
B(2): 0 — 4"/, S(2): 43 ? — 29, (3.79b)

where G* is the scale associated with the undilated coupled Dirichlet-to-Neumann
operator A = S*'S. Finally, for z € C\ Xy,, the corresponding operator-valued
functions

Sy — L(H,9), L (A, 97, 0 +— BY(z), B’(2),
Sy — LG, ), L(G32, w2y, 0 BY(2)*, S%(2)

are holomorphic.
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Proof. The assertions on the extension by adjoints follow as in Lemma 3.4.29,
and the boundedness and holomorphic dependence of the operators in (3.79a) as
in Proposition 3.5.16. The boundedness of the operators in (3.79b) is a consequence
of the ellipticity. For the holomorphy, we argue as in the proof of Proposition 3.5.16;
here, we embed the §-dependent space # 27 into # 29 = w2 @ W2 C A#. O

int ext

Denote by A(z) the Dirichlet-to-Neumann operator associated with the coupled
undilated boundary triple; see Proposition 3.6.2 for an explicit expression. Combin-
ing the various results on holomorphic dependency, we obtain:

Proposition 3.7.3. Assume that0 <9 <ty < /2,0 € Sy andz € C\ Xy,. Then
the operators

9 6 —1 G (=) *
WG(Z) = (BG(Z))*A(z)_lBe(z):jf B_(Z))g Aﬂ) @ (Bﬁﬁ .

0. =1 0
W@.O—>2(Z) = SO(Z)A(Z)—IBG(Z):% B_(“)) g]/z Ai) g3/2 S_<Z)) WZ,@

are bounded and the operators W?(z) and W%°72(z) agree up to the target space.
In addition, the operator-valued functions

Sy = L(H), 0> W) and Sy — L(H, W), 0> WO2(g)

are holomorphic.

Proof. The assertions follow from Proposition 3.7.2 for the maps S?(z) and B?(z),
and from Proposition 3.4.34 and Definition 3.4.31 (applied to the undilated coupled
boundary triple) for A(z). |

3.7.2 The Complexly Dilated Coupled Operator

In this subsection, we want to extend H? defined a priori only for real 6 also for
complex @ in the strip Sy. Actually, we start defining an operator family { R?(z)}g..
via Krein’s resolvent formula, and then show that R?(z) is the resolvent of a closed
operator HY given as in (3.75), which agrees with H? for real 6.
We set
RY(2) .= W) + R¥P(2): # — # (3.80)

for 0 € Sy and z € C\ Xy, (recall that 0 < ¥ < ¥ < 7/2). Let us first check that
R?(z) is indeed the resolvent of a closed operator:

Proposition 3.7.4.

1. Forz € C\ Xy, the family of {R%(z)}¢ is holomorphic in 6 € S.
2. The operators R(z) satisfy the resolvent equation
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R’(z) = R"(w) = (z = w)R"()R" (W)

forw,z € C\ Xy,.
3. The kernel of R?(z) is trivial.

In particular, R (z) is the resolvent of a closed operator
Hu:= (R 'u—u, uedomH’:= RV (#) (3.81)

where R? := RY(—1) and the family {ﬁg}g is self-adjoint (i.e. (ﬁe)* = ﬁg) with
spectrum contained in the sector Xy,.

Proof. (1) The first assertion follows immediately from Propositions 3.7.1
and 3.7.3.

(2) The resolvent equation is fulfilled for real 6, since then, the operator is the
resolvent of a (self-adjoint) operator by Theorem 3.6.15. Due to holomorphy, the
resolvent equation remains true for all f € Sy. (3) To prove the third assertion, we
claim that B

(HPP —2)u, Wi (2v) =0 (3.82)

forall u e 7/02, forallv € s, allz € C\ Xy, and all & € Sy, where W2 =

Woﬁt ey V/Oef(t and 7/0,2 = ker I's N ker I'/, see (3.32c). This claim can easily be seen
from

(H"® =2u, W’ @), = (B"@(H" —2u. AQ) ™' B (2],

using the definition of W?(z) in Proposition 3.7.3 for complex 6. Now the left-
hand side of the last inner product vanishes since B @) (H'P —2)u = (-I'/, +
e 32! Yu = 0 for u € #? and therefore, (3.82) is fulfilled.

X
Suppose now, that R?(z)v = 0. Then we have

0= ((Hg’D —2u, R (2)v) = (H*® —2)u, R*P(2)v) = (u,v)

for u € #? due to (3.82). Since 7/0,2 is dense in 7, by assumption (see

Definition 3.4.3), ”//02 is dense in 7, hence v = 0.
To conclude, we observe that (2) and (3) imply that RY(z) is a resolvent of
a closed operator H? (cf. [K66, p. 428]) for all z € C \ Xy,, and therefore

o(H%) C X, In addition, the family {H%}y is self-adjoint since (W?)* = w?
and (R%P)* = RP. O
We finally show that HY actually acts as the Neumann operator H? associated

with the dilated coupled boundary triple (see Definition 3.6.9) also for complex
values of 6:
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Proposition 3.7.5. The operator HY defined in the previous proposition fulfils the
assertions in (3.75), ie., dom H? = #29N and H? acts as in (3.75¢). In particular,
for 0 € R, we have H? = HY,

Proof. Letv = R%V € dom HY = ran RY (i.e., we fix z = —1 here). Then we have

(ﬁeu, v) = ((IA:I5+ Du, V) — (u,v)

= ((H"® + D)u, R*P%) — (u,v) = (u,7—v) = (u, H')

forall u € ”//02 using (3.82) in the second and (3.81) in the last equation. On the
other hand, v € ran R? implies v € #2? by the definition (3.80) of RY, using
Proposition 3.7.3 and ran R%P = dom HD, & dom H2, C %Y (by ellipticity).
In particular, we can apply Green’s formula (3.32b) for the interior and exterior

boundary triple, so that

(ﬁgu, v) = (u, I:Iimv)im ~+ (u, —e 20" + (id QK)V)ext

foru € W2 using H%u = HOPy = Hinu @ (—e zeué’xt + (1d @ K)ttex
(Proposition 3.7.1 (1)). Hence, we have shown that H HY acts as in (3.75¢).
In order to show that domH? = ranR’ < #2%N we first note that

ran W%9=2 < %29 from Proposition 3.7.3, and the definition (3.80) implies that
the first condition Iv = e%/2 v of #29N is fulfilled for v € ran R?.

For the second condition of #2¢N  we recall from Proposition 3.7.3 that
tenpR%P + W?9=2 is bounded as map from .7# into # 9 and depends holo-
morphically on 6. Moreover, topR?P + W02 agrees with R? for real 6. By
holomorphy, the operators agree for all @ € Sy. Finally, since (o p R?P + W02
is bounded (as operator from 7 into % 29%), the same is true for RY. To finish the
argument, we note that

I—v/éRO. W —> WZ.dec o
is also bounded and analytic in 6, where

IMu:=hu— T = Tlu—e?T u (3.83)
for u € #*?. In addition, the latter operator vanishes for real 6 due to dom H 0 =
#29N and the ellipticity in this case, and therefore for all 6 € Sy again due to
holomorphy. Finally, we have shown that if u € dom H? = ranR?, then u <
WZ,Q,N_

For the opposite inclusion, we have to check that a function u € #?>%N is of
the form u = R%v. A straightforward calculation (using similar arguments as in
Theorem 3.6.15) shows that
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vi= (Hinluint 2] Hextuext) +u

is the right candidate. ]

Definition 3.7.6. We call the operator H? defined above (see (3.75)) the complexly
dilated coupled operator associated with the coupled boundary triple (I, I’ ", 9.
For simplicity, we also write H 9 for the operator H ¥ for 0 € Sy (i.e., we omit the
tilde 7). We denote the domain by #>¢ = dom H? (=#2%N by Proposi-
tion 3.7.5).

Let us finally proof that the complexly dilated boundary maps and the Dirichlet
solution operator fit well together with the Dirichlet-to-Neumann operator:

Proposition 3.7.7. The Dirichlet-to-Neumann operator is naturally related with the
boundary maps and the solution operator of the complexly dilated boundary triple,
ie.,

rs'e) = A@:9*? — 4'2,
and the operator is bounded.

Proof. We have
s g = I} Sm@e — IHSL@e = An@¢ + Ax(@p = AR)p

for ¢ € @32 by (3.77) and (3.70b). O

3.7.3 The Complexly Dilated Coupled Operator on the First
Order Spaces

In this section, we want to define a suitable sesquilinear form associated with the
HY. Let us start with a remark:

Remark 3.7.8. If we proceed in the naive way, we could define a quadratic form
(and a corresponding sesquilinear form with symmetric domain) associated with H ¢
by

q’ () := (u, H%u) = b° (u,u) — (1 — ™) (T, T

int

for u € % using Green’s formula individually on the interior and exterior
part. Note that the boundary term occurs for Im8 # 0, since we have to respect
the sesquilinearity of the inner products. There has been some confusion on the
quadratic form q° due to the anti-linearity of a sesquilinear form in its first
argument, and the boundary term seems to have been overlooked in [GY83, (2.14)]
(cf. the Mathematical Reviews entry).

For non-real 6, it is not clear to us, whether this form is closable and that the
closure is defined on

A = {u e A Ty = " T ).
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Moreover, it is difficult to use such expressions as upper estimates. In addition, this
quadratic form is not related to an operator H? defined from the Hilbert space .7

into #10 = (A 1'5)"‘. These are basically the reasons why we introduced the
scale of order 1 and sesquilinear forms with non-symmetric domains in Sect. 3.3.2.

The above remark explains why we cannot proceed as in [K66] (see Sect.3.1):
the natural candidate for a sesquilinear form associated with H? acts on h?: .#1% x
'Y — C (in order to preserve holomorphy in the first argument). In particular,
h? has a non-symmetric domain.

Let us therefore proceed as in Sect. 3.3.2, and define the relevant data in order to
endow the first order space .#!Y with a suitable norm, serving later on as first order
space ¢! (H") associated with H?:

Definition 3.7.9. For 6 € Sy, we define an operator
T — A, Tu:= i ® e ey

Moreover, we define a norm on J#1-? by

lull g == Null} o = 1T°ull? = lluimdll7 + ™ utexd I3 (3.84)
The dual is defined by s#~1¢ = (%1*5)* with its natural norm (see Defini-
tion 3.1.8).

The following facts follow immediately from the definition:

Lemma 3.7.10.

1. The above defined operator T? is bounded and invertible. Moreover,
(TO)* — Tg, (TH)—I — T—9 and ||T0||, ||T—9|| < elReO\/Z.
2. Let A := H° and #" = dom A'/? be the corresponding first order space, then
7% dom H?) c ",
Moreover, denoting by T"Y the restriction of T? to 'Y, then
TI,O: %1,0 N %l
is unitary.
3. The closed operator H? is compatible with A = H° with compatibility operator

T see Definition 3.3.8.
4. The canonical maps

D¢

AW s A I 1D (3.85)

are bounded by e'Re?1/2,
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Proof. We only show the norm bounds of the canonical maps (3.85): The second
embedding is bounded since

2 2 Re 6 2 Re 6 0. 112
||I/t|| E ”u”int +e ¢ ”u“ext S max{l,e ¢ }”T M”

< max{1, "} T%ull} < e ullf,

foru € %, Similarly, we have ||u||%9 < max{l,e” R} ||u|? foru e #'°. O

Let us now extend Krein’s resolvent formula also for complex values of 6. In
particular, we need the following facts on the Dirichlet solution operator:

Proposition 3.7.11. Assume that 0 < ¥ < ¥y < /2, 60 € Sy andz € C\ Xy,.
Then the operators

SP@ Y — g2, §%(2): 4> — N (3.86a)
have norm bounded by
1S°@)l1j2—1.0 <1+ C<p(z, —DC="(=1,2) =: C] (). (3.86b)

Moreover Sg(Z)* is an extension of B%(z): # —> 4 of Proposition 3.7.2. Finally,
forz € C\ Xy, the operator-valued functions

Sy — LN g2 9 SU@)* and Sy — LGV, A 0 S(2)

are holomorphic.

Proof. The boundedness of the Dirichlet solution operators in (3.86a) follows from
Proposition 3.4.17 and Lemma 3.5.15: Note that a priori, the operator Siy(z) is
bounded as operator %L{ R AL, but the embedding of the coupled space ¢!/
into %Hln/ 2 is bounded by 1, see Lemma 3.6.3. In particular, the norm of Si(z) as
operator ¢'/2 — ! is the same as the one given in Proposition 3.4.17. A similar
remark holds for the exterior part. Therefore, the norm bound (3.86b) follows. Note
that the extra factor e’/2 in Sfxl(z) (see (3.62)) cancels due to the definition of the
norm [l = || 7%ull:.

For the holomorphic dependence, we use Proposition 3.5.16. The embedding
VY s gl = L @ AL allows us to get rid of the f-dependence in the
space. a

The proof of the following assertion follows from the previous proposition and
the fact that the inverse of the Dirichlet-to-Neumann operator A(z)~':¥~1/? —
¢1/2 is bounded by Proposition 3.4.34:

Proposition 3.7.12. Assume that the (undilated) coupled boundary triple
(I, T7,9) is elliptic. Assume in addition that 0 < % < ¥y < 7/2, 6 € Sy
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and z € C\ Xy,. Then the operator

W) = S0 AR (57 @) e L g N 12 G e

is bounded, and the operator W% ~'>1(z) extends W?(z) of Proposition 3.7.3. In
addition, the operator-valued function

Sz9 N g(%—l,dec,%l.decx 0 WO,—]—)](Z)
is holomorphic. Finally, we have the norm bounds

WO @) |—1 o010 < (Clﬁ(z))zC(z,—l) and
WO (2)[loo < elRe?! (Clﬂ(z))ZC(z, —-1).

Definition 3.7.13. Let 0 € Sy for 0 < ¥ < m/2. The complexly dilated coupled
sesquilinear form B
b’ x " — C

associated with h = h° is defined by

0% (u, v) = bine(u,v) + 5% (u,)
= Bine(u, v) + €72,V Yexe + b (u,v),

where 5719 is defined in (3.69b), but now also for complex 0 € Sy.

Recall that C}’(z) defined in (3.86b) depends only on ¢ and z, and similarly for
C<y(z,—1)and C(z,—1) = Co(z,—1) (see Lemma 3.5.13 for the definition). Let us
now present the main result of this section:

Theorem 3.7.14. Assume that the coupled boundary triple (I', "', ¥9) is elliptic
(see Theorem 3.6.5 for conditions assuring this). Assume in addition that 0 < ¥ <
Vo < m/2, 0 €Sy andz e C\ Xy,. Then we have the following assertions:

1. The complexly dilated coupled operator H? given in Definition 3.7.6 has
spectrum in the sector Xy, = {z € C||argz| < 9}, and the family {H}ges, is
a self-adjoint, holomorphic family of operators.

2. We have the unitary equivalence

HOt =y ghy=h (3.87)

for real 0y and complex 0, € Sy.
3. The complexly dilated coupled operator HY has the resolvent norm profile
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IR @0 = gy +e (CT @) Ce-D = v,

ie. H? € Z(y,C\ Xy,).
4. We have the resolvent norm profile of order one

IR @ ll-1.616 < (" + (€] (2)") Con(z.—1) =1 ¥' @)
and in particular, H? € %,(y',C\ Xy,).

5. The complexly dilated coupled sesquilinear form % is bounded by e
Moreover, f)0 is associated with H?.

|Re 8]

Proof. (1) follows from Propositions 3.7.4 and 3.7.5. (2) The unitary equivalence
holds a priori only for real 6; and 6,. But since both sides are holomorphic in 6,,
equality (3.87) extends therefore to complex 6, € Sy.

(3) We have RY(z) = R%P(z) + WP (z): ## — # by the definition (3.80). The
norm estimate follows from Proposition 3.7.1 (6) and Proposition 3.7.12.

(4) The operator

RQ(Z) — LD,OR{.),D(Z)LEE + WQ(Z):%—I.(') N <%1,9

is bounded a priori only for real 6, but the equality holds on the dense subset
H# C #71 also for complex 6 by (3.80), and the RHS is bounded. Therefore,
the operator is bounded for complex 6. The norm estimate follows from Proposi-
tion 3.7.1 (7), (3.85) and Proposition 3.7.12. (5) The estimate on h? follows from

(£ 9] < 2RO, ¢ Youl + 105 (£ ©)] + [ f; 2)]
S &Rl (577 £)p(T7 )" < ROl £, g -

for f € 19 and g € Y. Moreover, that h? is associated with HY in
the sense of Definition 3.3.16 follows easily from Green’s formula. Note that we
can consider HY as the Neumann operator associated with the complexly dilated

coupled boundary triple defined formally as in Definition 3.6.9 for complex values
of §,i.e. I'"u = 0 foru € dom H? = %Y (see also (3.83)). O

3.8 Resonances

Let us now define resonances as the eigenvalues of the dilated operators HY.
Throughout this section, we use the notation of Sects. 3.6 and 3.7. In particular, we
assume that the coupled boundary triple is elliptic (see Theorem 3.6.5 for conditions
assuring this).
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First, we make some general observations on the spectrum of H?: We assume
that the transversal operator K has discrete spectrum denoted here by {1 (K)}r. We
do not exclude the case that the sequence is finite, i.e. that ¢ is finite-dimensional.
This case occurs e.g. on a metric graph with finitely many exterior edges Eex, where
K = 0and ¢ = CFet. A typical example of an infinite sequence is the manifold
case, where K = A, on¥ = L,(Y) = L,(Y.), and where each Y, is a
compact manifold.

e€ Eext

Proposition 3.8.1. Assume that K has discrete spectrum. Then the coupled
Dirichlet-to-Neumann operator A has discrete spectrum. Moreover, the essential
spectrum of the coupled dilated operator H is given by

o (H') = (U M(K) +72[0.00)) U ocss (HR)
k

(see Fig. 3.2). If, in addition, Hilr?l in Iy also has discrete spectrum, then
e (H”) = |_J M (K) + e72[0. 00).
keN

Proof. By Corollary 3.5.5, we have Agxt = K+1, hence A;& is compact. Moreover,
A = Ajpy + Aext = Aexe = 0 (Proposition 3.6.2), so that 0 < ATl < A;({, and in
particular, A~ is also compact.

For the assertion on the essential spectrum, we argue as follows: By definition of
the resolvent in (3.80), we have R?— R9P — WP and the latter operator is compact
since A~! is compact and W? = S A= BY_ In particular,

O—ess(HQ) = O—ess(He.D) = O—ess(Hilr?t) U Gess(Her[)-

Now the latter spectrum is oess(H2,) = U, Ak (K) + € 2[0, 00) due to Proposi-
tion 3.5.14 and the first assertion follows. The second assertion is obvious. O

Theorem 3.8.2. Assume that the coupled boundary triple (I', I'',9) is elliptic (see
Theorem 3.6.5 for conditions assuring this). Assume in addition that K and Higt
have purely discrete spectrum:

1. The spectrum o(H?) depends only on Im@ and o(H?) = o(H?) (complex
conjugation).

2. The discrete spectrum ogisc(H?) is locally constant in 6. Moreover, if 0 <
Im6; <Imb, < 19/2 then O'disc(Hel) C Udisc(Hez).

3. For 0 ¢ R we have o(H%) N[0, 00) = op(H ), where o,(H) denotes the set of
eigenvalues of H, i.e. the eigenvalues of H embedded in the continuous spectrum
are unveiled (see Fig. 3.2).

4. The singular continuous spectrum of H is empty.
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Fig. 3.2 The spectrum of the complexly dilated operator H?, the spectrum of the transversal
operator K (black circles) the unveiled point spectrum (outlined circles) and resonances with non-
vanishing imaginary part (outlined squares)

5. There is a subspace < satisfying (3.88) such that W;(z) := (f,(H —z)~' f)
has a meromorphic continuation onto the Riemann surface defined by w —
Vw— Ak (K).

6. A € Xy, is a discrete eigenvalue of H iff there exists f € H such that the
meromorphic continuation of ¥ has a pole in A.

Proof. The proof follows closely the proof of [RS80, Thm. XIII.36], so we
only comment on the differences. The basic ingredient in the proof is first, the
holomorphy of the family { H?}4 in the sense that the resolvents are holomorphic
in 6 (see Theorem 3.7.14 (1)). From the unitary equivalence of Theorem 3.7.14 (2)
and the fact that { H%}y is a self-adjoint family, (1) follows immediately.

In a similar way, (2) follows from the fact that an eigenvalue of HY depends
holomorphically on @ since (H? 4 1)~! depends holomorphically on 6 (cf. [K66,
Thm. VII.1.8]). In order to prove (3) and (4) as in [RS80], we need the notion of
analytic vectors with respect to the unitary group U?. Note that 4 := id sz, ® Aex
with Aex 1= (505 + 055)i/2 ® id is the self-adjoint generator of the unitary group
6 + UY. The subspace of analytic vectors is defined by

.L,n
o = {f c ﬂdomAk‘ PR r <oo}
keN n
for some t > /2 (see e.g. [RS80, Sect. X.6] or [GGI1, Sect. 2.5]). It follows that

Ub (o) is dense in 7 and

(3.88)
6+ U%f extends holomorphically to a map Sy — %

for all f € o/ using (3.87). The holomorphic extension is then given by

o
fO=UTf =AY S,
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To prove (5) we just note that a meromorphic continuation of ¥ is given by
W@ = (1. (H =7 f)

since we have lI’?, () = El/? (z) a priori only for real 6 but by holomorphy also for
6 € Sy. For (6) we argue as follows: If g is an eigenvector of H? with eigenvalue
A then let f := U~Yg. Again, by holomorphy, we have U’ f = g not only for
real, but also for complex 6. In particular, ¥, has a pole at A. On the other side,
it¥, = lI/? has a pole at A, then (% 1, /%) # 0 and in particular, f? is an

eigenvector of H. O
Motivated by Theorem 3.8.2 (2) and (3), we make the following definition.

Definition 3.8.3. A resonance of H is a discrete eigenvalue of the dilated operator
HY for some 6 € Sy and 0 < & < 7/2.

Strictly speaking, a resonance is only a non-real eigenvalue of H?. In order to avoid
notation like “the embedded eigenvalues and the resonances” we use the convention
to call the embedded (real) eigenvalues also resonances.

Let us now prove a theorem analogous to Theorem 3.4.45:

Theorem 3.8.4. Assume that K and Hilr?t have purely discrete spectrum. Assume in
addition that the coupled boundary triple (I', I'',9) is elliptic (see Theorem 3.6.5
for conditions assuring this). Then the following assertions are true:

1. Letz € C\ o(HPY), then

ker(H? —z) = S%(2) ker A(2), (3.89a)

where A(z): 9> — 42 is the (undilated) Dirichlet-to-Neumann operator,
and the S%(z) is bijective as map between the kernels.
2. For A € C\ o(H"?), we have the spectral relation

zisaresonanceof H < 0 € a(A(z). (3.89b)

Moreover, the multiplicity of a resonance z is given by dimker A(z).

3. Assume that we have the natural embedding dom HiEt — dom H® given by
extending a function fi trivially by 0 (such functions are in general not in the
domain of dom H°), then all eigenvalues of Hi]r?t are (real-valued) resonances,

i.e., a(HP) belongs to the set of resonances of H.

Proof. (1) For the inclusion “C”, let h € ker(H? —z) C #*? and set ¢ := I'’h.
Note that ¢ € 9¥/2: Let h = hin® S (2) [inch, then I'’h € 4*/% since the undilated
boundary triple is elliptic. Moreover, I'°h = I'’h = ¢, hence ¢ € 43/2. Now, by
Proposition 3.7.7, we have

AR =T"S%=r"h=0 (3.90)

since 1 € dom H? (Proposition 3.7.5).
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For the opposite inclusion “O”, let ¢ € ker A(z). By definition, ¢ € 43/2, so
that 1 = S%(2)¢ € #?? by Proposition 3.7.2. Tt follows from (3.90) and again
Proposition 3.7.5, that 1 € dom H? and therefore h € ker(H? —z). The set equality
now shows the surjectivity of S?(z) as map between the kernels. The injectivity is
clear, since S?(z) has a left inverse, namely I"?.

(2) Let z be aresonance of H, i.e., there is a 8 with |Im 6| large enough such that
ker(HY — z) # {0}. By (1), this is equivalent to ker A(z) # {0}.

(3) This is a trivial observation, since an eigenfunction fi of HD can be
extended to an eigenfunction /' = fin®0 € dom H®. Note that I, f = I}, f =0
so that we also have f € dom HY. O

Remark 3.8.5. Let us comment on the Dirichlet eigenvalues: The situation of
Theorem 3.8.4 (3) actually happens for quantum graphs with Kirchhoff conditions,
as it can easily be seen (cf. the loop graph example below. This fact is usually
related to the violation of the unique continuation principle, stating that a solution
of the equation (H — z)u = 0 which vanishes on an open set, is identically 0. Since
the unique continuation principle is true for elliptic partial differential operators,
the situation of Theorem 3.8.4 (3) can never appear on a manifold.

Nevertheless, we have the phenomena of a Helmholtz resonator as explained
in Remark 1.4.6: If the manifold problem converges to a decoupled problem, the
Dirichlet eigenvalues of the limit problem are seen on the manifold as resonances
close to the Dirichlet eigenvalues (see also Corollaries 7.2.8 and 7.2.13).

Theorem 3.8.4 (2) actually gives a simple way to calculate resonances on quantum
graphs with standard (“Kirchhoff”) vertex conditions:

Example 3.8.6. Let us present here a simple example of a metric graph with
resonances. Let Giy be a loop graph, i.e., the graph with one vertex v and one edge e
such that d_eg = dep = vand {,, = 1. Moreover, we attach m = deg,,, v exterior
edges to v, so that Gy, is a star graph consisting of one vertex v and m half-lines
attached to v (see Fig. 1.4 for the case m = 1). The corresponding combinatorial
Laplacian of the interior graph is A'ic:tmb = 0on¥ = C (see Example 3.6.14
for the definition of 'A"icl‘l’lmb). We assume a standard vertex condition at v, i.e.,
¥, = C(1,...,1). The corresponding quantum graph Laplacian on the coupled
graph G = Ging U Gex With Gip N Gexe = {v} is the Kirchhoff Laplacian A, acting
as (Ag f)e = —f/ for functions f = { f,}. with f, € H*(R4) for e € E¢y resp.
fo € H?(0, 1) on the loop. Moreover,

fo0) = fo(0) = foo(1) and £ (1) = £(0) = D f/(0).

e€FEext

From (3.73) for the Dirichlet-to-Neumann map of the coupled boundary triple we
obtain

AQR) = — si;/:Z/Z (1 — €08 4/7 +i(sin ﬁ)m)
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According to Theorem 3.8.4 (2), we have a resonance z ¢ o(H)P = [0, o) iff

1 —cos/z+i(sinyym & (1—m/2w*=2w+ (1 +m/2)=0
m+42
& w=1 or w=———,

m—2
where w = e/ (the latter fraction is a solution only for m # 2). Note that w = 1
leads to the (formal) solutions z = (2nk)2, k = 1,2,..., corresponding to the
Dirichlet spectrum of the interior loop graph. By Theorem 3.8.4 (3), they are actually
real-valued resonances, since we can extend a Dirichlet eigenfunction on the loop
graph by 0 to an eigenfunction of the entire graph.

The other solution corresponds to

212
m+2> form > 3,

2= Quk—ilog3)? form =1 resp. z= ((2k+l)n—i log -
where k € Z. In particular, the graph with m = 1 and m > 3 exterior ends has
non-real resonances of multiplicity 1, whereas the graph with m = 2 exterior
edges (a line with a loop attached) has no non-real resonance. The appearance or
non-appearance of resonances has been discussed in [DEL10] (see also references
therein). Note that we considered the case m = 1 already in Sect. 1.4.2.

Let us finally comment on the independence of the definition of resonances of
various model settings (for the notion X = Xj,, U Xy see Sect.5.1.2). If J# =
L,(X) and X = Xiy U Xex is a manifold (up to a discrete set of points, like the
vertices in a metric graph) having a cylindrical end Xexr = R4 x Y, we can view
the dilation U? as induced by the flow

x if x € Xint,

0 _
? (X) - {(ees,y) ifx = (s»))) € Xexts

ie. Uu=detD®? - (uo @) or

u(x) if x € Xin.

U’ =
(Uu)(x) {eg/z(ees’y) ifx =(5,5) € Xext-

Here, {@9}96R is a non-smooth flow, i.e. @7 is continuous and
et = 9o and @0 =idg, . (3.91)

We say that a unitary group {U?}gcr is generated by a flow {®?}gcp if

1/2

Ulu = uine ® ((5,9) = [(@7) ()] u(@(s5), y).
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The non-smoothness comes from the fact that at the boundary between the
interior and exterior part, we have a jump in the derivative. Another example of
a non-smooth flow @y is given by

<1§9(s): s, if 0 <s < 50,
0 e? (s —s9)s, ifsg<s,

i.e. we use a cut into an interior and exterior part at sy > 0.

Remark 3.8.7. We can as well allow smooth flows, as done for example in [HiS89].
We call the flow smooth if @ is smooth on (0, 00) and if (®?)*)(0) = 0 for all
k € Ny. The advantage is a somehow simpler operator domain: The dilated operator
and the undilated operator have the same (£-independent!) domain, but the price is
a less natural operator. For example, on a metric graph, the jump condition can be
implemented into the vertex condition. Similar as in the following proposition, it
can be seen that the definition of a resonance is independent of the concrete flow
implementation also for smooth flows, see [HM87].

We can now assure that our definition of resonances does not depend on what
(non-smooth) flow {cbfo}g we use:

Proposition 3.8.8. Assume that the dilation operator UX?) is generated by the non-
smooth flow @y, with cut into an interior and exterior part at so > 0. Then the
definition of resonances (as discrete eigenvalues of the dilated operator Hﬁ) =

Usf) H Usgg) is independent of .

Proof. Denote by U the exterior dilation operators associated with the flows ®?
and cbfo defined above, respectively. The main point is to show that there exists a
subspace .7 which satisfies (3.88) for both U? and USZ. Note that A, et = ((s —
50)0s + 05 (s —50))i/2 = Aexy —i500; for the generator; in particular, we let < be the
space of analytic functions on R with exponential decay; this space fulfils (3.88)
for the generators Ay, := 0@ Aex and A9 = 0p—id,. Moreover, an eigenvalue of the
dilated operator with respect to U? or Usﬁ is a pole of the meromorphic continuation
of Wr(z) = (f,(H —z)~' f) for some f € <7, and the latter definition is clearly
independent of sy. O

3.9 Boundary Maps and Triples Coupled via Graphs

Assume that G = (V, E, ) is a graph without exterior edges (for the notation related
to a graph, we refer to Sect. 2.1.1, especially to Definitions 2.1.1 and 2.1.2; as usual,
the graph is locally finite, i.e. degv = |E,| < oo for all v € V). We start with
the definition of a coupled system via boundary maps. Assume that for eachv € V
there is a boundary map I: %’;1 —> ¥, associated with the non-negative quadratic
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Fig. 3.3 The coupled boundary map I':#' —> & obtained from the boundary maps
I ji‘;l —> ¢, and I,,: jfjvl —> ¢,,. Here, the boundary space at the vertex v consists of the
three boundary spaces at the end-points, i.e. 4, = ¥, @ ¥, ® %,

form b, in the Hilbert space .7, (see Definition 3.4.1). We assure the following
compatibility with the graph structure:

Definition 3.9.1. We say that the family of boundary maps {I3,: ! — %, },cy is
compatible with the graph G = (V, E, d) if for each e € E, there is a Hilbert space

4,, such that
9 =P

e€E,

and that the boundary map decomposes as

Lf=@r.f

e€E,

for f € ', where I, ,: ! — 9,.

For an illustration of the above situation see Fig. 3.3.
Let us now define a boundary map coupled via the graph G as follows: Set

= @%, e — @%’f and ¥ := @%. (3.92a)

vevV veV e€E

The graph-coupled space of order 1 is defined as
H = f €A Ty_eef =Thyeef Ve €E}. (3.92b)

The graph-coupled quadratic form 1 is defined as the restriction of @, by, onto I
Moreover, we define

r:w" —a, (F'f)e=Tyieef (3.92¢)

for f € .
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We denote by
A, ={feH |Nof=0VeecE,\{e}} (3.92d)

the space of functions in jfvl with vanishing boundary values I, - for all e’ except e.
Finally, we define a natural inclusion of the boundary space ¢ into the decoupled
boundary space 4% by

v9 =PY — 9 = P. (Lg)y == @y, (3.92¢)
ecekE vevlV
where ¢, = {@e}ecE, -

Proposition 3.9.2. Assume that {I: J“fvl —> 9, }vev is compatible with the graph
G = (V, E,0), that

sup | I3[, < 00 (3.93a)
vev
and that
g@l/Z = m FV,E(%,IE) = Fa_e.e (%ie.e) N F8+e,e (%L_e,e) (3.93b)

vEde

is dense in 9, for all e € E. Then the following assertions hold.:

1. The space " is closed in 519, hence b is a closed non-negative quadratic
form in 7.

2. The operator I': ' — G constructed as above, is a boundary map in the
sense of Definition 3.4.1, called the boundary map coupled via the graph G from
the boundary maps I, .

3. The associated Dirichlet operator is decoupled and given by H® = @, ,, HP.

4. For z ¢ o(HP) = |J,0(HP), the associated Dirichlet solution operator S(z)
is given by S(z) = SU°(2)i, where S%¢(z) := @, S.(z) and where S,(z) is the
Dirichlet solution operator associated with I, i.e.,

S@¢ =P S@e. ¢ = {elecr,

vevV

5. The associated Dirichlet-to-Neumann operator A is given by 1* A%, where
Adee = P, Ay, and where A, is the Dirichlet-to-Neumann associated with I,
ie.,

(Ap)e = Y _(Agy)e.

vEde

where (V). denotes the e-th component of ¥ € 9,.
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Proof. (1) Consider the decoupled operator ' := P, I,: !4 — @dc By
the uniform upper bound (3.93a), "% is bounded. Moreover, .7 is the preimage
of the closed subspace (¢ C 49 under 1'%, hence itself closed in 714

(2)—-(3) We first check that I" is a boundary map: The operator I" is bounded
since

ITFIP = Y W e fIP = 5 Y0 3 I f 1P

23 e€E vede
1 1
=52 2 e/ IP =52 ILSI.
veV e€E, veV

using (2.1), and the latter is bounded by (1/2) sup, || I [13_, |l f ||2%ﬂl . Moreover,

A =ker I ={ f e | .f=0VeecE VeV ="

vevV

and the latter space is dense in % since each .7 '? is. Moreover, the space is a direct
sum, showing assertion (3). Finally, for the density of ran I'", let ¢ = {@.}ccr € ¥.
By the density assumption, there exists ¢, € %l/ ? such that Qen = Qe inY,. By
definition of 2"/?, there exist Soem €94}, suchthat [ fren = @en. Set frn 1=
Yooe E, Jv.e’n» then by definition of jfv}e, we have I, f,,» = @.., independently of
v = de. In particular, f, := {f,,}, € " and T'f, = {@en}e =: o € [' ().
Since ¢, converges componentwise, we have ¢, — ¢, and the density of I'(#")
in ¢ is shown.

(4) Let h := S%(z)tp. Clearly, I'h = ¢, and h is a weak solution, since it is a
weak solution on each component.

(5) It is easily seen that the adjoint of ¢ is given by (t*¥)e = D ¢, Yve for v €
@9 The assertion on A follows then by Proposition 3.4.11, namely A = S*'§
and a similar assertion for A9, O

For completeness, we also explain the concept of boundary triples coupled via
graphs: This actually allows us to give an interpretation of the associated Neumann
operator in terms of the boundary map I"’.

Definition 3.9.3. Assume that {I: %‘;1 —> 9,},ey is compatible with the graph
G = (V,E,d) and that (I',, I/, %,) is a boundary triple associated with b, on .7.
We say that the family of boundary triples (I, I, %,)vev is compatible with the
graph G = (V, E, 9) if the boundary maps I'/: #;> —> ¥, decompose as

Fv/f = @Fv/,ef

e€E,

for f € #?, where I, ,: #,? — 9,.
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We now define a boundary triple coupled via a graph as follows: Set

w2 i=wren A, where W =W, (3.94a)
vev
and
r'w>—9.  (I'fle=Y N =Tf +Ti ../  (394b)
vEde
for f € W2

The next proposition shows that (I', I, %) is indeed a boundary triple, called the
boundary triple coupled via the graph G from the boundary triples (I,, '), %,) .

Proposition 3.9.4. Assume that (I,, I],%,)vev is compatible with the graph G =
(V, E, 0) and that, in addition, (3.93a), (3.93b),

sup ||FV’||%/%2_)% < o0 and sup ||Hv||42,%2_)% < o0 (3.95a)
veV v vev v

are fulfilled. Then the following assertions hold:

1. (I'T'",9), as_constructed_above, is a boundary triple with H being the
restriction of H®¢ := P, H, to #>.
2. The associated Neumann operator, denoted by H = HY, has

W = {f e’ i Dy_eef = F8+e,ef’ Fal,g,gf + Fz)/+e_ef =0Vee E}

(3.95b)
in its domain, i.e., W*N C dom H. Moreover, Hf = P, H,f for f € w2\
In particular, the Neumann operator is coupled, i.e, HN cannot be written as
direct sum of the individual Neumann operators.

3. Assume that (I', "', 9) is an elliptic boundary triple, and let z € C \ o(HP).
Then the associated Dirichlet-to-Neumann operator A(z): 9% — 41/ can be
written as

(A(Z)QO)E = Z(AV(Z)()OV)E'

vEde
Proof. (1) A similar argument as for Proposition 3.9.2 (1) shows that #? is closed

in w29 (using the fact that || f|l,y2 < | fIl,e1), hence itself a Hilbert space.
Moreover, I'': #* —> ¢ is bounded, since

I fIP <2 Y IR 1P =2 > 0L fIP=2) I fIP.

e€E vede veEV e€E, vevV

using (2.1), and the latter is bounded by 2sup, ||| ,. The second

2 2
g 11y
assumption of (3.95a) assures that H is bounded as operator #2 — . Green’s
formula follows from
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(fHg) =Y (fHg)=> (h(fg) —(ILf.TVg)s)

veV vevV
=0(f8) =Y. Y (Dvef . T8)a
veV e€E,
=h(fg) - Z(Faie,ef, > Fv’,eg>g
e€E vEde ¢

=h(f.g)—(I'f.T'g)g

forall f € " and g € #?, where we used Green’s formula for each v in
the second equality, the reordering (2.1) in the third and the fact that I_..f =
Ty, ee f in the fourth equation. Since 72}2 is dense in % and since P, ”//ovz
W2 =kerI" Nker I’ , the density of W2 in A follows.

(2) follows from Proposition 3.4.5.

(3) From the ellipticity of (I, I'', ¥4) it follows that h = S(z)¢ € #* and also
h, € #.* by Proposition 3.9.2 (4). Now we have

N

(A@p)e = (T'S@9)e = Y T.S5v@pe = Y _(AD@)e

vEde vEde

by Proposition 3.4.13. The ellipticity of (I, I'’, %) ensures that A(z) is bounded as
operator 432 — @1/2, O

Remark 3.9.5.

1. We do not provide general criteria assuring the ellipticity of the coupled boundary
triple from assumptions on the boundary triples (I, I'), %,). We will treat such
questions in a forthcoming publication. Note that we used the ellipticity of
(I, I'',%) in Proposition 3.9.4 (3) only for the fact that the Dirichlet solution
h = S(z)p is in #2, and that A(z): 9%/?> — %'/, For the formula for A(z), the
fact h € #? is sufficient.

2. Actually, we only need the coupling of boundary maps and not of boundary
triples, as for example in Sect.4.8 and in Chap.7. In particular, the coupling
is only used in order to pass from the estimates of quadratic forms on star-shaped
graph and its corresponding manifold to a general graph and its corresponding
graph-like manifold.

Example 3.9.6. Let us illustrate the previous result on a simple example. Denote by
G the graph consisting of one edge e and its two boundary vertices v4 = d4e only.
Then ¥ = 9 & Yy, where (I'y,I” é %.) denote the boundary triples associated
with the vertex v4, and by assumption, 41+ = %,. This is precisely the situation of
an “interior” and “exterior” boundary triple coupled as in Sect.3.6.1. In particular,
Y, — 9, ® Y, is the diagonal map ¢ = ¢ & ¢ with adjoint * (Y} & V) =
Y1 + V. Therefore, the Dirichlet-to-Neumann map is givenby A = A_ + A4, as
we have already seen in Proposition 3.6.2.






Chapter 4
The Functional Analytic Part: Two Operators
in Different Hilbert Spaces

In this chapter, we develop a general framework in order to deal with operators act-
ing in different Hilbert spaces, but being “close” to each other (in a sense to be made
precise). In particular, we generalise the concept of norm resolvent convergence.
The considerations are quite general, since we have further applications in mind
(not all of them included in this work). To our knowledge, such a theory of norm
convergence of (functions of) operators acting in different Hilbert spaces is new.

In Sect.4.1, we start our analysis of operators in different spaces with some
results on identification operators, generalising quantitatively the notion of unitarity.
In particular, we introduce the notion “§-quasi-unitary” (resp. the notion “§-partial
isometric” implying the former) for operators J: 7 — A and J': H — A,
“identifying” the Hilbert spaces .7 and  in the sense that, for § = 0, J and
J’ are unitary. The notion of “§-quasi-unitarity” and “§-partial isometry” is usually
related to scales of Hilbert spaces 7 k(A) and % (A) associated with operators A
and A on . and on A, respectively. Note that for § > 0, J and J’ need not to be
bijective, as in many of our examples.

In Sect. 4.2, we analyse non-negative operators A > 0 and A > 0on . and 7.
For the “untilded” objects, the reader should have a quantum graph (G, ¥) with
H = L,(G) and A = A(Gy) in mind (see Sect.2.2), the “tilded” objects are

associated with a corresponding graph-like manifold X, with = L,(X,) and
Laplacian A = Ay (see Sect.5.1). The above mentioned identification operators
allow us to define the notion “§-quasi-unitary equivalence” of A and A, generalising
at the same time the notion of “unitary equivalent” (if § = 0) and the notion of
“norm resolvent convergence” [|(A + 1)~! — (A+1)7!| > 0if 8§ — 0 in the case
that 27 = 37, J = id, J' = id and that A depends on §. From this notion, we can
deduce norm estimates on the difference of ¢(A) and (p(Z), e.g. of the heat operators
(p;(A) = e~'* Theorem 4.2.9), of spectral projectors (¢ = 1, Theorem 4.2.10) or
of the unitary evolutions (¢, (1) = e* Theorem 4.2.15).

In Sect. 4.3 we conclude the convergence of the spectrum, namely the discrete,
essential and entire spectrum and of related eigenfunctions, for operators A and A,
being §,,-quasi-unitarily equivalent with §, — 0. Sect. 4.4 extends the convergence

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 187
DOI 10.1007/978-3-642-23840-6_4, © Springer-Verlag Berlin Heidelberg 2012



188 4 Two Operators in Different Hilbert Spaces

of non-negative operators to their associated quadratic forms 0 and 2. Do to so,
we need also identification operators “of order 17, respecting the quadratic form
domains 7! and 7.

Sects. 4.5-4.7 contain the corresponding theory of generalised norm resolvent
convergence, spectral convergence and convergence of sesquilinear forms for closed
and, in general, non-self-adjoint operators. Since for such operators H , there is usu-
ally no easily expressed upper estimate on the norm of the resolvent ||[(H —z)7!||
like [|[(A —z)7 || = dist(z,0(A))™! for a self-adjoint operator A, we assume such
an estimate here as in input (called resolvent norm profile, see Sect. 3.3).

The general closed operators we have in mind here, arise from the complex
dilation method (see Sects. 3.6-3.8). The analysis is more complicated than for non-
negative operators, and the results are less strong (e.g. we only show convergence
of the discrete spectrum). Indeed, this is enough for our main application, since we
are interested in the convergence of resonances, defined as discrete eigenvalues of
a complexly dilated operator, shown in Sect. 4.9. For the special case of sectorial
operators, we developed a convergence theory of sectorial operators acting in
different Hilbert spaces, in [MNP10].

Finally, in Sect. 4.8 we provide results how to pass from local estimates to global
estimates using the concept of boundary maps coupled via a graph (see Sect. 3.9).
This is used in our analysis of graph-like spaces from the passage of star-shaped
graphs and their graph-like manifolds to general graphs and their associated graph-
like manifolds.

Note that our abstract convergence of operators in different Hilbert spaces also
applies to other situations, where the underlying space is perturbed. For example, we
can remove small balls or other submanifolds from a given manifolds and compare
the original Laplacian on a manifold with the Dirichlet or Neumann Laplacian on
the perturbed manifold. Moreover, we can add small handles to the manifold and
again compare the two Laplacians. Such problems have been treated e.g. in [RT75,
CF78,CF81, A87]. Moreover, we can treat conformal perturbations of the manifold
(see e.g. [CAdV86,P03b]). For more details, we refer to Sect. 1.6.1.

The reader only interested in the applications to graph-like spaces may just
consult Proposition 4.4.13 which contains a summary of the assumptions for
“§-partial isometry” for non-negative quadratic forms. This notion implies the
convergence of the spectrum and functions of the operators. In particular, in most of
the results of Chaps. 6 and 7, we prove the §-partial isometry of the quadratic forms
associated with a metric graph and a graph-like space.

4.1 Quasi-Unitary Identification Operators

The aim of the present section is to give a quantitative generalisation of unitary
operators. The deviation of being unitary is measured by a constant § > 0; the case
8 = 0 leads to the unitary case (see Lemma 4.1.4). We often refer to the constant §
itself as error or deviation.
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In order to compare two spaces and operators, we need the following
identification operators. Recall the definition of “C-densely embedded” in
Definition 3.1.4.

Definition 4.1.1. Let§ > 0, C > 0 and let
I — A, J: —

be two boundeg operators, sometimes called identification operators, and assume
that ¥ C ¢, 2 C s are C-densely embedded subspaces.

1. We say that J and J' are §-quasi-unitary with respect to & and 9, if the
following estimates are fulfilled:'

71 <2, (4.1a)
IJ —J™| <3, (4.1b)
lid=J Jlgsn <8 and  [id—JJ |z, 5 <. (4.1¢)

2. We say that J is §-partial isometric with respect to 2 and 2, if
J*J=id  and  |lid—JJ*z 5 <6 (4.1d)

3. If 2 = #*(H) and 9 = %k(ﬁ) for some 0 < k < 2 (see Sect. 3.3), we also
say that J is §-quasi-unitary (8-partial isometric) of order k with respect to H
and H (or w.r.t. the sesquilinear forms f and f) ifk =1).

4.1 9 = A#* and I = A for some k > 0 are the scales of order k associated
with the non-negative operators A and A (or w.r.t. the quadratic forms 0 and if
k =1, see Sect. 3.2), then we say that J is §-quasi-unitary (§-partial isometric)
of order k, without referring explicitly to A and A.

Remark 4.1.2.

1. ||Al|g—# refers to the operator norm of the operator A: % — . For
example, if 9 = #>(H), then we can express the norm as

[ All2.r—0 = [ ARl (4.2a)
where R = R(zp) is the resolvent of H in zg, and if 2 = ' (H), then

A0 = AT (A + 1)1 (4.2b)

'Here and in the sequel, id refers to the identity on /7’ as well as the embedding ! 2 <> J¢, and
similarly for id.
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and similarly on AU 9 = A" is the scale associated with A > 0,
then
[Allk—0 = [IA(A + 1)~ (4.2¢)

. Any other constant larger than 1 as estimate in (4.1a) would do the same,
but for simplicity we choose 2. In most applications, we can show that
Il < 1+ O(V5), oreven ||J|| = 1, e.g. if J is §-partial isometric, as we
will see below.

. We mostly omit the dependence on C in the notation, especially if C = 1 as in
the case of non-negative operators.

We deduce the following simple estimates:
Lemma 4.1.3.

1. Assume that J and J' are §-quasi-unitary, then

171 < 11+ 68 <2+, (4.3a)
A= 1L1] < @C + D3| f Iz, (4.3b)
1 ull = [lull| < @C + D8uliz, (4.3c)

lid—J™*J* |z, 5 < (1+22+6)C)s (4.3d)

2. If J is §-partial isometric, then

WA =1501 and I ull = llull| < 8lluliz. (4.3¢)

Proof. For the estimate on J’ note that
[N <1 =J* I+ 1T <8+ ]
and we are done. Moreover, we have
AP =11 = [(*T =id) f. f)]
< KT =IVIf )+ (T =id) £, f)]
< =TNILMNAN + 1T =idl gl 2] £
< @C8+ ) fl2I 1.

If £ # 0, then

1 el VA e 2 e Al
1A+ AT~ 171

A =1r1] = =QC+ DI fll2
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Estimate (4.3c) follows similarly. For (4.3d) we use

=TT ull < Nu =TT ull + (T = T*) T ull + (T = Tl
< 8(llullz + 20 Hlull) < 8(1 + 22+ 8)C)lullz-

If J is a §-partial isometry, then

AP = (LI*If) = /1P

and the second estimate can be seen as before.

We have the following simple consequences, justifying the names:
Lemma 4.1.4.

1. If J and J' are O-quasi-unitary, then J' = J*, and J resp. J' are unitary
operators. _ .

2. If J is 8-partial isometric, then P = JJ* is an orthogonal projection in 7,
is isometrically embedded into 7 via J, and J, J* are §-quasi-unitary.

3. If J is 8-partial isometric, then an orthonormal basis { fu}n of H is an
orthonormal basis of J(7¢) =ranJ =ran P C JZ.

Proof. For the first assertion, note that J = J'*,id = J'J and id = JJ'. The
second assertion follows from

~ ~

P =JJj*JjJ*=JJ*=P and P*=P.

Moreover, ||Jf|| = ||f | implies ||J|| = 1 and therefore also ||J*| = 1. The last
assertion is easily seen. O

Let us comment on the convergence of orthogonal projections. In our applica-
tions, the projections will be spectral projections on bounded intervals or domains.

Theorem 4.1.5. Leto > 0,8 > 0 and C > 0. Assume that 9 and @ are C-densely
embedded in A and 7, and that P, P are projections in 7€ and 7, respectively,
such that "

|JP —PJ| < aéb.

1. Assume in addition that ||id —J' J || 9—» < § and that P: 5 —> 2 is bounded.
Then? _
dimran P < dimran P

provided 0 < § < &, where

>The case dimran P = oo is included.
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80 = (2C + DIIP o + )

Moreover, we have

~ )
IPrfl= (1= 5 )il (44

forall f €eran P. "
2. Assume that J and J' are §-quasi-unitary w.r.t. 9 and 9 and that

P —9D and P —9

are bounded. Then "
dimran P = dimran P

provided 0 < § < &, where
~ -1
80 :=(2C + Ymax{||Pllwsa. 1Pz 5 +a) .

3. If, in addition to (2), ran P = Cyr with ||| = 1, then there exists a normalised
vector W € € generating ran P such that

IJy =¥l <G8 and  |J'¥ —v| <Cis,
where
Ci:=2a+ (2C + V)|Pllwsy and C;=3C +||P|ro2

provided § < 1 for the second estimate.

Proof. (1) Let us first show the inequality dimran P < dimran P: Suppose f €
ran P = P(57). Then

[AI=IVF T = RC+D| fllo = RC+DE|Pfllz = RQC+DS|Plle—a| f
by Lemma 4.1.3, f = P/ and the assumption. Therefore, we have

IPIfI = IJPfIl = (PJ —JP)f]
> Jf | —adl £ = (1= (2C + DIP|—a + )8 f]
=1 —=8/80) /Il

using the assumption. In particular, if 0 < § < §, then PJ P p(e) 18 injective.
Moreover, if fi,..., f4 are linear independent in P (), the same is true for
PJfi.....PJf; in P(3#). If P(J) is infinite-dimensional so is P (7).
Thus we have shown dimran P < dimran P.
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(2) The remaining point to show is the opposite inequality on the dimension of the
projection ranges. The same argument as in (1) with J replaced by J "and P,
P interchanged leads to the result.

(3) For the convergence of the ranges in the one-dimensional case note that

~ 1 ~
VEma Y

since P is a one-dimensional projection and since ||FJ1// || >0for0 <& <é
by (4.4). Now we have

17y =Tl = | 7Py - Pry|

1
IPIy|
1
IPJy|

= |(JP =Pyl +|IPJy| -1
<2|(JP =Py +|IJPy| -1
=2|(JP = PNy +[I1Tv] — v
< (2 + 2C + V|| Pl #—2)8 =: Ci8

< NP =Phyl + 1~ 1Py

since ¥ = Py and ||y| = 1 and using (4.3b). The second estimate follows
immediately from

1Y =yl < 1@ = TP+ 1Gd =" DY ]| < (2+8)Ci + (| Pllw—a)8

using (4.1c) and (4.3a). O

For simplicity, we only considered the case of a one-dimensional projection. In
principle, one can also formulate the convergence of the projection ranges for higher
dimensions, cf. [K66, G08a] for the convergence of linear subspaces.

Let us finally derive some simple relations between different orders. We start
with the scales of A and A:

Lemma 4.1.6. Assume that J is §-quasi-unitary (8-partial isometric) of order
k > 0, then J is also §-quasi-unitary (8-partial isometric) of order m > k.

Proof. The assertion follows from the estimate || f [ < || / |l,» and similarly on 7.
0

Recall the definition of C-compatibility of order 1 in Definition 3.3.10 (i.e.
H,H € %(C, zp)):
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Lemma 4.1.7. Assume that H, H € %, (C,z0) and that J is §-quasi-unitary (-
partial isometric) of order 1 w.r.t. H and H, then J is C?8-quasi-unitary (C?§-
partial isometric) of order 2 w.r.t. H and H.

Proof. The assertion follows from || f[l1nz < C?|| f|lo.u (see Lemma 3.3.13) and
similarly on .77 O

Usually, in the applications we have in mind, it is easier to establish the existence
of quasi-unitary maps J and J’ for the scale of Hilbert spaces associated with the
non-negative operators A and A. For the notion of compatibility operators, see
Definition 3.3.8. The following result shows how to obtain the quasi-unitarity of
J and J' for the operators H and H (and vice versa):

Lemma 4.1.8. Assume that H, H e X\ (C,ZQ) and that J and J' intertwine the
corresponding compatibility operators T and T, i.e.

JT=TJ and JT=TJ. (4.5)

1. If J and J’ are §-quasi-unitary (§-partial isometric) of order 1 (with respect to
Aand A), then J and {f are C§-quasi-unitary (C§-partial isometric) of order 1
with respect to H and H.

2. Similarly, if J ani]’ are 8-quasi-unitary (8-partial isometric) of order 1 with
respect to H and H, then J and .L’/ are C§-quasi-unitary (C §-partial isometric)
of order 1 (with respect to A and A).

Proof. The only conditions to be verified are

lid—J'J [0 = [(Gd—=J"NT 10 = T~ (d—J"T)][10
<[IT7"lid—J"J|h—o < C$§

and the corresponding statement on . Here, we used the intertwining property of
T and T for the second equality. The second part follows similarly. O

Combining the last two lemmata, we obtain:

Corollary 4.1.9. Assume that H, H e % (C, 20) and that J and J' intertwine the
corresponding compatibility operators T and T, If J and J " are §-quasi-unitary
(8-partial isometric) of order 1 (with respect to A and A), then J and J’ are C3§-
quasi-unitary (C3§-partial isometric) of order 2 w.r.t. H and H.

4.2 Convergence of Self-Adjoint Operators
in Different Hilbert Spaces

Assume that we have two_ Hilbert spaces 7 and %, each endowed with a non-
negative operator A and A. We denote the associated scales of Hilbert spaces by
% and 7%, respectively (see Sect.3.2). For example, the norm of an operator
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A 5 — M s

||A||k—>—m = sup ” ” —mo_ ”Rm/2ARk/2||O—>0
ue kK ”u”k

where
=A+1D)7" and R:=@A+1)7".

By A* we denote the adjomt of A with respect to the (extended) inner product on
A, ie. A*: A™ —> A~F with norm

||A*||m—>—k = [[Allk>—-m-
In order to compare the two spaces and operators A and Z, we need an
identification operator J: ¢ — S of order O:

Definition 4.2.1. Let§ > 0.

1. We say that A and A are §-close (of order 0) with identification operator J if
|47 = Aoz = |RJ = JR[lo0 < 6. (4.62)
2. We say that A and A are §-close of order m > 0 with identification operator J if
147 = JAl24ms2 = |RJ = JR[n—0 = |(RT = JR)R"?|| < 6.
(4.6b)

Remark 4.2.2.

1. Note that estimate (4.6b) is equivalent with

(Jf . Au) = (JAS )]
<81 f lotmllull = 81(A+ D2 £ (A + Dul| - (4.6b)

forall f € >t and u € >

2. The notion of §-closeness alone does not say a lot about the operators A and
A, e.g., if J = 0, then trivially, any pair of operators A and A is O-close. The
important additional information is the §-quasi-unitarity of J. Nevertheless it is
sometimes useful to have this weaker notion.

3. Note that the operators are A and A are O-close (of order m) w.rt. J iff J
intertwines R and R, i.e. JR = RJ.

Next we define when two operators are ‘“unitarily equivalent” up to an
error:
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Definition 4.2.3. Let§ > 0.

1. We say that A and A are 8-quasi-unitarily equivalent (of order m > 0) if there
are §-quasi-unitary operators J and J’ of order k < 2 for which A and A are
d-close (of order m)._

2. We say that A and A are §-partial isometrically equivalent (of order m > 0) if
there is a §-partial isometric operator J of order k < 2 for which A and A are
§-close (of order m).

The next lemma shows that we indeed generalised the usual notion of “unitary
equivalence”. Note that the notion “partial isometric equivalent” may be a bit
misleading, since A and A are only §-close and not 0-close. In the latter case, we
can say more (see also Proposition 4.9.10 for a special case):

Proposition 4.2.4.

1. The operators A, A are 0-quasi-unitarily equivalent iff A and A are unitarily
equivalent. "

2. Assume that A and A are §-partial isometrically equivalent and 0-close with
respect to the same identification operator J (i.e. J*J = id, ||(1d JJ*)R|| <$
and RJ = JR), then A is unitarily equivalent with PA=AP, where P =JJ*.
In particular, the operators A and AP have the same spectral properties.

Proof. The first assertion is obvious (see Lemma 4.1.4 (1)). For the second
assertion, we have already seen in Lemma 4.1.4 (2) that P=JJ* is an orthogonal
projection in S and J: A —> ran P is unitary. Moreover, since RJ = JR, the
projection P commutes with R and the result follows. O

Let us now show the transitivity of §-quasi-unitary resp. 6- partlal 1sometrlc
equivalence of non-negative operators as follows. Assume that %” 77 and A
are three Hilbert spaces with non-negative operators A, A and A, respectively.
Moreover, assume that

o — . T — . T:H — A and J':%—)%"@])
are bounded operators. We define
J=T1#—# ad J =0T — A (48

For the next proposition, let us replace condition (4.1a) in the definition of §-quasi-
unitarity by i _
[JIl <1+8  resp. |J| <1+38. (4.9)

Note that then ||J/|| < 1+ 28 and |[7'|| < 1 + 28 by (4.3a).
Proposition 4.2.5. Assume that 0 < § <1

1. Assume that A and A are 8-quasi-unitarily equivalent with identification oper-
ators J and J', and that A and A are §-quasi-unitarily equivalent with
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identification operators TandJ' (both of order 0). Then A and A are 8-quasi-
unitarily equivalent with identification operators J and J' of order 0, where
8 =228 + 436.

2. Assume that A and A are S-partlal isometrically equivalent with identification
operator J, and that A and A are § -partial isometrically equivalent with
identification operator J. Then A and A are (8 + 30)-partial isometrically
equivalent with identification operator J.

The asymmetry in § and § is due to the fact that the assumptions of quasi-unitarity
are not symmetric.

Proof. Let us first show that J and J’ are §-quasi-unitary of order 2 (see Defini-
tion4.1.1 (1) and (4)). Obviously, ||J|| ||J|| 1T < (A4+8)(A+8) <1+2( +8)
Moreover,

I = J™ I < T =TT+ 1T =T < 28 + 35
since 8,F8V < 1. In addition,
lid—=J"Jlla0 = [|GGd =" T TR
= [Gd—J'J)R + J'(Gd—T'T)(RJ + (JR—RJ))|
< |lGd—J' )R]
+ 11 (1Gd = T DRI+ A+ [TUITIDIJR =R
<8+ 3(28 +78) = 228 + 63,

using (4.6a), where R = (A+1)"", R= (A+1)""and R = (A+1)"". Similarly,
we have

lid = J "0 = IGid = TJJTYR|| <8 +2(38 +7-38) = 65 + 438
using o " R _ o _
[J'R—RJ'| < J'IIIRI + IR + [[J*R - RJ*| < 36.

In particular, we have shown that J and J' are g-quasi-unitary of order 2. Finally,
we have

~

IR —JR|| < |(RT=TR)J|| + ||[T(RJ — JR)| <28 + 28

and the §- -quasi-unitary equivalence of A and A follows.

The (3 + 38)-partial isometric equivalence follows similarly: Obviously, J*J =
J*J*JT =1id, since J*J = id and J*J = id. Moreover, we can show as before
that

lid = J J*lamso = |Gd = TJT*TR| <5+ (5 +28) =86+ 38
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using now ||J|| = ||J|* = 1 etc. Finally, ||[RJ — JR|| < § + 8, and the assertion
follows. O

Let us now define the notion of convergence of non-negative operators acting in
different Hilbert spaces:

Definition 4.2.6. Let A, and A be non-negative operators in the Hilbert spaces .77,
and 77, respectively. We say that A, converges to A (of order m > 0) (in the
generalised norm resolvent sense) (A, — A) if there is a sequence 6, — 0 such
that A, and A are §,-quasi-unitarily equivalent (of order m > 0). We call §, the
convergence speed of A, — A.

Again, we have some simple consequences, showing that we generalised existing
concepts of convergence of self-adjoint operators:

Lemma 4.2.7.

1. If 4 = S and J = J' = id, then the §-closeness of A and Ais equivalent
with the fact that |R — R|| < 8. In particular, the norm resolvent convergence
IR, — R|| — O is equivalent to the convergence A, — A in the generalised
norm resolvent sense (of order 0). ~

2. More generally, assume that 7 is a closed subspace of 7. If A is a non-
negative operator in 7€ and A, are non-negative operators in ¢, we can define
a convergence by’

A+ D' = A+ @0 -0, (4.10)
also called generalised norm resolvent convergence. Setting Jf = f & 0 and
J' = J*, then A, converges to A in the generalised norm resolvent sense iff

A, — A in the sense of Definition 4.2.6.

Proof. The first assertion is obvious. For the second assertion, it is clear that id =
J'J and JJ' = P, where P is the projection onto 7 in 7 . Note that A, converges
to A in the sense of (4.10) iff all three norms

IP(A, +DT'P—(A+ D7, 1PYHA, +D7'PY, IPHA, + 1) P

converge to 0, where PL.=1-P. |

Let us now derive some consequences of the fact that the operators A and A are
§-close of order m:

Lemma 4.2.8. Assume that A and A are §-close of order m > 0 with identification
operator J, then

3 The operator (A + 1)~ @0 is the quasi-inverse of A+ 1 viewed as non- n-densely defined operator
in 7# (see e.g. [W84]). We can think of A + 1 being 0o on #- C 7, so that its inverse is 0
there.
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IR/ — JR ||y—so = |(R/J — JR))R™?|| < j§ (4.11)

forall j € N.

Proof. We use the resolvent identity

j—1
RIJ—JRI =) RI"H(RJ - JRR,
i=0

and conclude

j—1
IRV T — JRI)R™Z| < Y RV (RT = JR)RZ| | R|| < j$
i=0

using the estimate for j = 1 and || R||, ||’I§|| <1 O

We want to extend our results to more general functions ¢(A) of the operator A
and similarly for A. Here, we essentially use the fact that we have the functional
calculus for self-adjoint operators. We start with continuous functions on R4 :=
[0, 00) such that limy_ 00 @(A) exist, i.e. with functions continuous on Ry =
[0, 00]. We denote this space by C (R ).

Theorem 4.2.9. Let § > 0 and assume that A and A are §-close of order m > 0
with identification operator J and that ||J || < 2, then

lp(A)J — Jo(A)llm—o < C,$ (4.12)

forall ¢ € C(Ry), where Cy > 0 depends only on ¢ and || J ||.

Proof. Let ¢ € C(R4). By the Stone-Weierstrass theorem there exists a “polyno-
mial”

p(A) = Zak(k +1)7*
k=0

in (A 4+ 1)7! such that || p — ¢||oc < 8. Then we have

lp(A) T — Jp(D)llm—so < (@ — pYA)NIR™2| + [T1llI(¢ — p)(A)R™?

n
+ ) lakl|(R*J — JRF)R™?)|
k=0

n
<4le = ploo + Y _ laxlks
k=0

< (4 + Z Iak|k)8 = C,8

k=0
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using the assumptions, Lemma 4.2.8 and the functional calculus, where ||¢|co
denotes the supremum norm of ¢. O

In a second step we extend the previous result to certain bounded measurable
functions y: Ry — C. We start with the easier case m = 0:

Theorem 4.2.10. Suppose that U C Ry is open and that y:R,. — Cis a
measurable, bounded function, continuous on U such that 1im)_,.o V¥ (X) exists.
Then there exists a constant Cy, > 0 depending only on  such that

[y (A)J — Ty (A)| < Cyé (4.13)

for all operators A and A being §-close with identification operator J such that
1T <2, provided "
o(A)cU or o(A) CcU.

Proof. Let x; be a continuous function on Ry satisfying 0 < y; < 1, 3 =1lon
0(A) U {oo} (resp. x1 = 1 ono(A) U{oo}if U is a neighbourhood of 6(A)) and
supp y1 C U. Then y;¢ and y2 = 1 — y; are continuous functions on R and

[ (AT — Ty (A < 1Gnv) (AT — Iy Q)|
+ G (D) — J(ay)(A)].

If U is a neighbourhood of 0(A) we can estimate the norm with y, by

1V lloo [l x2(A) T = Jx2(A)]]

using the fact that (x,¥)(4) = x2(4) = 0 since x» = 0on o(4). If U is a
neighbourhood of ¢(A) then we use

[ ()T — Ty (A)| = [y (A)T* — T*y (D),

and we argue as in the case where 0(A) C U with the roles of A and A
interchanged.

Applying the preceding theorem twice (in each of the above cases), we obtain
the error estimate Cy := Cy,y + ||/ [l0oCy,, Wwhere C, denotes the constant for the
continuous function ¢. O

If m > 1, then we can still prove the following result, under the stronger
assumption of §-quasi-unitarity:

Theorem 4.2.11. Suppose thatm > 1, that U C Ry is open and that y: Ry —> C
is a measurable, bounded function, continuous on U such that lim)_co ¥ (L) exists.
Then there exists a constant Cy, depending only on  such that

1V (A)J — JY(A)mso < Cy8 (4.14)
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for all operators A and A being §-close with the §-quasi-unitary identification
operators J and J' of order k < m w.r.t. A and A, provided

oA CcU or o(A)cCU
and0 < 6§ < 1.

Proof. As in the previous proof, we have

1Y (A)J — Ty (A) o
< 1)) = TG (A lmoo + ) (R)T = T(a¥) (A)|lmso.

If U is a neighbourhood of o(A) we estimate the norm with y, by

1V llooll2(2) T — J x2(D)llm—0

again using the fact that (y29)(4) = x2(4) = Osince y» = 0ono(A). If U isa
neighbourhood of o(A) then we estimate the norm with y, by

17 GV (A llm—o0 = IV G¥) (D lln—o = 2[¥ lleo | X2(A) lm—o

again using the fact that (le//)(Z) = )(Z(Z) = O since y» = 0 on U(Z). Now
122(A) w0 < 1id =TT k=0l x2(D) Imsi + 1 11T x2(A) = x2(D)T .

Note that || x2(A)|lm—r < 1 since m > k. Applying Theorem 4.2.9 twice (in each
of the above cases), we have the error estimate

Cry + 2 lloo (1 + (1 +28)Cy,) < Cpiy + 2V lloo (1 +3Cy,) =: Cy

using the fact that § < 1. O

Denote by ./ = I NR, \ I the boundary of I in the relative topology Ry =
[0, 00). For example, d[0, A] = {1}. As a consequence of the preceding theorem, we
can ensure the convergence of the spectral projections:

Corollary 4.2.12. Assume that I is an interval in Ry.. Then the spectral projections
satisfy

11, (A) — J1;(A) w0 < Cq,8 (4.15)

provided 41 N o (A) = @ or 041 No(A) = 0.

Proof. We apply either Theorem 4.2.10 if m = 0 or Theorem 4.2.11 if m > 0 with
Y = 1y, the indicator function of / with the corresponding hypothesises. Note that
1; is continuous on U = R4 \ 047 and that lim .o 17(1) € {0, 1} exists. O
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The error estimate is not quite explicit. Namely, it is difficult to control the constant
Cq, interms of n (or A) for I = (A — n, A + n). For this purpose, the holomorphic
calculus is more adopted (see Corollary 4.5.15).

Combining the above estimates with a §-unitary map, we obtain:

Lemma 4.2.13. Assume that J is §-quasi-unitary of order k w.r.t. A and A and
that

lp(2)J — J@(D)llm—o = 71

for some function ¢, m > 0 and some constant n > 0. Then we have

()" = T @A) los—m < 2ll¢llocd + 1, (4.16a)
lp(A) = I 0(A)J [nso < [0 lood + (2 + 8)n, (4.16b)
l@(A) = Jp(A) T lo—o < 517" lod + 21, (4.16c)

where % (1) = (1 4+ L)*2@(L). For the last estimate, we have to assume m = 0.
If J is 8-partial isometric and m = 0, then

lo(M)T* = T*(A)] = |p(A) = J*p(A)J || = n. (4.16d)
Proof. The first estimate follows from
lo(2) T = T'0(D) lo—m < 2l@llooll S = T*[| + @(A)T* = T*@(D) o—m:
the second from

l@(A) = I @(A)V o < [lid—J" T [lk=0l|@(A) [l m—sk
F 1T @(A) — ()T [lmmso

and the third from
lp(A) = Jp(A)J'|| < [lid = JJ [k>olle(D) ok + 1T 1117/ @A) — p(A) ||

together with (4.16a). |
We immediately obtain:

Theorem 4.2.14. Assume that A and A are 8-quasi-unitarily equivalent of order
m > 0, and that ¢ € C(R_) with () = O((A + 1)™") as A — oo then

lp(A) T = J'9(A) o < C18, (4.17a)
lp(A) = J'9(A)J o < C38. (4.17b)
lp(A) — Jp(A)J [lo—o < C36, 4.17¢)
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where C; depend only on ¢ and m. Again we have to assume m = 0 for the last
estimate.

Note that we cannot apply the previous functional calculus to ¢, (1) = ¢ since

lim) 00 ¢ () does not exist for 7 > 0. Nevertheless we have the following result
comparing the time evolution ¢4 with e'/4:

Theorem 4.2.15. Suppose that A and A are §-close of order m with identification
operator J, then

4T — Jel"||lpqpmo_n < 6. (4.18)

In particular, ift = O(877), 0 <y < 1, then the norm ofe”ZJ — Je'"4 as bounded
operator from 1, to H_; is of order §'77.

Proof. We have
e'hJe A~ =i / (AT — JA)e T dr
0

where AJ — JA is a bounded operator from 4, to ,2?_2. Multiplying this
equality from the left by R and on the right by e”4 R = Re"“ yields

R(E"J —Je")R =i f e R(AJ — JA)R ™ dr.
0

Therefore,

1(€“4T — ") [a4ms—2 = [RE"4T — Je"“)R]yo

t
< / IREJ = ARt = 11T = JAppmrs < 18
0

using || ||,—m = 1 and the closeness of order m, see (4.6b). O

We also obtain the convergence in the usual operator norm 0 — 0 if we use
an energy cut at Ao > 0, i.e. if we restrict the functions to the spectral interval
I = [0, Ao]!

Theorem 4.2.16. Let Ao > 0 not belong to the spectrum of A. Assume in addition
that A and A are §-close with identification operator J, then

13T — T P|| < (ko + 1) + 2C4,)8. (4.19a)

where P = 1;(A). If A and A are 8-quasi-unitarily equivalent, i.e. if in addition,
J and J' are §-quasi-unitary (of order 2), then

(€4 — Je" AT P|| < (2(ho + 1)t + 12C1, + Ao + 9)5, (4.19b)
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where P = 1, (Z) In particular, if t = O(77), 0 < y < 1, then the operator
norms in (4.19a)—(4.19b) are of order §' 7.

Proof. Denote by P:=1 I(Z) the corresponding spectral projection of A and set
P+ :=id — P. Then we have

|27 — T ) P < P73 = Je2) P + [ PLE3) — Je"4)P|

< IPA+DIl[e"T = Je"*) P[22 P(A + D]
+2|PLtup|

using the fact that 4 and P commute and similarly for A. The first summand

can be estimated by (Ao 4+ 1)28¢ by the continuous functional calculus and
Theorem 4.2.15. For the second summand, note that

IPLIP| <[PPI + | PH(IP = PJ)| <0+ Cy,8

using Theorem 4.2.10 and the assumption Ay ¢ o(A).
For the second assertion, we have

| F = TP < @A = 2P+ 12T (P = P
+ (4T — TP | + || T2 (PT — T'P).
The second and forth term can be estimated by 2(2 + Cy,)d using Lemma 4.2.13
and Theorem 4.2.10. The first term is bounded by (Ao + 1)§ by the §-quasi-

unitarity. Finally, the third term can be estimated by twice the bound obtained
in (4.19a). O

4.3 Spectral Convergence for Non-negative Operators

In this section, we show the convergence of the discrete and essential spectra
provided A, converges to A in the generalised norm resolvent sense (see Defini-
tion 4.2.6). Recall that 3.1 = T N Ry \ I is the boundary of I in the relative
topology on R4 = [0, 00).

Proposition 4.3.1. Let I C Ry be a bounded measurable set and assume that A,
A are §-quasi-unitarily equivalent (of order 0) such that

o(MNILI=0 or o(A)Nol=9.

Then _
dimran1;(A) = dimran1;(A)
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provided 0 < § < &, where

So:= (3G +Ci,) and  CF, = sup(l + M)
' ’ rel

If, in addition, A € I is a simple eigenvalue with normalised eigenvector r, then
there exists a normalised eigenvector y € J generating ran P such that

Jy =V <Cié  and  ||J'Y—y| <Cié,

where Cy := 2Cq, +3(A + 1) and Ci =3C + (A + 1) provided § < 1 for the
second estimate.

Proof We apply Theorem 4.1.5 with C = 1 and Z = 2, so that | P | x—g <
C,' by the spectral calculus Theorem 3.2.2, and s1m11arly on 7. The convergence
of the projections P = 1;(A) and P = ]II(A) is ensured by Theorem 4.2.10
and the assumption that either the spectrum of A or A is disjoint from 041, the
discontinuity points of 1; and we have o« = Cy,. O

If A and A are only §-quasi-unitarily equivalent oi order m > 1, we have to work
a little bit more due to the asymmetry in the norm | P J — JP ||,,—o0:

Proposition 4.3.2. Let I C Ry be a bounded measurable set and assume that A,
A are §-quasi-unitarily equivalent of order m > 1 such that

o(A)NIL I =0 or o(A)NdLl =0.

Then "
dimran1;(A) = dimran1;(A)

provided 0 < § < & for some &y = 8o(m, 1) > 0. If, in addition, A € I is a
simple eigenvalue with normalised eigenvector V, then there exists a normalised
eigenvector y € J¢ generating ran P such that

IJy =¥l <Ci8  and  |J'¥ —y| < Cié,

where Cy := 2Cy, (A + 1)"? +3(A + 1) and C,=3C+ (A + 1) provided § < 1
for the second estimate.

Proof. As before, denote by P = 1;(A) the spectral projection on /' and similarly
for P. For the inequality dimran P < dimran P, we can argue as in the previous
proposition, but with 2 = 7" +2,

The opposite inequality is more difficult due to the asymmetry in the norm
Il m=0- Suppose that u € ran P. In addition, let X1, X2 € C(R+) with 1+, = 1,
supp y1 compact and supp y» N I = @. Then

11 (8) fll-m = IR" 20 (M) fI| = IR"11(A) 1| = Cpyf I f
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by the functional calculus, where

Co = inf(l+1)™"2>0
? rel

m

since I is bounded. Hence, we have the estimate (with f = J'u)

1PT ]l = | Putll g = [(PT* = T* Pl -
> 11 ()T * ]l = [ x2(A) T *ull -n = P T = TP [lmo|u]
> Co % ull = [ (2(A)T* = T* 2 (D))ull - — 8Cy, ||u]
> Cpy /1 ull = 8(Cy, + Cu,)|ull

by Theorems 4.2.9 and 4.2.11, using the fact that
12Bu = (B Pu= (121 (A)u = 0
in the third line since the supports of y, and [ are disjoint. Moreover,
1 ull = 1 ull = 1T = I Yull = (1= &) ull =38 [lull> = (1 =81 +3C;7)) llull
by Lemma 4.1.3 and (4.1b). Finally, we have shown that
IPT* ]| > (c,,;,(1 —8(143C;H)) —8(C, + )(]1,))||u||.
In particular, if

Cpy + Cp\ !
0<5<(1+3c;,+%) =: &

m,I

then PJ* restricted to ran P is injective, and dimran P > dimran P follows as in
Theorem 4.1.5.

The assertion on the convergence of the eigenvectors follows by a similar
reasoning as in Theorem 4.1.5, noting that now ¥ has to be estimated in the norm
1Yl = (2 + 1)"72. o

We will now show that the spectrum of the non-negative operators A and A are
close in the Hausdorff distance. Since we cannot control all energies A € [0, co0)
uniformly, we introduce the weighted distance

d(a.b) == lp@@)—e®)|, Q) := (4.20)

1
1+ A
It is easy to see that d is a metric on [0, o0). Moreover, extending the metric onto the
space [0, oo] by setting ¢(oc0) := 0 we obtain a compact metric space. Note that ¢
is a homeomorphism from [0, co] onto [0, 1]. Since our operators are unbounded, co
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is always an accumulation point of the spectrum, and we consider it as belonging to
the spectrum. In this sense, the spectrum of an unbounded operator is also compact
in the metric space ([0, o], d). Denote the open ball around A with radius n > 0
w.r.t. the metric d by B, (1).

For subsets A, B C [0,00], denote by d+(A, B) and d (A, B) the maximal
outside/inside and Hausdorff distance with respect to the metric d on [0, o], see
Definition A.1.1 in Sect. A.1. We sometimes call this (Hausdorff) distance also
weighted. We need the weighted distance in order to compactify the space [0, 00).

Let us formulate the continuous dependence of the spectrum for non-negative
operators. For the notion of convergence of non-negative operators, see Defini-
tion 4.2.6 and for the convergence of sets, we refer to Definition A.1.4.

Theorem 4.3.3. Assume that A, — A of order m > 0, then o(4A,) — o(A) in the
weighted Hausdorff distance, i.e. d(c(A,),0(A)) — 0.

Proof. We use the element-wise characterisation of set convergence in Proposi-
tion A.1.6. We start with the convergence from outside o(4,) \, o(A): Let
A ¢ 0(A). Since o(A) is closed, there exists n > 0 such that B, (1) N o(4) = 0.
By Proposition 4.3.1,

0 = dimran 15, 3)(4) = dimran 15, 1)(A4,)

provided n is large enough (such that §, < &y = So(n,A)). In particular, B,(1) N
o(A,) = @ eventually.

In order to show the convergence from inside 6(4,) /" 0(A), let A € o(A) and
n > 0. We have two cases:
Case A: If there exists an open interval / C B,(A) with A € [ such that the
boundary points of / are not in o(A), then again by Proposition 4.3.1,

0 < dimran1;(A) = dimran1;(A,)

eventually, and in particular, there exists A, € o(4,) with d (A,, 1) < 7.

Case B: If no such interval exists, then B,(A) C o(A). If in this case, B,(A) N
o(A,) = @ eventually, we apply once more Proposition 4.3.1, but with the roles
of A and A, interchanged, using the fact that 04+ B,(A) N o(A,) = 0. As a result,
B,(A) N o(A) = 0, a contradiction. In particular, we can find A, € o(A4,) with
d(An,2) < 1. u]

For the essential spectrum, we also have continuity:
Theorem 4.3.4. Assume that A, — A of order m > 0, then Oess(A,) = Oess(A).

Proof. We use again the characterisation Proposition A.1.6. In order to show the
convergence from outside ess(Ay) \( Oess(A), let A ¢ 0ess(A). The essential
spectrum is closed, therefore there exists n > 0 such that B,(1) has no point in
common with the essential spectrum. Since B, (A) contains at most countably many
points from the discrete spectrum of A, there exists an open interval / C B, (1) with
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d+1 No(A) = 0. Applying now Proposition 4.3.1 if m = 0 resp. Proposition 4.3.2
if m > 0 we conclude that

oo > dimran1p (1)(A) = dimran 15,1)(4,)

so that I N 0e55(A,) = @ eventually.
For the convergence from inside, note that Case A of the preceding proof (941 N
o(A) = 0)is literally the same, using

oo = dimran1;(A) = dimran 1;(A4,)

eventually. Case B is treated similarly: If no such interval exists, then B,(1) C
Ocss(A). If in this case, B,(A) N 0ess(A,) = 0 eventually, we can find an open
bounded interval / C B,(A) containing A such that ;1 N o(A,) = @ for all n,
since the discrete spectrum of 0(A,) inside B,(A) is at most countable. Applying
Proposition 4.3.1 once more with the roles of A and A, interchanged, we obtain

oo > dimran1;(A,) = dimran1;(A)

eventually, a contradiction to the fact that A € gess(A) and A € 1. O
We can only show the lower semi-continuity of the discrete spectrum :

Theorem 4.3.5. Assume that A, — A, then o4isc(4,) /" 04isc (A). Moreover, the
multiplicity is preserved, i.e. if A is of multiplicity u, then there exist | eigenvalues
Ajin J =1,...,1, (not necessarily mutually distinct) such that A;, — A as
n — oo.

If, in addition, p = 1, i.e. if there exists a simple eigenvalue A € ogisc(A) with
normalised eigenvector \, then there exists a sequence of normalised eigenvectors

Yn € J, of A, such that
[ —Yull >0 and || J)y — | — O,

where J, and J, are the associated identification operators.

Proof. The proof is similar to the proof of the second part of Theorem4.3.3: Let A €
04disc(A). Then by definition of the discrete spectrum, there exists > 0 such that
B,(A) N 0gisc(A) = {A}. In particular, by Proposition 4.3.1 resp. Proposition 4.3.2,

0 < p:=dimranlp ;) (A) = dimran 1 ;)(4,) < o
eventually, showing the existence of u sequences {A ; , }, convergingto A. Moreover,

Case B cannot occur here. O

Remark 4.3.6. Note that we cannot expect the upper semi-continuity of ogisc(-) as
the following simple example shows: Let 7' be a bounded operator in .72 with purely
discrete spectrum spectrum and set 7, := n~!T. Then T, — 0. Moreover, 0 is in
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the essential spectrum of the limit operator, but not in the discrete one. But it is
impossible to find a neighbourhood around 0 not containing discrete spectrum, i.e.
the characterisation of convergence from outside in Proposition A.1.6 is not fulfilled.
Although the limit operator is not the resolvent of an unbounded operator (in the
usual sense), it is easy to construct also examples where A, — A does not imply
the upper semi-continuity of oisc(-).

Remark 4.3.7. Using the min-max characterisation of eigenvalues Theorem 3.2.3,
we obtain a more precise estimate for the discrete spectrum below the essential
spectrum (see Corollary 4.4.19). The problem in determine the convergence velocity
of the eigenvalues is the complicated dependence of the constant §g = &o(m, I)
onn for I = (A —n,A + n), see Propositions 4.3.1 and 4.3.2. Nevertheless, the
previous result on the entire discrete spectrum also allows to show the convergence
of a discrete eigenvalue inside a spectral gap. Note that we obtain a more explicit
error estimate using the holomorphic functional calculus, see Sect. 4.6.

4.4 Convergence of Quadratic Forms in Different
Hilbert Spaces

In this section, we define quasi-unitary equivalence for two quadratic forms. Even if
the assumptions are stronger than the assumptions for §-quasi-unitary equivalence
of operators, it is in general easier to deal with the first order domains (as it is the
case in our applications). ~

Assume that we have two Hilbert spaces 7 and ¢, each endowed with a
non-negative (unbounded) quadratic form 9 and 9. We denote the corresponding
operators by A and A, and the associated scales of Hilbert spaces by A% and
%k , respectively, see Theorem 3.1.1 and Sect. 3.2. Note that 77 ' = dom?d and
A" = domD.

Let us now introduce the following identification operators acting on the scale of
order 1.

Definition 4.4.1. Let§ > 0 and
Jho — and JN 7 s o

be bounded linear operators, called identification operators of order 1 associated
with the quadratic forms 9 and 0.

1. We say that J' and J'! are §-adjoint with respect to d and D, if
1" =T sy = IRV = T HR?| < 8 (4.21a)

is fulfilled, where .
J =M —
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2. We say that J ! is (1 + §)-bounded if

[T 11 <1 +38. (4.21b)

3. We say that J'Misa left-inverse for JUif
JTIV =14, . (4.21¢)

4. We say that the quadratic forms 0 and 0 are §-close with first order identification
operators J ! and J'' if J! and J'! are §-adjoint and if

AT — T Al <36. (4.21d)

5. We say that J ' and J'' are §-partial isometric w.r.t. and D, if 0 and D are §-close
and J'! is a left-inverse for J !, i.e. if (4.21a), (4.21c) and (4.21d) are fulfilled.

Remark 4.4.2.

1. Note that J~! does not denote the inverse of J.
2. Estimate (4.21a) is equivalent with

(T fouy = (LT uy | < 81 Il (4.21a%)

forall f € 2" and u € 7. Similarly, condition (4.21d) for the §-closeness
can be expressed as

RU fowy—o(f T w)| <8I fillul. (4.21d)

3. We do not need in general the boundedness of J! or J’' in quantitative
estimates. Note, that the boundedness is needed in order to assure that J “Ifis
a bounded anti-linear form on 7. For partial isometric identification operators,
the (1 + &)-boundedness follows a posteriori, cf. Lemma 4.4.3. Moreover,
the boundedness of J'! is needed if one wants to understand the expression
individually, e.g., if J7'A | is understood as the concatenation of A: .7 1
A Vand ST — st _
Nevertheless, we can define expressions like (/' — J~')f and (AJ' —
J7'A) f via the sesquilinear forms 7! x ¢! — C,

(fow) = (I fou) = (£ Ty resp. (fu) =00 fow) = (£ "M w)

without referring to the boundedness of J ! or J'!.

4. We will give below an easy way how to show the §-adjointness using also the
identification operators J and J " of order O (see Definition 4.4.9).

5. We sometimes say that A, A are §-close of order —1, if 0 and 9 are §-close
although this is slightly inconsistent with Definition 4.2.1 (2).
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6. We do not assume the analogue statement of |u — JJ u||j—o < & for the first
order identification operators.

Let us state some consequences of the definitions, explaining in particular the
name “‘§-partial isometry”:

Lemma 4.4.3. Let§ > 0.

1. Assume that J' is (1 + 8)-bounded and that J' and J'* are §'-close, then J'" is
(1 4+ 8 + 28")-bounded.
2. Assume that J' and J'' are 8-partial isometric w.r.t. 0 and 0, then

' fll =1 I < 280 f - (4.22a)

In particular, J' is (1 + 28)-bounded and J'' is (1 + 38)-bounded.
Proof. The first assertion follows from
1 ullf = G, T A+ 1T )11
= (. (I A= AT )+ e (A DI )
+ (u, (S =THT )
< llull1 (28" + 17 1) 1 el

Here, (-,-)1— stands for the sesquilinear pairing of /#! x #~!. For the second
assertion, note that

A+ DI =@+ DI [ A+ D)= (A + DI
=(A+ D)+ [AT =T A + (=TI
using (4.21c) in the second equality. It follows that
AT =113 = (AT A + DI = (A + DI f )i
< LA (AT =T Al + 1 = T )1 S 1
<281/ Sl

using the §-closeness and §-adjointness. Now, if f # 0, then J' f # 0, and

(AR = IAIE] 281/ £ 1
1+ 0 = 1

The (1 + 28)-boundedness of J! is now obvious, and the (1 + 3§)-boundedness of
J'! follows from the first assertion. O

W fl =1 f ] = = 28[1 11l
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As in Sect. 4.2, we derive the convergence of powers of the resolvent: Note that

[A]=151 = (A + D244 + D2

Lemma 4.4.4. Assume that ® and 9 are §-close with identification operators J
and J'", then _
I[RET=' — JYRK||Z 5y < Bk — 1) (4.23)

fork > 1.

Proof. We start with k = 1 and note that
A+ 1D)"PRITT=T'RYA+ D2 =RP[IA-ATY) + (I = TH]R'?

from which the estimate |[RJ ™! — J'R|—1-1 < 26 follows. For k > 2, we write
k=1 k=1
REJTV—J'RFE =3 "RFTIRIT - J'R)R + Y RFI(JN = JTHRY.
=0 i—1

We estimate the norm of the first sum by 2k§ and the second by (k — 1)§. O
For continuous functions ¢ € C(R ) having fast enough decay we have:

Theorem 4.4.5. Let ¢:[0,00) —> C be a continuous function such that
limy 00 (A + 1)@(A) exists. Suppose in addition that  and d are §-close with
J' and J'', then _

lo(A)J =" = Te(A)]l-11 = Gy, (4.24)

where C, depends only on ¢.

Proof. Let §(A) = (A + 1)@(A). By assumption, ¢ € C(R ) and therefore by the
Stone-Weierstrass theorem, there exists a polynomial

PO =Y ah+ 1)
k=0

in (A+1)"" such that |p — @|lc < 8&.Then p() := (A+1)"'p(1) is a polynomial
without constant term and we have

lp(2)J ™" = T (M) |=151 = (@ — YD) =11 1T 7 =155

+ 1 =1l = (D) ]-11

n
+ 2 lax| R = TRy
k=0
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n
<49 = DPlloo + ) _ lax|(3k +2)8
k=0

= (44 D lal Gk +2))8 =: €,
k=0

using [[(¢ — p)(A)[-1-1 = @ = P)(A)]| < @ — Plloo and a similar estimate for
A, our assumptions and Lemma 4.4.4. O

Similarly as for zeroth order identification operators (see Theorem 4.2.10),
we can extend the previous result to certain bounded measurable functions
yv:R, — C.

Theorem 4.4.6. Suppose that U C Ry and that y:R + —> Cis a measurable,
bounded function, continuous on U such that limy_o(A + 1)W(X) exists. Then
there exists a constant Cy > 0 depending only on \ such that

(A = T (D)1 = Cy6 (4.25)
for all non-negative quadratic forms 0 and%being 8-close with J' and J'*, provided

o(A)cU or o(A)cCU.

Proof. Let x| be a continuous function on R 4 satisfying 0 < y; <1, y1 = 1lon
o(A)U{oo}and supp x1 C U. Then 1y and y» = 1 — x; are continuous functions
on R, and

1Y (A) I ™" = T (D) =151 < 16 (AT ™ = T ) (D) =11
F G DT = T () (D) 151

If U is a neighbourhood of 0(A) we can estimate the norm with y, by

[V lloolli2(2) T ™" = T 12 (A) =11

using the fact that (y,v¢)(4) = x2(A) = 0 since y» = 0 on o(A). Applying the
preceding theorem twice, we have the error estimate

CW = C)m// + ||1/f||oocxz‘

Note that in both cases, the functions y1¢ and y are continuous and still lie in
C(R,) when multiplied with (A 4 1). If U is a neighbourhood of o(A) we obtain
the result by duality (as in the proof of Theorem 4.2.10). O

As a consequence of the preceding theorem, we can ensure the convergence of
the spectral projections:
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Corollary 4.4.7. Assume that I is a bounded interval in Ry. Then the spectral
projections satisfy

11, (A)J " = J'1,(A)||-151 < Cy,8. (4.26)
provided 0+ 1 No(A) =@ ordyI N U(Z) = 0.

Proof. We apply the preceding theorem with ¢ = 1, the indicator function of /.
Note that 1; is continuous on U = Ry \ d4/ and that lim) oo (A + 1)1;(1) =0
exists since [ is bounded. O

Let us derive another result on the unitary time evolution (cf. Theorems 4.2.15
and 4.2.16), expressed in terms of the associated forms:

Theorem 4.4.8. Suppose that
R Y (@), u) =W (1), J " w)| < (@) [lull,

forallu e S\, where Y (t) := "2y (0) is the time evolution of a state Y (0) €
w.rt. A and that J', J'' are §-quasi-unitary. Then

~ . t
€37 = sy ) < 68w + [ o
0
In particular; if O and d are §-close with J" and J"', then u(t) = 8|y (0) |, and

”eitAJl _ J_leitA”]_)_l < (6 + I)S

Proof. Applying the operator calculus to the formula
t
et = i/ reirdr + 1
0
with A replaced by A and A, we arrive at the operator equality
eitAJI _ J—leltA — 1/ eer(AJl _ J_IA)CITAdT + (Jl _ J_l),
0
where the integral exist in the operator norm topology on J# — % _1. Therefore,
I AT — Ty (0]
t
< / IATY = T Ay () dr + 1T =T s v 0) 1y
0
t
< [ wwaz + iy o)l
0

The last assertion follows then immediately. O
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Let us now relate the first order identification operators with the ones defined
on the entire Hilbert spaces, here called zeroth order identification operators (see
Definition 4.1.1):

Definition 4.4.9. Assume that J, J’ are zeroth order identification operators. We
say that the linear operators

Jhot — IV — A
are §-compatible with the zeroth order identification operators J and J' if

IJ =T oo <6 and |J' = I [0 < 8. (4.27)

A simple consequence is the following:

Lemma 4.4.10. Assume that J' and J'' are 8-compatible with the zeroth order
identification operators J and J' such that ||J' — J*|| < &', then J" and J'' are
(28 + &8')-adjoint (see Definition 4.4.1 (1)).

Proof. We have
J—I_Jl:(J/I_J/)*+(J/*_J)+(J_J1)

and the estimate follows from (4.27) and the assumptions. ]

Finally, we define the following property of quadratic forms to be “unitarily
equivalent” up to an error:

Definition 4.4.11. Let§ > 0.

1. We say that the quadratic forms 9 and 9 are 8-quasi-unitarily equivalent if there
exist first and zeroth order identification operators J L JVand J, J’, such that
J!and J'! are bounded,

a. 0 and D are §-close,
b. J!and J'' are §-compatible with J and J’, and
c. J and J’ are §-quasi-unitary of order 1.

2. We say that the quadratic forms ? and D are 8-partial isometrically equivalent if
there exist first and zeroth order identification operators J I JVand J, such that
JVand J'! are bounded,

a. 0 and D are §-close,

b. J!and J'! are §-compatible with J and J*,
c. J is §-partial isometric of order 1, and

d. J''is aleft-inverse for J!.

Let us give a self-contained summary of all estimates necessary in order to assure
the §-quasi-unitary resp. §-partial isometric equivalence of quadratic forms. Recall
that /! = domd and #' = dom ® with norms defined by
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IAIF =0+ IAIP  and  [lull} =0() + [lul.
Proposition 4.4.12. Let § > 0 and assume that
J:H — T, I — A,
Jhoet s 7, I s !

are linear operators. If J' is bounded and if the estimates

IF 1P < 4117 (4.28a)

(T w, f) = G TP < 80 fIPlul, (4.28b)

If =TI IP<&UFI lu=JTul? <8ul} 4280
1= I P =SSR 1 a= Il < 8 ull}, (4.28d)
R frwy=o(£ " W[ = 80 I ul} (4.28¢)

are fulfilled for all f € ' and u € S\, then the quadratic forms ® and 0 are
(38)-quasi-unitarily equivalent.

On the other hand, if 0 and ? are 8-quasi-unitarily equivalent, then the
estimates (4.28) are fulfilled.

Proof. Almost everything is obvious from Definitions 4.1.1, 4.4.1 and 4.4.9.
Note that we obtain 3§ due to Lemma 4.4.10, and since §-adjointness is part of
the definition of §-closeness of d and 9. The boundedness of J'' follows from
Lemma 4.4.3. O

Proposition 4.4.13. Let § > 0 and assume that
J: I — %
JLo — J oA — !

are linear operators. If the estimates

T =f =3l < 8ul} (4.292)

17 = If P <8N 1 = Tl < 8l (4.29b)
JVf =, (4.29¢)

RU frwy=o(£ " W[ = 80 1w} (4.290)

are fulfilled for all f € ' and u € j?l, then the quadratic forms 0 and D are
(28)-partial isometrically equivalent.
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On the other hand, if 0 and  are 8-partial isometrically equivalent, then the
estimates (4.29) are fulfilled.

Remark 4.4.14. Note that we do not need a quantitative bound on ||J!| ;. The
boundedness of the identification operators in the partial isometric case follow by
Lemmata 4.1.3 and 4.4.3.

Let us now relate the quasi-unitary resp. partial isometric equivalence (see
Definition 4.2.3) of operators with the one of quadratic forms:

Proposition 4.4.15. If 0 and  are 8-quasi-unitarily equivalent (§-partial isomet-
rically equivalent), then the associated operators A and A are §'-quasi-unitarily
equivalent (§'-partial isometrically equivalent) of order m = 0, where §' = 48. In
particular, the results of Sects. 4.2 and 4.3 apply.

Proof. The §-quasi-unitarity resp. §-partial isometry of the zeroth order identifi-
cation operators is already part of Definition 4.4.11. We only have to show the
8-closeness (of order 0) of the operators, namely

AT — J Al < AU = Iz + AT = T Allpos s
F I =T Alass + [(J7* = T)Alr—s < 48

using ||Z||0%72 <1, ||.] — J1||2%0 < ||J — J1||1%() < § etc. O

As in Proposition 4.2.5, we can show the transitivity of §-quasi-unitary resp.
8-partial isometric equivalence of quadratic forms. Assume that 77, 77 and A are
three Hilbert spaces with non-negative operators 0, and?, respectively. Moreover,
assume that

JoH — . T —s A, T:H—# and J:H — K,
Jhot 7, TN s N, T — 7 and I A — !
are bounded operators. We define

J =TI — 72, I =0T —
JL=TU " — o, JN =T —

Let us use the equivalent characterisation of “§-quasi-unitary equivalence” in (4.28)
as definition, except that we replace condition (4.28a) in the definition of §-quasi-
unitarity by . _

[JI| <1436 resp. 7] <1+6.

Moreover, let us assume that the first order identification operators J land 7' in
Definition 4.4.11 are (1 + §)- resp. (1 4+ §)-bounded, i.e.

17 s <148 resp. [T o1 <1+,
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Note that J!' and J~! are 3§-adjoint (Lemma 4.4.10), since we used (4.28) as
definition. In particular, ||J'|| < 1 + 26, ||J’1||1_>1 < 1+ 56 by (4.32) and the
proof of Lemma 4.4.3. A similar remark holds for J J and J".

Similarly, we use the equivalent characterisation of of “§-partial isometric
equivalence” in (4.29) as definition. Note that here, /' and J ! are 2§-adjoint. We
do not need extra conditigns on gle bounds of the identification operators, since
[J1 = 17*] = Lresp. ||| = [I/*]| = 1 and

1 ot <1438 resp. [T lis1 < 1+ 38,

17 11

IA

A

14668 resp. [T o < 1+ 68

(see the proof of Lemma 4.4.3).
Proposition 4.4.16. Assume that 0 < 8,8 < 1.

1. Assume that 9 and® are §- -quasi- umtarlly equivalent with identification operators
J, JY, J and J", and_that 0 and 0 are §- quasi- umtarlly equivalent with
identification operators T, TV T and J'. Then 0 and 0 are C(8 + 8)-quasi-
unitarily equivalent with identification operators J, JY, J" and J", where C is
a universal constant._

2. Assume that  and 0 are § partlal lsometrlcally equivalent with identification
operators J, J' and J'*, and that and? are § -partial lsometrlcally equivalent
with identification operators T, TV and J". Then d and 0 are C’ (8 + &)-partial
isometrically equivalent with identification operator J, JV and J'', where again
C is a universal constant.

Proof. We set R = (A +1)71, R=(A+1)"and R = (A + 1)"" and define
j*l = (_]’1)* =J-1y-1

Let us start w1th the quasi—unitary equivalence. We have already shown in the
proof of Proposition 4.2.5 that

Il <1+2@6+8) and | J —J*| <25+ 38
using § ,Ef 1. Moreover,
lid=J"J im0 = | Gd—=J"T'TJ)R?|
= |Gd—J" )RV + J'(d—T'T)(R'> + (JR'> = RV2)))|
< Gd—=J" DR+ 111 (IGd = T DRI
+ A+ [T NI DIIRY> =R
<8 +3(28+7C,8) = 21(C, + 1)§ + 63,
using Theorem 4.2.9 with ¢(1) = (A + 1)~'/2. Similarly, we have

lid — JJ' 150 <8 4 238 + 72 + C,)8) = 68 + (29 + 14C,)5
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using additionally (4.17a). In particular, we have shown that J and J' are 3—quasi—
unitary of order 1. For the compatibility of the zeroth and first order operators, we
estimate

17" = Tl = H(jl - DI+ T - ]
< T = Tlhsolld it + ITNT ' = T 1m0 < 265 + ).
Finally, we have
14" = T Alljsey = (AT = T2 + T AT - T 70|,
<|IAT" =T Al | i
+ 1T o AT = T A S
< 26 + 56,

and the S-quasi—unitary equivalence of 0 and D follows with € := 21C, + 29.

_ The partial isometric equivalence follows similarly: Obviously, J*J = id and
J''J' = id. Moreover, we can show as before that

lid = JFJ* 150 <8 + (6 +2C,8) =8 + (1 +2C,)8 and
17" = T lhso < 17" =T lhisol I ot + 1T = {0 < 48 + 8.

Finally, ||ZJA1 — f_1A||1_>_1 < 45 + 66, and the assertion follows with ¢/ =
6+ 2C,. |

Let us now show the following estimates from the ones already considered:

Proposition 4.4.17. Suppose that J' and J'" are first order identification operators
and that ¢ is a measurable bounded function, then

lp(2)J" ™ — T (A =151 = (D) ™" = T p(A) ]| =11,

where J'=' = (J)*. Moreover, if J'' is a left-inverse for J' and if J' is (1 + §)-
bounded (see Definition 4.4.1) then

lp(A) = I @A) " H|mimr < (1 + 8)|le(A) T~ = T o(A) |11

If in particular, ¥ is a measurable function, continuous on U C Ry such that

o(A) C U and (L) = O(A™Y) as A — oo, then
1 (A) — I (A)T =11 < Cy(1 +8)8

provided J' and J'" are §-isometric.
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Proof. The first estimate is obvious from taking the adjoint. The second follows
fromp(A) = J''J'o(A) and || J"'||;—»1 < 1+38. The last statement is an immediate
consequence of Theorem 4.4.6. O

We conclude this section with the convergence of eigenvalues. If the operators A
and A associated with the quadratic forms 9 and D have purely discrete spectrum,
or more generally, have discrete spectrum below the essential spectrum, then we
can directly show the convergence of the eigenvalues using the variational min-
max characterisation of the eigenvalues, denoted by A and Ax, k € N, written in
the ascending order and repeated according to multiplicity. This estimate is more
explicit than the one given in Theorem 4.3.5.

We start with a simple application of the min-max principle Let 0 be a non-
negative quadratic form on . with domain 77’ ! and similarly ? a non-negative
quadratic form on 7 with domain Z". Denote by A, resp. A the corresponding
(discrete) spectrum.

Proposition 4.4.18. Assume that we have a first order identification operator
I —
such that there exists 8o, 61 > 0 and 8;, 51 > 0 with
IV £ 17 2 A1 = 8ol £17 = 810(f) (4.30a)
AT =)+ KIS I+ 87(S) (4.30b)
forall f € . If §y + 81 Ak < 1 then

1+ 6 5!
)L L S| -0
k_1—80—8/1k S —

forall k € N. In particular, if §, = 8\ = 0, then

1—50 I

S ——— <)Lk.
1+ 81A

Proof. Let f € Ej, where Ej denotes the space generated by the first k eigenfunc-
tions associated with 0. Let f € Ej, then

'SP = (1 =80 —8iA) I AP and (' f) < (Ak + 86+ 81 A) [/
provided f # 0, and therefore

QIS _ Mt 8+ M
[JVAI? = 1=80—8iAk

4.31)
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If 8o + 814, < 1, then Jf = O implies f = 0, and in particular, J ! restricted to
E} is injective and J '(E}) is a k-dimensional subspace of .7#’'. From the min-max
principle Theorem 3.2.3 we deduce from inequality (4.31) that

Ik = _inf sup ’S(M) < su 3(J1f) < M+ 8y + 814
Brco i 1P~ rerno 172 = 1—8 — 61k

choosing the k-dimensional space Dy =J! (Ex)- O
A straightforward consequence is the following:

Corollary 4.4.19. Assume that we have first order identification operators
Jho — ! and I — A

such that there exists 8, §' > 0 with

I 17 = 117 =811 = 8a(f) (4.32a)
AT ) (f) + 81 FIP + 8o(f) (4.32b)
1"l = [luel|* — 8 [|ue]|* — 8D (w) (4.320)
(I ) <) + 8 |Jul® + 83w (4.32d)

forall f € # andue ' If§ +§ < (1+ Ax)~" then

1-4 B 8 <I _ 1+6 n S
T+ (1208 T Tra+asy ~ " =1-

A
A+ 408 T T+ 108

forallk € N. In particular, | Ay, — 7k| = 0(8)+0(8"), where the error only depends
on Ay, §and §'.

4.5 Convergence of Non-self-adjoint Operators

In this section we are going to prove closeness results (in terms of norm estimates)
for (in general) non-self-adjoint, closed operators H and H in the Hilbert spaces .77’
and 7, respectively. The main difference with the self-adjoint case is that we do not
have the functional calculus for all continuous functions, but only for holomorphic
functions. We therefore have to modify some arguments. In particular, we have to
provide upper estimates on the norm of the resolvents as quantitative input. Note
that for a self-adjoint operator A = A*, we have

1

_1 _
A =27 = dist(0(A), 2)
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for z € p(A) by the spectral calculus Theorem 3.2.2. Here, the upper estimate “<”
is only fulfilled for self-adjoint or, more generally, for normal operators (A*A =
AA™).

Denote by s#* (H) and .#* (H) the corresponding scales of Hilbert spaces with
norms ||-|lk.z » and |||, 7 for k = —2,0,2, respectively, defined in Sect.3.3.1.
Moreover, denote by p(H) the resolvent set of H. Let

2 € p(H) 0 p(H)
be a fixed reference point in the resolvent set and let
R:=(H—-z)"" and R:=(H-z)" (4.33)

In most cases, we can set zp = —1, and we often omit the dependence on zy in the
notation.

Recall the definition of the resolvent norm profile in Definition 3.3.3, i.e.
H € Z(y,U), if U is part of the resolvent set p(H) and if |R()|| < y(2)
for all z € U. Typically, the resolvent estimate will be fulfilled for classes like
©-sectorial operators. In this case, U can be chosen as the complement of a sector,
ie,U ={z€C|largz] > ¥}, and y(z) = C<y/|z|.

Definition 4.5.1. Leté > 0 and let y: U — (0, o0) be a continuous function on
U cC.

1. We say that H and H are §-close (with zeroth order identification operator J) if
IHT —JH, 0, ,7 = IRJ—JR| <6 (4.34)

is fulfilled. _

2. We say that H and H are (8, y, U)-close with the zeroth order identification
operator J if H, H € Z(y,U) (i.e. H, H have resolvent norm profile y) and
if (4.34) if fulfilled.

Remark 4.5.2. Note that (8, y, U)-closeness in particular implies that U belongs to
the resolvent set of both operators H and H . In particular, we need some a priori
information on both spectra.

Let us now define the quasi-unitary equivalence:

Definition 4.5.3. Let § > 0. We say that H and H are 8-quasi-unitarily (-partial
isometrically) equivalent if there are §-quasi-unitary (-partial isometric) operators
J and J’ of order 2 for which H and H are §-close.

Sometimes it is convenient to include the resolvent norm profile in the definition,
and to assume the conditions on J and J' also for the adjoints H* and H*:

Definition 4.5.4. Let§ > 0 and y: U — (0, 00) be continuous.

1. We say that H and H are (8, v, U)-quasi-unitarily (-partial isometrically)
equivalent if there are §-quasi-unitary (-partial isometric) operators J and J'
of order 2 for which H and H are (8, y, U)-close.
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2. We say that H and H are (8, y, U)*-quasi-unitarily (-partial isometrically)
equivalent if there are J-quasi-unitary (-partial isometric) operators J and J !
of order 2 for which H and H as well as H* and H* are (8,7, U)-close.

3. If U = {z0} and C = y(z9) > 0 has only a single value, then we also say that
H, H are (8, C, z0)-quasi-unitarily (resp. -partial isometrically) equivalent, and
similarly for (8, C, z9) *-quasi-unitarily (resp. -partial isometric) equivalence.

Remark 4.5.5. Let us summarise the necessary conditions for convenience here:

1. The operators H and H are 8-quasi-unitarily equivalent iff there are identifica-
tion operators J and J’ such that the following conditions are fulfilled:

Il <2, | =J* <5, (4.352)
IGd—J' )R <8,  |l(id—JJ)R|| <38, (4.35b)
IRJ — JR| <, (4.35¢)

where R = (H —z)~ L. _
If, in addition, U belongs to the resolvent set of H and H, and if

IR@DI <y@. IR <y@. (4.35d)

where R(z) = (H —z) ' and R(z) = (H —z)~!, then H, H are (8, y, U)-quasi-
unitarily equivalent. The stared version of (8, y, U)*-quasi-unitary equivalence
means that estimates (4.35b)—(4.35d) are also true for R* and R*.

2. The operators H and H are 8-partial isometrically equivalent iff there is an
identification operator J such that the following conditions are fulfilled:

id=J*J, |Gd—JI"R| <8, (4.35¢)
IRJ — JR| <. (4.35f)

If, in addition, (4.35d) is fulfilled, then the operators H and H are 6,9, 0)-
partial isometrically equivalent. The stared version of (8, y, U)*-partial isomet-
ric equivalence means that estimates (4.35e)—(4.35f) are also true for R* and R*.

3. IfU = {z} and C = y(z0), then the resolvent estimate reduces to ||R|| < C
and |R|| < C.

Let us now define the notion of convergence of closed operators acting in
different Hilbert spaces:

Definition 4.5.6. Let H, and H be closed operators in the Hilbert spaces .7, and
J, respectively. We say that H, converges to H (in the generalised norm resolvent
sense) (H, — H) if there is a constant C independent of n, zg € p(H) N p(H,)
for all n and a sequence §,, — 0 such that H,, and H are (§,, C, z9)*-quasi-unitarily
equivalent. We call §, the convergence speed of H, — H.
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As in the self-adjoint case, we have the following simple consequences, showing
that we generalised existing concepts of convergence of closed operators:

Lemma 4.5.7. If 7 = S and J = J' = id, then §-closeness of H and H
is equivalent with the fact that ||R — R|| < &. In particular, the norm resolvent
convergence |R, — R|| — 0 is equivalent with the convergence H, — H in the
generalised norm resolvent sense.

Let us now derive some consequences of the fact that the operators H and H are
(8, v, U)-close.

Lemma 4.5.8. Let C > 1 and assume that H, H are (8, C, z0)-close, then
IRFJ — JR¥| < kC*'s (4.36)

fork > 1.

Proof. We use the resolvent identity

k—1
REJ —JR* = "R'"I(RJ - JR)R',
i=0
and conclude
k—1
IRET = JRA|| < Y IR [RT — JR||IR'|| < kC*7'6
i=0
using the estimate for k = 1 and the assumption || R|, ||§|| <C. O

A simple argument allows us to deal with all z in p(H) and p(ﬁ ), the price is a
norm estimate on the resolvents R(z) and R(z):

Lemma 4.5.9. Givenz € p(H) N p(H), then
V(@) = [id+(z — 20)R@)]V (20)[id +(z — 20) R(2)]. (4.37a)

where V(z) 1= E(z)J — JR(2). In particular, if y: U — (0, 00) is continuous and
H,H € Z(y,U), then

IR@)J = IR < v0(*IR(z0) = JR(0)], (4.37b)
is fulfilled for all z € U, where
Yo(z) = 1+ |z —2ly(z) > 1

is continuous on U.
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Proof. We have

V(z) = V(z0) + (z— 20)(R()R(z20)J — JR(D)R(z0))
= V(z0) + (z—20)(R@)V(20) + V(2) R(z0))

where we have used the second resolvent identity. Reordering the terms yields
VE[id—(~ )R] = [id +( ~ 2)RE)]V ().

Since id 4+(z — zo) R(z) is the inverse of id —(z — z9) R(z0), we obtain (4.37a). The
norm estimate is then obvious. O

We can now easily extend the convergence results to a suitable class of
holomorphic functions of the operators: Remember that H and H being (8, y, U)-
close implies that H, H € Z(y, U), and in particular that

oH)NU =0 and o(H)NU = 4. (4.38)
If D c Cis adomain with 0D C U, then
L1(3D. yo(2)*d|z]) C Li(3D. dlz])

since yo(z) > 1 (see Lemma 4.5.9). The next lemma allows us to extend the
convergence result to holomorphic functions having fast enough decay along 9D
if D is unbounded:

Theorem 4.5.10. Let § > 0, y: U —> (0, 00) be a continuous function. Assume
that D is an open set in C with piecewise smooth boundary 0D C U, and
that ¢ is holomorphic in a neighbourhood of D. Assume in addition that ¢ €
L1(3D, yo(2)*d|z]), then

lgn(H)J — Jop(H)|| < Cp(p, y3)8 (4.39)

forall H, H being (8,y, U)-close, where Cp (¢, y3) depends only on D, ¢ and y.
Moreover, the integrability condition on ¢ is satisfied if the curve dD is compact.

Proof. Since 0D is contained in the resolvent set of both operators and due to our
integrability assumption on ¢, the holomorphic functional calculus Theorem 3.3.6
applies,

1 9(2)

H)=—
¢p(H) prel

dz,

and a similar claim is valid for H. Hence

Jop(H) ~gp(A)J =~ géD(JR(z) ~ R I)p()dz,
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and therefore,
7 Y 2 2
IJop(H) —@p(H)J || < =P Yo(2)7le(2)]dlz| =: Cp (e, yy) 6.

Since y,(z)> depends continuously on z, the right-hand side is in particular finite if
dD is compact. |

Let z € p(H). Once we know a priori that also z € p(ﬁ), we obtain a
quantitative estimate on the norm of R(z):

Lemma 4.5.11. Assume that z,z0 € p(H) N p(ﬁ) and C > 0. Then there is a
constant

1 -
81(z):=m1n{1,§(|z—zo|(1+3(2C+1+|z—Z0|||R(Z)||))) } (4.402)

such that -
IR@| <12(1 + C + (Jz—z0| + D|R@)|) (4.40b)

for all H being (8, C, z0)*-unitarily equivalent with H provided 0 < § < §,(2).
Moreover,

V@I = IR@J — JRQ)| < 12(1 + 2= 2| [RQ)])’S. (4.40c)

Proof. Note first that
IR@)d— JJ)| = [|(d— J™*J*)R@)*|

= [ (id = J™*J*)R(z0)*(id + & —Z0)R(2)"||
< |l(id = J*J)R@)*[1(1 + [z — 20l IR@)])
<1422+ OV + |z — 2lIR@)S

using (4.3d). Now we have

IR@| < [R@Gd— JI)]| + [(RE@)J — JR@)J'|| + [ TR
< 3[(1 +1z— 2 [R@) (1 + 22 + §)C)

+ (1+ 2= 2l IROI) (1 + I — 2l IRD) 12 + 8)]
+202+8)IRQ

using also (4.37a). Bringing the |R(z)||-terms on the LHS and dividing by the
resulting coefficient yields
22+ 8IR@| +8[1+ 22 +8)C + 2+ 8)(1 + |z — 2l |R@I)]

IR@I = 1—68lz—2|(1+ 2+ 8)2C + 1 + |z — 2| [R@I))

’
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leading to the desired assertion on ||§(z) | using § < 1. Note that we estimated the
denominator from below by 1/2 since 0 < § < §;(z). Similarly,

1+2248)z— 20l |R@)|l
1—68lz—z0/(1 + 2+ 8)(2C + 1 + |z— 2| |R©)]))

12(1 + |z = 20 IR@)|)-

1+ |z— 20/ |RG)| <

IA

Finally, we have

V@I < (1+ = 2l IR@I) (1 + |z = 20l IR@I)S < 12(1 + |z = 20l [ R))8

again using (4.37a). O

Remark 4.5.12. 1t is a priori not clear whether our assumptions of §-quasi unitary
equivalence or even §-partial isometry are strong enough to assure that z € p(H)
implies z € p(ﬁ ). Note that we used the existence (and boundedness) of the
resolvent at z in the previous proof e.g. in the first step (when using the fact
|A]l = ||A*| for bounded operators).

Due to this lack of inforlllation, we always have to include a priori information
of the spectrum of H and H, and we cannot omit the restriction “provided dD C
p(H)” e.g. in Theorem 4.5.14, Corollary 4.5.15, Corollary 4.5.18 etc.

From the preceding lemma, we can easily deduce a quantitative resolvent
estimate for H from a resolvent estimate for H. We only need an estimate (by
C) on the norm of the resolvents in a common reference point zy. This fact is part
of the definition of (8, C, zp)*-quasi-unitary equivalence, see Definition 4.5.4 (3):

Proposition 4.5.13. Let zp € C and assume that D is an open set in C with
compact, piecewise smooth boundary 0D. Suppose that y: 0D U {zo} —> (0, 00) is
continuous and set C := y(zo). Then there exist a constant §1 = 61(y,C,z9) > 0
and a continuous function y: 0D — (0, 00) such that

IR@I<y@ =  IRQI<Y(@. z€dD
for all closed operators H, H being (8, C, z0)*-quasi-unitarily equivalent and all

0 < § < & provided dD C p(H) and 0D C p(H). The constant §; and the
functiony are given by

1 -1
8y : m'g{l, §(|z—z0|(1 +3R2C+1+ Iz—zOI)/(z)))) } >0 and

z€0

Y@ = 12(1 + C + (Jz— 20| + Dy(2)) = 12(C + y0(2) + ¥ (2)).

In particular, we can choose y(z) := ||R(z)| (note that ||R(-)|| is continuous, see
Lemma 3.3.2).
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Similarly as in Theorem 4.5.10, we can prove the following result for holomor-
phic functions of the operators, but now only with a resolvent estimate on H:

Theorem 4.5.14. Let z9p € C. Assume that D is an open set in C with compact,
piecewise smooth boundary dD, and that ¢ is holomorphic in a neighbourhood
of D. Let H € Z(y,dD U {z0}) for some continuous function y:dD U {zo} —>
(0,00) (e.g., 0D C p(H) and y(z) := ||R(2)||) and set C := y(zo). Then there
exist constants §; = 8,(y,C,z9) > 0and C' = C’ (¢, y,z0) > 0 such that

lep(H)J = Jop(H)| < C'8 (4.412)

for all closed operators H, where H, H are (8, C, z0)*-quasi-unitarily equivalent
and 0 < § < & provided 0D C p(H). The constant C' is given by

12
C'(¢.y,20) := Cp(p, 12)3) = o géD(l +lz— zo|y(z))2|<p(z)|d|z|. (4.41b)

Proof. The assertion follows immediately from

A

~ )
e (H) = ep(T)I] = 5= b IVE@II@IdH

126
<

<5 aD(l + |- 20l7(@) le@Id]

using (4.40c). O

Applying the previous theorem with ¢ = 1 we obtain the following assertion on
spectral projectors:

Corollary 4.5.15. Let zyg € C. Assume that D is an open set in C with compact,
piecewise smooth boundary 0D. Let H € Z(y,dD U {z0}) for some continuous
function y: 90D U {zo} —> (0, 00) and set C := y(z0). Then there exist constants
51 = 81(y,C,z0) > 0and C' = C'(y,z0) > 0 such that the spectral projections
satisfy

|1p(H)J —J1p(H)| <C'8 (4.42)

for all closed operators H, where H., H are (8, C, z0)*-quasi-unitarily equivalent
and 0 < § < 8, provided 0D C p(H).

Remark 4.5.16. We might drop the condition of compactness of dD provided
|R(z)|| decays fast enough along dD. In particular, we need the integrability
condition C’(g, y) < oo (cf. (4.41b). Moreover, we have to assure that inf,cyp 81 (z)
(see the definition in (4.40a)) remains strictly positive.

The next proposition shows how to extend the functional calculus to other
combinations of identification operators:
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Proposition 4.5.17. Assume that J is §-quasi-unitary of order 2 w.rt. H and H
and that

lp(H)J — Jo(H)|| = n

for some function ¢ and some constant 1 > 0. Then we have

lp(H)J' — J'o(H)| < 2C(p)§ + 1, (4.43a)
lp(H) — J'o(H)J | < C@)8 + 2+ &)n, (4.43b)
lp(H) — Jo(H)J'|| <(C(@) + 4C(9))8 + 21, (4.43c)

where 9(z) = (z — 20)¢(z) and where C(p) is an upper bound of |¢(H)|| and

le(H)-
If J is 8-partial isometric, then

lp(H)J* — J*o(H)|| = llp(H) — J*¢(H)J || = n. (4.43d)
Proof. The first estimate follows from
lp(H)J' — J'o(H)| < (le(H)| + le(E) DI — T

+ llp(H)J* — T*o(H)||
<2C(p)s +n;

the second from
lp(H) — J'o(H)J || < llid—=J"J |2, —ollg(H)llo2.1

+ 1 NI e(H) — o(H)J |
<5C@) + Q2+

and the third from
lp(H) = Jo(H)J'|| < lid = JJ"ll, 570l (HD g 77
+ IV @(H) — o(H)J'|
together with (4.43a). O

As a consequence of the preceding proposition and Theorem 4.5.14 we obtain:

Corollary 4.5.18. Let zyg € C. Assume that D is an open set in C with compact,
piecewise smooth boundary 0D, and that ¢ is holomorphic in a neighbourhood
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of D. Let H € Z(y,0D U {zy}) for some continuous function y:dD U {zo} —>
(0,00) (e.g., 0D C p(H) and y(z) := ||R(2)||) and set C := y(zo). Then there
exist constants §; = 6,(y, C,z0) > 0and C{ = C/(¢,y,z0) > 0 such that

lep(H)J' = T'op(H)| = CJ8, (4.442)
lon(H) = J'pp(H)J|| < C33, (4.44b)
lon(H) = Jop(H)J'| < C18 (4.44c)

for all closed operators H, where H, H are (8, C, z20)*-quasi-unitarily equivalent
and 0 < § < §; provided 0D C p(H).

4.6 Spectral Convergence for Non-self-adjoint Operators

If H and H are §-quasi-unitarily equivalent, and if z € p(H), then we do not
know in general that 7 € p(H), even for small § (see Remark 4.5.12). Therefore,
we assume that we know already the essential spectra of both operators, and make
a convergence statement on the discrete spectrum only. This restriction does not
matter in our applications since the essential spectrum of both operators is known.

We start with an assertion on the dimensions of the spectral projections provided
the operators are quasi-unitarily equivalent (see Definition 4.5.4):

Lemma 4.6.1. Assume that zo € C and that D is an open set in C with compact,
piecewise smooth boundary dD. Let H € Z(y,dD U {z0}) for some continuous
function y:dD U {z0} —> (0,00) (e.g., 0D C p(H) and y(z) := ||R(z)|) and set
C := y(20). Then there exists a constant §] = §{(y, C.zo) > 0 such that

dimran 1, (H) = dimran ]lD(I-I)

for all operators H, where H, H are (8, C, z0)*-quasi-unitarily equivalent and 0 <
8 < 8] provided 0D C p(ﬁ).

If, in addition, dimran 1 (H) = 1, i.e. if there exists a simple eigenvalue A € D
with normalised eigenvector \, then there exists a normalised eigenvector ’1/7 e A
generating ran 1 p (ﬁ ) such that

IJy =¥l <Ci8  and  |J'¥ -y < Cié,

provided 0 < § < §|. Here, Cy and 51 depend only on y, C and z.

Proof. We apply Theorem 4.1.5 with C as above and 7 = %jz(H), then 7% (H)
is C-densely embedded in 77, and similarly for 7 = #?(H). Moreover, we set
P =1p(H)and P = 1p(H), hence

IPl#so <Cp(-—z,y) and  ||P|5_% < Cp(-—2.,7)
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by the holomorphic functional calculus Theorem 3.3.6 and Proposition 4.5.13. The
norm estimate on the projection difference is ensured by Corollary 4.5.15, so that
a = Cp(1, 12)/5) in the notation of Theorem 4.1.5 and (4.41b) and the assertions
follow with §] := min{&o, 8} where y is defined in Theorem 4.1.5 (2) and 4, is
defined in Proposition 4.5.13. O

Let us give a quantitative version in the case that D = B, (A) is a ball of radius n
around the discrete eigenvalue A. This quantitative version is useful when determine
the convergence speed of discrete eigenvalues (see Theorem 4.6.4):

Corollary 4.6.2. Assume that H is a closed operator with A € o0gsc(H) and zp €
p(H). Choose ng > 0 such that By, (A) No(H) = {A}. Moreover, assume that there
exists C,Cy, > 0 and B > 1 such that || R(z9)|| < C and

= RQ@)| < Cn™? 4.45
ya(n) Erng%)ll @I < Can (4.45)

for all n € (0,n0]. Then for all n € (0,n0], there exists a constant §,(n) =
81(n, C.zg, Co) > 0 such that

dimran 1,2)(H) = dimran ]an(,x)(ﬁ)

for all operators H, where H, H are (8, C, z0)*-quasi-unitarily equivalent and 0 <
8 < 81(n) provided 0B, (L) C p(FI). Moreover, §;(n) = O(n*f~").

In particular, if H is self-adjoint (or normal, i.e. H and H* commute), then we
can choose C, = 1 and B = 1, i.e. §1(n) = O(n).

Proof. Let us give a careful analysis of the constants involved in the previous proof.
Setd := d(A,z0) := max;epp, (1) |2 — 20|- Then we have the estimate
(B0~ = QC + Dmax{||P|w—a. [Pl 75} +a
< (QC + 1)Cp(-—z20,7) + Cp(1, 12yy)

< 12Q2C + D)y[C + (1 + (d + Dya(n))’] = O(y' %)

on the constant 8 using the definition of Cp (¢, y) in Theorem 3.3.6. Moreover, for
81 we have

(67" < max{1,2d[l +3(2C + 1 + dy,(n)]} = O0(n™F)

where the errors depend only on C, zy, d and C5. Since 8 > 1, the dominant error
is given by O(n'~2#).

Note that for self-adjoint or normal operators H, we have the equality | R(z)| =
d(z.,0(H))™' = 1/nif z € 9, B(n) for n small enough. O

For the notion of convergence of closed operators, we refer to Definition 4.5.6.
Recall that H, — H already implies (by definition) that zo € p(H,) N p(H)
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for all n with norm of the resolvents bounded by some constant C, indepen-
dent of n.

Theorem 4.6.3. Assume that H is a closed operator in ¢ and that A € 0gisc(H)
with multiplicity u. Let H,, be a sequence of closed operators in 5¢, such that H, —
H and By (L) N 0ess(H,) = 0 eventually for some ny > 0, then for each n there

exist | eigenvalues A ,, j = 1,..., |, (not necessarily mutually distinct) such that
Ajn— Aasn — oo.
If, in addition, & = 1, i.e. if the eigenvalue A € ogisc(H) is simple with

normalised eigenvector \r, then there exists a sequence of normalised eigenvectors
v, € H;, of H, such that

1w =Yl >0 and — ||J;m — ¥ — 0,

where J, and J, are the associated identification operators.

Proof. Let A € o4isc(H) N D. Then by definition of the discrete spectrum, there
exists 0 < 11 < no such that B, (1) N ogisc(H) = {A}. Let 0 < n < ;. Since

(Jo(Hn) N By(A) = | ouise(Ha) 0 By (2)

n

by assumption, and since the latter set is at most countable, we can always assume
(by slightly modifying 1) that

0B, (1) C p(H,)
for all n. In particular, by the first part of Lemma 4.6.1,
0 < p:=dimranlp ;) (H) = dimran 1 ) (H,) < 00

eventually, showing the existence of u sequences {A;,}, converging to A. The
eigenvector convergence follows immediately from the second part of Lemma 4.6.1.
O

Note that we have shown the convergence of the discrete spectrum in the maximal
outer distance on bounded subsets (see Definition A.1.1 and Proposition A.1.6), i.e.

O~disc(l—ln) nbD / O-disc(H) nbD

for all balls D C C.
If we have a resolvent estimate of the operator H near an eigenvalue A €
ogisc (H), we get a quantitative estimate on the eigenvalues of H close to A:

Theorem 4.6.4. Let C > 0. Assume that H is a closed operator such that A €
ogisc (H) is a discrete eigenvalue of multiplicity i and that zo € p(H). Moreover,
assume that there exists C, > 0 and B > 1 such that |R(z0)| < C and
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ya(m) = max [RE)| < Con”?

forall 0 < n < no. Let H be a closed operator, such that H, H are (8,C,z0)*-
quasi-unitarily equivalent for § > 0 small enough and that A ¢ Oess(H ). Then there
exist | eigenvalues A;, j = 1,..., i, (not necessarily mutually distinct) such that

X — Al = 0(s7 ).

In particular, if H is self-adjoint, then the error is O(8), provided H and H are
8-quasi-unitarily equivalent (see Definition 4.2.3).

If, in addition, ju = 1, i.e. if there exists a simple eigenvalue A € ogisc(H) with
normalised eigenvector s, then there exists a normalised eigenvector W € € of H
such that

IJy -y =0@) and  |JY —y| = 0E),

where J and J' are the associated identification operators. All errors depend only
on C, z9, Cr and B.

Proof. The proof is similar to the previous one, using now the quantitative
information of Corollary i.6.2. Note that since oes(H ) is closed, there exists n; > 0
such that B, (1) ﬂgess(H) = f, and the existence of a ball of radius 0 < n < n;
such that 9B, C p(H) is ensured. O

Remark 4.6.5. Assume that H, — H with convergence speed 6, — 0. Once we
have a resolvent estimate for the operator H of the type (4.45) (or a similar
estimate), we can conclude the convergence speed of the discrete eigenvalues.

4.7 Convergence of Non-symmetric Forms

As in the previous section we are going to prove convergence results for (in general)
non-self-adjoint, closed operators H and H in the Hilbert spaces " and J,
respectively. Here in contrast, we use sesquilinear forms h and h associated with
H and H (see Definition 3.3.16), since in many applications, it is easier to deal
with the first-order domains.

Denote by J#* (H) and #* (H) the corresponding scales of Hilbert spaces with
norms denoted by ||-||x.z and || |l 77+ For even k (k = 0,=2), they are defined

naturally v1a the operators H, H and the resolvents R = (H — z0)~ "and R :
(H —z0)"! for zop € p(H) N p(H) in both resolvents sets, see Sect.3.3.1. For
odd k (k = *1), we defined a natural scale together with norms |||z, ||, 7
in Definition 3.3.8 associated with the non-negative operators A, A, respectively.
Recall that

If I3 = 1A+ D2TAP and  fI] e = 1A+ DT f?



234 4 Two Operators in Different Hilbert Spaces

and that [|(A + 1)'2Tf||> = | Tf|I*4+0(Tf). Moreover, '~ (H) = (' (H*))*
is defined with the adjoint operator H*. Similar remarks hold for the scale on J7.

We introduce the following terminology for identification operators of order 1,
similarly as in Definition 4.4.1.

Definition 4.7.1. Let§ > 0 and
JL AN H) — ' (H) and TV #NH*) — A (HY)
be bounded linear operators, called identification operators of order 1 associated

with the sesquilinear forms h and §.

1. We say that J! and J'! are §-adjoint with respect to h and b, if
' = I g7 <6 (4.462)
is fulfilled, where
J= (N (H) — 7 (H).
2. Let C; > 1. We say that Jlis Cy-bounded if

17 177 < G (4.46b)

3. We say that the sesquilinear forms fh and ’6, are §-close with first order with
first order identification operators J' and J'', if J! and J'' are §-adjoint
and if

\HIJ =T HI, o 7 <8 (4.46¢)

Remark 4.7.2.

1. The boundedness of J'' is needed a priori only to define the adjoint J !, and in
most cases we do not need a quantitative bound.

2. If we consider the adjoints H* and H*, we also have to introduce the identifica-
tion operators

JLZ AN H*Y — #"(H*) and J ' (H)— #'(H)

associated with the adjoint sesquilinear forms h* and h*, where b*(f.g) =
b(g. f). Moreover, we need J'' in order to define partial isometry in Defini-
tion 4.7.12.

In our applications, we will have H = H? for some complex parameter,
where {H?}y is a self-adjoint family of operators, i.e. (H?)* = HY. In this

situation, J 1_: JYWand J! = J 1*5, and assumptions on J Uare automatically
fulfilled for J! etc.



4.7 Convergence of Non-symmetric Forms 235
3. The norm |||, ;_,_, 77 can be expressed as
WVihyoom =@+ D7 PT VTN A+ 172, (4.47)
4. Estimate (4.46a) is equivalent wit
[, TV f) = (T, 1] < Sllully 771 f N (4.462°)
forallu € ! (I-NI *)and f € #'(H). Similarly, (4.46c) is equivalent with
[0 7" ) = 0", )] < Slull 771/ 1.1 (4.46¢")

foru e ' (H*) and f € A\ (H).

It is sometimes also useful to include the resolvent norm profile (of order 1) in
the closeness definition. Recall the definition of % (y, U) in Definition 3.3.10:

Definition 4.7.3. Let § > 0 and let y:U —> (0, 00) be a continuous function.
We say that the sesquilinear forms b and b are (d,y, U)-close with first order
identification operators J! and J'!, if b and b are §-close with J! and J'' and
H, H* have resolvent norm profile y of order 1 on U C p(H) N p(ﬁ*),
i.e. (4.46a), (4.46c) and H, H* € % (y, U) are fulfilled. If U = {z0} and y(z0) = C,
we also say that h and § are (8, C, z9)-close.

We can now develop a functional calculus similarly as in Sect. 4.5:

Lemma 4.7.4. Let§ > 0 and C > 1. Assume that b and’f;are (8, C, z0)-close, then

|RFJ~—" — JIRF < (k(14+C*(1 + |2])) = 1)C* s (4.48)

[T
fork > 1.
Proof. We start with k = 1 and note that
RIT'—J'R=R((J'H—HI") +z(J "' = JH)R.
Then we can estimate the norm of the last expression by
IRI™ = J'RI_, o7 < IR o 7T H = HI g7
+ |20l I/ 7" — Jl||1_H_,_1,’1}')||R||—1,H—>1.H <1+ |z2))C?
using the norm resolvent estimates and the assumptions. For k > 2, we have
k—1

k—1
REJT —J'RF =Y "R RITT = T'RRT + Y R - TTHRI.
j=0 j=1
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We estimate the norm of the first sum by k C3* =D (1+zy|)C 6 using Lemma 3.3.15
for the estimate ||R||-1.7——1.#7 < C3 and |R| 1 g—1.z# < C?, and using the esti-
mate for k = 1. Moreover, the second sum can be estimated by (k — 1)C2C3*~2§
using the assumption ||R|—-1 z—1.# < C and similarly for R, and using again
Lemma 3.3.15 as well as the assumption of §-adjointness. O

A simple argument allows us to deal with all z in p(H) and ,o(rl ), the proof is
analogous to the one of Lemma 4.5.9:

Lemma 4.7.5. Let§ > 0. Assume that 7 GNp(H)ﬂp(IA—j) and that there is a constant
y(w) > 0 such that |RW)||l-1u—1,u5. |RW|_ 7,7 < yWw) forw = z and
w = zo. If in addition, §) and by are §-close then

IR = T'R@I_y gy 77 < 11(2)8. (4.49)

where
1@ = Q2+ |20y @) Po(2)* = 1

and7o(z) = 1 + |z = 20|y (20)* (2)- _
In particular, if y: U — (0, 00) is continuous, and if iy and by are (8, y, U )-close,
then estimate (4.49) is fulfilled for all z € U and y; is continuous on U.

Proof. We set V!(z) := R(z)J ' — J' R(z) and have
Vi) = V') + (2= 20)(R@)V" (z0)
+ [id+@ = 20 R@]R@)(J ™" = I R(z0) + V() R(z0))
where we have used the second resolvent identity. Reordering the terms yields
V1(@)[id—(z - 20)R(z0)] = [id +(z — 20 R@](V' o) + R(z0)(J ™' = TR (z0)).
Since id +(z — z0) R(2) is the inverse of id —(z — z0) R (z0), we obtain
V'@ = ([l +e—0RE)
x (V(zo) + Riz0) (I~ = T YR (@) )ity +(z — 20) R,

Now, we use Lemma 4.7.4 for the norm bound on V'(zy). Moreover, we estimate the
expressions [...] by Yo(z) and the resolvents in zo by y(zo). O

We can now easily extend the convergence results to a suitable class of
holomorphic functions of the operators. The proof is the same as for Theorem 4.5.10
using Theorem 3.3.20 instead of Theorem 3.3.6. Recall that § and b being (8, y, U)-
close implies that H, H e Z1(y,U), and in particular, that

o(H)YNU =0 and o(ﬁ)ﬂUzQ).
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Moreover, if D C C is open with dD C U then
Li(dD, y1(z)d|z]) C L,(aD, dlz|)

since y;1(z) > 1.

Theorem 4.7.6. Let§ > 0, y: U —> (0, 00) be a continuous function. Assume that
D is open in C with piecewise smooth boundary dD C U, and that ¢ is holomorphic
in a neighbourhood of D. Assume in addition that ¢ € L1(dD, y1(2)d|z|), then

lep(H)J ™" = I'p(H) |y i 7 < Co(@.71)8 (4.50)
for all b, Hbeing (8, v, U)-close, where Cp(¢p,y1) depends only on D, ¢ and y.

Moreover, the integrability condition on ¢ is satisfied if the curve dD is compact.

Let us now relate the identification operators acting on the scale of order 1 with
the ones acting on the scale of order 0:

Definition 4.7.7. Let§ > 0 and C > 1.

1. We say that the identification operator
J' A (H) — ' (H)

i/sv é,C, zOl:compatible with the zeroth order identification operator J: ¢ —>
it H H € %1(C,Zo) and
I = I 0 <36, (4.51a)
TJ] =JT, (4.51b)
where 7' and T are the compatibility operators of the scales .#!(H) and
' (H), respectively (see Definition 3.3.8).

2. Similarly, B "
J”:%I(H*) N <%1(1_1*)

is called (8, C, z0)-compatible with the identification operator J': H —s H of
order 0, if H, H € %,(C, zp) and

1 ="My e < 6, 4.51c)
T*J = J'T* (4.51d)
As in Lemma 4.4.10, we have:

Lemma 4.7.8. Let§ > 0 and C > 1. Assume that J' is (8, C, z0)-compatible with
the zeroth order identification operator J, and that J'" is (8, C, zo)-compatible with
the zeroth order identification operator J'. If. in addition, ||J' — J*| < §', then J!
and J" are §"-adjoint, where 8" = 2C§ + C2§'.
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Proof. We have
J—l_Jl :(j/l_]/)*+(J/*_J)+(J_J1)

and the estimate follows from (4.51a), (4.51c) and Lemma 3.3.13. |

Let us now define the following property of sesquilinear forms to be “unitarily
equivalent” up to an error:

Definition 4.7.9. Let § > 0 and let y: U — (0,00) be a Sontinuous function,
and set C := y(z9). We say that the sesquilinear forms § and § are (8, y, U)-quasi-
unitarily equivalent if there exist first and zeroth order identification operators J !,
J"and J, J', such that

1.5 andee (8, y,U)-close,

2. J' and J" are bounded; moreover, J! is (8, C, zo)-compatible with J, and J"
is (8, C, zp)-compatible with J’,

3. J and J' are §-quasi-unitary of order 1 w.r.t. H and H.

Remark 4.7.10. It does not really matter what scale of order 1 of Hilbert spaces we
use for the quasi-unitary operators J and J': A priori, we defined it with respect to
9 = #'(H) and 9 = A" (H) but we have seen in Lemma 4.1.8, that we could
equivalently use the “free” scale . and " associated with A and A, passing to
a different 6.

Let us give a self-contained summary of all estimates necessary in order to assure
the §-quasi-unitary equivalence. Recall that 7' (H) = T~' (") and ! (H) =

T-1(5#"), and #" = domd and "' = dom?, where d and D are the free forms
(see Definition 3.3.8). As norms, we have set

IAIG g =T +ITAIP and  Jlullf e =T *w) + | T,
LA =) + /1P and  Jlulf =00) + ull®

for f € # (H)andu € #'(H)resp. f € #' andu € 7.

Proposition 4.7.11. Let § > 0, y: U —> (0, 00) be continuous, U C C, zg € U
and set C := y(z9). Assume that

I — . J# —s
JL A NH) — \(H), JVN AN HY) — A(HY)
are linear operators. If J' and J'* are bounded, and if the estimates

ITF1% < 41 £ 1% (4.52a)
(I u, f) = (u JF) 12 < 82 [ 1P Null®, (4.52b)
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Lf =T TfIP <8115 u—JT ul)? < 8 ull} (4.52¢)

W =TSP <N W =T ul? < 8ull} ., (4.52d)
[5G, 7' f) = 0", )] < Sl £ 15 4 (4.52e)

TJ] =T, T*J' = J'T*, (4.52f)

IT|<Cc T <C. T <C. T <C. (4.52¢)

U C p(H)Np(H). (4.52h)

IH =2 v <v@.  1H=27" 7.7 <v@  (4.520)

are fulfilled for all f €  and u € S in the appropriate subspaces, then the
sesquilinear forms b and by are (C(2 + C)8, y, U)-quasi-unitarily equivalent.

On the other hand, if b and b are §-quasi-unitarily equivalent, then the
estimates (4.52) are fulfilled with § replaced by Cé.

Proof. The assertions follow immediately from Definitions 4.1.1, 4.7.1 and 4.7.7.
Note that we obtain C(2 + C)§ due to Lemma 4.7.8, and since §-adjointness is part
of the 6-closeness of  and h. Moreover, passing from the scale ||-||; to ||-|l;.# and
vice versa (cf. Lemma 4.1.8) gives an error C§ < C(2 + C)4. O

The notion of “§-partial isometry” needs some more notation. Basically, we need
an identification operator J’ Lo (H) — '(H) associated with the operators
H and H, not their adjoints as for J''.

Definition 4.7.12. Let § > 0. We say that the identification operators
JL AN H)— #'(H) and J"“:#"(H)— #'(H)
are §-partial isometries if the following conditions are fulfilled:

1. J'!is a left-inverse for J ! _
2. The (non-negative) quadratic forms 9o 7" and 0o T are §-close in (7, ||| ) and
(P, ||T|)), i.e.

(T TI'f) =TT TF)| < Slull 71/ . (4.532)
PTu.TI' f) =TI w, T)| < 8llull, 7] f .2 (4.53b)
forallu € 7'(H) and f € 7' (H).
Remark 4.7.13.
1. The conditions (4.53a)—(4.53b) are equivalent with
\T*TJ" = (TI"YTIl, sy 77 < 6.
<4,

IT*ATTY =TI AT |,y e
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the first one being the §-adjointness of J I'and J'! in the Hilbert spaces with
norms f — |Tf| and u — | Tul, see Remark 3.3.9 (3). These conditions are
only needed for Lemma 4.7.14.

2. One has to distinguish between J’ Uand J'', the first one being the identification
operator associated with / and H used e.g. in the definition of §-partial isometry
(see Definition 4.7.12), the second is associated with the adjoints H* and H*
used e.g. for the scale of order —1 in Definition 4.7.1, see also Remark 4.7.2 (2).

We deduce the following estimates, explaining the name “partial isometry”:
Lemma 4.7.14. Let§ > 0 and C; > 0.

1. Assume that J' is Cy-bounded, that J' and J'' fulfil (4.53a)—(4.53b) with § > 0,
then J'' is (Cy + 28)-bounded.
2. Assume that J' and J'' are 8-partial isometric, then

' 3= 1 f e | < 280 Il (4.54)

In particular, J' is (1 + 28)-bounded and J'" is (1 + 48)-bounded.

Proof. The first assertion follows similarly as in the proof of Lemma 4.4.3 from
1" wll} g = (s (I T*(A + DTI M)y -
= (. (J"YVT*AT = T*ATJ"YJ""u),
+ W T*(A+ DT I T u)
+ (u, (I T*T =TT I -
< Nuall1 (28 + 1My gy 7N il -

Here, (-,-)1.—1 stands for the sesquilinear pairing of ./#’' (H) x 2#~'(H*). For the
second assertion, we have

' FIR 7 = 1A 1| = (ALTIY* A+ DT =T*(A + DTLS)|
<PTuwTJ' f) =TI u. T)| + (Tu.TJI'f)]|

—(TJ"u, Tf) < 268\ull, 7 f 1.2

using J'u = J''J' f = f and (4.53a)-(4.53b), where u = J! f. Now, if f # 0,
then J! f # 0, and

I = WA | _ 280 e I f
R I I

=28 fllhu-

Wl g7 = 1 f | =
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The assertion on the boundedness of J! is obvious, and the boundedness of J'!
follows by the first part. O

Let us now define the following property of sesquilinear forms to be “partial
isometrically equivalent” up to an error:

Definition 4.7.15. Let § > 0 and let y: U — (0, 00) be a continuous function,
and set C := y(zo). We say that the sesquilinear forms b and § are (8, y, U)-partial
isometrically equivalent if there exist first and zeroth order identification operators
JL JN, J'V and J, such that:

1. andEme (8, y,U)-close,

2. Jlis (8, C, Z0)-compatible with J, and J'! is bounded and (8, C, zp)-compatible
with J*, .

3. J is §-partial isometric of of order 1 w.r.t. H and H,

4. J" and J'! are §-partial isometries.

Remark 4.7.16. Note that for the partial isometric equivalence, we need both
identification operators J'! and J'! for the operators and their adjoints.

Let us give a self-contained summary of all estimates necessary in order to assure
the §-partial isometric equivalence as in Proposition 4.7.11.

Proposition 4.7.17. Let § > 0 and assume that
J:H — A, Jh AN H) — AN H),
J' A (H) — A (H), JV N (HY) — A (HY)

are linear operators, and that J'* is bounded. If the estimates

J*If = f. JYYF = f, (4.55a)

llu— JT*u|l* < 8 |ull7, (4.55b)

W' = Tf 1P <8N e W a= Tl < 8lall 4., 4.550)
6. I 1) = 6w, O < 8 ul? 571 1R e (4.55d)

TJ=JT, T*J=JT" (4.55¢)

IT| <C. T <C. |T|<C. T <C. (4.55)

U C p(H)Np(H), (4.55g)

IH =2 s <v@.  IH=-27' 77 <rv@ (455
(TwTI f) = (1" TF) | < 8l 71 £ 1 4 (4.550)

RTuw, T f) =TI w, T)* < 8l 51 £ 13- (4.55j)
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are fulfilled for all f € 7 and u € T in the appropriate subspaces, then the
sesquilinear forms b and by are (2C3§, y, U)-partial isometrically equivalent.

On the other hand, if h and b are (8, y, U)-partial isometrically equivalent, then
the estimates (4.55) are fulfilled with § replaced by C4.

Let us finally show that the equivalence of the sesquilinear forms implies
the equivalence of the operators (cf. Definition 4.5.4): We use the above list of
properties, although the constants may change from the original definition.

Lemma 4.7.18. Assume that ) and H are (8,y, U)-quasi-unitary (resp. -partial
isometrically) equivalent in the sense_ that (4.52) (resp. (4.55)) are fulfilled, then
the corresponding operators H and H are (§',y’, U)-quasi-unitary (resp. -partial
isometrically) equivalent, where

§:=(3C°(1+|2|CH+CHs. Y@ =C’y(k) and C =y(z).

In particular, the results of Sects. 4.5 and 4.6 apply.

Proof. For the closeness of operators, we need to verify (4.34), namely,
IHJ = JHI, 7= IH( — Jl)||2,H—>—2,7-1' +IHT T Hlly g 77

+ ”(J/l - J/)*HHQ,H_)_Z'F[J + ||(J/* - J)H”z,[-]_)_z.'fi'
(4.56)

Now,

IH = I pesadi < 1 Hlloos s 71 = T 210

< (1 +[lCHC?T = T a0 = (1 +120]C*)C?S

using Lemmata 3.3.5 and 3.3.12 for the estimate ||ﬁ los o =1+ |z0|C3 and
Lemma 3.3.13 for the estimate on the inclusion .7#>(H ) <> s#'(H). The third and
forth term of (4.56) can be estimated similarly. The second term can be estimated
by C*§, using again Lemma 3.3.13 for the estimate of the inclusion of order 2 into
1. Similarly, we have shown in Corollary 4.1.9 that §-quasi-unitarity (resp. -partial
isometrically) of order 1 implies C 3§-quasi-unitarity (resp. -partial isometrically) of
order 2 w.r.t. H and H. The resolvent norm profile estimate of order O follows from
Lemma 3.3.12. O

4.8 Closeness of Coupled Boundary Maps

In this section we show the closeness of a system coupled via a graph from the
closeness of its building blocks associated with each vertex.

Let us first define the closeness of boundary maps: Remember that an operator
I: " = domb — ¥ is a boundary map associated with a closed quadratic form
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h > 0in 27 if I' is bounded, ker I" is dense in .57 and ran I" is dense in ¢ (see
Definition 3.4.1).

Definition 4.8.1. Assume that
r.x'-—g and T — 4.

are boundary maps associated with f andEin A and respectively. We say that
I'" and I' are §-close with the first order identification operators

Jho — " and I — A
and the boundary identification operator /: ¢ —> G it 7] <1,

TJ'=1Ir and |rJ" —I*F”1—>O <4d.

Note that we work on the scale of Hilbert spaces associated with the Neumann oper-
ator HN and HN , since these are the operators associated with the forms h and .

Remark 4.8.2.

1. Here, || A||1—o denotes the norm of an operator A: #' — 4. More precisely,

we have —_ ~ —
rj.o' —¢'?  and I'T: A" — 9.

If, for example, [ intertwines the Dirichlet-to-Neumann operator, i.e. /A = Al
then we also have I*(4'/2) C ¢'/2, and therefore, the difference of the above
operators maps into ¢'/2. In general, we will not expect this to be true, so we
loose some regularity here.

2. For simplicity, we do not consider the more general case ||FJ VI 150 <6
instead of I'J' = IT.

3. If § = 0, then the §-closeness becomes

TJ'=Ir and TJ'=1I*T.

4. Note that we only need the boundary maps for the coupling in the following, not
a corresponding boundary triple (see Remark 3.9.5 (2)).

Let us now show the closeness of the boundary maps for the coupled system. We
recall the notation of Sect. 3.9. Assume that G = (V, E, 0) is a (locally finite) graph
and that for each vertex v € V, there are two boundary maps

I“V:jf;1 — 9, and IA;V:%& — ?v

associated with b, and Hv, such that the boundary maps are both compatible with
the graph G (see Definition 3.9.1). Recall, that the compatibility means that the
boundary spaces can be decomposed into

%z@% and gvzea?e

e€E, eckE,
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and

If = @ L.f and fvu = @’I:V,eu

e€E, e€E,

with I, .: %, — ¥, and Fv,e: ?V — ?e. Moreover, we assume that

sup || 1|10 < 00 and sup ||FV||1_)0 < o0 (4.57a)
vev vevV
and that
4% = (Lo, and G2 := (\T.e(),) (4.57b)
vEde vEde

are dense in ¥, resp. ?e for all e € E (see (3.92d) for the definition of %’;L). Then
we defined a coupled boundary map I': #' — & with ¥ := @,y 4. and 7"
as well as a coupled quadratic form § (see Proposition 3.9.2), and similarly for the
objects with a tilde™

Proposition 4.8.3. Assume that the boundary maps I, and T, are O-close with
first order identification operators J! and J!' and boundary identification operator
1,:9, — 4,. Moreover, assume that

L=@L.  whre I:9 — 9,, (4.58)

e€E,

and define the first order identification operators as the restrictions

=@t ad TV =PI 5.

vevV vevV

Then the following assertions are true:

1. The operators J' and J'' map into the coupled spaces " and 1, respec-
tively.

2. The coupled boundary maps I" and T are O-close with J' and J'" and the
boundary identification operator I := @, Le.

3. Assume that for each v € V, the operators Jv1 and JV’1 are §,-adjoint, then J!
and J'' are §-adjoint with § := sup, 8.

4. Assume that for each v € V, the operators Jv1 and JV’1 are 8,-compatible with the
zeroth order identification operators J, and J), then J' and J'" are §-compatible
with the zeroth order operators

J::@JV:%H% and J'::@JV’:%—M%”

veV veV

with § := sup, §,.
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5. Assume that ior eachv € V, the forms b, and Hv are §,-close, then the coupled
Sforms by and by are §-close with § := sup, é,.

6. The statement in (5) remains true if “closeness” is replaced by “quasi-unitary
equivalence”.

7. The statement in (5) remains true if “closeness” is replaced by “partial isometric
equivalence”.

Proof. Note first that the 0-closeness and (4.58) imply that
Tyel! =1.T,,. (4.59)
In order to show (1) we have to assure that J! f € T if f € " But

’I:Z)ie,ejlf = Ieraie,ef»

the latter expression depends onjxon v = d+e, and not on the sign by definition of
f € ' In particular, J' f € 7'. The assertion for J'' follows similarly.
(2) From (4.59) we conclude

(TJ' f)e =Ty ed) fy =ITe fo = UTf).
for f € ", and similarly I'J"' = [*T.
(3) We have

[ £y = UL = D S = (S ]

vev

CS
< D Sllullisl £l < sup 8 lullill £ 11
v

veV
and (5) follows similarly. For (4), we observe that

I =D f 12 =S = £ < S 820712, < IR

veV vev

and similarly for J'' — J’. (6) follows from (4) and (5) and the fact that J, J’ are
8-quasi-unitary provided all J,, J are §,-quasi-unitary; e.g., we have

la—JJul? = 3" u— o ull? <Y 8l < 8l

vl —
vevV vev

and similarly for the other conditions of §-quasi-unitarity. (7) follows in the same
way, e.g. wehave J*Jf =@,y JJ L f =B,y /= 1. O

Remark 4.8.4. Note that the 0-closeness allows us to define J’ ! simply as the
restriction of the direct sum to .#'. If we would have started with §,-closed
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boundary maps, one has to modify the first order identification operator (see e.g.
Proposition 4.9.2), but we do not need this more general case in our examples.

4.9 Convergence of Resonances

In this section we provide a criterion for the convergence of resonances. To to so,
we show the closeness of coupled dilated systems starting from the closeness of the
interior systems and some natural conditions on the half-line models.

Assume that

H = K ® Hix and % = %int S %ext (4.60)

and that there are boundary triples (I, I, %) and (F i g ) associated with

Bint and by, resp.

Moreover, we assume that we have half-line boundary triples (Iext, Iy, %) and
(TCexi. T, G)on Hy = L ,(R4)®Y and %ﬂext =L (R+)®€¢ associated with the
transversal operators K and K on¥ and ¥, respectively, constructed in Sect. 3.5.

Let 1:9 — & be a boundary identification operator with || /|| < 1. As
identification operator, we set

mt ’ int’

Jext: L;ffexl — L%exl, Jext 1= id]R+ ®1.

We assume that K and K have purely discrete spectrum. Remember that then 4% =

ext
dom K*/2 and %elxl = dom ¢ (cf. Corollary 3.5.5), where %% is the scale of Hilbert

ext
spaces associated with the Af:xterior Dirichlet-to-Neumann map Agq = /K + 1.
Similar assertions hold on ¥.

For convenience of the reader, we recall the definition of the dilated quadratic

form ng[ here. For more details, we refer to Sect. 3.5.2. Namely, we have
LN =T 5t = [ @O+ )
+

for f € ext and similarly forh Here and in the sequel, 0 € Sy, where 0 < 9§ <

Yo < m/2 and

ext*

Sy ={0 €C|Imb| <v¥/2} (4.61)

denotes the strip of thickness ©¥. We have the following result on the identification
operators for the exterior spaces:

Proposition 4.9.1. Assume that 1(4},) C ?ém and 1 *(?ém) C 9. Then the
following assertions hold:

1. Jex is 8-partial isometric w.r.t. Dex iff 1 is §-partial isometric w.r.t. .
2. Assume that 1.9} —> 541 « IS bounded, then

ext

exl( xt) - %ext and ”Jext”1—>1 = max{”I”’ ”]”1—"1}
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Similarly, if [*:9)  —> &\ is bounded, then

ext
1 1
T o) C Ay and |5 lisr < max{[T{] 11" [li-13-

3. Assume that 1:9), —> ?éxl is bounded, then_the forms he . and ngt are 0-
close with identification operator Jex iff € and € are 0-close with identification
operator I. _ _ _ _

4. If 1(92) C 9%, and IK = I K, then € and € as well as b, and b, are 0-close.

In particular, |1 ||k—r = |1 *lk—k = |1

Proof. For the first assertion, note that J* Jo, = id iff 1*I = idg. Moreover, if

ext L&

||i?d/—JJ*||%_)O < §thenforu =v® v € ., we have

lve (=191 = Py — 159112 < s(IVIPIv 2 + VP ) + 1y %))

implying
v

Iy =119 < 8 (s I+ e + v i)

for all v € H'(Ry), v # 0. Since the infimum over all such v of the quotient
is 0 = info(—dY) (the spectrum of the Neumann Laplacian on R.), the desired
estimate |[id—11*||1—o < & follows. On the other hand, if / is §-partial isometric,
then

w-m&wzfnmwnwmys
R4

<5 [ (el + o)) < 3l
R
For the second assertion, we estimate

Mex(g @ @)IIT = llg' P17 01> + llg]* (eI 9) + 1 ¢])
= g’ IP1el* + lgl* I l?
<" PPNl + NP 1 el

<max{|I|% 1]} }Ig ® ¢l

using the fact that /¢ € dom?ifq) € dom ¢. In particular, we have J(g®¢) € %éxl.
Since the space ), is the closure of linear combinations of elementary tensors
g ® ¢ under the norm defined as in (3.50c), we have shown J(.) C ! . The

7 ext®
second inclusion follows similarly.
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The third assertion is a consequence of

b(f, Jot) = H(Jext fru) = / (/). T7U () + ([ (). I "us))

R4

—(Lf'(s),u'(s)) — E(L£(5). u(s)))ds
==A;(Hf@kl*ﬂﬂ)—?ﬁfﬁlu@nﬁh
.

using (If(s))" = If'(s) since I is bounded and similarly for /*. If now hey and
Bext are O-close then the previous equation with f = ¢ ® g and u = v ® ¥ yields

0=/'R&mmmﬂw—ﬁwwmm
R4

and therefore the 0-closeness of £ and €. The other direction can be seen similarly.
The first statement of the fourth assertion is obvious. Moreover,

Ik = (K + D*2I(K + )72 = (K + DK + )71 = |1

using Corollary 3.5.5, IK = K1 and the functional calculus. The statement on /*
follows from || I *||x—r = [ ||—=k——k- O

Recall the definition of the (complexly) dilated coupled sesquilinear forms and
operators (see Sect. 3.7 and especially Definition 3.7.13): The complexly dilated
sesquilinear form is given by

07(f.8) = bin (£ 8) + bl (f. &)
=mﬂﬁ@+4(€wvﬁ%M@w+Hﬂﬂ£®»®

+
for f € ' and g € A, where
A = f € A @ A | Texf =&’ f }
and 6 € Sy (see (4.61)). We equip .2"? with the norm given by
1 I3e == 1T FII = 0(T? )+ IT° £ 1%,
where b := b is the undilated coupled (non-negative) form, and where

T # — 7, Tu = Uing D 6—0/2uext

serves as compatibility operator, turning the restriction 7%: ¢ — ! into a
unitary operator.
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Moreover, the corresponding dilated operator H? is given by
Hef = I-?intf 2] (_6720 eZt + (idR+ ®K)f8xl)
for f € %Y, where

c%Z.GZ{MEWZ @WZ

0/2 30/2
int ext | FeXtu =¢e / Entu’ I-:elxtu =¢ / ir/ltu }
In addition, H? has spectrum in the sector Xy, = {z € C||argz| < 9}, where
0 < ¥ < ¥ < /2, and resolvent norm profile y' of order 1, i.e.

R -1.6—1.6

<9'(@) = (R + (1 + Cap(c, —1)C=(=1,2))’)Cp(z, —1)  (4.62)

for z € Uy, := C\ Xy, see Theorem 3.7.14 (4). For a definition of the
constants C<y(z, w) and C="(z, w) we refer to Lemma 3.5.13. In particular H? €
Z1(y', Ug,). Finally, we have shown that H% depends holomorphically on 6, i.e.
that (H? — z)~': . # —> . is holomorphic in 6, provided the coupled boundary
triple is elliptic, what we will assume for the rest of this section. If K has discrete
spectrum, we have shown that the discrete eigenvalues of H? are (locally) constant
in 0 (see Theorem 3.8.2). In particular, we defined a resonance of H as a discrete
eigenvalue of HY (see Definition 3.8.3) for § having large enough imaginary
part. ~

Similarly, we have the above objects on .7, endowed notationally with a tilde™.
The aim of the following is to show the quasi-unitarity of the coupled dilated
operators H? and HY, starting from some quasi-unitarity information on the interior
part.

We begin with the definition of the first order identification operators and show
their adjointness. In order to do so, we need the following piecewise affine-linear,
continuous cut-off function

p:Ry — [0, 1], pis)=1—s5, 0<s<1, p(s) =0, s>1. (4.63)

As a consequence, p(0) = 1, |lp||> = 1/2 < 1 and ||¢’||*> = 1. In particular,
we set

JYf = gL f @ (idr, ®F) fox (4.642)
TV = Ty @ [(idr, &I )uex + p ® eg/z(FimJi;llu — I*Tiu)].  (4.64b)

Recall the notion of adjointness for first order identification operators associated
with non-negative quadratic forms (Definition 4.4.1 (1)) and general sesquilinear
forms (Definition 4.7.1 (1)):
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Proposition 4.9.2. Let § > 0. Suppose the following assumptions:

1. The first order ldentlﬁcatlon operators Jl1 and J;\ ! are §-adjoint with respect to
the scales éfjl and 57!

nt*
2. The interior boundary maps i and T'; int are 8-close with identification opera-

tors JL I and 1:9 —> G.

nt’ nt

3. The boundary identification operator 1:4 —>~€? intertwines the (exterior)
transversal operators K and K, i.e.ranI C dom K and KI = IK.

4. The exterior boundary triple (I'ex, I, %) is bounded, i.e, the transversal
operator K is bounded (see Corollary 3.5.5 and Proposition 3.4.11).

Then the maps J "¢ and J’ 19 are bounded as operators
JI,Q:%I,G N %1,9 and J/].g: %15 N %l,g’ (465)

where p is given in (4.63). Moreover, J'¢ and J''? are §'-adjoint, where §' =
(1 4 eRe?)s.

Proof. First, we have to show that the operators map into the right spaces: Assume
that f € 579, Then

Fexlu = uext(o) = Ifext(o) = ee/zlnntf = ee/zfmt mtf = ee/zflnlu

ie.u = JYWf e 7' using (2) for the fourth 1 equality. Next, assume that u €
' and set f = J''%u. Then L lu — 1% Tintt, 2 pr10r1 only in ¢ already
belongs to 4! = dom¥€ = ¢ by (4). In particular, f. € .. Moreover,

ext “ext*
Fonf = foxt(0) + &> (G it — 1*Tinett)
=" Uext (0) + 60/2( mt-]mtu I*’Fintu)

— eg/zl—'mt.]/lu — e@/Zme

nt
ie. f=J W0y e 10 using again (2) for the third equality. Moreover,

0 —0
(A I VAN Y [ F S 4 Sl
< max{|[ /I 1. DI

using the boundedness of J.|, and ||7];—; < 1 following from (3) and Proposi-
tion 4.9.1 (4). Moreover, we have

(0w, £y = (u, T 1))
= |(Ji;11tu’ S Yine = (u, Ji:nf)int\

+ [(p ® "2 (G — I Tintt), f)ext|
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< Sllullvine(ILf ine + N0l €12 fllex)
cs Re 6 _
=8+ DI S Mhellul, 5

using (1) and (2) and ||p|| < 1. O

Recall the notion of closeness for quadratic forms (Definition 4.4.1 (4)) and for
general sesquilinear forms (Definition 4.7.1 (3)):

Proposition 4.9.3. Let § > 0 and suppose the following assumptions:

1. The quadratic forms Yiy and bin are §-close with the identification operators J. 1

. int
and J ).

2. The boundary maps Fim, and Tiim are §-close.
3. We haveranl C dom K and KI = IK.

4. The (exterior) transversal operator K is bounded.

Then the coupled dilated sesquilinear forms b° ana’fhv‘9 are §'-close with §' = (1 +
efReG 4 eRe‘7||K||)8.

Proof. The arguments are similar to the ones of the previous proof, namely,

8" ) =5 @ T )|
< 0wt £) = Bina e, T 1)
+ e—2Re9‘<p/ ® eg/z(ﬂmJi;‘tu _ I*fimu), f/>ext’
+ b (p ® "2 (N Sy = 1" Tinat), £))|
< 8lullvanc (1 ine + € %10 T2 lexe + €PN N K I 1€™ £ llext)
S Slull 5 (14 + K)o
since

b (Gd®I ), £) =00 (u, (A &) )

due to (3) and Proposition 4.9.1 (4). Moreover, we used the closeness of the interior
forms and (2). The §’-adjointness of the identification operators has already been
shown in Proposition 4.9.2 with an error smaller than the one given here. O

Let us now define the zeroth order identification operators starting from zeroth
order identification operators Jiy and J; on the interior part:

Jf = Jnf ®(idry ®I) fox  and  J'ui= JLu® (idr, & )ueq. (4.60)

Recall the notion of §-compatibility for identification operators of order 1 in
Definition 4.4.9 for non-negative quadratic forms and in Definition 4.7.7 for general
sesquilinear forms:
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Proposition 4.9.4. Let § > 0 and assume that both coupled boundary triples are
elliptic. Moreover, we suppose the following assumptions:

1. The first-order identification operators Jll and Jlillt
and va (of order 1 w.r.t. b and hlm)

2. The boundary maps Iy and Fim are §-close.

3. We haveran ] C domK and KI = IK.

4. The (exterior) transversal operator K is bounded.

are §-compatible with Jiy

Then the coupled first-order operator J is (8, C, —1)-compatible with J and Je
is (§', C,—1)-compatible with J', where §' = (1 + eR9/2)§ and C = y'(—1).

Proof. We have

I =D FIP = 1= i) £l < 80 1 < 811170

and

1™ = Il = N = Tl + o ® €2 (L e = I Tinetind) 1
< 8 (14 1l ") lullf i < 81+ 2 ullF

The fact that H? and HY € %,(C,—1) was already shown in Theorem 3.7.14 (4)
using the ellipticity. Moreover, it is easily seen that

Tr=Jr° and T =TV
and we are done. O
Recall the notion of §-quasi-unitarity and §-partial isometry in Definition 4.1.1:
Proposition 4.9.5. Let § > 0. Suppose the following assumptions:

1. The zeroth order identification operators Jin and J; are §-quasi-unitary (resp.
J is §-partial isometric) of order 1 w.r.t. hin and B

2. The boundary identification operator I is §-partial isometric of order 1 w.rt. ¢
and ¥, i.e. that I*I = idy and

Iy — IT*y | < 8|y} = 8 ¢(y) + v

Then the coupled zeroth order operators J and J' defined in (4.66) are 8'-quasi-
unitary (resp. J? is §'-partial isometric) (of order 1 w.r:t. % and §?), where §' =
max{1, eRe(’/z}S.

Proof. We have

1T ull® = | Jiwctellge + 1Gd @ Dullege < Hlluelify + llulley, < 4lull?

using || /|| < 1. Similarly,

17" = T*)ull* < 8 lullfy + 0 < 8],

int
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Finally,

e =TT ull? = lu = JiJulliy + llu = (ide, @I17)ull;

int ext

200,112 20,112 Re6y g2, 112
< 87wl o+ 87 MullY e = maxil, €738 ully
using Proposition 4.9.1 and similarly for the remaining estimate. The partial
isometry follows similarly. O

Recall Definition 4.4.1 (5) and Definition 4.7.12 for the notion of partial isometry
of the first order operators associated with non-negative quadratic forms and general
sesquilinear forms.

Proposition 4.9.6. Let § > 0. Suppose the following assumptions:

1. The first order identification operators J) and J!\ are §-partial isometric w.rt.
bim and hint' —

The boundary maps 1"@4 and I:jm are §-close.

We haveran I C dom K and KI = IK.

The (exterior) transversal operator K is bounded.

The boundary identification operator 1 is §-partial isometric of order 1 w.rt. ¢

and t.

Lk

Then the coupled first-order operators J "% and J'"? defined in (4.64) are §'-partial
isometries, where §' = (2 + || K||)8.

Note that we used 6 instead of 6 for the operator J’ 1.0 see Remark 4.7.13 (2).
Proof. The condition J'"? J1¢ = id is obvious. Moreover, we have
(TO T U, T f) = (TOu, TO T f)|
< [Tt f Yin = (. T fim| + [(p ® (DT = I* Tingta). €72 f )|
< Sllullvime (11 ine + N0 le™2 £ llext)

cs
< 268\|lulli.oll fllie

using (1) and (2) and ||p|| < 1. The last condition to be verified is on the undilated
coupled forms h = h° and h = h°, namely,

[6(T° 7" u, T f) —H(TQM,TQJ‘~9f)|
< ("t 1) =B )]+ |0 ® s = 1P 2
+ 040 ® (N Jihue — I* Tinu), e~ f)|
< Nl (1S Mrane + 10112 £ lexe + DMK e £ llexs)

CS
=S+ IKDullollf e
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since _
0o (AT )u, £) = 0% (u, (d®1) f)

due to (3) and Proposition 4.9.1 (4), and again using (1) and (2). Moreover, we used
the closeness of the interior forms and (2). The §’-adjointness of the identification
operators has already been shown in Proposition 4.9.2 with an error smaller than the
one given here. O

We can now state the main result of this section. Recall the notion of &-
quasi-unitary (resp. -partial isometric) equivalence of non-negative quadratic forms
(Definition 4.4.11) and of general sesquilinear forms (Definition 4.7.9):

Theorem 4.9.7. Let § > 0and 0 < ¥ < ¥y < 7/2. Assume that both coupled
boundary triples are elliptic. Moreover, we suppose the following assumptions:

1. The quadratic forms by and Em are §-quasi-unitarily (resp. -partial isometri-
cally) equivalent. "

. The boundary maps F"DL and I;im are §-close.

. We haveran] C domK and KI = IK.

. The (exterior) transversal operator K is bounded. _

. Assume in addition that I is §-partial isometric of order 1 w.r.t. £ and t.

b N Wi

Then the coupled sesquilinear forms §° and HG are (8, y', Uy,)-quasi-unitarily
(resp. -partial isometrically) equivalent for 0 € Sy, where §' = (1 + elRefl(] 4
||K||))5 where y! is given in (4.62) and where Uy, := C \ Xy,.

Proof. The result follows from Propositions 4.9.3, 4.9.4 and 4.9.5 and Proposi-
tion 4.9.6. Moreover, the resolvent norm profile is shown in Theorem 3.7.14 (4). O

As a consequence, we obtain:

Theorem 4.9.8. Let § > 0and 0 < ¥ < ¥y < 7/2. Assume that both coupled
boundary triples are elliptic. Moreover, we assume:

1. The quadratic forms bin and Em are §-quasi-unitarily (resp. -partial isometri-
cally) equivalent. " ~

The boundary maps F,m and I:jm associated with By and by are §-close.

We haveran I C dom K and KI = IK.

The (exterior) transversal operator K is bounded.

The boundary identification operator 1 is §-partial isometric of order 1 w.r.t. €
and t.

SO

Then the coupled dilated operators H® and H are (8", C*y!, Ug,)*-quasi-
unitarily (resp. -partial isometrically) equivalent for all 0 € Sy, where

§":=7C3(1+ R+ K]S,  Ci=yi(=1)=>1,

Uy, := C\ Xy, and where y' is given in (4.62).
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Proof. The quasi-unitary (resp. -partial isometric) equivalence for the sesquilinear
forms was proven in Theorem 4.9.7, and the quasi-unitary (resp. -partial isometric)
equivalence for operators follows then from Lemma 4.7.18; note that zo = —1 here.
Since (H ‘9)* = H?, the same statements are also true for the adjoints, and the result
follows. O

Recall the holomorphic functional calculus of Theorem 3.3.6. We can conclude
all the results of Sects.4.5 and 4.7 having quasi-unitarity as assumption. In
particular, from Theorem 4.5.14 we obtain:

Corollary 4.9.9. Assume that D C C is open with piecewise smooth_compact
boundary dD. Suppose that ¢ is holomorphic in a neighbourhood of D. Under
the assumptions of the previous theorem, we have

len(H®) = Jop(H)J'|| < C'8
provided 0D C p(H?) N p(ﬁe) and § > 0 is small enough, where C’ depends only
on dD, ¢, ¥, 99, Re O and || K||.

In particular, the preceding corollary applies to spectral projections by choosing
¢ = 1. Let us now state some more assertions on the spectrum:

Proposition 4.9.10. Let § > 0 and assume the following:

1. The boundary space 9 is finite-dimensional,

2. We haveranl C domK and KI = IK. "
3. The operator 1 _is §-partial isometric of order 1 w.r.t. € and t.
4. The operator K has purely discrete spectrum.

Then
~ ~ 1
Ak(K)Z)Lk(K), k=1,...,ko and Ak(K)ES—Z—l, k > ko,

where kg = dim¥.

Proof. Note that [ is a partial isometry (I */ = id) from ¢ onto ran P C &, where
P := II*isan orthogonal projection. Moreover, from KI = IK it follows that
K 1s unitarily equivalent with KP = PK showing the first statement. Finally, the
condition ||(id — 77*)(K + 1)'/2| < § of the §-partial isometry is equivalent with

1 ~ ~ o~ ~
8—210L <PYEK+ 1Pt

where P+ =1 — F, from which the latter eigenvalue estimate follows. O

Let us now state the convergence of the essential spectrum of the coupled dilated
operators HY and HY. Recall the explicit form of the essential spectrum in
Proposition 3.8.1:
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Theorem 4.9.11. Let § > 0 and 0 < ¥ < ¥y < 7/2. Assume that the boundary
space 9 is finite-dimensional, and that both coupled boundary triples are elliptic.
Moreover, we assume:

1. The quadratic forms Hin and E}m are §-quasi-unitarily equivalent.
3. We haveranl C domK and KI = IK. _

4. The operator I is 8-partial isometric of order 1 w.r.t. € and t.

5. The operator K has purely discrete spectrum.

Then for 8 € Sy with Im 60 # 0, the first kg = dim%¥ branches
Bi = M(K) +e7200,00), k=1,....ko

of the essential spectra of the coupled dilated operators H and HY agree.
Moreover, the remaining branches By, k > ko, have a base point A, (K) > §72 —1,
i.e. they tend to oo as § — 0. _

Finally, if the interior Dirichlet-to-Neumann map Ain has purely discrete
spectrum and if Im 0 #£ 0, then also the real essential spectra

Oess(H) MRy = 0u(HR)  and  0es(H?) N Ry = 0o (HD)

converge, i.e. there is a function n(§) — 0 as § — 0 depending only on by such
that
d(0ess(H) N Ry, 0 (HY) N RY) < 1(8),

where d denotes the weighted Hausdorff distance (cf. Definition A.1.1 and (4.20)).

Proof. Since we assumed that ¢ is finite-dimensional, the transversal operator K is
obviously bounded. From Proposition 3.8.1 and Proposition 4.9.10, the statements
on the non-real essential spectra follows. For the real essential spectra note that
Rﬁt RE[ = B;;[th Biy by Theorem 3.4.44, and the latter operator is compact
by assumption, so that the interior Neumann and Dirichlet operators have the
same essential spectrum. But the convergence of the interior Neumann essential
spectrum follows by the first assumption, Proposition 4.4.15 and Theorem 4.3.4.
The function 7(8) is just the modulus of continuity of the continuity stated in

Theorem 4.3.4. O

Recall the definition of a resonance of H (Definition 3.8.3) (i.e. an eigenvalue of
HY for some 6 with large enough imaginary part). In particular, we show that the
resonances of H are close to the resonances of H:

Theorem 4.9.12. Let § > 0 and ¥ € [0, w/2). Assume that the boundary space 9
is finite-dimensional, and that both coupled boundary triples are elliptic. Moreover,
we assume:

1. Bine and hm[ are §-quasi- umtanly equivalent;
2. The boundary maps F,m and T'; int associated with B, and hmt are §-close;
3. ranl C domK and KI = IK;
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4. Lis 8-partial isometric of order 1 w.rit. £ and €
5. K has purely discrete spectrum.

Let 6 € Sy and A € o4isc(H?) be a discrete eigenvalue with multiplicity p. Then
there exist a function n(6) — 0 as § — 0 and ezgenvalues Aj € GdISC(H ),
Jj =1,..., 1, (not necessarily mutually distinct) such that |)t — Al < ().

If, in addition, u = 1, i.e. if A is a simple eigenvalue with normalised eigenvector
Y, then there exists a normalised eigenvector  of H H such that

1Ty =V <Cis8  and  ||J'Y -y < Crs8.

Finally, n, C, » and ’51,,9 depend only on ¥, Re 0, || K || and HY.

Proof. The theorem is a result of Theorem 4.9.8, Theorem 4.6.3 and Lemma 4.6.1.
Again, the function 7(§) is the modulus of continuity of the continuity stated in
Theorem 4.6.3. O

Remark 4.9.13. 1t would be interesting to see whether we can obtain a resolvent
estimate around A € ogisc(H?) as in (4.45) from the abstract setting here. Such
an estimate would allow us to say something about the rate of convergence of the
resonances (see Theorem 4.6.4). For example, in [HiM91, Hi92] it was shown for
a so-called Helmholtz resonator that each discrete eigenvalue of the compact part
of the decoupled model is exponentially close to a resonance, i.e. the error is of the
form O(e~¢/¢) for some constant ¢ > 0. For a similar phenomena on graph-like
spaces, see Remark 1.4.6.






Chapter 5
Manifolds, Tubular Neighbourhoods
and Their Perturbations

In this chapter, we collect some general facts about Riemannian manifolds and
tubular neighbourhoods of a one-dimensional space. Moreover, we provide conver-
gence results for small perturbations of a metric on a manifold. In the subsequent
Chap. 6, we mostly consider so-called “graph-like manifolds” with exact product
structure for an edge neighbourhood and with exact scaling behaviour of the vertex
neighbourhoods, simplifying the reduction to the metric graph significantly. The
results in this chapter are then used to briefly discuss the more general case of a
graph G embedded in R? and a neighbourhood X, shrinking to G as ¢ — 0 and
other perturbation of the product structure.

Section 5.1 contains some basic notation for manifolds with or without boundary,
manifolds constructed from building blocks and the definition of the associated
Laplacian via its quadratic form. When dealing with graph-like manifolds shrinking
to a metric graph (see Chap. 6), basically all convergence results for the identifi-
cation operators and the Laplacians follow from a few fundamental inequalities,
namely the min-max eigenvalue estimate (Propositions 5.1.1 and 5.1.2) and the
Sobolev trace estimate (5.6). We finally collect some facts about the scaling of a
metric g, = £”g on a manifold M using the convenient short-hand notation eM for
the Riemannian manifold (M, g;).

In Sect.5.2, we consider perturbations g of a metric g on a general (not
necessarily compact) manifold, and show that the associated quadratic forms and
Laplacians are §-quasi-unitarily equivalent in Theorem 5.2.6 (see Chap. 4 for the
concept and the implications such as spectral convergence). The error § is expressed
purely intrinsically in terms of g relative to g only. This result is of course well-
known, but shows the strength of our two-Hilbert space approach of Chap.4 and
how natural it can be applied in this situation. Moreover, using quadratic forms
only, we can avoid the use of derivatives of the perturbation’g w.r.t. g.

Sections 5.3-5.6 contains material on tubular neighbourhoods of an interval.
Such tubular neighbourhoods appear in a graph-like manifold as a neighbourhood
of an edge. The considerations in this chapter allow us to consider later on only
a pure product structure X., = [, x Y, as neighbourhood of an edge e with
associated interval I = I, = [0, £,] in the metric graph and transversal manifold

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 259
DOI 10.1007/978-3-642-23840-6_5, © Springer-Verlag Berlin Heidelberg 2012
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Y =Y., and to treat other situations such as the e-neighbourhood of an embedded
graph in R? as a perturbation of the product structure. In Sect.5.3, we consider
different aspects like general perturbations of the natural product structure on a
tubular neighbourhood and the effect of a small shortening of the underlying base
space, the interval. Section 5.4 treats the particular case of the interval / and the
tubular neighbourhood being embedded in R? as a curve and its neighbourhood.
Finally, Sects. 5.5-5.6 treat the thin radius limit of quadratic forms associated with
tubular neighbourhoods with transversal boundary (i.e., Y # @) and Neumann
resp. Dirichlet conditions on / x dY .

5.1 Manifolds

Let us first fix some notation. Denote by X a d-dimensional smooth manifold, with
or without boundary. Let g be a Riemannian metric on X. We often refer to the
Riemannian manifold (X, g) simply as X, if the metric is clear from the context.
We assume that g is smooth as section into the bundle of positive sesquilinear forms
on the tangent bundle 7X . When constructing manifolds from building blocks, it is
convenient to allow a weaker regularity, namely, that the coordinate change maps
of X are only Lipschitz continuous, and that the metric is only continuous, see
Sect. 5.1.2. For more details on Lipschitz manifolds see e.g. [KSh03] or [Tel83] and
references therein.

The canonical Riemannian measure will be denoted by dX or d(X, g) or mostly
by dx for the integration variable x € X. When speaking about the volume of a
measurable subset U C X, we also write volU = vol,; U.

5.1.1 Manifolds with Boundary

If X has (total) boundary 0X, we use the convention X = )? U 0X, ie. X is the

disjoint union of the interior X and the boundary 0X.We assume that the boundary
is (piecewise) smooth with metric induced by X. Moreover, we denote the corre-
sponding Riemannian measure by doX or simply by dy for y € 0X. For the volume
we write vol 0X = vol,,, 0X, where m := d — 1 is the dimension.

For a subset U C X, denote by

W:=UNX\UNX and U :=3UUT NIX

the internal resp. total boundary of U, where (-) denotes the closure in the
topological space X . Note that we can interpret d as (topological) boundary operator

in the topological space X (e.g., 5)? = (J), but 0 is not the boundary operator of the
topological space X, since in general 0X # @.
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When introducing boundary conditions or boundary triples, it is convenient to
decompose the (total) boundary X into two closed subsets, namely we assume that
there are two subsets do X and d; X of the boundary of 0X such that

(i.e. the union is disjoint up to (d — 1)-dimensional measure 0). We sometimes
call doX and 0;X the transversal resp. longitudinal boundary of X, referring to
the fact that we fix boundary conditions on the transversal boundary, and use the
longitudinal boundary for boundary triples in order to couple different spaces via
the longitudinal boundary in Chap. 7.

Having chosen such a decomposition, we denote by

U :=U NdX and WU :=UNaX

the (transversal and longitudinal) boundary of U C X, i.e. the boundary part of U
belonging to the boundary component do X and 9, X, respectively. In particular, we
have R

oU = oU U doU U 0,U

(disjoint union up to m = (d — 1)-dimensional measure 0), see Fig. 5.1.

5.1.2 Manifolds Constructed from Building Blocks

Usually, we consider manifolds of class C°°, but sometimes, we allow the manifold
or its boundary to be only Lipschitz, i.e. the coordinate change maps are Lipschitz
continuous. As for the manifold, we sometimes allow a weaker regularity for the
Riemannian metric. The minimal regularity of the metric (viewed as section in the

Fig. 5.1 A typical example we have in mind for the different boundary components of a manifold
X, here embedded in R?. Note that X C R? is closed, X = doX U 9, X is the total boundary
(being here the boundary of X as subset in R?). The total boundary dU consists of the internal

o
boundary dU and the transversal and longitudinal boundary parts doU and 9, U of 0X, respectively
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bundle of sesquilinear forms on 7X) is continuity. A particular example of a non-
smooth manifold may arise from the following construction of a manifold X by a
number of components X;: For each index 7, let X; be a d-dimensional manifold
with Lipschitz boundary dX;. For each pair (i, j) withi # j we identify a smooth,
relatively open subset d; X; of 0X; with a smooth, relatively open subset d; X; of
0X; (the subsets may be empty for certain pairs (i, j)). Let us denote the identified
parts by dX; N dX; = d;X; = 0; X;. If the manifolds X; and X; carry a metric, we
assume that the identification is an isometry. We denote the resulting space by

X:GX,»

as short hand for the above construction, without explicitly referring to the
underlying identifications. We remark that the notion is consistent with the notion
“disjoint up to measure 0, denoted by the same symbol. Moreover, the property
of a subset S C X to have measure 0 w.r.t. the canonical volume measure in the
Riemannian manifold (X, g) is independent of the metric g. The total manifold X
has boundary
ox = Jox; \ | J@x; nox)).
i i#j

which we assume to be Lipschitz. We may define Lipschitz continuous coordinate
charts near dX; N dX; via charts from X; and X, near the smooth boundary parts
d;X; and 0; X;. But since we deal with L,-spaces only, it is enough to cover
the manifold with charts up to sets of measure 0. In particular, charts for X; are
enough, since dX; N dX; has d-dimensional measure 0 in X. The identification of
the boundary parts d; X; and 0; X; usually arises naturally from the construction
(if, e.g., the total manifold X is a priori given as a subset of R"). Otherwise, the
identification is tacitly included in the notation X = Ul. X; (see Fig.5.2).

5.1.3 Laplacians and Quadratic Forms

Let C2°(X, d9X) be the space of complex-valued smooth! function with compact
support in X disjoint from the boundary component doX. In particular, we set
C(X) := CX(X,0). The basic Hilbert space L,(X) = L,(X,g) on (X, g) is
defined as the completion of C°(X) w.r.t. the norm defined by

'We assume here for simplicity that (X, g) is a smooth Riemannian manifold with smooth metric.
For Lipschitz manifolds or metrics which are only continuous, one has to replace the attribute
“smooth” by “Lipschitz” for the quadratic form domain. In this case, functions in the domain
of the corresponding operator may no longer be twice weakly differentiable. Nevertheless, by
Theorem 3.1.1, there always exists an associated operator, and it is straightforward to calculate the
corresponding domain in the non-smooth case.
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Fig. 5.2 The construction of a manifold from two building blocks. The boundary of the resulting
manifold X may have additional “corners”

lll = ol = [ Wox. 5.1)
We often use other intuitive notation like ||u||x = |[lul|, etc. The Sobolev space
H'(X,00X) = HYX,00X,g) of order 1 is defined as the completion of

C(X, dpX) w.r.t. the norm given by

oy = Dl + Il = [ (P + lduf2)ax. (5.2)

where du is the exterior derivative on X and ||, is the norm defined via the canonical
metric on 7* X . Namely, in local coordinates, we have

d
lduly = Y g"0;u0,u,

ij=1

where {g"};; is the inverse of the matrix {g;;};; = {g(;.9,)};;. In particular, we
set
H'(X):=H'(X,0) and H'(X):=H!\(X,0X).

The Laplacian Ag?x = A?;’(f;) on (X, g) is defined via its quadratic form d%%
namely
09X () = ||dul}  and  domd®¥ = H'(X,dX)

(see Theorem 3.1.1). Using Green’s formula, one can see that functions u in
the domain of AdXOX fulfil Dirichlet boundary conditions on dpX and Neumann
boundary conditions on d; X, i.e.
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Mraox =0 and 3nu r31X ZO,

respectively. Note that the Neumann boundary condition enters only via the operator
domain, not the quadratic form domain. In particular, we set

Ay =A%  and AR = A%

for the Neumann resp. Dirichlet Laplacian. If X is compact, then the spectrum of
the Laplacian is discrete, i.e. the eigenvalues k,‘iox (X) = kiox (X, g) (repeated with
respect to multiplicity) have finite multiplicity and accumulate only at co. In order
to show this fact, one has to prove that the embedding

H'(X, 00X) — L,(X)

is compact (see e.g. [Ros97, Thm. 1.22]). This follows from the Rellich-Kondara-
chov compactness theorem for the form domain A (X) of the Dirichlet Laplacian.
For the Neumann Laplacian (or mixed boundary conditions), we need additionally
a (local) Sobolev extension operator. Such an operator exists in our setting, since
we assumed that the boundary dX is Lipschitz. We will occasionally omit the label
(-)%¥ indicating where we put the Dirichlet boundary condition, if it is clear from
the context.

5.1.4 Basic Estimates

Let M be a compact manifold. We define the averaging operator f u by

fouim — /dM (5.3)
U= ol M Mu .

foru € L,(M), where volM = vol; M denotes the volume of the manifold M.
In particular, we have the following result, a consequence of the Min-max principle
Theorem 3.2.3:

Proposition 5.1.1. We have

1
_ 2 ydull?
= Fagully = 3 gags el

for u € HY (M), where Ao(M) denotes the second (first non-zero) Neumann
eigenvalue of the Laplacian on M, i.e. the Laplacian associated with the form
Ou (u) := | dul|3, with domain domdy = H'(M).

Proof. Apply the min-max characterisation and note that f U is the projection of u
onto the first (constant) eigenfunction. O
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Assume that M has boundary 0M = doM U 0, M. We impose Dirichlet bound-
ary conditions on dg M and denote by ¢, the first eigenfunction associated with the
Laplacian A?&M with Dirichlet conditions on dyM (and Neumann conditions on

d1M). Denote by A, = /\,‘ZOM (M) the corresponding sequence of eigenvalues.

Proposition 5.1.2. Assume that M is connected and compact, then we have

| — (o, wen |5, < (I1dull2, — A flull3,) (5.4a)

1
Ay — Ay

foru € H' (M, 0o M). In particular; if )M # @, we have A; > 0 and

1
llull3s < )L_l”d””%w (5.4b)
foru e H' (M, doM).

Proof. For the first estimate, we start with the observation

| = (@, )i |* = llul® = [ (@1, u) [, (5.5a)

|du — (@1, uyden |* = [ldull® = 21| (@1, )| (5.5b)

using (du, dg;) = (u,d*dg1) = A1{u, ¢1) in the second equation. Now,
1
|u—(pr.upen|” < 7 (ldul? — Ji|(erw)]’)
1 2 2 Al 2 2
= —(lldull® = Aiflull®) + = (lull® = [{g1, w)|")
As A

- Aiz(udunz ) + %Hu— o uhen |

using the min-max characterisation and the equalities (5.5). Since M is connected,
A1 < A, and we can bring the last term on the LHS. Dividing by (1 — A;/A,) >
0 yields the result. The second estimate is a direct consequence of the min-max
characterisation and the fact that A; > 0: Otherwise, ¢; would be constant, and
@1 1y,m = 0 would imply ¢; = 0. O

Note that Proposition 5.1.1 is a special case of (5.4a), where dgM = @ and therefore
A1 = 0 and ¢, is constant.

The next proposition compares different average operators. As assumption, we
need a Sobolev trace estimate, usually fulfilled in our applications.

Proposition 5.1.3. Assume that M is a d-dimensional manifold and that {M;};
consists of subsets of M with volg M; > 0. Moreover, we assume that '), M; C M
(i.e. M; are mutually disjoint up to measure 0). In addition, let I’ = Gi I, c oM
where vol,, (01;) > 0 and I'; C 0M; (see Fig. 5.3) such that there exists a; > 0 with
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Fig. 5.3 A typical situation
in Proposition 5.1.3

I

2
lullF, < alldully, + C—lllulli@. (5.6)

forall0 < a < a; and all i. Then we have

1
}JCMM_JCI"Lt‘2 = vol,, I ZVOlmE|fMM—an|2

< (0t )l

vol,, I arr(M)
forall0 < a < a_ :=inf; a;.
Proof. The proof follows from
2 1 2
[Fae=fral” =[G vl 1 e f )
cs 1

= volI” lZV01n|fMu_fﬂu|2
1
vol I ZZH][MM_MH;

1 2 2 2
ot o {alduly + Zhf i ulfy )

ING

IA

2
< o (allaully + Zifyu—uly)

noting that df 4 = 0. The estimate follows now from Proposition 5.1.1. O

5.1.5 Some Scaling Behaviour

Let M be a d-dimensional Riemannian manifold with metric g and let ¢ > 0.
Denote the volume form by dM . Moreover, denote by e M the Riemannian manifold



5.1 Manifolds 267

with the same underlying space, but with metric g, := &g (the e-homothetic
version of M'). We have the following scaling behaviour:

d(eM) = ¢%dM, lull?y, = e |ull3, (5.7a)
1 _
|dul}, = ;Iduﬁ IdullZy, = &/ lldull3y (5.7b)
1
Ay = ;AM, Foprtt = Fpu (5.7¢)
1 1
o(Ay) = 50(Ay). A(eM) = (M) (5.7d)

Remark 5.1.4. Note that by definition, the scaled spaces Y., = ¢Y,, X,, = ¢*X,
etc. are independent of ¢ as manifolds, the parameter € > 0 only enters through their
metric. Moreover, the various norms of the L,- and Sobolev spaces depend on ¢, but
as vector spaces, the scaled and unscaled versions agree, e.g., L,(Y;.) = L,(Y.).

If ' C M is of dimension m = d — 1, then the Sobolev trace estimate (5.6)
scales as

2
lllZr < aclldull?y + Z”””?M (5.8)
&

where a, = ¢a, i.e. a, scales like a length.

Let us introduce another intuitive notation: Let M be a differentiable (or
Lipschitz) manifold with two metrics g and ‘g. Abusing slightly the notation, we
write M and M for the Riemannian manifolds (M, g) and (M,g), respectively. If
0 < r; < rp we use the notation

M <M <rM (5.9)

as shortcut for
rlng(Vv v) <gx(v,v) < rzng(V» V)

forallv € T\M, x € M. In particular, if M, denotes the manifold M with metric
g.for0 < e < 1and M := M, then the inequalities

M < M, <&M, 0<a <w (5.10)
imply
e Nlullyy < Nlullyy, < e Nlullly (5.11a)
472 | dul|, < [ldully, < &7 dul},. (5.11b)
£ vol M < vol M, < ¢ vol M, (5.11¢)

g@m 00 (M) < Aa(My) < 7@ 202 05(M). (5.11d)
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Let us reformulate the above Propositions 5.1.1, 5.1.2 and 5.1.3 in the case of a
scaled manifold:

Corollary 5.1.5. For the scaled manifold eM we have

e — T lldullZy

ngu”sM — A, (M)

Corollary 5.1.6. For the scaled d -dimensional manifold e M and Dirichlet bound-
ary conditions on dgM , we have

2

2 & 2 Al 2
u— (@1, U) @1 < ( du — —||lu )
|| <¢ ) @ ||8M AgOM(M) _ A?OM(M) || ”sM &2 ” “gM

2

&
ADM (M)

2
lIduellZs

leel2pr <

foru € H'(eM, g M), provided that d¢M # @ in the latter case.

Corollary 5.1.7. Assume that Gi M; C M and that I' = GI I C OM where
voly(M;) > 0, vol,,,(0I3) > 0 and I; C dM; such that (5.6) is fulfilled for a; > 0
and all i or that the scaled version (5.8) is fulfilled for I'; and M; with a, = ea,.
Then we have

|fM“_fr“|2 ZVO]mF‘fM“_JCF“|2

~ vol,
2

Volgm r (a t (M))” ullew

IA

forall0 <a < a_ :=inf; a;.

5.2 Perturbations of the Metric

Let g,’¢ be two metrics on the d-dimensional manifold X. The manifold is not
necessarily assumed to be compact. Abusing the notation slightly, we also write X
for the Riemannian manifold (X, g) and X for the Riemannian manifold (X.2).
We think of g’ as being a small perturbation of the metric g. In order to define the
perturbation intrinsically, we introduce a section A into the bundle .Z (T X) with
fibres consisting of endomorphisms of 7', X .

Definition 5.2.1. We call the positive linear operator A, on T, X, defined via

gx(w,v) =gy (v, Acv) VveT, X, xeX, (5.12)
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the relative distortion of g w.r.t. g. Moreover, we denote by
p(x) 1= det A}C/z

the relative density of g w.r.t g.

In a coordinate chart, A, can be expressed as a d x d-matrix. Moreover, x > A,
has the same regularity as x + g, and x — g, (e.g. smooth or Lipschitz).
The Riemannian measures are related via

dX = pdX.
justifying the name “relative density” for p. Similarly, for the cotangent bundle, we

define a section A* in .Z(T* X) relating the canonical metrics g* and g* on T*X
corresponding to g and g, respectively, via

(.8 = gi(A)E.©) VEeT!X, xeX. (5.13)
Note that
|A:|$(T,(*X.g;") = |Ax|‘>—%1(7}x'gx)y (5.14)
where
gx(v, Ayv)
|Ax|l 2t x.g) = sup —————

ver, x\{o} &x(V,v)

is the canonical operator norm in (7, X, g,) and similarly we define the norm of
A* as operator in (T*X, g¥). By a slight abuse of notation, we also write 4!
for the section A}, having the relation (5.14) in mind. Moreover, we often use the
same symbol g for the metric on TX and on T*X (or any other derived tensor
bundle).

We first provide conditions assuring that L,(X, g) and H'(X, g) are independent
of the metric as vector space and have equivalent norms. We set

[olloo := suplp(x)]  and  [[Allec := sup|Ar| 2z x5,
X X

using the pointwise operator norm in the second case. Let us make some comments
on the norm estimates of A, p and related expressions: Denote by

0<ai(x) oa(x) <+ < aa(x)
the d eigenvalues of Ay, ordered and repeated with respect to multiplicity. Then

[Alloo = llta lloo pllze = llor -~ 2afloo < llealls

147 oo = lloty oo P~ 36 = e - o oo < llo IS
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Moreover,

lpA™ I3 = lloy e - alloo < lloy loollealls
—1 42 -1 -1 —1d—1
o™ Allse = llay™ ..oy dalloo < lloy I5g et oo
In particular, ||A]|oc < oo implies ||pllec < o0 and [|[A7!ec < oo implies
o™ oo < o0

Proposition 5.2.2. Assume that | A*"| e < 00, then we have

1
oo W = 1,y = Dol gy (5.152)
o0

1 _
Mﬂduﬂfz(x,g) < ||du||fz(x,g) <llpA 1||oo||14||fz(x,g)~ (5.15b)
o0

In particular; the spaces L,(X, g) and L,(X,g) resp. H\(X, g) and H' (X,g) agree
as vector spaces and have equivalent norms.

Proof. The proof of the second estimate follows from

ldul? oz = /X (pA~"du, du) d(X, g)

and similarly for the first estimate. O
For the notation r_ X < X < ry X we refer to (5.9). As a corollary we obtain:

Corollary 5.2.3. Assume thatr—X < X <r4+X. Then

d 2 2 d 2

’l”””LZ(X,g) = ||”||L2(X.§) = r+||”||L2(x,g)v (5.162)
d—1,.—1 2 2 d—1,—1 2
r&ry ||du|||_2(X,g) < ||d”||L2(X,§) <rirZ ||"‘||L2(X,g)- (5.16b)

Proof. Note that the estimate on the manifold, i.e. r2g, < g, < ri g, in the sense
of quadratic forms, implies that the relative distortion A, of g w.r.t. g fulfils

ri]lx < Ax fri]lx

where 1, denotes the identity operator on 7Ty X . O

On a compact manifold, continuity of A (and therefore of p) is sufficient in order
to assure that the above spaces agree and have equivalent norms. Moreover we have
the following result:

Proposition 5.2.4. Assume that X is a compact manifold with continuous metrics
g, 8. Denote by M (X,g) and A (X,g) the k-th eigenvalue of the Laplacian
associated with (X, g) and (X,g), respectively. Then
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M (X.2) = 4 (X 9| < 107 oo (lPA™ = Tloo + 11 — pllcc) A (X. &)
< 88A,(X.g). (5.17)

provided
§ := max{||1 — plloo, |1 — Afloc} <

| =

in the latter estimate.

Proof. Note first that due to the compactness of X, the spectra of the Laplace oper-
ators with respect to g and g are purely discrete. Moreover, the estimates of Propo-
sition 5.2.2 hold with strictly positive and finite constants. In particular, H' (X, g) =
H'(X,g). Comparing the Rayleigh quotientsR(u, g) := ||d“||%x,g)/ ||t ||%X.g) for g
and g yield

(pA7 du, du)x  (du, du)y

|R(u3F§) - R(u7 g)| = ‘

(ou, u)x (u, u)x
_ ‘((M‘1 — Ddudu)y Riu.0) (1 — p)u,u)x
(ou, u) x (ou, u)x

=< 167 oo (P4~ = Llloo + 11 = plloo) R, ).

=i

Applying the min-max characterisation Theorem 3.2.3 to the inequality

(I—=mR(u.g) < R(u.g) = (1+nR(u g)

gives the corresponding inequality for the eigenvalues. Finally, it is easy to see that
n<8§ifs <1/2. O

The eigenvalue estimate can be seen similarly using the more abstract setting
of Corollary 4.4.19. The above lemma shows that it is enough to consider only
continuous metrics, since no derivative of g is needed in the estimates.

We now want to compare the two resolvents associated with the Laplacians
on (X, g) and (X,’g) using the abstract theory developed in Sect.4.4. Let 57 :=
L,(X.g) and let € be the scale of Hilbert spaces associated with the Lap1a01an
Ay ) See Sect. 3.2. Note that 7! = H'(X, g). We denote by % the correspond-

ing spaces for the metric g. Denote by 0 the quadratic form 2(f) := ||d f % with
domain domd := .7’ and similarly, 9(u) := [l dulf3 with domd := 2.

LetJ.%”—>%”,Jf fandJ’A.:%”—><%”,Ju=u.Thenextlemma
follows immediately from the fact that dX = pdX:

Lemma 5.2.5. The adjoint of J is given by J*: T —s A with J*u = pu.
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We are now able to compare the quadratic forms, from which the resolvent estimates
follow (see Corollary 5.2.7). For the notion of quasi-unitary equivalence of quadratic
forms, see Definition 4.4.11:

Theorem 5.2.6. Assume that | A*!||eo < 00, then J(H') = AV and J'(A") =
. Moreover, the quadratic forms 0 and ?are §- -quasi-unitarily equivalent with

§ 1= max{[[p"/2 — o712 oo, o712 AV = 24TV ).

If in addition, §:= max{||1 — plleo. |1 — Allco} < 1/2 then the forms  and d are
48-quasi-unitarily equivalent with identification operators

JL(X,g) — L(X,9), f f and J:L(X,g) — Ly(X,38), ur>u
(5.18)
In particular, the results of Sect. 4.4 apply.

Proof. The first assertion follows from Proposition 5.2.2. Moreover, the identifi-
cation operators J and J " already respect the spaces of order 1, J'J = id and
JJ' =1d. In addition, [[Jf % < llplloll f Il and similarly |[J"ull3 < llp™" [loollull
and we have

L -1

IA

:|:1/2_1|| 1/2_[0—1/2”00’

|l llp o <o

ie || J| I/l <2 provided§ < 1. The remaining estimates to show are
1" = Tl = 11— p)p~ 20" 2ully < 110" — p~ 2|12 lull
and
0 u. f) =(u, I /)| = [{du,df)x — (du.d f)7]

= ’/ (@ —pA™Hp 242 p! 247 2 du, df)ng‘
X

< 1= pA™)p A s [t 10X
CS
= 1712412 = p! A7) oo dull 1 d f |1

for f € #' and u € 7'. The 43’-quasi unitary equivalence follows easily from
basic estimates. O

For the notion of quasi-unitary equivalence of operators, we refer to Defini-
tion 4.2.3). Note that the quasi-unitary equivalence of operators follows form the
one of quadratic forms by Proposition 4.4.15.

Corollary 5.2.7. With the notation of the preceding theorem, the operators A( X.g)
and A x5 @re 45-quasi-unitarily equivalent with identification operators given
in (5. 18) In particular,
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I(A g + D7 = (A g + D7 < 48 (5.19)

Moreover, the results of Sects. 4.2 and 4.3 apply.

Remark 5.2.8. The advantage of choosing J’ instead of the adjoint J* is to avoid
assumptions involving the derivative of p (and therefore derivatives of the metrics).
If we would have set J’ := J*, then the last estimate in the previous proof would
contain an extra term with dp.

In particular, we can assume without loss of generality that the metric is only
continuous, i.e. that x +— g, is continuous, up to an error. The corresponding
Laplacian is defined via its quadratic form; the operator domain may be different
from a standard Sobolev space.

Corollary 5.2.9. Let g be a continuous metric on X, then for any § > 0 there exists
a smooth metric such that A o) and A are 48-quasi-unitarily equivalent with
identification operators given in (5.18).

(X.2)

5.3 Tubular Neighbourhoods

5.3.1 Perturbations of the Product Structure

The following considerations are motivated by tubular neighbourhoods of an edge
as discussed in a concrete situation in the next section. We start with a slightly more
general setting. Let us consider the metric g on X := [ x Y defined by

g = *ds® + r’h, (5.20)

where £ and r are positive functions on X to be specified later on. Here, I C R
is an interval and (Y, /) is a Riemannian manifold of dimension m > 1. We
identify the tangent space T ,)X with R x T,Y and write v = (vi,v2) €
T X,

Letg be another metric, close to g given by

=010+ Oll)fzdsz +2¢rdsopp + (1 + 022)1’2]1, (5.21)

where 011, 02, are real-valued functions on X and 015 (s,y): Ty X —> R. The corre-
sponding relative distortion A of g w.r.t. g (see Definition 5.2.1) in this setting is

1+oq £y 012
A= . 5.22
(K"_IOTZ (] + 022) idry ( )
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Its d eigenvalues are given by

_Jl+on (multiplicity m — 1),

o =
1+ (o1 + 02 % /(011 — 022)2 + 4Jona ).

where |o15]> = 0120},. Moreover, we have
p> =detA = (1+02)" " ((1 4+ 011)(1 + 02) — [02]?).

— 1 1
1p"/? = p~12 |0 = 2s1nh(§ log I|P||oo)

m—1

=2 sinh( log(l + 022)

+ 4 1og((1 + lon oo (1 + ol — llon212))
= 0(011) + O(022) + O(Jo12|?).
o247 — P2 472 g = 25in (5 og 6™ Allo)
= 0(011) + O(022) + O(lo12]?), (0;j — 0),

where the errors O(0;;) are short hand for an expression of order & with & = {|0;; |00,
depending only on 7 and &, and similarly for |0,|.

Denote by 0(f) = [df [?, and d(u) := Hdu”(zx}’) the quadratic forms asso-
ciated with the corresponding Riemannian manifolds. Then Theorem 5.2.6 yields:

Proposition 5.3.1. The quadratic forms 0 and ? associated with the spaces (X, g)
and (X,’g) are §-quasi-unitarily equivalent, where

§ := 0(011) + O(022) + O(lopa|*)  as oy — 0.

Moreover, the error terms depend only on m = dimY and on the suprema of o;;.

It is sometimes useful to compare the metric g := £>ds” + r>h with a warped
product metric (see Fig. 5.4) provided the function r depends on s € I only:

Definition 5.3.2. Let / and Y be two Riemannian manifolds with metrics ds?
and &. Moreover, let r: I — (0, 00) be a continuous map. We call the metric

g0 :=ds* +r%h

a warped product metric. We denote the Riemannian manifold X = I x Y with
metric go by
X=1Kx,Y,

the warped product of I and Y with radius function r.
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Fig. 5.4 A warped product space without transversal boundary. Here, the transversal manifold
(Y, h) is a 1-sphere and the manifold X = [ X, Y, i.e. the product X = [ X Y with metric
go = ds? + r(s)?h consists of the rotation surface

The relative distortion Ag of g w.r.t. go and the relative density po := (det Ag)'/?

are given by
2
Ay = (KO (1)) and po =1L.

In particular, we have

1/2 —1/2 i !

- - o1 -
< lloy 245 = pi/* 45" oo = 2 sinh(5 log 15 Aol )

).

since py'Ao has the eigenvalues ¢*!. Denote by do(f) := ||df||%X!gO) the
quadratic form on (X, go). Comparing (X, go) with (X, g), we obtain again from
Theorem 5.2.6:

1
- 2sinh(§]10g 1€l

Proposition 5.3.3. The quadratic forms 0 and 0y associated with the spaces (X, g)
and (X, go) are 8o-quasi-unitarily equivalent, where §g = 2 sinh(|log 1€l 0o | /2) =
O([[€]loo — 1).

Combining Propositions 5.3.1 and 5.3.3 together with the transitivity of quasi-
unitary equivalence (Proposition 4.4.16) yields:
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Corollary 5.3.4. The quadratic forms O and 3 are §'-quasi- -unitarily equivalent,
where §' = C(5 + 8o) for 8 and &y small enough, and where C is a universal
constant.

Proof. The result follows from Propositions 5.3.1 and 5.3.3 and the transitivity of
quasi-unitary equivalence (see Proposition 4.4.16). O

Remark 5.3.5. Note that the identification operators used above (basically, Jf = f
and J'u = u, but in spaces with different inner products, see Sect. 5.2) respect the
boundary conditions on Y if Y # @, namely Dirichlet and Neumann conditions.

5.3.2 Shortened Edge Neighbourhoods

We sometimes also need to consider tubular neighbourhoods with slightly shortened
length coordinate. Let I c I be two open, bounded intervals of length (1 — 7)a
and a, respectively, together with an affine-linear transformation ¢: 1 —> I.1f
we assume that ¢ is increasing, then ¢ is uniquely determined by the intervals.
Moreover, ¢'(s) = 1 — 7. By our assumptions, 0 < t < 1. Furthermore, we need
that £ and r are uniformly continuous functions.

Let us introduce the following notation in order to quantify the error terms in the
next proposition:

Definition 5.3.6. Letn: /[ —> Rbe a functionand Bs(sg) :={s € I ||s —so| <8}
be the (open) ball of radius § around sg in /. The local module of continuity of 1 in
so 1s defined as

moc,,(n.8) :== sup |n(s) — n(so)|.

S€Bs(s0)

The global module of continuity of 7 is defined as

moc(n, §) := sup moc, (1, §).

so€l

If n depends also on y, i.e. n: I XY — R then we define the uniform global module
of continuity of n with respect to the first variable as

moc(1, 8) := sup moc(n(-, y), §).
yeY

If n is Lipschitz (i.e. weakly differentiable with derivative in Lo, w.r.t. the first
variable s) with derivative denoted by 7/, then

mocy, (7.6) <8 sup [n'(s)]  and  moc(n.8) < 8|1l

SE€Bs(s0)

where || || is the supremum of 7' (s) resp. (s, y),s € I,y € Y.
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Set X := I x Y with metric g = 02ds? + r2h as in (5.20) and X := [ x Y with
the same metric restricted to X . Recall that m = dim Y. We want to compare the
quadratic forms 9(f) := ||d f |5 and 0(u) := ||du||§(

Proposition 5.3.7. The quadratic forms ? and 0 are 3-quasi-unitarily equivalent
where

52 .
T l-1

(rze“ +4 sinhz(u/2)>
and
u :=moc(log¥, ta) + m moc(logr, ta).

Moreover, if the functions £ and r are Lipschitz continuous in the first variable s,
then

= za- ([(1og ) lloo + ml(logr) lloo)

and in particular, § = O(t). Finally, if £ and r are constant functions, then u = 0.

Proof. Let Jf(S,y) := f(¢~'(§), y) and J'u(s, y) := u(p(s), y). Obviously, these
identification operators fulfil J'Jf = f and JJ'u = u. Denote the density of the
metric g by p = £r™. Then we have

11 = [ 1™ ©. 0o say
= [ e PEEDD 565501~ yasay
IXY p(s,y)

< (1 - pemocllogp Ta)) 2
since 0 < s — ¢(s) < ta. In particular, || J || < e™c(o2rr®)/2 Moreover,

p(p(s), y)(

JTuls. ) = p(s.y)

1 —Du(e(s), y)

and therefore

p(p(s), y)(
p(s, y)

_ 1 /
I—1 Jixy

x [u(@™' ). )| p(5. y)dsdy

2
1 (TZCmoc(log p.ta) + 4 sinh?(moc(log p, ra)/Z)) ||t ||§(
-1

1-7)—1 2|u(<p(S), V[ p(s. y)dsdy

1™ = Tl = /

IxY

) 72 (™' (3), y)\ 122
Goom) - (Fa)

IA
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Now,
moc(log p, ta) < moc(log¥, ta) + m moc(logr, ta) =: u

since p = £r”. The estimate for the quadratic forms is similar up to a factor 2. 0O

5.4 Embedded Tubular Neighbourhoods

Let us illustrate the error estimates of the preceding section in the case of an
embedded curve, keeping the notation introduced there. In Fig. 5.5 we sketched the
different metric spaces associated with the tubular neighbourhood.
Suppose that we have a curve ¥: I —> R? in R? in arc length parametrisation.
Then
U (s,y) := y¥(s) + er(s)yn(s), (s,y)elI xY =X

defines a tubular neighbourhood with variable width r of the curve vy (1) as subset
of R%. Here, Y = [—1/2,1/2] and n is a continuous unit vector field normal to the
tangent vector field ¥’ and r(s) defines the radius of the neighbourhood. Denote
by

K= YiYy =YY, (5.23)
the signed curvature of ¥. In order to avoid self-intersections of the neighbourhood,

we assume that
Le(s,y) =1+ ex(s)r(s)y >0 (5.24)

forall (s,y) € I x Y. Now U, := W,(X) together with the Euclidean metric on
R? defines a metric g, on X having the matrix representation

Fig. 5.5 The different tubular neighbourhoods. On the /eft, the original (flar) tubular neighbour-
hood with variable radius r(s) and curvature « (s) of the generating curve v (the thick line). In the
middle, we sketched a manifold with metric g. = £2ds® + &?r(s)%h. On the right, a manifold with
warped product metric gy, = ds*> + &%r(s)?h is shown. Note that the coordinate lines in (X, g,)
and (X, go,.) are orthogonal, whereas in (X,g;) = U, C R?, they are only orthogonal if r(s) is
constant. The shaded part in the middle corresponds to the shortened neighbourhood ()? , &) (see
Proposition 5.4.4)
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8 =
&2rr'y &2r?

2 4 20200 1\2 g2
NN(E8+8y(r) grry). (5.25)
with respect to the basis d, and d, of T(, ,)X. Let

g. = £2ds® + &’rdy?

be the reference metric as in (5.20). Then the errors in the relative distortion A of g
w.r.t. g defined in (5.22) are given by

82)/2(}‘/)2 eyr/
o1 = —77, O12 = and 02 = 0.
02 L,
Moreover, the relative density is given by
o> =detAd = (1+o0y)—o0},=1. (5.26)

Let us summarise the above observations in the following proposition. The
assertion is a special case of Proposition 5.3.1:

Proposition 5.4.1. The quadratic forms 0. and . associated with the manifolds
(X, g:) and (X,’g.), respectively, are §.-quasi-unitarily equivalent, where

ellr'lloo
<(C :
Oo)— m(1—8||K||oo||r||00/2)

Here, C,,(-) is a monotonously increasing function depending only on m and
Cu(v) = O(2?). In particular, §, = O(&?).

el

Let us now compare the metric g, with the exact warped product metric
80 = ds? + ezrzdyz.

We first compare g, with g¢ .. Denote by Ay the relative distortion of g, w.r.t. go.

Then ,
20
Ag=1| ¢ ,
= (59)

po = (det )" = ¢,

and the relative density is

using (5.24). Now, from Corollary 5.3.4 we conclude:

Proposition 5.4.2. The quadratic forms . and vy, associated with the perturbed
warped product (X,g,) and the exact warped product (X, go.) are §.-quasi-
unitarily equivalent, where
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A r’
Cnlel

A (17" [l A
G, +C )
n(1—8||/c|| I /2> 0(8||K||oo||r”oo)

8/

)+ Colelierlioe)

A

Moreover, Cyy, (v) = O(r?) and éo(r) = O(t) are universal monotone functions.
In particular, §. = O(e). The error depends only on the suprema of the curvature
Ikl co» Of the radius ||r||co and its derivative |1’ || oo

Remark 5.4.3. Sometimes the metric g, is better adopted to the problem than the
(exact) warped product metric go.: The error in the quasi-unitary equivalence
comparing g, with g, is of order O(¢?) instead of O(g) when g, is compared with
go.- This is of particular importance in the case of Dirichlet boundary conditions,
see Sects. 5.6 and 6.11.4, where one needs cancellation of divergent terms.

Let us finally compare the metric g. = £2ds® + e*r*hon X = I x Y with the
same metric restricted to the smaller space X =1x Y, where I = (0,a) and [ is
an open subinterval of length (1 — t)a as in Sect. 5.3.2. Proposition 5.3.7 reads in
this case:

Proposition 5.4.4. The quadratic forms 9, and d, associated with (X, g.) and
(X, g¢) are 8.-quasi-unitarily equivalent where

S? = 1 (tze“s + 4sinh2(,u€/2))
-1
and
ellk’'r + kr']lco r’
e 1= ra(— m‘ — )
1 —e¢|xroo r lloo

In particular, if the length error is T = ¢, then 38 = O(¢e) and the error depends
only on the suprema of k, k', r, r~ and r'.

5.5 Reduction to a One-Dimensional Problem: Tubular
Neighbourhoods with Neumann Boundary Conditions

In the next two sections, we show that the Laplacian on a tubular neighbourhood
X = I xY with certain e-depending metrics g. can be reduced to a one-dimensional
problem on / in the limit ¢ — 0. We have to distinguish the cases where 0Y = ¢
or we impose Neumann boundary conditions on Y and the case where we impose
Dirichlet boundary conditions on dY . We start with the Neumann (or boundaryless)
case and treat the Dirichlet case in the next section.

Let us begin with a general result which is useful in order to get rid of first order
derivatives du:
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Lemma 5.5.1. Let M be a smooth manifold with boundary oM Then
1 * 2 1 2
Re(uodr,du)dM = - | d*(od7)|u|"dM + = o(dt),|ul"doM
M 2 Jum 2 Jom

for bounded, smooth functions o, T with bounded derivatives and u € H' (M ). Here,
d* denotes the formal adjoint of d.

Proof. The proof follows from

/ Re(uodr, du)dM = / Re(d* (wodt)u)dM + / o (dr)n|ul*ddM
M M oM
= f d*(odo)|u*dM — / Re(du, uodz)dM
M M

+/ o (dt),|ul*doM.
M

The second integral equals the one with which we have started, and the result
follows. .

Let us now fix the tubular neighbourhood. Assume that / is a one-dimensional
space, i.e. I is either an interval (bounded or unbounded) or I is a 1-sphere S!.
Moreover, assume that (Y, %) is a connected, compact Riemannian manifold of
dimension m > 1. We will consider the Laplacian on Y; if dY # @, we impose
Neumann boundary conditions. In any case, the first eigenvalue is 0, i.e. A;(Y) = 0,
whereas the second is non-zero, A,(Y) > 0 since we assumed Y to be connected.
Let X := I x Y with the warped product metric

ge 1= ds? + &2 (s)*h
for some bounded and continuous function
r: 1 — (0, 00).
We use the notation X, := [ X, ¢Y as short hand for the Riemannian manifold
(X7 g&)‘
The aim of the following is to show that the quadratic form
w) = |ldul},  with  dom?d:= ' = H(X,)

in the Hilbert space H = L,(X;) converges to a I-dimensional problem on /. In

particular, we set
= L,(I, wds),
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where L, (1, wds) is the L,-space with norm given by

1 W7 ) = /I|f(s)|2w(s)ds, w(s) :=r(s)".
As quadratic form on 77, we set
WS =112 = /|f’(s)|2w(s)ds with domd := ' := H!(I, wds),
I

where [ € H' (I, wds) iff f, f” € L,(I, wds). The operator D corresponding to the
non-negative quadratic form 9 (see Theorem 3.1.1) is given by

Df = —vl_v(Wf’)/ = —f" —m(logr) f’ (5.27)

for suitable f’s.
In order to compare the forms @ and 0 resp. the operators Ay and D, we
introduce the identification operator

J: Lz(l,WdS) — LQ(XE), f = f Q *.,

where &, = ¢ /2% and ¥ denote the first (constant) normalised eigenfunctions on
€Y and Y, respectively. Denote by

P = JJ*, ie. (ﬁu)(s, ) = (Fu(s,-))r

the projection onto the transversally constant functions. We have the following
approximation result:

Proposition 5.5.2.

1. The identification operator J is 8.-partial isometric of order 1 with error given
by 8. = e(A2(Y)) "%

2. The forms 0 and ? are 0-close with the identification operators J and J*.

3. The forms 0 and dare 8¢-partial isometrically equivalent.

4. The operator D is unitary equivalent with Ay P = PAy .

Proof. We have (J*u)(s) = &”/?(%, u(s,-)y. Then obviously, the spaces of order 1
are respected by J and J*, i.e. J and J* are also first order identification operators.
Moreover, J*J = id on ## and

e — JT*uly, = / lueCs, =) — (2, u(s, )y |5 €™ w(s)ds
I

g2

A2(Y)

82
A (Y)

=

2 & 2
||dyu||X552—”du“Xg

[ Idyus, 12 £™w(s)ds =
I
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by Proposition 5.1.1. In particular, J is J.-partial isometric of order 1 (see
Definition 4.1.1 (4)). The forms ? and ? are O-close (see Definition 4.4.1 (4)) since

Qu, Jf) = sm/Z/ w f'dYwds = o(J *u, f)

IxY

and dy (f ® #) = 0. The third statement follows easily from (1) and (2), and the
last one is a consequence of Proposition 4.2.4 (2). O

It is sometimes convenient to work in an L,-space without weight: Set
U:Ly(I,wds) — L,(I), Uf i=w'2f

where L,(/) = L,(/,ds) is the (unweighted) standard L,-space. Obviously, U is
unitary. Moreover, the quadratic form 9 turns into a quadratic form ¢ on L,(/) and
is given in the next proposition. For simplicity, we assume that the “longitudinal”
boundary terms on d/ vanish, and that r is sufficiently regular. In the following
proposition, we use the notation

[Flor := F(b) — F(a) (5.28)

for a continuous function s +— F(s) depending on s € R such that F(+o0) :=
lim_, +o0 F(s) = 0, where [ is an interval with endpoints a < b. If I = S!, we
use the convention [F]y; = 0. Recall that w = r”.

Proposition 5.5.3. Assume thatr', r" existand thatr, r =", v', ¥’ are bounded on I .
Then the transformed quadratic form

q(f):=oW~"F),  domgq:= U(domd) = H'(I),

is given by
N Zr 2 3 2 lK/~2
aF) = [(FoP+oFoRas—5[SI7r] . 62
where
oo LewN2 LWy _ (ogw)" _ m(logr)" _ mr’
Q=aq+q _4<W> +2(w)’ T T T T

In particular, if r' 'y; = 0 or I = @, then the boundary term vanishes.

Proof. We have

a(f) = /;|w_1/27’ + (w_l/z)’?}zwds = /l<|?’|2 + %(%)2 — %/ Re(??))ds
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and the result follows from Lemma 5.5.1 with M := I, 0 = w—! and t = w. Note
that the boundary term vanishes if ' = 0 on d/ or d/ = @. O

In particular, we can replace the form 0 by g in Proposition 5.5.2. For example, we
have:

Corollary 5.5.4. The forms q and ? defined as above are 84-partial isometrically
equivalent, where 8, = eA,(Y)~'/2.

Remark 5.5.5. We can also use Dirichlet boundary conditions on d/ in Proposi-

tion 5.5.3, i.e. replace 0 by the form 3 defined on domd = ISII(I). Note that
the unitary transformation U respects the Dirichlet domain, i.e. f = 0 on d7 iff
Uf = 0 on d1. Moreover, the boundary term of the quadratic form ¢ vanishes.

5.6 Reduction to a One-Dimensional Problem: Tubular
Neighbourhoods with Dirichlet Boundary Conditions

In this section, we compare the Dirichlet Laplacian on X = I x Y with a metric
ge, “shrinking” the transversal compact m-dimensional manifold (Y, &) to a point,
with a one-dimensional problem on / (an interval or a sphere). We impose Dirichlet
boundary conditions on Y # .

Let us start with a metric of the form

g =ds> +r’h (5.30)

having the additional function ¢ as longitudinal coefficient. We introduce the
parameter ¢ later on. We assume that r is a function of s € I only. In the Dirichlet
case, we do not assume that the “longitudinal” coefficient £: I x ¥ — (0, c0)
equals 1 as in the Neumann case in the previous section. We will see that some
information of £ = £, remains in the limit, due to the fact that in the Dirichlet case,
we have to substract the divergent first transversal eigenmode )&?(Y) /&2 in order to
expect a convergent limit.

The Dirichlet Laplacian acts in the Hilbert space L,(X, g) = L,(/ x Y, pdsdY)
with density p = £r™. Let us calculate the unitarily equivalent operator on the
L,-space without density, namely on L,(/ x Y, dsdY'), using the following unitary

operator
U:Ly(X.g) — L,(I x Y,dsdY), Uu = p"u.

Let 9 be the quadratic form defined by
w) :=||dul} and  domd = H(X,I x 3V, g).

The corresponding Laplacian is the Laplacian with Dirichlet boundary conditions
on dpX := I x dY and Neumann boundary conditions on d; X := d/ x Y. For the
notation [F]y; in the following lemma see (5.28).



5.6 Tubular Neighbourhoods with Dirichlet Boundary Conditions 285

Lemma 5.6.1. Assume that r and { are functions differentiable up to order 2. In
addition, assume (for simplicity) that r, r=, v/, ¥ and £, £=', £, £ are bounded.
Then the transformed quadratic form

q@) :=d3(U %), domgq := U(dom?),

is given by domq = H'(X, I x 9Y,dsdY) and

qG@) = / (€2 + r2|dyal} + K[i?)dsdY — [ %W]
IXY vy L a1
where
dyl2 Al Q2+ Q' 200 10
K = — L - ) =Z\7 -
e pu T e IE Q=3 ( ¢ Ty )

Proof. The claim follows from a straightforward but long calculation, using the
formulain Lemma 5.5.1. O

Let us now fix the function £ = £,, motivated by the embedded edge neighbour-
hood of Sect. 5.4. In particular, we

Ce(s,y) = 1+ re(s)k(s)b(y) (5.31a)

with the following assumptions on b, r, and «: the functions b: Y — R, r;: I —>
(0,00) and k:I —> R are twice differentiable and bounded with bounded
derivatives. Moreover, r|” 'is bounded and b is harmonic, i.e.

Ayb =0, and re(s) = eri(s). (5.31b)
Then the metric is given by
ge = £2ds” + ro(s)*h = (1 + rg(s)lc(s)b(y))zds2 + &%r1(s)?h.

Remark 5.6.2. In Sect.5.4, we analysed the special case ¥ = [—1/2,1/2] and
b(y) = y. The metric g, does not arise from an embedded tubular neighbourhood
with variable radius function r| as the metric g, does. Note that'g, has “off-diagonal
terms”, see Sect.5.4. If the function r; is constant, then g, = g,, i.e. the off-
diagonal terms vanish. In principle, one can also consider tubular neighbourhoods
and variable radius, together with the corresponding Dirichlet Laplacian.?

Note that « can be interpreted as a sort of “(extrinsic) curvature” of the curve gener-
ating the tubular neighbourhood as in Sect. 5.4. We denote by X, the corresponding
Riemannian manifold (X, g.) with quadratic form associated with the Laplacian
with Dirichlet boundary conditions on dgX = I x dY given by

2For a curve embedded in R? see e.g. [KP88, Sect. 4].
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0.(u) ;= [|dul},  and  domd. =H'(X,, I x Y, g).

Again, we want to use the unitarily equivalent quadratic form in the Hilbert space
L,(X,dsdY) without density, defined by

qe(@) == 0. (U "), domg, := U.,(domd,),

where
UsL(Xe) —> Ly(X,dsdY), U= e/ 012y

is unitary.
Using an asymptotic expansion for K = K, given in Lemma 5.6.1, we obtain
the following result:

Lemma 5.6.3. The transformed quadratic form q. is given by

_ 1 2 1 2 2 1 1L ri 2
qg(m—flxy(@m + s |y T+ K i )deY_E[/yE(ZMZ)m ],

where : ,
mr
K. =—~|dybl;k* +¢* + ¢ + R., q:=—2',
4 2r
and R, = O(g) depends only on ||b|lse, K9 ||leo and |1 ||ee, j = 0,1,2.

Remark 5.6.4. Let us make a comment on why for example the curvature term «? is

only seen in the Dirichlet case: Formally, one could also consider the boundaryless
case, but on a manifold ¥ without boundary, all harmonic functions are constant
(on each connected component), so that £ = £(s) is independent of y; in particular,
the potential K, does not contain the curvature term k2. Otherwise, if we drop the
condition of harmonicity of b, we obtain an additional term of the form

Ayl kAyb
2r2l, T 2erd,

— 00

which is divergent as ¢ — 0.

Moreover, the transformation Uf = p'/? f respects the Dirichlet condition on
I x dY, but not the Neumann (or Robin) condition, since the normal derivative will
be transformed in a more complicated expression involving the density function
p; in particular, the transformation is useless in the Neumann case, since then, the
effect of the potential x* and the complicated boundary condition cancel each other.

Denote by A; = AP(Y) > 0 the first Dirichlet eigenvalue with corresponding
normalised eigenfunction ¢;. Without loss of generality, we may assume that ¢ is
real-valued. Moreover, denote by A, = AD(Y) the second Dirichlet eigenvalue. If
Y is connected, then A, > Aj.
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Let us now compare the form 9, defined on X, given as below with a 1-
dimensional problem on L, (/). For simplicity, we assume that the radius function
ry is constant on /, and that we impose also Dirichlet boundary conditions on the
“longitudinal” boundary d/ x Y. In particular, we have no boundary term in the
transformed quadratic form ¢,. As quadratic form in L, (/) we define

bo(f) = I f'I3 + (£, Kof),,  dombg:=F'(D),

where we imposed Dirichlet conditions on d/. The potential is given by

2
1dyb
K() =_||(p ||YK2§0.
4
Note that the potential contains the extrinsic curvature « of the curve embedded in
some ambient space as in the concrete situation of Sect. 5.4.
In order to get a convergence result, we need to rescale the form 9,: Denote by

Be () = . (1) — ||u||Xﬁ domb, := H!(X,)

the rescaled quadratic form with Dirichlet condition on the entire boundary of X,.

Formally, we defined the partial isometric equivalence in Definition 4.4.11 only
for non-negative quadratic forms. Since the additional potentials K resp. K in ho
resp. (e — §72)11 = b, are bounded, we can pass to the forms b, := b, + c1 and
ho := Bo + c1, which are non-negative for some ¢ > 0 large enough. Note that
¢ > || Kolloos || Ke|loo i sufficient.

Proposition 5.6.5. Assume that Y is connected and that the radius function ry is
constant, w.l.o.g. r1(s) = 1, and that b is harmonic. Then the quadratic forms
he = 0, — (672X1)1 and by are O(g)-partial isometrically equivalent, where the
error depends only on |b|lco, |@1dyb|ly, 1KY |lco, j = 0,1,2 and Ay — Ay.

Proof. We set # = Ly(I), #" := HI(I), 77 := L,(X.) and 7' := H!(X.).
The identification operator J: 7 —> # is defined as Jf := U7 '(f ® ¢1). Its
adjoint is given by (J*u)(s) = (¢1,u(s,-)) where u’ = U.u. Moreover,

= Sl = / [7(s) — (1. 7)) 1| s

2

Skzg—)n/, (i — ) ds
2
= l — (qem (VKSA))
2
< ¢’ 2
< 5 (0 + clul?)
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by Proposition 5.1.2, provided ¢ > || K. | 0o. Obviously, the identification operators
J and J* respect the quadratic form domains. The closeness of . and by follows
from

A
De(Jfou) = ho(f, T u) = qu(f ® ¢1,70) — 8—21(f ® 01, W) I1xy
—bo(fis = (@1.7u(s.-)))

= /M[(ei - es)? ® o1 - 67 + (Ke(s, )

— Ko(s))7 ® ¢ -Ti]des,
where we used partial integration on Y and the eigenvalue equation A, ¢ = A,¢

in order to get rid of the y-derivatives. Moreover, using the expansion of K, in
Lemma 5.6.3 gives

/ (Ke(s.y) — Ko(9)) f ® 1 -udY ds = f
IxY

Ix

2_
- [2576 [ (arbor

— lerdyb]y )uls, y)dyds.

. Re(s,y) f ()g1(y)ul(s, y)dsdy

The integral over Y can be estimated by
/(ldybﬁ - ||<P1dyb||2y)€0l vdY = (w— (o1 w)er.v)y = (w,v— (g1, v)¢1)y.
Y

where w := |dyb|i(p1 and v := u(s, -) using the fact that the projection v > v —
{(¢1,v) @ onto (pf- is self-adjoint. In particular, the latter integral can be estimated
by

2 wl
| /Y (Iarbl; — v DI Jor v | = T (ayvIl = 2alvi)
using again Proposition 5.1.2. Altogether, we obtain

[0:(Jf.0) = bo(£. ")
1
=201+ 11T + S (1@ = @) + @R
< 82(00(f) + (1Kolloo + DI 1) (0 00) + (1Ko + DIP)
< 82(b0(f) + (e + DILLIP) (9:0) + (e + D).
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where ¢ > || Kolloo, || Ke|loo- The total error of the partial isometry is given by

{IIKIIiollwldybllzy ’ 1}}

, L ) , 3
87 = max{3||€g —Lellser 3l Re 5o 1 4
S —

At
Note that §, = O(g), since

||€E_1 —L¢]loo = 2|Isinhlog ;|00 < 25inh(s||/c||oo||b||oo) = O(e)

and || R ||cc = O(¢g) by Lemma 5.6.3. O

Similarly, we can prove the above result if the boundary term in q. does not
vanish: Let us state the following result for Neumann boundary conditions on
dl x Y, i.e. we have no condition in the quadratic form domain on d/ x Y.

Proposition 5.6.6. Assume that Y is connected and that the radius function ry is
constant, w.l.o.g. r1(s) = 1, and that b is harmonic. Then the quadratic forms
he = 0, — e 2A11 on domb, = H'(X,, I x 3Y) and by on dombhy = H' (1)
are O(e)-partial isometrically equivalent, where the error depends only on ||b| oo,
leidyblly, K9 loo, j = 0,1,2, min{len(/), 1} and A, — A;.

Proof. In addition to the preceding proposition, we have to estimate the additional
boundary term in q., which can be done as follows: Note first that 7% = &”/ Zﬁé/ u
and

5l 7 Toemr], [

&

< |62 008ty |2, 1 £ )P /Y u(s. )Py

s€dl
2 2
< pool 208 ) |2, (al 13 + Z1F 15 ) (alldul’y, + =l )

for 0 < a < len(/) using Corollary A.2.8 twice, where poo = ([€e]looll€: " loo)?
for the estimate involving u. The value of the relative distortion pso (see Defini-
tion A.2.2) follows from

1 1
2 — 242 4 o2 2 2
1T (ds + Ezh) <g =4Lds"+eh< ||££||oo<ds + 8Zh).

In particular, we get an extra error term of order O(g). O






Chapter 6
Plumber’s Shop: Estimates for Star Graphs
and Related Spaces

In this chapter, we consider the reduction of a graph-like manifold to the underlying
quantum graph model. We treat here only star-shaped graphs., i.e., a graph with one
central vertex v and deg v-many edges e € E, = E attached. The case of general
graphs and their graph-like manifolds will be treated in Chap. 7. Note that any graph
G can be decomposed into star-shaped graphs G, by cutting each interior edge (i.e.,
each edge of finite length) in the middle.

Let us now consider such a single building block G,. For ease of notation, we
often omit the dependence on the central vertex! v of G,, and we use £, as length
of the emanating edges instead of £, /2. A graph-like manifold associated with the
star-shaped graph G = G, consists of a space with cylindrical ends X, = I, x &Y,
with radius ¢ of the transversal (or cross-sectional) manifold Y, for each edge e €
E = E, and a central manifold X, ,. Strictly speaking, a graph-like manifold is a
family of Riemannian manifolds {X,}o<.<s, for a certain &g > 0, but in general, no
confusion should occur. If we want to stress the e-dependence of X, we also speak
of a scaled graph-like manifold..

In the limit, X, “converges” to the underlying metric graph G = G,. We show
that the Laplacian on X, is §.-partial isometrically equivalent with a Laplace-like
operator on the metric graph and we provide precise error estimates for §, — 0. The
limit operator depends on the choice of boundary conditions on the “transversal”
boundary dy X.. Note that the transversal boundary dy X, is non-trivial if the cross-
section Y, has non-trivial boundary.

We first treat the Neumann (or boundaryless) case, since in this case the
lowest transversal eigenmode is 0 and the corresponding eigenfunction is constant.
The limit operator is basically determined by the vertex neighbourhood scaling.
Of particular interest are the non-decoupling limit operators of Sects. 6.4, 6.6
and 6.10. Similar results have been proven in [RuSOla, KuZ01, KuZ03, EP05]

"Having the decomposition of G into star-shaped graphs G, in mind, we do not consider the
free ends of the edges of G, with finite length as vertices, but only as boundary points (see
Remark 2.2.17).

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 291
DOI 10.1007/978-3-642-23840-6_6, © Springer-Verlag Berlin Heidelberg 2012
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(see also Sects. 1.2.1-1.2.2). The slowly decaying and borderline case (see below)
were introduced in [KuZ03] (see also [EP05]) showing the convergence of the
spectrum for compact graphs and manifolds. The notion “plumber’s shop” has
been adopted from the article of Rubinstein and Schatzman [RuSOla], where the
authors used it for the necessary local estimates of the identification operators from
the graph to the graph-like manifold and vice versa. We extend the analysis here
to non-compact spaces and show in particular the §.-quasi unitary equivalence
(resp. §c-partial isometry) implying e.g. the convergence of resolvents and the
convergence of the entire spectrum. At the end of this chapter, we describe a special
situation, where we deal with Dirichlet boundary conditions (see Sect.6.11), cf.
also [P05,M V07, G0O8b, GO8a].

Let us briefly describe the content of the subsequent sections: Sect. 6.1 contains
the different graph models for the limit space, depending on the scaling behaviour
of the vertex neighbourhood X, ,. In Sect. 6.2 we construct graph-like manifolds,
starting with a simple example, namely, that of a vertex neighbourhood scaling as
X, = eX,. If the scaling is different like e.g. X, = &*X, for some @ € (0, 1),
we have to assure that the vertex neighbourhood still can be glued to the edge
neighbourhood X., = I, x ¢Y,. This needs some homogeneity of the transversal
manifold Y, allowing an isometric embedding ¢Y, — &“Y,, treated in detail
in Sect.6.2.2. As a simple example, the reader should have a Euclidean ball as
transversal manifold Y, in mind. We also introduce the associated quadratic forms
for the Laplacians and boundary triples. The latter are used in Chap. 7 in order to
pass from star-shaped graphs to general graphs. Section 6.3 contains some necessary
estimates on functions on X,,.

Sections 6.4-6.6 treat the §.-partial isometry of the models with vertex neigh-
bourhood X., = ¢*X, depending on « € (0, 1] for the Neumann Laplacian.
Section 6.7 treats a star-shaped graph and its neighbourhood embedded in R2.
Section 6.8 contains a different way how to join the scaled vertex neighbourhood
Xey =X, for « € (0,1) with the edge neighbourhoods X.., namely by
joining both with a suitable truncated cone. This situation allows us to treat e.g.
boundaryless transversal manifolds Y, like a sphere S'. Sections 6.9—6.10 contain
then the reduction to the corresponding graph models. Finally, in Sect.6.11, we
consider a special situation of a Laplacian with Dirichlet boundary condition and
the associated (decoupled) graph model.

6.1 The Graph Models for Neumann Boundary Conditions

Let us start with a simple example of a star-shaped metric graph G = G, having
only one vertex v and degv-many adjacent edges e of length £, € (0,00]. We
identify the (metric) edge e with the interval I, := [0, £,] (resp. I, = [0, co0) for
exterior edges, i.e. £, = 0o) oriented in such a way that O corresponds to the vertex v.
Moreover, the metric graph G = G, is given by the abstract space G, := '), I./ ~
where ~ identifies the points 0 € I, with the vertex v. The star-shaped metric graph
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G has boundary dG consisting of the (free) endpoints £, € I, of the interior edges,
i.e. the edges of finite length. Recall that the free endpoints are not considered as
vertices of the graph G (see Remark 2.2.17).

We will define different types of Laplacians on G via their quadratic forms. The
different types of Laplacians depend on a parameter o, which is the length scale
rate of the vertex neighbourhood, i.e. vol X, ~ &% yol X, and the total transversal
volume vol Y,. Here,

Y, = U Yoo 6.1)

denotes the total scaled transversal manifold consisting of the disjoint union of the
transversal manifolds Y., and Y := Y the corresponding unscaled manifold. In
particular

volY, = ¢ volY, where m:=d—1.

The spaces are described in detail in Sects. 6.2 and 6.8. The operators in the limit
& — 0 are determined by the ratio

volg X, wd—m Vola X,

l(e,v) i= ——— = —_— . 6.2
vol(e,v) vol,, Y; ¢ vol,, Y 6.2)
We will distinguish three cases, depending on the limit vol(0, v) := lim,—¢ vol(e, v):
e Fast decaying vertex volume: n <a <1 (vol(0,v) =0),
m
e The borderline case: o= i (vol(0,v) € (0, 00)),

e Slowly decaying vertex volume: 0 <« < g (vol(0,v) = o0).

6.1.1 Fast Decaying Vertex Volume

In the fast decaying case, the limit space is the simple quantum graph (G, ¥')
together with its associated Laplacian operator. For the notation of metric and
quantum graphs and associated operators, we refer to Sect.2.2. Here, the vertex
space ¥ = 7, is a weighted standard vertex space at the central vertex, i.e.

7= Cp),

where p(v) = {p.(v)}e.ck, consists of positive entries p,(v) > 0 only. Since our
graph has only one central vertex, we also write p = {p.}.er, where p = p(v),
pe = pe(v) and E = E,. We interpret p, > 0 as a weight, determined by the
corresponding transversal manifold Y,, i.e. p, = (vol Y,)!/? (see Sects. 6.4—6.6).

Let us recall the definitions in our situation here. The basic Hilbert space
associated with G = G, is

H = A= 1L,(G) = P L)

eekE,
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We define the Laplacian by its quadratic form

0 =0 = 1SIG =D I, domd:=H,(G),

e€E

where H}D(G) denotes the Sobolev space associated with the weight p and is
given by

A=A =H,(G)={[f eH(G)=EH'U)| f eCp}.  (63)

Moreover, f = {f,(0)}, € CF =~ C%2 is the evaluation vector of f at the

vertex v. We use the notation

S=r0p.  ie  fo=fO)pe (6.4)

for all e € E. In particular, we have

/1P =Y 1LOF = [f0PIpl*

e€E,
A simple consequence of the Sobolev trace estimate in Corollary A.2.8 resp.
Corollary A.2.18 is the following:
Lemma 6.1.1. We have

- 2 _ 2
SO < 1P (@l G + S 1015 )< 117 max{a, =41 1)

forall f € H;(G) and for all 0 < a < min,eg £,, where ||f|||2_11(G) = | fI% +
/1%

As in the previous lemma, we often need a lower bound on the length £,:

Definition 6.1.2. We call {_(v) := mineeg, {£., 1} the (modified) minimal length at
the vertex v.

It is convenient to have an upper bound on the minimal length, say £_(v) < 1, since
then, we have the estimate

masfe. 2} < 75

for 0 < a < min, £,. Nevertheless, it is sometimes useful to keep the original
formulation including the parameter a, e.g., when showing that a quadratic form is
relatively bounded w.r.t. another quadratic form (see e.g. [EP09]).

The following result is a special case of Corollary 2.2.11. For convenience, we
formulate it in our case here:
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Proposition 6.1.3. The quadratic form 0 with dom?d = H})(G) is closed. The
associated non-negative operator A = A, is given by (A f). = — f,/ with domain
H? = dom A, where f € % iff f € H2_(G) and

f;(v) _ fe;(V) =: f(v) Ve e €k, S pef0) =0 6.59)

ecE,

and f](le) =0 foralle € E such that £, < co. (6.5b)

Proof. By Lemma 6.1.1, H}(G) is a closed subspace of H; . (G). Since the

max
norm associated with the quadratic form 0 is precisely the Sobolev norm

[t (), the closeness of 0 follows. The assertion on the associated operator is
straightforward. O

In order to glue different spaces G = G, together according to a given graph, we
use the notion of boundary triples introduced in Sect. 3.4. Recall that the boundary
of G, consists of the “free” endpoints of the edges of finite length, i.e.

0G =03G, = ) {t}.

e€Ey int

where Eiy = E, i = {€ € E|{, < oo} denotes the set of interior edges. We
associate a boundary triple (I, I'), 4,) to G, as follows: Set

@4, .= CEvin = @ “,

¢€E, int

with ¢, = C, and the boundary maps are given by

nf= n.f ad TI/f=@ r.r

e€E, in e€Ey int
and where
Lo: ) — C r,:#—C,
f e felle), f e flK).
Moreover,

Jer (v) — Jer (v)

e Pe,

WE=1{f e Hu(G)

max

Venee B Y pf/0) =0}

e€E,

is the Sobolev space of order 2, and the (Sobolev-)maximal operator is defined by
(A f)e = —f for f € W2,

For the notation sin_ . +, tan, and cot, we refer to (2.17).
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Proposition 6.1.4.

1. The triple (I, '), 4,) is a bounded, elliptic boundary triple associated with d =

0, and
2 1/2

min,{{,, 1} )

2. The corresponding Neumann operator is A, with domain given in (6.5b). The
corresponding Dirichlet operator has the vertex condition as in (6.5a) at v and
Dirichlet conditions f.(£.) =0, e € E, j.

3. Let F = {F,}ecp,. . €%, andz € C\ Ry. Then the Dirichlet solution operator

v,int

is givenby h = S,(z) F, where

”Fv”l—)O = (2/5_(1)))1/2 = (

h(v) pe sing e —(s) 4+ F, sing e +(s), ife € Eyint

he(s) = .
’ h(v)peel ZS’ ife € Ev,ext
with
1 Pe ) , 5
h() = C2) Z sin. £, Fe and C@) = Z pecot Lo —1i Z Pe-
e€Eyint ¢€E, in €€E, ext

4. The Dirichlet-to-Neumann map is represented by the matrix

_ Vz . Dey Pey
C(z) sing L, -sin £,,’

ifer # e

Av (Z)f?] €2 =

N .
- e t, Lo, s -
C(z) (sing4,,)? + Jzootle, ifer=e

for e1,6) € Ev,im~

Proof. (1) follows from Proposition 2.2.18, where we interpret the boundary dG of
G as vertices with associated vertex space C (see Remark 2.2.17). (2) is obvious.
Assertions (3)—(4) follow from a straightforward calculation. Note that s +— elves
isin L,(R4) since Im /z > 0. O

Let us calculate the Dirichlet solution and Dirichlet-to-Neumann map in the special
case of an equilateral star graph £, = 1 forall e € E|:

Corollary 6.1.5. Assume that £, = 1 for all e € E, (in particular, there are no
exterior edges).

1. The spectrum of the (Neumann) and Dirichlet operator A, and AP is given by

7T2k2 7t2k2

‘k=1,2,...},

o) =T [k=012. ) ad oD =

respectively.
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2. Let F = {F,}eer, € 9, and z € C\ Ry. Then the Dirichlet solution operator is
given by h = S,(2) F, where

he(s) = h(v)pe sin,_e__ (s) + F,sing o 4+ (s) with

h(V) = COS[ |P|2 Zpe e-

e€E,

3. The Dirichlet-to-Neumann map is given by

vz
sin 4/z - cos /Z

where P is the orthogonal projection onto Cp in CFv. The eigenvalues of A(z)
are —./ztan \/z with eigenvector p and \/Zcot /7 with eigenspace p* and
multiplicity degv — 1. In particular, for 7 = —«? and k > 0, the eigenvalues
of A(—«?) are positive and given by k tanh k and k coth k.

A7) = (—P + (cos v/2)*1),

We can use the above formula for A(z) in order to obtain a meromorphic contin-
uation. Note that the poles of A(z) (i.e. the poles of the eigenvalues) are precisely
given by the Dirichlet spectrum, and the zeros of A(z) (i.e. the values z € Ry for
which A(z) is notinvertible) are given by the Neumann spectrum. In Chap. 7, we use
such “building blocks” consisting of a star graph at the vertex v in order to construct
a coupled boundary triple as in Sect. 3.9. The (global) Laplacian on the entire graph
is then the Neumann operator associated with this coupled boundary triple.

6.1.2 Slowly Decaying Vertex Volume

In the slowly decaying case, the limit space is an extended quantum graph
(G, Cp, L) with weighted standard vertex space Cp and trivial operator L = 0 (see
Definition 2.3.1) together with the associated Laplacian. Let us recall the definitions.
The basic Hilbert space is the extended Hilbert space

H = A= 1,(G) = PL) & C. (6.6)

e€eE

i.e, we have an additional state F = F(v) € C at the vertex v. The quadratic form
is the extended quadratic form defined by

30(f) =0 (f) = 111E =D IAI,.

where f = (f. F) € domd = ' C L,(G) & C and

A=A = PH.) & C.
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Note that in Sect.2.3, we used the notation 60 for 9. Moreover, H(‘)(Ie) =
H'(1,,0) = {f € H'(I,)]| f.(0) = 0} is the Sobolev space with Dirichlet
condition in 0. Obviously, the quadratic form 0 is decoupled,ie. d = P, B o,
where 92 is the quadratic form on H} (/) with Dirichlet condition at 0 and o is the
trivial quadratic form on C (see also Corollary 2.3.4). The corresponding operator

A=A, =aA) 80,

is also decoupled, where A(I’e is the Laplacian with Dirichlet condition at 0 and
Neumann condition at £, (if £, < 00).

Moreover, the boundary triple (I, I/, %,) associated with , is given by ¥, :=
(CEv.im and

I jfvl —> CBvint| r V/Vz —> CEvin
Lof o= {folle)}eekoms T f = ()} eeky s

where

#2=PHU)®C and  Hi(I) = H (L) N Hi(L)

with the corresponding maximal operator A. Note that the boundary triple is
decoupled, i.e. (I, I'],%,) is the direct sum of the boundary triples (%, I}, %,)
associated with the form DeD, where

Iefei= Je(Le). I fe = f/(L), 9, .= C.

The following result is now obvious:
Proposition 6.1.6.
1. The triple (I, '), 4,) is a bounded, elliptic boundary triple associated with d =

o, with | T |l 1=0 < (2/4—(v))/2.
2. The corresponding Neumann and Dirichlet operators are

A, =AN=P A ©0 and AY =P AT @0,

¢€E, e€kE,
where A(I):" is the Laplacian with Dirichlet conditions on d1,. Moreover,

—1)2 2
%‘eeE,keN} and U(A?)Z{k

e

o(aY) = |

eeE,keN}.

3. Let F = {F,}eck,;, €% andz € C\ Ry. Then the Dirichlet solution operator
is given by h = S,(2)F, where h, = F,sin, .4 ife € E,jn and h, = 0 if
e € FE,ext
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4. The Dirichlet-to-Neumann map is given by

2@ = @ Ak). where A,(z) = Vzcot(yzLe).

e€E, int

6.1.3 The Borderline Case

In the borderline case, the limit space is again an extended quantum graph
(G,Cp, L) with weighted standard vertex space Cp, but now with non-trivial
operator L. Since the vertex space Cp is one-dimensional, L = L(v) is the
multiplication with a real number. Let us recall the definitions from Sect.2.3. The
underlying Hilbert space is the same as in (6.6). The quadratic form is given by

3(f) =0, = Il 1E =D IAIE

with domain domd = 7! and
H' = ={f=(fF)eH(G)&C|f(v)=LF}
coupling the extra state with the values of f at the vertex v. In the notation of

Sect.2.3, we have 0 = 9, and .27 = J?Ll We will fix the quantities p,(v) > 0 and
L = L(v) > 0in Sect. 6.6. The corresponding operator acts as

af=(-1", |p|22mf()) (6.7a)

e€E,

for f = (f, F) € dom A, = 2, where

A= {(f,F)eH(G)®C| f(v) = LF. f/(t,)=0Ve€ Ewn} (6.7b)
(see Corollary 2.3.5).

The boundary triple (I, I/, %,) associated with 9, in this situation is given by
¢, := CEvim and

I %l N (CEv,im7 1"‘/ %2 N (CEv.im’
Nf = {fell)beet,im V] = f ) b

where

#2={f=(fF)eH(G)®C|f(v)=LF}.
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is the Sobolev space of order 2, and the (Sobolev-)maximal operator is defined
formally as in (6.7a), but with domain %,>.
The proof of the following result is very similar to the one of Proposition 6.1.4:

Proposition 6.1.7.

1. The triple (I, '), 4,) is a bounded, elliptic boundary triple associated with d =
0y and || |10 = (2/6—("))1/2'

2. The corresponding Neumann operator is A, with domain given in (6.7b). The
corresponding Dirichlet operator has the same domain, but with the conditions
fe(.) = 0 at the finite ends, e € E, .

3. Let F = {Fe}eeE,; €% andz € C\ Ry. Then the Dirichlet solution operator

is given byf; =S,@)F, where h = (h, H) and

_ h(V)pe singe —(s) + F,sin_e +(s), ife € Eyjn

h.(s) = )
( ) h(V)peel ZSa ife € Ev,ext

with

1 e
h(v) = =— Z p—-F,2 and

C(Z) e€E, int Sinz Ke
~ . z
C(z) = Z p2eot b, —i Z p2— z/—;
e€E, int e€E ext

4. The Dirichlet-to-Neumann map is represented by the matrix

. \/Z . Pey Pes
C(z) sin L, -sin Ly,
RV S
C(z) (sing£,,)?

ifei # e
AV(Z)elqu =
+ Jzeot. L., ife; = e

forey, ey € E, .

Let us calculate the Dirichlet solution and Dirichlet-to-Neumann map in the special
case of an equilateral star graph £, = 1 foralle € E,:

Corollary 6.1.8. Assume that £, = 1 for all e € E, (in particular, there are no
exterior edges).

1. The spectrum of the (Neumann) and Dirichlet operator A, and AP is given by

U(AI;I) _ { (2k —41)27t2

o(AP) = {7 |k e N}U {1 >0|D(V21) =0}

)keN}u{x>o|D(ﬁ)=o} and
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respectively, where

1 .
D(w) := cosw — WTLZ -wsinw.

2. Let F = {F,}eer, €9, and z € C\ Ry. Then the Dirichlet solution operator is
given by h = S,(2) F, where
he(s) = h(v) pe singe —(s) + F, sin_ . 4 (5)

with :
A pp——— 0}
)= DT

3. The Dirichlet-to-Neumann map is given by

AV(Z)=ﬁ< -P+cotﬁ-]l),

—1
D(/7) sin \/z

where P is the orthogonal projection onto Cp in CFv. The eigenvalues of A(z)

are
—VZ((D(7) sin /2) ' —cot/2) and /zcotJ/z

with eigenvector p and eigenspace p of dimension degv — 1, respectively. In

particular, for z = —«?* and k > 0, the eigenvalues of A(—k?) are positive and
given by
1
K (coth K — - - ) and k cothk.
(coshk + (|p|>L)~2k sinh k) sinh k

Note that formally, L = 0 corresponds to the slowly decaying case and L = oo
to the fast decaying case (in the sense that L — oo enforces F =0 and
>, pe f/(0) = 0). Moreover, D(w) = Dy (w) — cosw as L — 0o, and we obtain
the formula for the Dirichlet-to-Neumann map as in the fast decaying case.

6.2 The Manifold Models

6.2.1 A Simple Graph-Like Manifold

Edge and Vertex Neighbourhoods

In this section, we construct a building block consisting roughly of the neighbour-
hood of the star-graph G = G,. Let us first treat the case when all length £, are
finite; for the general case see Sect. 6.2.4. Assume that X = X V+ is a d -dimensional
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Riemannian manifold having a finite number of cylindrical ends X,, labelled by
e € E = E,. More precisely, let X., X, C X be d-dimensional, compact,
connected submanifolds, such that

X=x}'=x0Jx. (6.8)

eek

i.e. the union is disjoint up to sets of d-dimensional measure 0. For the cylindrical
ends, we assume that
X.=1,xY,

with product metric, where I, := [0,{.] and where Y, is a compact connected
Riemannian manifold of dimension m :=d — 1.

Definition 6.2.1. We call the manifold X a graph-like manifold associated with the
metric star graph G. Moreover, we call X, and X, the vertex neighbourhood and
edge neighbourhood, respectively. Finally, we call the manifold Y, the transversal
manifold associated with the edge e.

Let us now carefully describe the different boundary components. For the general
notion we refer to Sect. 5.1.2.

The Boundaryless Case

We first treat the case when Y, = @ for all edges e. Then the boundary of X consists
of )
X =X = Jit.}xy. and 00X =0.
e

i.e. the total boundary equals the longitudinal boundary, the transversal boundary
do X is empty.
The boundary of the subset X, C X consists of internal boundary only, i.e.

8XV = §XV = U 8er»

where d,X, = Y, is the component meeting the edge neighbourhood X,. The
boundary of the cylindrical end X, is given by

X, = 90X, U 3, X,
where R
01X, =} xY, and X, =03, X, = {0} x Y, (6.9)

denotes the longitudinal and internal boundary, respectively. In this situation, all
boundary components are smooth submanifolds (provided all manifolds Y, are
smooth).
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The Case of Transversal Boundaries

Let us now treat the case when all transversal manifolds Y., have non-trivial
boundary. The mixed case can be treated similarly. In this situation, the boundary of

X consists of
8X == 31X U BOX,

where )
X = JttxY, and 00X =0X\ 01X

denotes the longitudinal boundary and transversal boundary, respectively. More-
over,
) _
X, = 0X, U dp X,

is the decomposition into the internal and transversal boundary of the vertex
neighbourhood X, where

0x, = Jo.x..

and 0, X, = Y, is the component meeting the edge neighbourhood X., and where
doX, = 99X N X,. In addition,

X, = 0,X, U do X, U 9, X,

is the decomposition into the internal, transversal and longitudinal boundary of the
edge neighbourhood X,, respectively. Here,

00X, = I, x 0Y,,
and 0, X, and 5X€ are given as in (6.9). Note that in both cases, we have
X, =0.X, =7, and X, =Y,

isometrically.

A Further Decomposition of the Vertex Neighbourhood

In order to show Sobolev trace estimates as in (6.20), we need to decompose the
vertex neighbourhood X, into further components, namely,

X, =X U U Xye (6.10)
eeE

where X7, X, C X, are again closed subsets of X and d-dimensional compact
connected submanifolds, and where X, . is a collar neighbourhood of the boundary
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component d, X,. More precisely, we assume that
Xv,e =l XY, Iv,e = [ngv.e]»
together with the product metric. We assume that

tmind, < ¥€,, < {max Veek,,
e

where 0 < 7 < 1 and .« > 0. For convenience, we choose T = 1 and £ = 1,
so that
£_(v) <minf, <min¥,, <1, (6.11)
e e

but any other value for 7 and £,,,x would work as well, as far as it is independent
of v. Sometimes it is useful to keep the independent lengths scale; for example when
dealing with approximations of other vertex conditions as in [EP09].

Remark 6.2.2. Tt is easy to see that the decomposition (6.10) always exists if X has
smooth transversal boundary dy X (or if dgX = @). If X, does not have long enough
cylindrical ends Xve, we start with another decomposition of X into X and X
More precisely, X, consists of X, and a cylinder of length £, taken from the (old)
edge neighbourhood X, for each edge. The new edge neighbourhood X, has now
length (1 — 7)£,. In order to obtain an edge neighbourhood of full length £,, we
need to stretch the length coordinate §, € fe = [tl,,L.] into s, € I, = [0, £.] by an
affine-linear transformation.

We have seen in Proposition 5.3.7 that such a rescaling of the longitudinal
direction leads to <§-quasi-unitary equivalent quadratic forms on each edge, where
§ = 27(1 — 7)"V/2. Note that we have r(s) = 1 and £(s,y) = 1 in the
notation of Proposition 5.3.7. Moreover, it is easy to see that the quadratic forms
on the full space X, U U X, resp. X, U J, X (cf. Sect.6.2.3 below) are
again 8- -quasi-unitarily equivalent. In particular, as identification operators we define
J = idy &P, Jo (recall that (J, f)(Se,y.) = f(se.Ye) as in the proof of
Proposmon 5.3.7) and similarly for J’. These operators respect the spaces of order
0 and 1 (but not of higher order).

In the scaled version X, of the manifold X defined below, we can choose t =
O(e).

The Scaled Graph-Like Manifold
In what follows, we need a shrinking parameter 0 < ¢ < 1. Set
Xee =1, x €Y, and Xy =X, (6.12)
i.e. X;, and X, are the manifolds X, = I, x Y, and X,, with metrics

8ee = dsez + Szhe and 8ev = 82gv»
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where h, and g, are metrics on Y, and X, respectively. Moreover, we decompose
the vertex neighbourhood X, , as above into

where
Xeve =€(lye X Y,) and X, =X, .

The regularity of the scaled manifold X, is as good as the regularity of the unscaled
manifold X, i.e. if the edge and vertex neighbourhoods X, and X, fit smoothly
(resp. Lipschitz continuous) together, then X, and X, . fit smoothly (resp. Lipschitz
continuous) to a manifold

X, = Xs.v U U Xs.e

(see Figs. 6.1 and 6.2).

Definition 6.2.3. We call the Riemannian manifold X, constructed above the
scaled graph-like manifold associated with the metric star graph G with vertex
neighbourhood scaling ¢.

We will frequently refer to X, simply as graph-like manifold, although more
precisely, we should speak of the family {X.}. of graph-like manifolds. However,
no confusion should occur.

Moreover, we use again the short hand notation X, for the Riemannian manifold
(X, g:), where g, is given by g.. and g., on the components X, and g.,.
respectively.

For the different boundary components we employ a similar notation as in the
unscaled case. In particular, we have the scaling behaviour

Fig. 6.1 A smooth 2-dimensional graph-like manifold with vertex neighbourhood scaling €. The
transversal manifolds Y, are 1-dimensional spheres, and have no boundary. Moreover, the total
boundary dX, of X, equals the longitudinal boundary d, X, and consists of three 1-spheres here

o o o
(dashed line). The internal boundaries 9X, ., dX,, and X are drawn by dotted lines
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|
Xev :

Xe

Fig. 6.2 A 2-dimensional graph-like manifold with smooth transversal boundary do X, (solid line)
with vertex neighbourhood scaling ¢. The transversal manifolds Y, are 1-dimensional intervals.

o o
The longitudinal boundary 0 X, is drawn dashed, and the internal boundaries dX, ., dX., and
o
0X_, are drawn dotted

81Xs = 831X

for the longitudinal boundary of the entire manifold. Moreover, for the edge
neighbourhood, we have

0Xee = 0, Xee = £0,X, = £0X,,
and
00Xee = I, x £0Y, and 01 Xee = €01 Xe;
recall that dg X, = I, x dY,. For the vertex neighbourhood, we have behaviour

01X = 01Xy, 0Xey = ) Xew = JedeX, = £0X, and 3.X., = ed.X,

e

for the transversal boundary and the internal boundary (components) of X, , (see
Fig.6.2).

6.2.2 Graph-Like Manifolds with Different Scalings

Let us now consider the case when the transversal manifold and the vertex
neighbourhood have a different scaling. Namely, we assume that the edge and vertex
neighbourhoods are defined as

Xee : =1, x Y, and X=X, (6.13)
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ie. X, and X, , are given by the manifolds /., x ¥, and X, with metrics
geo = ds? + &%h, and Zew = €78,
respectively. Here, the vertex neighbourhood scales with a slower rate
O<a<l1

than the transversal manifolds Y,.

In order that the boundary components 9, X, , = €Y, of the edge neighbourhood
and the corresponding component %9, X, = ¢*Y, of the vertex neighbourhood fit
together, we have to assume a sort of homogeneity on the transversal manifold Y,.
In particular, we assume that dY, is non-trivial for all e, and that for each edge e,
there is an isometric embedding

Qeei€Ye = Y, (6.14)
forall 0 < ¢ < 1, i.e. there is a differentiable map
Yee Yo = Y,

such that
he(Y)(df/)s,e(Y)W dee.e (Y)-V) = 82he(J’)(V7 v)

forallv € 7)Y, and y € Y,. We assume that the longitudinal derivative ¢, , defined
as

Pee(¥) = 0c0ec(¥) € FYe, V= @ee(y),

is bounded by some constant C, > 0 depending only on Y,, i.e. that
0L 5 7= he(92.(0). 07, (1) = C; (6.15)

forally e Y,and 0 < ¢ < 1. o
The basic example we have in mind is Y, = B(0,r.) C R™, i.e. a closed ball in
Euclidean space, together with

Pee(y) = ey (6.16)
on the unscaled space Y, (see Fig. 6.3). Here, we have
.=y and g/ (M| =y <r.=:C.,
i.e. the constant C, depends only on the radius of Y,. Note that the embedding ¢, ,

is not unique. We could alternatively define ¢..(y) := &y — yo for some point
o € B(0, r.) provided ¢ is small enough.
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Pe e Qe e

Y. Y. ey,
Y,

Fig. 6.3 The embedding ¢, . for Y, being an interval, on the left the unscaled manifold (on which
we formally define the map ¢, ), on the right the isometric picture of the scaled version

0 lye

Fig. 6.4 The radius function r,, and the truncated cone )fs_v_e with underlying space X,, =
I,. X Y, and warped product metric g., = e2Pds? + Fev.e(5)2h,. The truncated cone has length
&P £, . and two ends €Y, and £*Y,. Here, the transversal manifold Y, is an interval. Note that the
coordinate lines (dotted) of the underlying space are orthogonal

Denote by

Xeye = ga(lv.e X Ye) and X =X

&,V v

the scaled subsets of the decomposition (6.10); recall that /,, = [0, £, ], and that
Xeve = €%X, . 18 a short hand notation for the manifold

Xye =1, xY, withproduct metric g, := 82‘)‘(ds2 + he).
In the following, we need a truncated cone defined by
Xeve =P Lo %, Yo 6.17)
Here, re . is the affine-linear function given by e, (0) = e and r¢c (€yc) = &
(see Ifig. 6.4), and X, , . is the corresponding warped product (see Definition 5.3.2),

i.e. X¢,. is the Riemannian manifold with underlying (e-independent!) space X, .
with warped product metric
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gs,v,e = Szﬂdsez + rs.v.e(se)zhea

where
B>«

is an additional scaling parameter to be fixed later on. The homogeneity of Y, allows
us to embed the manifold Xav,e into X,,, = €*X,, as follows. For simplicity, we
omit the labels e and v occasionally, e.g., we write ¥, = ¥, . for the embedding
and r, = r¢, . and for the radius function. We define the embedding by

’

Ve Xewe = Xever  Ye(5,9) = (775,07 ).(0) € Le X Y.

(see Fig. 6.5),
where
(1 —e'7%)s
ev,e ’

Note that the additional factor e~ comes from the fact that the underlying space
of the Riemannian manifold X,,, = ¢*X,, is the e-independent space X,, =
I x Y.

In general, the embedding is not isometric: For example the coordinate lines of
the embeddings are not all orthogonal as it is for the coordinate lines of the truncated
cone X, (see Figs. 6.4 and 6.5). Let us therefore compare the warped product
metric ., on the truncated cone with the pull-back

Tols) = e 0r(s) = £ +

’gs,v,e = w:gs,v,e
of the product metric on the product X, , .. We use the short hand notation

Y”’e for the Riemannian manifold (X,., Zeye)-

unscaled X,o scaled Xere
Y .
>y, ol ey,
- —_— -
0 e e bue ehle
—_— e — —
€%,

Fig. 6.5 The truncated cone (dark grey) embedded in the product X, , .. On the left, we sketched
the unscaled manifold X, . in which ¥, formally maps, the range of v, is the dark grey area. On
the right, we have the isometric picture. Here, the dark grey area is isometric to X, ., i.e. the
truncated cone with pull-back metricfg;@.v.e =Y Geve = 82”%* (ds? + h,). The coordinate lines
(dotted) of the truncated cone are in general not orthogonal, and the pull-back metric g, . on the
cone therefore differs from the warped product metric g, , .
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Note that ’)\(Js,v,e is (by definition) isometrically embedded in the scaled product
Xeve = €“X,. (see Fig.6.5). We occasionally identify X, ,. with its isometric
image in X, .

For the notion of relative distortion and relative density we refer to Defini-
tion 5.2.1.

Lemma 6.2.4. Assume that 0 < o < 1 and 0 < ¢ < 1. Denote by A, = Agye
(resp. pe) the relative distortion (resp. density) of the pull-back metric g, with
respect to the warped product metric §e.... Then the relative density is trivial, i.e.
pe = det A;/ 2 — 1 is constant on X, .. In other words, the embedding V. is volume-
preserving. Moreover, the eigenvalues of A, are 1 (with multiplicity m — 1), 0 <
a- <landl <as = 1/a_, where

1
or =1+ 5(011 + \/O%l —‘1-4011) and

2
2o . C

o11(s,y) = 8_2ﬂ(r£(s))2|¢/7;(s)(y)|1i(y) =e ETe
v,e
Finally,
1405 <ot <2405 = O 2F),

Proof. We choose coordinates y; in a neighbourhood of a point y € Y. Without
loss of generality, we can assume that {d,,,...,d,,} is an orthonormal basis
of (TyYe,he(y)) at the point y only. In this way, {d,,0,,,...,0,, } becomes an
orthonormal basis of T, ,) X, . = R & T,Y, with metric ds? + h,.

The pull-back metric g, . is represented by the matrix

s (N O Bl )05 ,)
T Feel)@y,,00) re(s)%8;;
with respect to the orthonormal basis {0y, dy,, ..., d,, }, Where

EE,V,E(S’ y)(abv BYi) = szw;;(s)he(ﬂj}')((pﬁz(‘)(y))7 D(p’;-;(s)(y)ay,)v

where y = (g (s)(y). Moreover, the warped product metric g, . has the matrix

representation
. , 2B 0
G, =Geype = .
5 &,v.e ( 0 Vs(S)ZSfj

The relative distortion 4, = A;,, = G; 155 of gep. with respect to g, is

represented by
A = L+on e Prus)on
¢ &Pr. (s)_loi‘2 idry
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(for the notation see (5.22)), where

on(s,y) = e ()¢ 0, 5 € R and

012(5, ) = ¢ Pre(s)7'2e(0s, ) € T) Y.
Moreover, we have

m
2
—2(B— 2
|012(S’y)|%f\jfy,h@(},)) = E & 2P O‘)(’F’a(s)) =041,

i=1

he (g%, (1).7)

where

— 1
e ‘= ———
re(s)

Here, we used the fact that {€; };=1.._» is an orthonormal basis of (T’;Yg, he(y)) in

Dy () (9).0y,.

v = @ () () since (p;;(s):ﬁ(s)Ye —> Y, is an isometry.

We have calculated the relative density and eigenvalues of A, in Sect.5.3.1.
We conclude that p, = detA,i/2 = 1 is constant on X,,, since |o;p|> = oy
and 0 = 0 (in the notation of Sect.5.3.1). In other words, the embedding .
is volume-preserving. In particular, — = 1/o. Finally, the estimates on oy are
obvious, and the estimate on o1; follows from combining (6.15) with the fact that
rli(s) = (1 — &7 /. < &%/l p. O

We can now state the main conclusion needed in further estimates. Basically, the
next estimate says that we can replace the norm contribution of the derivative on the
truncated cone with warped product metric by the pull-back metric up to a constant.
We will see in Lemma 6.3.2 that the divergent constant can be compensated. Recall
that «’(s, y) = dsu(s, y) is a short hand notation for the partial derivative in the first
(i.e. longitudinal) variable.

Corollary 6.2.5. We have

C2
2 2 28— . S D nduliz
W% <l < (2+e ) laulx,

v,e

foru e H'(X,,).

Proof. The first inequality is obvious, since we have the pointwise estimate

_ _ 1
Wdsl2. = e Pl < e Pl P+ —he(dy,udy,u) = [dul
eve rs eyv.e

The second inequality follows from p, = 1 and

8500 (6.8) = Tene 6. (A0 =T, (6.6

for § € T* X, using (5.14). O
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Let us finally fix some notation for boundarl components of X,,. and X ,:
The boundary of the truncated cone Y&v,g (or of X,,., which is the same) has two
components isometric to €Y, and £*Y,, a “smaller” and “larger” end. Let Z,,, :=
Yeve ({0} X Ye) = ¢u1—a(Y,) be the range of the “smaller” boundary component of
the truncated cone X eve = (Xye, eve) under the embedding ¥, into the product
Xeve = (Xver 8eve) = (Iye X Yo, %g,.), where g, = ds® + h,. Note that here
the space Z,, . is e-dependent, and

(Ze.v.e,g\;,g [‘ZSM) ~ (Ye, 82(1—01)) — gl—aYe.

The space Z.,. equipped with the (restricted) scaled product metric gy, is
isometric with Y., i.e.

(Zs,v,es 8ev.e rZ&‘,_E) = (Yes Szhe) = gYe.

Here, we have to break our convention, that the underlying spaces are always
e-independent, since we deal with boundary components with scaling behaviour
¢Y, embedded into the space X, ,, = ¢* X, .. We use the short hand notation

anS,v = (Z&,vfe, 8eve [\Z&m) (6.18)

for the Riemannian manifold corresponding to the shorter end of the truncated cone
embedded into the scaled manifold X, , . (see Fig.6.5). The product X, ,. has a
boundary component ({0} x Y,,&**h,) C X.,., denoted by £*9, X,. Note that the
isometric embedding

0. X., — £¥0X,

is not surjective provided ¢ < 1 and ¢ < 1.

Identifying the smaller end d,X., = ¢Y, of the truncated cone with the end
0y X = €0y X, = {0} x €Y, of the edge neighbourhood, we obtain the total space
X by

Xa = Xa,v UGXS,E = gaXv UOL) X SYe,
e e

where we used the notation of Sect.5.1.2 (see Figs. 6.6 and 6.7). Note that X, can
be equipped with Lipschitz-continuous charts. In addition, we assume that X, has
Lipschitz boundary 0X,.

Now, the internal boundary of X, as subset of X, is given by

(%Xa.v = U ans,Va

isometric to the disjoint union of €Y., ¢ € E,. The remaining (closed) part of dX, ,,
i.e. the transversal boundary, is then given by

9 Xen 1= 0Xon \ 9Xe

(see Fig. 6.6).
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, \ — == .
)(s.v.e B 1 . !

Fig. 6.6 A 2-dimensional graph-like manifold with non-smooth boundary. The shrinking rate at
the vertex neighbourhood is 0 < o < 1. The transversal manifolds Y, are 1-dimensional intervals.
Note that the boundary part d,X.. = €Y, (short thick line) is identified with the “small” end of
the truncated cone X, v.e isometric to €Y,. The transversal boundary dyX., of X, is plotted by a
thin solid line

Xew
%0, X,
N
A ~gh |
\ N .
R = T |
N i
\ o
r \ ~E [ |
: % > _>: ~ & :
S\ 1
N
X P B VR I
, - 1
-~ / X;:,v |
av&,e =0 X, ]
Xeve

Xz

Fig. 6.7 Another 2-dimensional graph-like manifold with non-smooth boundary. Here the product
sets Xe, . (light and dark grey) are really “inside” the vertex neighbourhood X, ,. The transversal
boundary doX., of X, , is plotted by a thin solid line
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Definition 6.2.6. We call the (non-smooth) manifold X, constructed above the
graph-like manifold with different vertex scaling associated with the metric star
graph with vertex neighbourhood scaling ¢*, 0 < o < 1. We also refer to « as
vertex neighbourhood scaling rate.

The model we have chosen here (i.e. gluing directly the edge and vertex
neighbourhoods together) has the advantage that it simplifies some of the approx-
imation arguments in the subsequent sections. We will give the necessary modi-
fications in order to allow arbitrary (in particular boundaryless) manifolds Y, in
Sects. 6.9 and 6.10. Basically, we do not assume that the truncated cone Y&v,g
is embedded in X.,, but put the cone between the edge neighbourhood with
boundary 9, X., = €d,X, and the vertex neighbourhood with boundary d, X, =
&*X,.

6.2.3 The Associated Quadratic Form, Operator
and Boundary Triple

Let us now define the Laplacian associated with the space X.. We start with
the Neumann Laplacian (in the case that 0X, # @). The Dirichlet case under
certain special conditions will be treated in Sect.6.11. It is convenient to define
the Laplacian via its quadratic form.

Remark 6.2.7. Here and in the sequel, we denote the e-depending spaces and
operators by a tilde (-), and do not denote the e-dependence explicitly. One reason
is not to have too many subscripts, the other is the consistency with the notation in
Chap. 4. In this sense, the notation (-) reads as ().

The underlying Hilbert space associated with X is

7 =1L(X.) = PLL) @ LY., & Ly(X,). (6.19)
e€E

As quadratic form%, we set
A" = domd = H'(X,),  w) := |dul} .

In particular, the corresponding operator A=A x, fulfils Neumann boundary
conditions on X, = 3o X, U 9, X,. Recall that the transversal boundary 39X, may
be empty, depending on whether all transversal manifolds Y, are boundaryless or
not.

In order to pass from a star graph G, and its associated graph-like manifold
X!, = X, to more complicated graphs, we need the notion of boundary triples
introduced in Sect. 3.4. In Chap. 7, we use these “building blocks” associated with
a vertex v in order to construct a global boundary triple as in Sect. 3.9.
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Define d, := 0,
To=L(XL),  =HS)  ad =X,

where H?(X 1) is the usual Sobolev space of order 2.

Remark 6.2.8. We developed a theory in Sect. 3.4 avoiding quantitative estimates
involving the second order norm, so the precise definition (possibly depending
on ¢) of the norm ||'||H2(X+,) is of no importance. We only need quantitative

estimates on “first order” spaces, like the norm estimate on T, in the proposition
below.

As boundary space, we choose the L,-space on the longitudinal boundary 01X ;“V o~
Y., consisting of the “free” cylindrical ends {{,} X Y., i.e.

?v = Lz(Ya,v) = @ Lz(Ya,e) = @ge’ ?e = L2(Ys,e)a

e€E, ¢€E,

where

Yeu:= ) Yeo

e€E,

denotes the disjoint union of all transversal cross-sections Y, , with edge e adjacent
to v (see (6.1)). The boundary maps

ry.A'—%, ad T.W—9,

are defined by
Tou= @ Tyett and F;u = @ FI:’w,u,
e€E, e€E,
where
ff‘,ye:%i —9,, Ffiqe:%g%?e,
ur>ue(Le,-), u>u,(le,-).

Here, u, (£.,-) denotes the outer normal derivative on d; X, .. Let us summarise the
facts already proven in Sect. 3.4:

Proposition 6.2.9. The triple (FV, F( g v) is an elliptic boundary triple associated
with the quadratic form d,. Moreover,

2
min,{{,, 1}’

FI::V o =< =
IPolhion = 7
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where ||I",||1—o denotes the norm of I'\, as operator 7€, — 9.. In particular,
the norm bound is independent of €. Let 7 ¢ U(Al; +)- The associated Dirichlet-
e,V

to-Neumann map Zv(z) in ?V is the usual Dirichlet-to-Neumann map, i.e. ¥ =
A, (2)@ is defined by v = d,h ra,x*’ where h = S(2)@ is the unique solution of the
Dirichlet problem .

(AX:'; - Z)h = 07 h r‘dlxs = (p

Moreover, the scale of boundary Hilbert spaces agrees as vector space with the
corresponding Sobolev spaces, i.e.

?él\f = Hk (Ys.v) = @ Hk (Ys,e)-

e€E,

Proof. The proof follows from elliptic theory for partial differential operators,
see Theorem 3.4.39 if the transversal manifolds do not have boundary and The-
orem 3.4.40 for the case with boundary. Note that the ends have a cylindrical
structure as required in Theorem 3.4.40. The norm estimate on I, is a consequence
of Corollary A.2.12, similarly as for the Sobolev trace estimate (6.21). O

6.2.4 Manifolds with Infinite Ends

For ends of infinite length, i.e. for edges ¢ € Eex = E \ Ein, we do not have
a longitudinal boundary. In particular, the longitudinal boundary of the graph-like
manifold X is given by

nx = ox.= [J}xY.

e€Ejnt e€Ein

and similarly for the scaled graph-like manifold X,. Consequently, the boundary
space associated with X, is given by

9= P LYo,

e€FEin

i.e. we only have to replace the edge set E by Ej, in Sect. 6.2.3.

6.3 Some Vertex Neighbourhoods Estimates

Let us now provide estimates for functions on the vertex neighbourhood in terms
of the natural scale of Hilbert space of order one, associated with the Neumann
Laplacian on X or subsets of X. We follow closely the arguments of [EP0S5, PO6].
Similar arguments have been used in [RuSO1la, KuZ01, KuZ03].



6.3 Some Vertex Neighbourhoods Estimates 317

We tried to obtain estimates which are as geometric as possible, i.e. which

depend only on intrinsic quantities like the ratio vol X,/ vol IxX v or on the second
(first non-zero Neumann) eigenvalue A,(X,). In some applications, it is essential
to have a control over these parameters: For example, one can approximate other
vertex conditions in the limit than the weighted standard ones by Schrédinger-type
operators on the manifold. Here, the minimal length parameter £_(v) = min,{{,, 1}
at a vertex is important, see [EP09].

Let us start with two fundamental estimates, which are shown in a general setting
in Sect. A.2. Let us briefly recall the notation as needed here: The interval / is one
of the intervals I, = [0,£,] or I,, = [0, ¥, .]. For the fibre space we set J#(s) =
6 = Ly(Ye) and ||| s#s) = |ll.s%, i.e. the distortion functions p+ are constant,
namely p+ = 1, and the fibred space (/) = L,(I) ® L,(Y.) = L,(I xY.)
is a product. Then from Corollary A.2.12 we obtain the following Sobolev trace
estimates

_ 2
lall3,x, = @ldully,, + =llulk,, (6.20)
2 /112 2 2
lulld,x, < allll%, + =lul, (6.21)

forO0<a<{.,and0<ad <{,,.
Remark 6.3.1. Consider the restriction as operator I .:H'(X,.) — L,(3.X,),

then the norm can be estimated as

”””ixv vol 0, X, 1
||Fv,e||l—>0 > 2 P = =
[duly,, + llully,, frevolYe Lo

3

where we inserted the constant function # = 1. In particular, we cannot expect
a better coefficient of ||u||§(u in estimate (6.20) in terms of @ up to the universal
constant 2. Note that this constant comes from the Cauchy-Young inequality (see
Sect. A.2), and can be pushed down to any constant | < t < 2, the price being a
larger coefficient of ||du||§(u A similar remark holds for (6.21).

In order to define identification operators from the graph-like manifold onto the
graph, we need the following averaging operators

fu ::][ udx, and  f, u(s) ::][ u(s,)dy, (6.22)
X, Y,
for u € L,(X), where fxv resp. fY@ denote the normalised integral, see (5.3). By
Cauchy-Schwarz, we also have

2CS 5
vol Y |f,u(0)|” < [lullj,x, = llul .-
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and similarly for f u(s). In particular, by Fubini, f u(s) is defined and finite for
almost all s € /,. Note that

feu(O) = fB@Xg,Vu (6.23)

since d, X, and 9, X, = {0} x Y, are identified by assumption. Recall that if the
scaling rate « of the vertex neighbourhood fulfils 0 < @ < 1 and if 0 < ¢ < 1, then
0. Xe, = €Y, is strictly embedded in the entire boundary component %9, X, =
%Y, (see Fig. 6.6). In this case, the two averaging operators

f e Xen ¥ and f g X, U = f g x, U

differ, since the first operator averages over a smaller set than the second. Neverthe-
less, we can compare the two averaging operators. Recall the definition of C, and
Pm—2 in (6.15) and Definition A.2.13, respectively.

Lemma 6.3.2. Assume that0 < o < 1 and B > «, then
g™ vol Ye|f3eXs.u”|2 ”e||du||X”e + 4¢" vol Y, |f3 %, u|

g volYe|f3€XVu|2 ldull,,, + 4™ vol Y. |f, X, u\

e,v,e

where

ev.e

82 = ag =B (! ot)(282(ﬂ a)+f )+48m(1 —0+By

Ve

= O(sl_(ﬁ_") [log €]).

Here, the term [log €] occurs only if m = 1.

Proof. For the first estimate, we have

&M vol Ye|fapxwu|2 < zapm_z(gl—a)gl—a”u/||§me + 2&™ vol Y€|f{a}xyﬂui2

C2

< 2apu—(e')e' (2 + 72 KTB) lduld 4 26" VOl Yo f 1y, 1]’
v,e "

= 2gl—(B— a) (e a)(282(ﬂ ) _|_ >||du||~ - + 2™ vol Yg‘f{a}xyeuiz

using Propositio,n A2.17 with a = 8'3&,6, ro = ¢ and r; = &% on the warped
product space X.,.. Here, {a} x Y, denotes the transversal manifold in X, , at
s = a. Moreover, we used Corollary 6.2.5 in the second estimate. Similarly, we
can express the averaging operator over {a} x Y, by the averaging operator over
d.X, = {0} x Y,, now via the product space X, ., namely,
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" vol Ye|f{a}xye”|2 = 2a”u/“§“([0.a]ng) + 26" vol Y€|faext,”|2

using again Proposition A.2.17 with ry = r; = ¢*. Altogether, we obtain the desired
estimate using the fact that X eve and €%([0, a] x Y,) are isometric subsets of X, .
Finally, it is easy to see that the error ¢! =~ is dominant, since we assumed 8 > «.
Moreover p,—»(e'™) < 1ifm > 2and p_;(¢'7%) = O(|log ¢|) by Lemma A.2.14.
The second estimate follows similarly. O

Let us now come back to the unscaled case. The following lemma is an
application of Proposition 5.1.3 together with the Sobolev trace estimate (6.21)
as input. Recall that 0X, = Ue d. X, denotes the internal boundary of X, (see
Sect.6.2.1) and that £_(v) := min.{{,, 1}:

Lemma 6.3.3. We have

5 CS 2 1 2
fSXVM _fvu| = ZVO] Ye|fan‘,u —f}ll| = K_(V) (1 + 12()(1))>”du”§(L

e€E

vol X,

foru e H'(X,).
We immediately obtain in the scaled case:

Corollary 6.3.4. We have

%™ vol 5Xv

2 CS 2
fﬁxvu — fvu| < g¥m Zvol Ye|fanvu — fvu|

eel

¥ 2 )
<o (1+ M(XV))udunXe,v

foru e H! (Xew)-

If « = 1, then we can immediately apply the previous result to the graph-like
manifolds. If 0 < a < 1, then the latter averaging operators are not compatible with
the ones on the edge neighbourhoods. We can compensate this fact by Lemma 6.3.2

(recall that 5Xm = J,0.X;, = J,eY, is the boundary part where the edge
neighbourhoods are attached):

Proposition 6.3.5. Assume that0 <a <1, 8 > a and0 < ¢ < 1, then

o CS N
vol X, f§x u —fvu|2 <ég" Zvol Ye|f,u(0) —fvu|2 < 8§.v||du||§(m

e€E

foru € H'(X,,), where

0o o € 2 _
52, = e_(v)(l + Az(Xv)) - 0(e)
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ifa = 1and

. 1 2

82, 1= max§?,, + 4g2tmed 1 — O~

i a4 (14 ) = 06 o)
ifo<a< .

The proposition is only needed in the cases m/d <o < lando = m/d.

Proof. The case o = 1 follows immediately from Corollary 6.3.4 and (6.23). For
0 < o < 1 we have the chain of estimates

fgx u— fvu|2 Cfs g Zvol Ye\fans.v” — fvuiz

e€EE

2
< max 52 ||du||§(€_v + 4&" ZVOI YEHBEX‘,”|
e

vol ng,V

&,v,e

—fu< 52 ||du||§(w

— T&V

using Lemma 6.3.2 with u replaced by u — fvu and (6.23) for each edge, and
Corollary 6.3.4 in the last estimate. Again, the error 0(81_(/3 _"‘)) is dominant, since

RQa4+m—-—ad)y—(1—-B—-a)=(m—-1D)A-a)+(B—a)>0
and we are done. 0O

We also need an estimate over the vertex neighbourhood. On the scaled manifold
X, the estimate assures that no family of eigenfunctions {u.}. with eigenvalues
lying in a bounded interval can concentrate on X,, as ¢ — 0. We start with an
estimate on the unscaled manifold (i.e. we set e = 1):

Lemma 6.3.6. We have

1 vol X, /_ 2
(@+

luell%, < 4 + =5
o I:A'Z(XV) vol 0X, ar(X,)

1 vol X 2
+ o d ’Ell—i- oy du 2
Aa(X,) vol 0X, ( ary(X,) )] ” ”Xv

) Jldul, + 4vol X,

fngu|2

=4

vol X 2
4t a1, + =l
vol 0.X, a

foru € H(X), 0 < a < min, £, and 0 < @ < min, {,,, where X := U, Xe
denotes the union of all edge neighbourhoods.

Proof. We start with the estimate

2
) = 2(5= s lduli, + vol X, f )

lully, < 2(lu—F,u], + £ 0 T (X,)
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using Lemma 6.3.3 and the fact that f WU is constant. Moreover, the last term has an
upper bound given by

vol 5Xv‘fvu|2 <2vol §XV(|fvu —fngu|2 + |f3Xvu]2)
- 2
<27+ oIl + Xe:vol 0 Xolfy %)

using (6.20). Since ¢ = 1, we have the equality of the averagings of the vertex and
edge neighbourhood boundaries (6.23), and we can estimate the latter sum by

2
DovolduXelfy yu” < D010 XelPu < all I, + ~lully,
e e

forall 0 < a < min, £, due to (6.20) on each edge e. O
Let us now treat the case of a scaling rate 0 < o < 1 at the vertex neighbourhood:

Proposition 6.3.7. Assume that0 <« < landa < B < 1 + «, then we have

lly,, < 62, (Idull, + llull3,).

where
8 1X,
8= max| o el SO =06 a=1
- voldx,
32 ad—m lX IXV
82, = max{ £ . VOO e C2 4 4627~ ”’maxS?ve VO—O}
) voldx, vol X,
with 82, = O(e*/™™) if 0 < a < 1, and
4 vol X 4 2
C? .= + —- + . (6.24)
(X)) yorgx, - ( /\2(Xv))

Proof. The case a« = 1 follows immediately from Lemma 6.3.6. For the case 0 <
o < 1, we obtain

2 20 2| 40112 d
lully,, = e™C/lldullk, , + 4&*

2
f §X‘,M|

1
S 22 dull}, + 4emd 22 § Vol Y, |f y uf’
VO
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1X,
< ( 20‘C2 + 4g%d— ’”max&fve Voo )Hd””%(”
vol 0X, )
1X
+ 160 220 ZVO]Y I£,u(0)]
V018

using Lemma 6.3.6 with@ = £_(v) < 1 and the appropriate scaling behaviour in
the first inequality. Moreover, we employed Lemma 6.3.2 and (6.23) in the third
inequality. Now, the latter sum over the averaging operators can be estimated by
the Sobolev trace estimate (6.21) on each edge neighbourhood witha = £_(v) <1,
leading to the final expression for §2 . For the error estimate, we note that e%¢~"§2

ev,e
is dominant in the second term of 82

%y Since

204—((ad—m)+1—(,3—04))>(d—2)(1—05)20

using B > a. Since also 8 < 1 + «, the total error is of order £2¢ " O

Let us make a comment on the optimality of the previous vertex neighbourhood
estimate in the case o = 1:

Remark 6.3.8. Assume that X, is compact, i.e. all length £, are finite and bounded
by 0 < £_ < {, < {4. Then the constant function u = 1 belongs to H!(X), and we
have

||’4||x“ ||’4||xm vol X, . vol X,
= = & - )
lllk, + Ndullk,  lull, vol X 4+ evol X, = £y volY + el}' vol X,
where
vol Xg = E vol X, = E £, volY,. (6.25)

In particular, the coefficient of the norm contribution ||u||§(£E in the previous
vertex neighbourhood estimate is at least of order 6118 (see also Lemma 6.3.6).
Moreover, if the lengths do not vary too much, the coefficient of ||u||§(F . has to be

o
evol X, (vol 3X,)~" =" up to some universal factor (8 in our case). In this sense, the
scaled version of the estimate in Lemma 6.3.6 is optimal.

In the fast decaying vertex case, we can also consider a globally smooth manifold
X, with non-homogeneous vertex neighbourhood scaling, namely> we assume that
X, decomposes as

- UD (6.26)

2For the notation ¢X, < X,, < &*X, see (5.9).
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where
Xeo= I, xeYs,  eX,<Xe» <X, and  0X., = £dX, (6.27)

for some o € (m/d,1). In particular, we may assume that the manifold X, near
0y Xee = 00 Xe, is a cylinder of radius ¢, and the scaling rate on X, ,, changes only
away from d, X, .. Therefore, (6.23) holds in this case. The next corollary follows
then immediately from Lemma 6.3.6 and the scaling estimates (5.11) with o) = o
and o, = 1:

Corollary 6.3.9. Letu € H'(X,,), then
lal%,, = &2, (ldull, + llul,).

2 . . . .
where 8, is given in this case by

8ed—m  yol X,

8%, := max —
' { ) voldx,

8a(d+2)—dC2}
o

In particular; ifa < m/d = (d — 1)/m, then §,, = O(e@?=™/2),

Proof. For the error estimate, note that in the fast decaying case, we have
2
ad+2)—d=ad —m+ QRa—1)>2a—1 >1_EZO’

i.e. the term £*¢~" is dominant. O

In the case that the vertex volume decays slowly, i.e. 0 < o < m/d, we need a
different estimate:

Proposition 6.3.10. Assume that0 <o <m/d = (d —1)/d anda < B <1 +«q,

then we have

e Yo vol Yelf (@) <8, (lldul,, + Il )

e€E

foru € H'(X,,), where

8
{_(v)

8?3\} = max{mgx 83‘/’2 + 48m7ad+2a! Emfotd } — O(Emfad)'

Proof. We have

o ZVO] Ye|fe”(0)|2 =" Zvol Y, |fanSlvu
e e

2

2
< max8?, Jdul}, + 46" Vol Ye[f y u]
e
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cs 2
2 2 m /112 2
= meax 85,V,€||du||X[;_\/ + 4¢ (”M ||X\r_(' + K_(V) ||u||X""')
e
2 —ad+2 2 —ad 2
< (m:lx 82,0 + e edt O‘)||du||x&v +e" llull,,

[0

using (6.23) and Lemma 6.3.2. Moreover, we employed (6.20) with'@ = £_(v) and
the scaling behaviour of the norms. For the error estimate, it is easy to see that £ ¢
dominates the error of §2,, = O(e'~#~®[loge]), since f < 1+a andad <m. O

6.4 Fast Decaying Vertex Neighbourhoods: Reduction
to the Graph Model

Let us now prove one of the main results of this chapter, namely the partial isometric
equivalence of the Laplacian on X, and the (weighted standard) Laplacian on the
star-shaped graph G. More precisely, we prove the partial isometric equivalence
of the corresponding quadratic forms (see Definition 4.4.11 and Sect. 4.4). We first
consider the case when the transversal volume vol Y, = ¢ vol Y, dominates the
vertex neighbourhood volume vol X, , = %¢ vol X,, i.e. we are in the fast decaying
case
m_d-1_ (6.28)
d d - '
In this situation, the vertex neighbourhoods are negligible, and in the limit, we
obtain the (weighted) standard (‘“Kirchhoff”) vertex condition at the vertex v. For
the notation and the definition of the spaces, we refer to Sects. 6.1.1 and 6.2.1.
We now define the zeroth and first order identification operators. Recall that we
have set

A = L,(G), A =H,(G), o) =1L (6.29a)

—~

= L,(X,). 7" = H'(X,), w) = [dul},. (6.29b)
Moreover, we need the weights of the vertex condition, namely we set
pe i= (vol Yo)'/2, (6.30)

Let J,: # —> 37 be given by

Jf =P ®t)@0=""P(fe @ 1) D0 (6.31)

eeLl e€L

with respect to the decomposition (6.19). Here, 4, is the normalised eigenfunction
of Y, associated with the lowest eigenvalue 0, i.e. ¥,(y) = (voly_; ¥,)™/? and
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¥.. = &%, the corresponding normalised eigenfunction of the scaled manifold
Yee = €Y.. In order to respect the Sobolev spaces of order 1 we need a first order
identification operator J/!: 7! — 7!, which we define by

1= ek B0, = (D ®H) S FOIL). (632)

e€E e€E

Here, 1, is the constant function on X, with value 1. Note that J; is well defined:

(L )e(0,9) =2 p7t fo(0) = 672 f(v) = (I /)y

due to (6.30) and (6.4), i.e. the function Ja1 f matches along the components 9, X .
and 9, X, ,, independently of the embedding (6.14) (if « < 1), and therefore J! f €
H'(X). Moreover, f(v) is defined for € H!'(G) (see Lemma 6.1.1). The definition
of J! is quite natural, since we do not expect the eigenfunctions u, of the Laplacian
on X, with eigenvalues in a bounded interval (independent of ¢) to vary very much
on Xg,. .

The adjoint J*: 5 — € of J, is given by

(Jg*u)e(s) = (Fee, ue(s,9))y,, = Sm/Z(VOI Yg)]/zfeu(s). (6.33)

Furthermore, we define the corresponding first order operator J/!: A — by

(I U)o (s) = £/ (vol Ye)l/z[feu(s) + )(e(s)(fvu - feu(O))]. (6.34)

Here y,. is a continuous, piecewise smooth cut-off function such that x,.(0) = 1
and y.(¢,) = 0. If we choose the function y, to be piecewise affine-linear with
xe(0) =1, x.(a) = 0 and y.(¢,) = 0, where a := £_(v) < 1, then ||Xe||i =
a/3 <1and ||)(;||i =a~! = {_(v)~". Moreover, (J/'u).(0) = &"/?p,f u so that
f = J/'ufulfils £(0) € Cp and therefore f € H,(G).

Now we are in position to demonstrate that the two quadratic forms 9 and
? associated with the (Neumann-)Laplacian on X, and the (weighted standard)
Laplacian on G are §-partial isometrically equivalent (see Definition 4.4.11 and
Proposition 4.4.13):

Theorem 6.4.1. Assume that o € (m/d,1]. Then the quadratic forms d and ?
are 8.-partial isometrically equivalent with identification operators J., Js1 and J] I
where

8¢  volX ) 2 &?
§2 .= . Ly 1 ’ e2cl=0
= vol %, o na) w6 =0
1 A &2
82 = 82 . 82 -0 ad—m )
P meie 7y B mm) =0
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and where the first line is valid for « = 1 and the second line form/d < a < 1.

In particular, the error depends only on an upper estimate of vol X,,/ vol 0X,, and
lower estimates on Ay(X,), A2(Y,) and £, (e € E), if « = 1, and additionally on
upper estimates on C,, ifa € (m/d, 1).

Recall the definition of C, and &, in Proposition 6.3.7 and the definition of SE,V in
Proposition 6.3.5. The constant C, was given in (6.15). If « € (m/d, 1) then we
haveset 8 = 11in §,,. (see Lemma 6.3.2). Note thato < 1 < 1 + «.

Proof. The first condition in (4.29a), i.e. J* J. f = f,is easily seen to be fulfilled.
The second estimate in (4.29a) is more involved. Here, we have

2 2 2
e — JeJFuly, =Y llu—foulk,, + lluli, -
e
The first term can be estimated by

=7

= [ o o, as

2 2

£ £
< dy, u(s 2 s = ———
= %t /. ldy, u(s)lly,, ()

2
[y, ull,,

using Proposition 5.1.1, where u(s) := u(s, ) and A,(Y,) denotes the second (first
non-vanishing) eigenvalue of the Laplacian on Y,. Note that X5 (Y,.) = e 2A2(Y,).
The second term can be estimated by Proposition 6.3.7, so that

2
§2 > max{mﬁi}

is enough for the estimate (4.29a). Moreover, the first estimate in condition (4.29b)
reads as

2ead—m vol X,

) Vol BX

e f =T fII%, = e 7" vol X, | f)* < —— (111G + 1£1%)

using Lemma 6.1.1 with @ = £_(v), the scaling vol X, = £“? vol X, and the

fact that |p|> = vol 5X y due to (6.30). Note that the error term obtained here is
already contained in &, (see Proposition 6.3.7). The second estimate in (4.29b) is
here

7 2 ¢
15w = T ulG = " Nxell3, vol Ye|f ju — £ u(O)|” < 82, lidul%, .

e€E
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using Proposition 6.3.5. Condition (4.29¢), i.e. J/'J!f = f, is easily seen.
Moreover, for estimate (4.29d) we have

(I . f) =D I )]} < &

> (vol¥,)'/? (fvu — feﬁ(O)) (e, 1, 2

A

S o i 1
= e

using again Proposition 6.3.5. Note that the derivative terms cancel on the edges
due to the product structure of the metric and the fact that dy, £, = 0. Moreover,
the vertex contribution vanishes since dy,1 = 0. If « < 1 then we fix § = 1, and
we have

O<ad—m<1l—-fB4+a=a<l,
and in particular, §> = O(¢*?~"). Recall that if @ < 1, then
852,\; = 0% and <§§v = 0(e'""#[log]) = O(e*[log €]).

where the term [log €] appears only if m = 1.

Let us again make a remark on the optimality of the errors:
Remark 6.4.2. Assume that we have given the identification operators as above. If
we chose f,(s) = p. fors € I, on each edge, then f € HL(G) and

|J0f = JefIP _ e vol X,
(Ralh vol Xg

”J1 Je ||1—>0 = = O(Ead_m)v

where vol Xg = ), £, vol Y,. Moreover, if u = 1 is constant, then

lid — J.J*|? ||u—JgJ£*u||2 B leell,, B £%d=m yol X,
0 TR T Tl T volXg + e vol X,
= 0(e™™").

In particular, we cannot expect that the deviation §, from being unitarily equivalent
is better than §; = O(£@®?~"/2). Moreover, if « = 1, we only get §, = O(&!/?)
with our choice of identification operators. We obtain the same error estimate if we
directly compare the eigenvalues using Corollary 4.4.19. Note that Grieser [G08a]
found an eigenvalue expansion in terms of ¢, and therefore gets the better estimate
Ak(e) = Ak(0) + O(e), where Ak (e) and A4 (0) denote the k-th eigenvalue of Ay
(¢ > 0) and A, respectively.
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Alternatively, we can consider a globally smooth manifold X, with non-homo-
geneous vertex neighbourhood scaling, namely?® we assume that X, decomposes as
in (6.26) such that

Xoo =1, xeYs,  eXy<X.,<&®X, and  0X., = £0X,

for some « € (m/d, 1). In this case, we obtain the following result:

Theorem 6.4.3. Assume that the graph-like manifold scales as in (6.27). Then the
metric graph quadratic form © on L,(G,) is 8,-partial isometrically equivalent with
the manifold quadratic form d on L,(X,), where

ad—m 2a—1 2
52— max{&g . Volon ’ & 2( n 2 ) . € ’Sa(d+2)—dCV2}
_(v) vol 0X, _(v) A2(X,)/ min, Aa(Ye)
and {—(v) := mineeg,{1,L.}. In particular, §, = O(“=™/2) and the error

depends only on an upper estimate of vol X,/ vol0X,, and lower estimates on

A(X)), A2(Ye) and £, fore € E.
Recall the definition of C, in (6.24).

Proof. The proof is similar to the proof of Theorem 6.4.1, using now Lemma 6.3.3
together with the scaling inequalities (5.11) and Corollary 6.3.9. Note that the error
is indeed of order O(¢*?~") sincead —m < a(d +2)—d <2a —1<2. O

W‘l alsg obAtglin a closeness result for the associated boundary triples (I, I’ v’ .9,
and (I"y, I}, ¥,) defined in Sects. 6.1.1 and 6.2.3. For the notion of S-closeness of
two boundary maps I, and I", we refer to Definition 4.8.1. We define the boundary
identification operator as

1.:9, = (CEV‘i"t —> ?v = Lz(Ye,int) = @ Lz(Ys.e)y

e€Ey int

IF = {e"?F, %}, (6.35)

i.e. we extend the single value F, to a constant normalised function on Y. Its adjoint
is given by

(IFY)e = ™22, Ye)y, = e™2(vol Vo) 2 F .

Moreover, we set

§F):=0 and EY) = |ldyyl}

3For the notation X, < X,, < %X, see (5.9).
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with F(viom? = H!(Y,) = ¢!. The corresponding transversal operators are K = 0
and K = Ayg_im; the latter has Neumann boundary condition, if Y = '), 9Y, # 0.

Theorem 6.4.4. The boundary maps
r:HL(G) — Chm, Ty H (X)) — Ly (Yein).
Lof = {fe(le)}e. o= {ue(le,)}e

associated with the forms 0 and  are 0-close with the identification operators
J1 J’1 and the boundary identification operator I.. Moreover, I is a $ e-partial

isometry w.r.t. £ and &, where 35 = e(min, (A»(Y,))~"/2. Finally, KI. = I.K(=0).

Proof. 1t follows straightforward from the definitions that
(T f)e =2 f,(0)F, = (ITf), and
(D' u)e = "?(vol Y,)' /> f u(l,) = (I*Tu),.

In particular, the O-closeness follows. For the partial isometry of I, the condition
IXI.F = F is obvious. Moreover,

2

1V = LI = o DN = (e Y ey, < o)
eceE

for ¥ € domt = H! (YE int) using Proposition 5.1.1 on each manifold Y,. The
intertwining property K I, = I,K of I, is obvious, since K {*.}. = 0. O

6.5 Slowly Decaying Vertex Neighbourhoods:
Reduction to the Graph Model

In this section, we prove the partial isometric equivalence of the Laplacian on X, and

the decoupled Dirichlet Laplacian on the graph G (more precisely, of the associated

quadratic forms). Here, we assume that the vertex neighbourhood volume vol X, =
@d ol X, dominates the transversal volume vol Y, e = &"volY,,ie.

m d—1
0 —_= —. 6.36
<oz<d 7 (6.36)

In this case, the vertex neighbourhood serves as big obstacle. In the limit, the
obstacle enforces a Dirichlet condition on each edge at the vertex v, and leads to
an extra state associated with the vertex. We first treat the simpler situation where
the differently scaled manifolds X, = [, x €Y, and X,, = &*X, are directly
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glued together; the general case will be treated in Sect. 6.9. For the notation and the
definition of the manifold, we refer to Sect. 6.2.1.

Let us now define the zeroth and first order identification operators. Remember
that

H o =L(G)eC, ' .= EBH(‘)(IE) ®C, o) :=|f> (637

= L,(X.), 7' = H\(X.), ) = dul},  (6.37b)

as in Sects. 6.1.2 and 6.2.3.
Let J.: A —> S be given by

Jof = EP(fe @ Feo) & F)Eey

e€E

_ 8_m/2(@(fe ®L)® g(m_ad)/zF(V)-}l-v), (6.38)

e€E

where &, resp. %, is the normalised constant function on X, resp. X, = ¢*X,.
For the spaces of order 1, we define J/!: #! — 7! by

1 = @+ (259) 1P 0) 8 5@ FOR,

olY,\1/2
_ g_m/2(®(fe N g(m—ad)/2(u) XeF(V)) ® +.®
= vol X,

@ gm—ed)/ 2F(V)JLV), (6.39)

where . is the continuous, piecewise affine-linear cut-off function with y.(0) = 1,
xe(@) = 0and x,(¢,) = 0 with a := £_(v) < 1. The operator J is well defined:

(I )e(0, ) = Vol X ) TV2Ew) = (U1 N)(x),  x € X,,

since £,(0) = 0, i.e. the function J,! f matches along the components 9, X; . and
0. X., (again independently of the embedding (6.14)), and J, f € H'(X). Note that
the identification operator J.!' reflects the fact that we expect an additional, almost
constant eigenfunction on the big vertex neighbourhood as ¢ — 0.

The adjoint J*: 5 — ¢ of J, is given by

(JXw)e(s) = (Fee, tte(s,))y,, = "2 (vol Yo) 2 F ucs), (6.40a)
(S W) 0) = (Eepsw)x,, = /P (vol X,)f u, (6.40b)

where the averaging operators fvu and feu(s) where introduced in (6.22). Note that
these operators do not see the scaling, i.e. f, u = f wand f, u(s) = f,u(s), but
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recall that there are two different averaging operators associated with the boundary
component d. X, see Lemma 6.3.2. Furthermore, we define Js’ Ll — 7! by

(I u)e(s) == £ (vol Y€)1/2<feu(s) e (s)feu(O)), (6.412)

([ u)(v) = e (vol X,) /2 u. (6.41b)

To see that the operator J/! indeed maps into the given space, let f = (£ F):=
J!'u then f,(0) = 0 and therefore f, € H}(/,) and f e .

Now we are in position to demonstrate that the two quadratic forms 9 and D are
8-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):

Theorem 6.5.1. The quadratic forms and d are 8e-partial isometrically equiva-
lent with identification operators J, Je1 and J! U where

m—ad 3 52 2 2a
52 max{zg vol 3Xv, 287, ¢ _f } — O(gminim—od 2a}y
{_(v) volX, {£_(v) min,A,(Y,) A2(X))

In particular, the error depends only on upper estimates of vol X,/ vol X, and C,
(see (6.15)) and on lower estimates of A,(X,), A2(X,.) and £,.

Recall the definition of ’S;_V in Proposition 6.3.10. Note that the fastest decay (in €)
of the error term is achieved for m — agd = 2w, i.e. forag = m/(d +2) <m/d.
If0 < a < ap, then 8, = O(e%), if oy < @ < m/d, then §, = O("—24)/2),

Proof. The first condition in (4.29a), i.e. J.* J, f = f , is easily seen to be fulfilled.
For the second condition in (4.29a), we estimate

2 2 2
= JedFuly, =Y llu—foulk,, + le—fulk,,
e

2 2a

< max{g— 8—}||du||2
= el W p(Y,) Aa(X,) Xe

by Proposition 5.1.1 and the scaling behaviour of the spectrum. Moreover, the first
condition in (4.29b) is here

dv018X|
vol X,

o A _ vol Y, 2 m—
1. f = Jef 15, = "7 30— el [Fo)|” < e
e

using the fact that || y, ||2e < 1. The second estimate in (4.29b) can be seen by

15w = T )% = &S vol Vel pe I |£.,

eekE

wO)* <82, (Il + Il )
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using Proposition 6.3.10. Moreover, equation (4.29¢) is again easily seen to be
fulfilled. For the form estimate, we have

P . f) =D, JL )| = \Z[e’"ﬂ(vol Y»”Zf OIFA AN

vol Y, \1/2 ?
n S(m_ad)ﬂ(\lol—xe> (ug, 1, ® *e)x, F (V)]‘

cS 2 [~

= o B (e, e, )11
_ dVO] 8Xv 2 2
e FXVHM/”X&JF(V” ]

using Proposition 6.3.10 again and || x, [|;, = ¢_(v)~'. Here, X, g := Ge X... Note
that 82, = O(e"*?) if € (0,m/d). O

As in the fast decaying case, we obtain a closeness result for the associated
boundary triples (I, I/, %,) and (I",, I",,%,) defined in Sects. 6.1.2 and 6.2.3. The
boundary identification operator I.: ¥, — ¥, is gle same as in (6.35). Moreover,
we use the same transversal operators K = 0 and K = Ay as in Sect. 6.4:

Theorem 6.5.2. The boundary maps
Ly A —s Chrin, Ty H (X)) — L (Yein).
Lf o= {folo)}e. T = {ue(le,)}e

associated with the forms 0 and  are 0-close with the identification operators
JY, J!' and the boundary identification operator I.. Moreover, I, is a 8.-partial

isometry w.r.. £ and £ where §, = e(min, (A»(Y,)) ™2 Finally, KI, = I.K(=0).
Proof. Tt follows straightforward from the definitions that

TJI f)e =e™2f,(t)k = (IT f). and

(IJ/' e = "> (vol o) f u(te) = (I*T'u)e.,

where (I*y), = &"/*(volY,)"/?f . In particular, the O-closeness follows. The
remaining assertions follow as in Theorem 6.4.4. O

6.6 The Borderline Case: Reduction to the Graph Model

In this section, we consider the case when the transversal volume volY,, =
" vol Y, and the vertex neighbourhood volume vol X, = £%¢ vol X, are of the
same order, i.e. if
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gm_4a-1 (6.42)

Here, we obtain a non-trivial limit operator, different from the usual (weighted)
standard Laplacian. Namely, the limit operator is the corresponding extended
Laplacian, extended at the vertex v by the vertex space Cp(v) and the “operator”
L(v) > 0 (see Sect. 2.3 for details). We first present the simpler situation where the
differently scaled manifolds X., = I, x €Y, and X,, = %X, are directly glued
together. This construction is only possible for certain homogeneous transversal
manifolds like Y, = E(O, re); the general case will be treated in Sect.6.10. For
the notation and the definition of the manifold, we refer to Sect.6.2.1.

As usual, we start with defining the zeroth and first order identification operators.
Remember that in this situation,

H =L (G)®C, #':={fecH(G)®C|fV)=LWFW)}. (643)
A= L,(X,). 7" :=H'(X,). (6.43b)

D(f) = || f'|I> and d(u) := ||du||§(€ (see Sects. 6.1.3 and 6.2.3), where f =(f, F).
Moreover, by

L) = (volX,)™"?> and  p,:= (volY,)"? (6.44)

we relate the different graph and manifold parameters. Let J.: 77 —> S be
given by

o] = e ® 3) @ FO)Rey = (P (e @ 1) © F0))  (6.45)

e€E e€E

using (6 42). For the spaces of order 1, we use the same operator restricted to 77",
ie. J'f:=J.fif f € #". Note that

(I F)e(0,y) = 271 £(0) = 72 £ (v)
= "2(vol X,)VPF() = (J1 f)(x)., xeX,

due to (6.44) and (6.4), i.e. the function J; f matches along the components 9, X, ,
and 9, X, (again independently of the embedding (6.14)), and therefore J! f €

H!(X.).
The adjoint J/*: T —> A of I, is given by
(Jg*u)e(s) = (e, Ue(s,))y,, = gm/z(VOIY )I/ZJC u(s). (6.46a)

(JXW)©) = (Fey ) x,, = €™ (vol X,)'/2f u (6.46b)
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using again (6.42). Furthermore, we define J/!: A — A by

(I u)o(s) := €2 (vol ¥,)!/2 (feu(s) + () (Fu— feu(O))>, (6.472)
(J'w)(v) := "> (vol X,)'*f u. (6.47b)

As usual, y. is the continuous, piecewise affine-linear cut-off function with
%e(0) =1, x.(a) = 0 and y.({,) = 0, where a = £_(v). To see that J/' maps
indeed into the given space, let /' = (f, F) := J/'u. Then f£,(0) = 8'”/2pefvu
so that f(v) = &/ u, and f € Cp,ie. f € H}(G). Moreover, F(v) =
(vol X,)/2 f(v) and finally, f € 5.

Now we are again in position to demonstrate that the two quadratic forms 0 and 0
are §-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):

Theorem 6.6.1. The quadratic forms ¥ and v are 8;-partial isometrically equiva-
lent with identification operators J, ng and Js’l, where

32 2 &2 g2
§2 = = (1 ; : :
Fmmaxd s (1+ o) i e o0

In particular, the error is of order* §, = O(g'/?7) and depends only on an upper
estimate on C, and on lower estimates on A,(X,), A2 (Y,) and £,.

Recall the definition of 85,»7 in Proposition 6.3.5.

Proof. The first condition in (4.29a) is easily seen to be fulfilled. For the second
condition in (4.29a) we estimate

= JedZFully, = D Mu—foullx,, + lu—fully,,
e

2 20

&

B T
T T 19

< max{
e€E

by Proposition 5.1.1 and the scaling behaviour. The first estimate in (4.29b) is
trivially fulfilled, even with equality. The second estimate in (4.29b) reads as

..
15w = T a3 = €™ lxell], vol Ye|f u— £ u(0)|” < 82 |ldul%,

eek

4 Here, §, = O(¢'/?>7) means that for any > 0 small enough, we have §, = o(g'/>™"), i.e.
8.e=(1/27M) — 0ase — 0.
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using Proposition 6.3.5. Moreover, (4.29¢) is easily seen to be fulfilled. For the
estimate on the forms, we have

0 u, f) =D, I} ) = &”

S ol ¥ 2 (f i — £ ) o |

A

82

cs £,V 2 2

< d

< L
using again Proposition 6.3.5 and ||y.|l;, = ¢—(v)~'. For the total error recall
that §2, = O(s'"#~[loge]), where [loge] occurs only if m = 1. Since

2a > (1 — B + @) in the borderline case, the dominant error in §? is of the same
order. Choosing 8 = & + 27 for 0 < 2n < 1, then §? = O(s'?"[log ¢]) = o(e'™"),
as we claimed. O

As in the fast and slowly decaying case, we obtain a closeness result for the
associated boundary triples (I, 1),%,) and (I",,I"}.¥,) defined in Sects. 6.1.3
and 6.2.3. The boundary identification operator /,:¥, — ¥, is tI’IS same as
in (6.35). Moreover, we use the same transversal operators K = 0 and K = AY‘g o
as in Sect. 6.4: '

Theorem 6.6.2. The boundary maps
L) — Chem, TuH (X)) — LYo,
Lof = {fello)e, P i= {ue(Le, )}

associated with the forms 0 and  are 0-close with the identification operators
JL, J!' and the boundary identification operator I.. Moreover, I, is a 8.-partial

isometry w.r.t. and ¢, where SF = g(min, (A,(Y,))~/2. Finally, ,I?I(E = I.K(=0).
The proof is literally the same as for Theorem 6.4.4.

6.7 The Embedded Case

We show in this section that certain neighbourhoods of an embedded (star) graph fall
into the class of graph-like manifolds as described above up to some error estimates.
In particular, we obtain similar limit theorems as for graph-like manifolds.

6.7.1 Embedded Graph-Like Spaces

Assume that G C R? is a metric star graph embedded in R?, and that X. CR?isa
closed neighbourhood of G with decomposition
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(e = Xew U ) Xeo. (6.48)
eeE

For simplicity only, we assume that all length £, are finite, and therefore G and
X, are compact. Let us give a more precise description of X, in terms of the
parametrisation

Ve = (We.lv wel): I, — R?

of the edge e as curve in R?, see also Sect. 5.4 for the case of a single curve. We
assume that ¥, has sufficient regularity, e.g., ¥, € C? is enough. The vertex v
corresponds to the point ¥, (0) € R?, and the latter is independent of e € E,.
Denote by

Ke := %,1 e/lz - ‘ﬁéfl é.z (6.49)

the curvature of the embedded edge e. Assume that for each edge, there is a
Lipschitz continuous function r.: I, —> (0, 00). The er.-tubular neighbourhood
of the embedded graph is defined via the parametrisation

Yoo, y) 1= Yols) + ere(s)yn.(s), (s,y)el, x7Y,

where n, denotes a continuous unit vector field normal to the tangent vector field
Y., and where Y := [—1/2,1/2]. In order to avoid self-intersections, we assume
that

1

O0<e<egp: mm—
[[Kcelloo ll7e ll oo

Then .
1 + eke(s)re(s)y > 3 >0

forally e Y,s € I,,0 < ¢ < gy and all edges e (see condition (5.24)).

letO0<a <land0 <e¢g < g, := 8(1)/0‘. We assume that the components of )?E

are given by

Xee = Weo([lee” L] x Y])  and Xy o= | W (0. £e57] x Y]),

e€E,

i.e. XA&@ consists of the er.-neighbourhood of the curve v, away from the vertex,
and X, , denotes a tubular neighbourhood of radius of order £“ of the “e*-star graph”

G, = Ge Ve ([0, £.€%]).

The associated quadratic form on X, is defined by

d(u) = ||vu||§?€, dom?d := H'(X,).
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Let us compare the quadratic form 9 with the quadratic form ? associated with the
scaled graph-like manifold X, = X,, U (J, X (see Definition 6.2.6), where

Xey =&%X, and Xee = 1o Xer, Y =1, %, €Y

(for the notation of the warped product, see Definition 5.3.2). Here, the transversal
space, for which we need an embedding of different scalings as in (6.14), is given
by an interval of length r.(0). Moreover, we use the embedding (6.16), and obtain
C, = r.(0) as bound on the derivative of the embedding.

The concept of §-quasi-unitarily equivalence of quadratic forms was introduced
in Sect. 4.4 (see Definition 4.4.11). We consider three cases of the embeddings:

e Straight edges, constant radius: Assume that r, is constant and that x, = 0.
Then X ¢ 18 isometric to I, , x Y., where I, is an interval of length (1 — &%),
and Y, is an interval of length er, > 0. Moreover, the vertex neighbourhood X e
is €¥-homothetic to a fixed subset X, C R, i.e. XS,V is isometric to X, = ¢*X,,.

In order to compare X .. With X, ., we need to enlarge slightly the longitudinal
coordinate. From Proposition 5.4.4 (with r.(s) = r, and ¢ (s y) = 1 being
constant) it follows that the quadratic forms 0 and D are 85 -quasi-unitarily
equivalent, where

8, = 26%(1 — &%)™'/2 = O(e%)

depends only on «.
¢ Curved edges, constant radius: Assume that r, is again constant, but the
curvature K, may be non-trivial (see Fig. 6.8).

The error from the edge neighbourhood is O(&%), since we have again the
correction of the longitudinal coordinate (Proposition 5.4.4). The error depends
now on ||x, [|co> [|%.|lco and .. Moreover, the curvature produces a perturbation
from the product structure, so by Proposition 5.4.2, we get another error term of
order O(¢), depending on ||« ||co and 7.

If the curvature k. vanishes near the vertex, we can choose X v such that X e
is e-homothetic with a fixed set X, C R2. If the curvature «, does not vanish near
the vertex v, the vertex neighbourhood differs slightly from an exact e-homothetic
one. The error made in the quadratic forms is of order O(¢). This can be seen by
cutting the vertex neighbourhood into deg v-many pieces which can be treated as
embedded tubular neighbourhoods as in Sect. 5.4 away from the vertex (see the
grey-shaded parts of X e 1n Fig. 6.8). The radius of the tubular neighbourhoods
may be chosen to be r,(0) since r,(s) ~ r.(0) for s = O(g*). “Straightening”
the edge leads to an error term of order O(e%) as in Proposition 5.4.2.

Altogether, the quadratic forms 9 and D are O(e*)-quasi-unitarily equivalent,
where the error depends only on ||« [|oe, [|€}]lcos Fe and .

¢ Curved edges, variable radius: In the most general case, we allow a variable
radius r, and non-trivial curvature «,.

For the edge neighbourhood, the error is O(¢%) from the shortened edge
(Proposition 5.4.4) depending on r, and k., and its first derivatives. In addition,
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Fig. 6.8 A 2-dimensional closed tubular neighbourhood X, of an embedded star graph with
curved edges in R?. Here, X, has non-smooth boundary and constant radius on each edge. Below,
we sketched the corresponding unscaled and scaled graph-like manifolds X and X, (with vertex
neighbourhood scaling £%), respectively. Note that the edge neighbourhoods X, and X, , have the
same length £, as the original edge e. We will see later on that the angle between two edges does not
directly enter in our model assumptions, only a lower bound on the second Neumann eigenvalue
A2(X,) is needed

the curvature and the variable radius produce a perturbation from the product
structure, so by Proposition 5.4.2, we get another error term of order O(e)
depending on the same quantities.

Moreover, the vertex neighbourhood )?w is e*-homothetic up to an error
O(e*) of the quadratic forms depending now on r, and the curvature k. by the
same arguments as in the previous case.

Altogether, the quadratic forms 9 and D are O(e*)-quasi-unitarily equivalent,
where the error depends now on |7 |loo, |75 ! loos [|72]lo0s 1% [loos |5, [loo and .

6.7.2 Reduction to the Graph Model

Let us now apply the results of Sects. 6.4—6.6 to the situation when the star graph
G is embedded in R? with curved edges and has a constant tubular radius r, > 0
around each edge, see Fig.6.8. Here, d = 2 and m = 1. Basically, the quadratic
forms on the embedded space and the abstract graph-like manifold are 88-quasi-
unitarily equivalent, where §, = O(&%) depends on [[Kelloos [ ]lcos 7o and the
scaling rate « of the vertex neighbourhood. Combining the results of Sects. 6.4—
6.6, we can show that the quadratic form on X, is 8e-quasi-unitarily equivalent with



6.7 The Embedded Case 339

the corresponding quadratic form on the graph (depending on the scaling rate o of
the vertex neighbourhood).

The fast decaying case:

Assume that the scaling rate « of the vertex neighbourhood fulfils m/d = 1/2 <
o < 1, then we have (see Sect. 6.4):

Theorem 6.7.1. The quadratic form 3(u) := ||Vu||2 is §c-quasi-unitarily equiva-

lent with the quadratic form 0 associated with the ( wezghted ) standard Laplacian
on G as defined in Sect.6.1.1, where §; = O(¢@4=™/2) = O(*V/?). The
error depends only on lower bounds on kz(Xv), L. and on upper bounds on re,

vol X,/ vol 0X,, ke lloo and || [lso.

The proof follows from Theorem 6.4.1 and the additional error estimates considered
in Sect.6.7.1 below. Note that the error term of Theorem 6.4.1 is dominant, since
ad —m = 2a — 1 < a. Moreover, the upper bound on r, arises since we need a
lower bound on A,(Y,) = nz/rf. Here, Y, is an interval of length r, > 0.

The slowly decaying case:

Assume that 0 < o < m/d = 1/2, then we have (see Sect. 6.5):

Theorem 6.7.2. The quadratic form d(u) := ||Vu||2A is 8;-quasi-unitarily equiva-

lent with the decoupled extended Dirichlet form 0 as defined in Sect. 6.1.2, where
S = O(%) if0 < a < 1/4and §, = O(>7) if 1/4 < a < 1/2. The
error depends only on lower bounds on Ay(X,), £, and on upper bounds on r,,
voldX,/ vol X,, |kelloo and ||x. ] co-

The proof follows from Theorem 6.5.1 and the reasoning in Sect. 6.7.1.

The borderline case:

Assume that o = m/d = 1/2, then we have (see Sect. 6.6):

Theorem 6.7.3. The quadratic form d(u) := ||Vu|| is 8.-quasi-unitarily equiv-

alent with the coupled form 0 as defined in Sect. 6.1. 3 where 8§, = O(g'/>7). The
error depends only on lower bounds on Ay(X,), £, and on upper bounds on r,,
llicelloo and ||ic; || oo-

The proof follows similarly from Theorem 6.6.1.

Remark 6.7.4. Although the curvature k. of the edge and the angle £ (e, ¢’) between
two adjacent edges (see e.g. Fig.6.8) are not detectable in the limit, the error
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8 depends on k., k, and A,(X,). From Theorem 4.6.4 we see that Ax(e) =
A% (0) + O(e'/?) for the k-th eigenvalue A4 (¢) and A4 (0) of D and ?, respectively.
Using the eigenvalue comparison Corollary 4.4.19 one can show directly the same
result. Note that [GO8a, GJ09] obtained an asymptotic expansion Ax(e) = A, (0) +
gA}(0)+&?A7(0) +... for the eigenvalues of straight edges. It would be interesting
whether one can detect information e.g. on the angles between the edges via the
coefficients A, (0), A7(0), ... For a curved tubular neighbourhood with Dirichlet
boundary conditions around a closed curve of length £ with positive curvature in
IR3, the first eigenvalue expands as

AW =3 /  1(5)2ds +0()
! g2 4/ 0

(cf. [KP88, Thm. 4.1]), where A, is the first Dirichlet eigenvalue of the unit disc and
Ky is the curvature of the curve embedded in R3.

Remark 6.7.5. If we consider tubular neighbourhoods of an edge e with variable
radius function r,: I, —> (0, 00) (see Fig. 6.9), we obtain a different limit form on
each edge (see Sect.5.5). Let us illustrate the necessary arguments in the case of
fast decaying vertex volume. The other cases can be treated similarly. As reference
transversal manifold we use Y, = [—1/2, 1/2], so that vol Y, = 1. We assume that
r. has sufficient regularity, say, r, € C2.

Fig. 6.9 A 2-dimensional closed tubular neighbourhood X . with variable radius on each edge,
here for simplicity with vertex neighbourhood scaling €. Note that the “straightened” unscaled
vertex space X, has constant radius r, (0) on the arm associated with the edge e. The scaled graph-
like manifold X, is drawn for a smaller ¢ than the original tubular neighbourhood X,
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In the limit, we basically have to replace the measure ds = ds, on I, by the
weighted measure w, (s)ds = r.(s)"ds with m = 1 here. The corresponding Hilbert
space is now given by

Ly(G.rds) := P Ly(Le. re(s)ds).
e
Moreover, the limit quadratic form is defined as
0 = LIS s = [ £ PR
e e

with domain
domd = { f € @Hl(le,re(s)dse) | f continuous at v }.
e
The corresponding operator will act as in (5.27) on each edge. Using the transfor-

mation f, > 7g =r 2 f. on each edge, one obtains a unitary operator from the
weighted space L, (G, rds) into the unweighted Hilbert space

L,(G) = PLy(L.).

Moreover, the quadratic form transforms into a quadratic form q given by

0 =D (17213 + (Fer Qe T o)1) + LIS

e

with domain
domq = H}, (G) = { f € H,(G)| f(0) = f(W)p e Cp}

where p = {p.} and p, = r.(0)/? (see Proposition 5.5.3). Here, the potentials on
the edges and vertices are given by

1
Qci=q;+q,  qo:= E(IOgre)’ and L) =) 4q.(0)p;.

Note that

/ I

0. = (2r_}fe)2 + (Zr_;e)/ and L) = %Zré(o)-

The transformed quadratic form g is non-negative since the unitary equivalent form
0 is — although the edge and vertex potentials Q. and L(v) may achieve negative
values.
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6.8 Slowly Decaying and Borderline Case for Arbitrary
Transversal Manifolds

In the following sections, we provide the necessary modifications in order to
treat arbitrary transversal manifolds Y, (and not only “homogeneous” ones as
in Sect.6.2.2) also in the case of slowly decaying vertex volume (Sect.6.9) or
the borderline case (Sect.6.10). As before, we construct the manifold associated
with a star graph G with one vertex v and finitely many edges e € E = E, of
lengths £, € (0, oo]. We define the (modified) graph-like manifold and collect some
estimates needed for both cases in this section.

6.8.1 The Enlarged Vertex Neighbourhood with Added
Truncated Cones

If the transversal manifolds Y, are not homogeneous, i.e. we do not have an
embedding as in (6.14), then we have to modify the construction of a graph-like
manifold. This is in particular the case for transversal manifolds like ¥, = S!. For
such transversal manifolds, we cannot glue together two parts X, = I, x €Y,
and X, = &*X, (@ < 1) having a different scaling, such that the resulting
space has a (Lipschitz) continuous metric. In order to overcome this problem, we
add a truncated cone X «ve between the edge neighbourhood X., and the vertex
neighbourhood X, , for each edge (see Figs. 6.10 and 6.11).
The truncated cone is given by the warped product

Xs,v,e = 8ﬂ]£,v Xrewe Yev ﬂ > o

(see Definition 5.3.2), where the radius function is given by the affine-linear function
Teve: Iv,e = [07 ev,e] —> (0, OO) with

Feyve (0) =¢ and rs.v.e(ev.e) = &%,

Fig. 6.10 The truncated cone X ev.e for the transversal manifold ¥, = S!
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Fig. 6.11 The enlarged vertex neighbourhood X, . with an added truncated cone X v for each
adjacent edge

Recall that Xav,e is the manifold X, , = I, , x Y, with metric
ga,v,e = ezﬁdsz + re,v,e(s)zhe,

where h, is a given metric on Y,. Such a truncated cone was already used in
Sect. 6.2.2 where we embedded the cone into X,,, C X,,. Here, in contrast, we
put the truncated cones between each edge neighbourhood and the central vertex
neighbourhood: We therefore define the enlarged vertex neighbourhood by

Xa.v = Xs,v u U X&,v.e
e

(see Fig.6.11), ’
where again, the central part of X, , scales homogeneously, i.e.

m
X, =¢&"X,, for some O<ac< i

(recall that m := dimY, = d — 1 and dim X,, = d). Note that in the fast decaying
case m/d < a < 1, we have already treated smooth manifolds in Theorem 6.4.3
allowing a non-homogeneous scaling (6.27) of X.,. If § < 1, then the enlarged
vertex neighbourhood X&V fulfils (6.27) with underlying unscaled space

X, =X, U] U Xye
e
(i.e. we set ¢ = 1). Note that X,, = )fv,e, since for ¢ = 1, the truncated cone

becomes a cylinder. The graph-like manifold (with added cones) associated with
the underlying star graph G is now defined by

X, = X&,v U] U Xs,ev
e
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where we identified each “small” end of the truncated cone X, eve (iSometric to €Y,)
with the corresponding end 9, X, = {0} x¢&Y, of the edge neighbourhood. As usual,
we denote by

0X. =)o Xey and 8Xoy =)0 Xes
e

e

the internal boundary of X v and X, as subsets of X,. Note that
5)58& = sg)fv and 5X&V = 8"‘5XV.

We start with a lemma assuring that we do not add “too much” volume by
introducing the truncated cones. Recall that vol X, , = &% vol X,

Lemma 6.8.1. Assume that 0 < & < 1, then we have

vol X,

vol X,

vol X, < vol X” < (1 + gf )vol Xeo.

In particular, if @ < B, then the additional truncated cones are negligible, i.e.

vol X,

— =1 as g — 0.
vol X, ,,

Proof. We apply Proposition A.2.17 with a = &Pl ., ro =&, r = & and obtain

gbtam

o -£,,volY, <vol )fg,v,e < ghtam -LyevolY, < gfrem yoly,,

since £, . < 1. In particular, we have

vol 5XV

vol X,
vol X, '

0 < vol Xs,v vol X, = Zvol X&V‘e < ghtam V01§XV = gf

e

noting that vongV = vol 5XV =), volY,. O

6.8.2 Some More Vertex Neighbourhood Estimates

Here, we provide the necessary estimates needed for the reduction to the graph
models in Sects. 6.9 and 6.10. Let us start with introducing the following averaging
operators
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fvu 12][, u, ,wu :=][, u, (6.50a)
X, Xew

fou :=][ u =][ u, 1, u(s) :=][ u(s,-) =][ u(s,-) (6.50b)
X, Xew Y. Yoo

for u € L,(X). As before, f,u(s) is finite for almost every s € I, = [0,£,], and

feu € L,(1.). Since X ¢.v does not scale homogeneously, we do not have the scale
invariance

fou# fou
as for Xey = &“X,and Y, = €Y. Smce we identified the smaller end 9 X” =

0. X, = &Y, of the truncated cone X ev.e With one end of the edge neighbourhood
0, X, = {0} x €Y, in the total space we have

feu(0)=]£' u (6.51)
de Xev

foru € H'(X,).
Let us first compare the averaging operators on X, , and X, ,:

Lemma 6.8.2. We have

(vl X,.)'2f, u— (vol X)) *F ul*

vol X, Vol 8X
<2(1= 2 Yl =26 Nl
ol X, o

foru € H'(X,,).
Proof. We have

|(V01 X,g’v) szs,vu - (VOI Xs.v)l/zfvu |2

1 vol X\ 1/2 2
=i e -G )
VOngv XH\X” VO]Xs,v Xev
CS vol(X”\X”) volX” 2vol X, ,,
= o[ S+ (- (o )" el
vol X, vol X, vol X,

< 2max{l - p, (5 — D llull% .

where p := vol X,/ vol Yw < 1. The result follows from the fact that (,/p—1)* <
|1 — p| for all p > 0. For the last estimate, we apply Lemma 6.8.1 and the fact that
l—p<1/p—1lifp<1. O
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Next, we need to compare the second (first non-vanishing) Neumann eigenvalues
Ax(Xey) and A (Xey) = £ ), (X,) on Xy and X, = e*X,, respectively:

Lemma 6.8.3. Assume that § > o and that
1
0.<e < a:=min{(8 +8AP(X,) 7,1, (6.52a)

where A (X,) denotes the second eigenvalue with Dirichlet conditions on | J, 9. X,,

L2 2
A,z(X,va’v) - AZ(Xs,V) B A'2()(1/)

(6.52b)

Proof. The_eigenvalue estimate follows from Proposition 4.4.18 with 7 =
Ly(Xen), 2 = Ly(Xey), 3(f) = lldfI 3w := |ldull}, and J'f :=
f 1x,,- Namely, we have to check the necessary estimates Proposition 4.4.18: The

estimate 9(J ' f) < 0(f) is trivially fulfilled, i.e. we have 8, = &; = 0. For the
estimate on the quadratic forms, we use again the decomposition of the central
manifold

ey v

Xew =X, U JXeye where X[, =X, and X,y ="X,,.

e

Applying Proposition A.2.17 witha = Ev,esﬁ, b=1"_,,.8ro=¢candr = ¢&“(and
a change of the longitudinal coordinate s — &”5) yields

112 =1 £ = DA
e

1
+ﬁ§: 2 (1711 —— I/
= e e ev.e (”f ”Xet.e + 82a£%,e “f“Xj;e)
< 80(f) + 8ol f1I%

where X1, = Xeve U X.,. denotes the union of the truncated cone
and the cylinder X.,, C X.,, and where §, := 4¢P~ and §, = 4ePte
(recall that £,, < 1). In addition, the condition §y + 8;A; < 1 is fulfilled,
since

, 1
8o + S1hk(Xey) < 4(1 + AR (X,))ef < 3

provided 0 < & < g9. Here, we used the eigenvalue monotonicity

M(Xey) < AP(X.,) = e72AP(X,)
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since X., C X ¢.v- Finally, from Proposition 4.4.18 we obtain

A X&v 7
Me(Xow) < — 2 Xe) o5 ¥,

1 =80 — 81 Ak (Xey)

and the result follows with k = 2. |

The following estimate is needed in the slowly decaying case; a similar result
has been proven in Proposition 6.3.10. For the definition of p,_,, we refer to
Definition A.2.13.

Proposition 6.8.4. Assume that § > « and that0 < o« < m/d = (d —1)/d, then
we have

"y vl Y |f u(0)* < Sﬁv( ldull; + ||u||§(§,v)

e€E

foru e HI(Y&V), where

fgz.v — max{281+ﬂ_“pm_2(81_“), 28m—otd+2a’ gn—od 4 }

{_(v)

Here, 82 = = 0(g" %) provided B > (1 — a)m — 1.

LR Y

Proof. We have

£ vol Y. |f,u(0)|* = e" vol Y, |f, 4

st

< ZSﬂEV,gpm_z(sl_“)sl_“||u’||§fﬁw + 2&™ vol Yg|f38Xvu|2

using (6.51) and Proposition A.2.17 with a = ¢, ,. The latter averaging term can
be estimated by

2GS 2 2 2 2
" vol Yeifangu| < gm”u”anV <" (ZWHM/”XW + E_“MHXW)
v,e

—d
R T W A T
=¢£ € v.e u X&v.e e u Xe.v.e
v,e

using (6.20) and the scaling behaviour of the norms. The result follows by summing
over e. For the error estimate, it is easy to see that g4 Jdominates the error of
8% for § > (1 — a)m — 1. Recall that p,_1(z) — 1/(m — 1) if m > 2 and
p—1(7) = O(]loge|) as T — 0 (see Lemma A.2.16). O

The next proposition is similar to Proposition 6.3.5 and used in the borderline
case:
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Proposition 6.8.5. Assume that § > «, then we have

Vol Vel f,u(0) — f,uf < 82, dulf,

e€E

foru € Hl()f&v), where

Siv = max{25]+ﬂ_apm—2(81_a), 2gretmmad.. Ll(v) (1 + 12(2)(‘,)»’

Ifa =m/d = (d —1)/d then §2, = O(s>*).

Proof. As in the previous proof, we apply Proposition A.2.17 with u replaced by
w = u—f uand (6.51) and obtain

" volY, |f€u(0) —fvu|2 =¢"volY, |f8¢»)?5,vw|2

o 1— 2
<26Pl, o pus(e' ™)l 'l 426" volYelf, y wl”
Note that u’ = w'. Using Corollary 6.3.4, we can estimate the sum over the second

term by

1 2 2a+m—ad 1 2 2
26 ) ol Xelfo ] = 287 o (U i Il

since the central manifold X., = &“X, scale homogeneously. If « = m/d then
20 < 1+ B —  and therefore, §2, = O(¢2). |

6.9 Slowly Decaying and Arbitrary Transversal Manifolds:
Reduction to the Graph Model

Let us now show that the quadratic form 9 associated with the (Neumann) Laplacian
on the d-dimensional manifold X, is §.-partial isometrically equivalent with a
quadratic form on the underlying metric graph. Here, the graph-like space associated
with the metric star graph G is given by

X, = Xa.v u U Xs,e
e

vxfhere Yw is the central manifold X,, = %X, together with the truncatqd cones
Xeve fore € E,. In particular, for each edge e € E, the truncated cone X, , joins
the end of radius ¢ from the edge neighbourhood with the corresponding boundary
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part of radius &* of the central manifold X, ,. For details we refer to Sect. 6.8.1. Let
us assume in this section, that the (d-dimensional) vertex neighbourhood volume
dominates the (m-dimensional) transversal volume, i.e. we assume that

d—1
O<a< n = —.
d d
In this case, we have
1X,, 1X,, 1X,
VO, : %vo ’ =£°‘d_mvo -0 as &¢—>
3XE,V VOI Ys‘ VO] Y

(see Lemma 6.8.1), where

vol Y, = vol aXW =¢"volY and volY = Z vol Y,

denotes the m-dimensional volume of the union of all transversal manifolds
Y. = ¢Y,.

Let us now define the zeroth and first order identification operators. We use the
same spaces as in (6.37). Denote by -]l-g » the normalised constant functlon on Xg v
and by 1, the constant function on X, with value 1. Let J,: # —> 27 = L 5 (Xe)
be given by

Jof = Pfe ® 1) ® FV) 4oy

eeE

=" P(fe ® +) @ (vol X)) PFWL, (6.53)

e€E

for f = (f, F) € 2 = L,(G) @ C; similarly as in (6.38), but with respect to the
decomposition

L (Xo) = P L(Xee) & Ly(Xen). (6.54)

eeE

For the spaces of order 1, we define J!: #! — 7' = H!(X,) by

77 = @+ (B5) 1 F ) © 20 ® (ol Xe) P FWL (655)
e€EE

vol X,
IY 8(1n—ad)/2
) (m—ad)/2( VO )
£ (@(f +e ( oY xeF(v))®4Le@ T
X F(v)]iv),

for f = (f, F) in the decoupled space ! = @, Hi(I,) & C, where H\(1,) =
{ f eH'(1,)] £(0) = 0}. Again, we use a similar definition as in (6.39), but with
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respect to the decomposition (6.54). As in Sect. 6.5, it is easy to see that the function
J! f matches along the different components, i.e. J,! f e H'(X).

The mapping in the opposite direction is given by the adjoint J.*: I —> I,
namely,

(X we(s) = (Feer tte(s, )y, = "2 (vol Yo) '/ f u(s), (6.562)
(JZw) ) = (Eepu)y = (vol X, Df . (6.56b)

Furthermore, we define J 5’1: % L2 by

(I u)e(s) 1= £ (vol Ye)l/z(feu(s) - )(e(s)fgu(O)), (6.57a)

(') = (Fey w)x,, = (ol Xe )" f u = e*(vol X,)'*f u  (6.57b)

as in (6.41). Recall the definition of the averaging operators in (6.50). Again, it is
easily seen that (f, F) := J!'u € 2", in particular, that £,(0) = 0.

Now we are in position to demonstrate that the decoupled Dirichlet form
on the graph o(f) = 3, || £/ |7, with domd = "' and the quadratic form
u) = ||du||§(g , with domd = H!(X,) on the manifold are §-partial isometrically
equivalent (see Proposition 4.4.13 and Definition 4.4.11):

Theorem 6.9.1. The quadratic formsfﬁ’ and 0 are 8z-partial isometrically equiva-

lent with identification operators J., J} and J!', where

1 vol ng ~
{_(v) volX, ¥

§ = max{(Zem_o‘d + &)

+ 2eP7.

vol X v 2,5’2” &2 262 }
vol X, " £_(v)" min, A2(Y.) A2(X,))’
B >, 0 <& < ey and where g is given in (6.52a). In particular, if B > m(1 — ),

then 8§, = O(e™Mn—ed)/2.0}) " qnd the error depends only on an upper estimate of
vol 0X,/ vol X,, and A]ZD(XV), and lower estimates on A2(X,), A2(Y,) and £,.

Recall the definition of Eg,v in Proposition 6.8.4.

Proof. As usual, the first condition in (4.29a) is easily seen to be fulfilled. For the
second condition, we estimate

= JedFully, =D N~ Foully,, + lu—F, uly
e

2 2

€ e 2e%
< max |, ———{ldull}, = max{-———, =1 ldul}
=l Az(Xm)}” =y Taon) 19
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by Proposition 5.1.1 and Lemma 6.8.3. The first condition in (4.29b) is here

m—at vol Y, vol)f.V 1/2 2 )
197 = 915, = [ 3 e, + | (Gr) = 1| Jirool
R

vol 8X

< (Sm—ad +6‘ﬂ )

v POl

using Lemma 6.8.1 together with [t/ — 1| < |t — 1| for ¢ > 0 and the fact that
lxe ||i < 1. The second estimate in (4.29b) can be seen by

2
15w = T ull% = Y Vol Yol xell7, |f u(O)]

e€E

+ \(vol Xen) P f, u— (vol Xe )V, u

vol 5Xv

= (,32} + 2687 vol X

2 2
)(ldul’, + ull% )
applying Proposition 6.8.4 and Lemma 6.8.2. Moreover, (4.29¢) is again easily seen
to be fulfilled. Finally, (4.29d) follows from

1) =t D =[S [P () ek @ 2 FO

2

+&"/2(vol Ye)”z][ OIPARAT

e

1%, , | F0)|*

C<S 2 [m_advolaXv
—L_(v) vol X,

+ 282, (Il + i, )11 ]

using Proposition 6.8.4 again and || x,||;, < 1/£—(v). For the error estimate on 85 e

note that 8 > m(1 — o) implies that § —«a > (m — ad) and 5€7V =0 ). O

We can also allow a non-homogeneous scaling on X, namely,
m
e?X, < Xep <X, O<a<mm< e (6.58)
Then similarly as in Lemma 6.8.1, we conclude

vol 5XV
vol X,

gdler—a) =20 (X ) < A5(X,,)

vol X, < vol Xg,v < (eﬁ_("‘z_“‘)’”_"‘z + 1) vol X,,, and
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using (5.9). In particular, if «;, o and S fulfil
B > (a2 —ap)m + oy, (d + 2)a; > day,

then the two quadratic forms are again §.-partial isometrically equivalent as in
Theorem 6.9.1 with §, = O(e?) for some y > 0 depending on «;, o, and S.

6.10 The Borderline Case with Arbitrary Transversal
Manifolds: Reduction to the Graph Model

Here, we treat the case when the vertex neighbourhood volume is of the same order
as the transversal volume, i.e. we assume that

m d—1

For the notation of the spaces, see Sect. 6.8.1. The setting is similar to the one in
Sect. 6.6; we only use the decomposition (6.54) instead of (6.19). Moreover, we
use averagings over different spaces for the zeroth and first order identification
operators, in contrast to Sect. 6.5. For the notation of the total spaces on the graph
and the manifold, we refer to (6.43). Here, the parameters of the graph and the
manifold are related by

L(v) = (vol X,)~'/? and  p, = (volY,)'/?, (6.59)

i.e. the coupling factor L(v) is given by the unscaled volume of the smaller vertex
neighbourhood X, C XV.

Let us define the zeroth and first order identification operators. The operator
Jo: H —> I is given by

Jof = Pfe ® 1) ® F() ke,

e€E

=" P(f. ® ) ® (vol X)) 2F(w)1, (6.60)

e€E

as in (6.45), but with respect to the decompos1t10n (6.54). As before, %sv is the
normalised constant function on Xg = 8°‘X and ]l the constant function on X
with value 1. For the spaces of order 1, we define J,!: 7! — ' by

volX“

1= Pueroe ([

eekE

= (e ® %) ® (vol X,) 7 FW)A, ).

eelE

) ? Py,
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Note that the latter operator is well defined:

(L) 1)e(0,y) = 2 p7 1 £,(0) = 62 f(v) = &7 (vol X,) "2 F(v)
= (' )H)

forx € X due to (6.44) and (6 4), i.e. the function J 51 f matches along the different
components and therefore J! f e H'(X).

The mapping in the opposite direction is given by the adjoint J.*: S —> A
ie.

(JXu)e(s) = (Feevtte(s.))y,, = "2 (vol Y)' /2 f u(s). (6.61a)

(JEw) = (Fepw)y = (vol X.,)"*f u (6.61b)

Furthermore, we define J/!: A" — A by

(T (s) := e (vol ¥,)!/2 [feu(s) + e (s)(fvu - feu(()))], (6.62a)
J'w)(v) i= (Fey, ) x,, = (vol X, V)l/zf u=e""(vol X,)"*f u, (6.62b)

again as in (6.47), but with respect to the decomposition (6.54). Recall the definition
of the averaging operators in (6.50). To see that the operator indeed maps into the
given space, let f = (f,F) := J'u then £,(0) = 8’"/2pefvu so that f(v) =
e"*f u,and f € Cp,ie. f € H)(G). Moreover, F(v) = (vol X,)!/? f(v) and
finally, f e .

Let us now demonstrate that the two quadratic forms d(f) := YL ||29,

f € " and D are §-partial isometrically equivalent (see Definition 4.4.11 and
Proposition 4.4.13):

Theorem 6.10.1. In the borderline case « = m/d, the quadratic forms  and ?
are 8.-partial isometrically equivalent with identification operators Js, J} and J!',
where

vol §XV SEZV &2 262
vol X, " £_(v)" min, A2(Y.) Aa2(X,)

82 = max{Zsﬂ_“ . } = 0(s™)
provided 0 < & < g (see (6.52a)) and B > 3. Moreover, the error depends only
on an upper estimate of vol 91X,/ vol X, and AD(X,), and on lower estimates on
M (X)), Ax(Y,) and £,.

Recall the definition of Sw in Proposition 6.8.5.

Proof. The first condition in (4.29a) is easily seen to be fulfilled, and the second
estimate follows as in the proof of Theorem 6.9.1. The first condition of the §.-partial
isometric equivalence in (4.29b) is here
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R R ol X, 12 T2 , . voldX )
I = [(v e,v) _1] F < VI E
1o f—Jeflx, ol X, [Fv)| <e ol X XV} 0]

using Lemma 6.8.1. The second estimate in (4.29b) follows from

17w = TFull’y = €™ 3 Ixel3, vol Ye|f,u— f,u(0)

e€FE

|0l Xe)V2f u = (vol Xo) 2f, uf*

o _gvol 5XV
= nlax{(séz‘-v7 28/3 vol X }(Hdu”i;” + ||u||§ésv)

using Lemma 6.8.2 and Proposition 6.8.5. Moreover, (4.29¢)is easily seen to be
fulfilled. Finally, we have

0 ) =3 2 I = 3 pe(f5— £.10)) (S]]

~

cs 82
) 2 2
=< L||du||)5”||f’||c

T A_(v)
using Proposition 6.8.5 and ||y, ||7, < 1/4—(v). O

Note that the error we obtain here converges faster than the one in Theorem 6.6.1,
sincea =m/d > 1/2.

6.11 Dirichlet Boundary Conditions: The Decoupling Case

In this section we present an abstract graph-like manifold with non-trivial transver-
sal boundary dy X . In particular, we show that if the vertex neighbourhood is small
in a spectral sense, then the rescaled Laplacian with Dirichlet boundary conditions
on do X converges to a decoupled Laplacian on the underlying graph. The rescaling
is necessary since the lowest transversal eigenvalue A; is non-zero in the Dirichlet
case. Recently, Molchanov and Vainberg resp. Grieser (see [MV07, GO8a] and
Sect. 1.2.2) treated the general case (i.e. general vertex neighbourhoods, allowing in
principle also other types of boundary conditions like Robin-type ones). The limit
problem in the general situation depends on a scattering problem on the unscaled
manifold (with infinite ends). As in our situation here, one obtains generically only
a decoupled limit operator.

6.11.1 The Graph and Manifold Models

Let G = G, be a metric star graph having only one vertex v and degv adjacent
edges E of length £, € (0, 00]. Before defining the limit operator on the graph,
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we fix the abstract manifold associated with the graph. Assume that X = Xf isa
d-dimensional Riemannian manifold with boundary dX having a finite number of
cylindrical ends, labelled by e € E = E,. More precisely, we assume that

X=x=x0Jx

e€E

is a manifold with | E|-many ends. Here, X, := [, x Y., and Y, is a compact,
connected Riemannian manifold of dimension m := d — 1, having non-trivial
boundary d0Y,. Recall that I, = [0,£.]if £, < oo and I, = [0, 00) if £, = co. Let
us recall some notation for the different boundary components already introduced
in Sect. 6.2 (see also Fig. 6.12).

Namely, we denote by d; X and dypX the longitudinal and transversal boundary
of X i.e.

0X:= (J{tyxY. and  9pX,=0X\0,X.

e€Ein

Here, Eiy = {e € E|{, < oo} denotes the set of interior edges (i.e. edges of

finite length. Moreover, the boundary of X, decomposes as 9X, = 0X, U 9pX,, i.e.
into the internal and transversal boundary, respectively. The internal boundary has
(deg v)-many components

6x, = Jo.X,. where 8.X,=0,X, ={0}xY.

is the boundary component of X, where the edge neighbourhood X, is attached.

&

Fig. 6.12 A graph-like manifold X, with scaling parameter ¢ and Dirichlet boundary conditions
on the transversal boundary dy X.. In dark and light grey we pictured the vertex neighbourhood X,
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As in Sect. 6.2, we assume that the vertex neighbourhood X, decomposes as
X, =X, x,
e€EE

where X,, = I,, x Y, and I,, = [0,£,,] with £,, > O such that 0 < £_(v) <
£, <min{l,, 1}, where £_(v) = min, £, is the minimal edge length.

We assume that the metrics on X, and X, , have product structure d2s+h,, where
he is a metric on Y,. From Corollary A.2.7 we obtain the Sobolev trace estimate

el <R, + 2l (663
for0 <a <4¥,,and
ueH (X,,00X,) = {uecH X)) |ulyx, =0}
As scaled manifolds we consider
Yoo := €Y, Xee i =1, x Y, and Xey =Xy, (6.64)

for 0 < ¢ < 1, i.e. the edge neighbourhoods shrink in the transversal direction
of order &, whereas the vertex neighbourhoods shrink in all directions of order ¢.
Denote by X, the corresponding total scaled space.

Denote the k-th eigenvalue of the Dirichlet Laplacian on Y, by A (Y,) = AE(YB).
The quadratic form on the manifold X, is defined by

~ Al
b(u) = [|dul}, — gllulliv

where
A1 :=minAP(Y,) > 0. (6.65)
e

denotes the smallest transversal eigenvalue. This rescaling is necessary since the
first transversal mode is no longer zero. Note that AP (Y .) = e 72AD(Y,).
The limit operator on the graph survives only on the edges

Ey:={ec E|AD(Y.) =71}, (6.66)

i.e. only on those edges, for which the lowest transversal eigenvalue agrees with
the minimal eigenvalue. We call these edges thick. Let G be the corresponding
metric subgraph with edges E( and one vertex v. The associated Hilbert space and
quadratic form are given by

L,(Go) := P Li(L). b(f) =115, = D I1A17,, domb:= EDHs(L),

e€Ey e€Ey
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where H(l)(le) ={ f eH'(1,)]| f(0) = 0}. In particular, the limit operator (i.e. the
operator associated with b) is the decoupled Laplacian

A:@A(}e

e€ky

with Dirichlet condition at each point O € I, of the thick edges.

6.11.2 Some Vertex and Edge Neighbourhoods Estimates

We start with an estimate showing that no eigenfunction concentrates on the vertex
neighbourhood:

Lemma 6.11.1. Assume that A(X,) > Ay, then we have

1

2 o (dul2 = Al
. = 3y = (Il = Al

foru € H'(X,, 30X,), where A (X,) = Azox" (X)) denote the eigenvalues of the

o
Laplacian with Dirichlet conditions on dy X, and Neumann conditions on 0X,.

Proof. Applying Proposition 5.1.2 we obtain

1 1
du dull2 = Aqllul? ) + ——lul% .
lalf, = oy Ml = 5oy (el = Al ) + 5 el

By assumption, A1 /A1(X,) < 1, so we can bring the last term on the LHS and divide
by (1 —A1/A1(X,)) > 0. o

Let us make a comment on the spectral condition used in the previous lemma::

Remark 6.11.2. The condition A;(X,) > A; on the vertex neighbourhood eigen-
value A;(X,) = A?OX“(XV) and the lowest transversal eigenvalue A; is a sort
of “smallness condition” on the vertex neighbourhood. In particular, for given
transversal manifolds Y,, the eigenvalue A;(X,) has to be large enough. Roughly
speaking, this means, that X, is “small”’. We give a construction for the existence
of such manifolds in the embedded case in Remark 6.11.10 and show as well, that
the e-neighbourhood of an embedded graph does not fulfil the condition, see the
discussion taken from [P05] in Sect. 6.11.5.

Under the above spectral condition, we can also assure that the quadratic form E
is non-negative:

Proposition 6.11.3. Assume that A1(X,) > Ay, then' ) > 0.
Proof. We have
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’E(u>=2(||du||xu P bR, ) + el il

Y.
= 32 (hl, - PO, ) + ) — Al = 0

using Proposition 5.1.2. O

Next, we need to estimate the contribution of a function u on the internal
o
boundary dX, of X,. Denote by ¢, the first Dirichlet eigenfunction on Y,.

Lemma 6.11.4. We have

- /11’52 +2 2 2
( +m)(||du||xv—klllullxv)

2
< lul, <

3 ltge, w0, My, S

foru e H'(X,,00X,) and 0 <@ < min, £, .
Proof. We have

Z‘ (@e, u(0,-)) Ye

Z Jul y, < Z(andunx + ~||u||xm)

~ ~ 2
< a(duly, = i llul,) + (@ + =) lul,

- Al?lQ +2 2 2
( m)(”d”“& — Allully,)

IA

where we used (6.63) in the second inequality and Lemma 6.11.1 in the last
inequality. O

Similarly as in Lemma 6.11.1, we can show that the “thin” edges do not
contribute to the limit:

Lemma 6.11.5. Assume thate € E \ Ey, i.e. A{(Y,) > Ay, then we have
Jul, < o (Il — A al,)
e — Al(Ye) _ Al e e

foru € H' (X, 00 X.).
Proof. Applying Proposition 5.1.2 we obtain

1
2 2 2
ully = u(s) st < / d gu(s) ds
|| || X, /Ie || ||x /\1(Ye) . || Y. ”Ye

1
A1(Ye)

< Idull, = dull, — Allal,) +

1
A(Y)(
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By assumption, A;/A(Y,) < 1, so we can bring the last term on the LHS and divide
by (1 —A1/A1(Ye)) > 0. o

6.11.3 Reduction to the Graph Model

We now define the zeroth and first order identification operators. Here,

H = 1,(Go) = P Ly(L). A" = @ Hi(L). (6.67a)
e€Ey e€Ey
A =L, (X), " = H'(X,00X). (6.67b)

Let J,: # —> 7 be given by

Jf =Pfe®p)®0=c""P(f ®¢)DO0.  (6.68)

e€Ey e€E

where we set the value O on the vertex neighbourhood and on all “thin” edges
E \ Ey. Moreover, ¢, is the normalised eigenfunction of Y, , associated with the
lowest eigenvalue A (Y;.) = ¢ 2A;(Y,) > 0. Note that ¢, . = ¢~"/*¢, where g, is
the normalised eigenfunction associated with A,(Y,)) = A;. Since functions in .77’
vanish at the vertex, the map J! := J. ] 4 already respects the Sobolev spaces of
order 1,i.e. J: " — . .

The mapping in the opposite direction is given by the adjoint J*: 7 — 2,
i.e. we have

Ny g2 . ;
(J:u)g(s) — (%,esu(& ))yg_e & (QDQ,M(S, ))Ye’ ife € EO’ (669)
0, otherwise.
Furthermore, we define J/!: AV —s A by
(J'1)e(5) 7= (@ee. 1(5, ) v, — Xe($){@eer u(0, )y,
= &"2({pe (s, Nr. = 1@ @eu©)y)  (670)

on all thick edges e € Ey, and we set (J/'u), = 0ife € E \ Eo. As usual, y, is the
piecewise affine-linear with y.(0) = 1, y.(a) = 0 and y.({,) = 0 fora = £_(v).
In particular, || x.[I; = @/3 < 1and || x,||7 = a~'. Moreover, (J/'u).(0) = 0 so
that J/'u € " _
Now we are in position to demonstrate that the two quadratic forms h and b are
§-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):



360 6 Plumber’s Shop: Estimates for Star Graphs and Related Spaces

Theorem 6.11.6. Assume that
A](XV)—A1 >0, (6718.)

then the quadratic forms Y and b are S.-partial isometrically equivalent with
identification operators J., J; and Jg’ U where

Ar+2 &2 g2
82 = ° : :
: “‘a"{z_(v)z( *xl(m—x]) min, (Az.e — A1) M(Xv)—xl}

and
AQ(Y@,), ife € Ey (i.e. A](Ye) = A]),

(6.71b)
M (Y.), otherwise.

2. =

Moreover, A (Y,) = )LE(YE) denotes the k-th Dirichlet eigenvalue on Y, and Ay (X,)
the k-th eigenvalues with Dirichlet condition on dyX, and Neumann conditions on
0X, and £_(v) := min.{{,, 1}.

In particular, 8, = O(e'/?) where the error depends only on an upper estimate
of A1 := min, A, (Y,) and on lower estimates of £,, Ay — A1 and A1(X,) — Ay.

Note that min,{A,, — A;} is the distance of 1; to the remaining spectrum of
Ay = @eeE Ay(;
Proof. The first condition in (4.29a) is easily seen to be fulfilled. The second
estimate can be shown as follows:
= giaful, =" 3 [ s = tgets. Nelias + Yl
e€Ey Le e€E\Ey

a2
+ & ull,

2
A (PR e
DD ey (Il = S5l
82 Al
e d 2 " 2
" AI(XV)—AI(” .~ 2 el

1 1 Al
2 dul> — 2512
= e max| T s (laul, Sl )

using Proposition 5.1.2, Lemmata 6.11.1 and 6.11.5 and again the scaling behaviour.
The first estimate (4.29b) is trivially fulfilled, here even with equality. The second
condition follows from

* m 2
12w — I ulG, = & Y llxell7, [(@e, u(0, )|

e€ky

~ /'\«l?la +2 2 A] 2
< ea(@+ = s ) (laul, — )
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using Lemma 6.11.4 for 0 < a < min, £, and 0 <@ < min, £,, and the scaling
behaviour. Moreover, (4.29¢) is easily seen to be fulfilled. Finally, we have

007 1) =50 T2 = €| 37 e £, 0, )

e€Ey

8(~ Maz+2

T i) 1o

a
b
2 2
< (llauly,, = S5l )

using Lemma 6.11.4. Note that we also used the fact that 1| = /\?(Ye) fore € E
in the first equality of the latter estimate. The final expression for 8, can be obtained
by settinga =a = £,(v) < 1. O

Let us define the associated boundary triples in the Dirichlet case: The boundary
spaces are given by

G, :=Crm and G, = L(Yem) = @) Ly(Yeo)

e€Ein

where Eq iy := Eo N Ein and Ejpe = {e€ E|{, <oo0}. Wedenote by (I, "), %,)
and (I, F’V,%V) the boundary triples defined as in Sects. 6.1 and 6.2. Note that
the first one is bounded and elliptic (see Proposition 2.2.18) and the second is
unbounded and elliptic (see Theorem 3.4.41).

We define the boundary identification operator in the Dirichlet case by

< Foee, ife € Egn,
1.9, —%,, (I.F),:= Peer e € Loin

0, otherwise,

i.e. we choose the F,-multiple of the first Dirichlet eigenfunction on the thick edges.
The adjoint is given by (I*¥). = &"/*(g., V) for ¢ € Egjn. The transversal
operators here are

~ Ay A
— _ AD _ D
K=0 —and K=4y -—= @(AYH - 8_2)

e€E

with associated quadratic forms € = 0 on &, and £(y) = ||dy 13, ¢ *Mllv g,

For the notion of §-closeness of two boundary maps I3, and I, we refer to
Definition 4.8.1.

Theorem 6.11.7. The boundary maps
Iy H) (Go) —> CFoim, T H (X)) — L, (Yein).
Lf o= {felo)les Tou:= {u(le. e
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associated with the forms by and H are 0-close with the identification operators J ],
J! ! and the boundary identification operator I.. Moreover, I, is a §.-partial isome-
try w.r.t. € and ¥, where §; = e(min, (A2, — A))~"/% Finally, KI, = I,K(= 0).

Proof. 1t follows straightforward from the definitions that

(TT' f)e =2 f, (L) = (I.Tf)e,
(FJ"w)e = " (e u(le,)) = (IFTu),

for thick edges e € Ey . In particular, the 0-closeness follows.
For the partial isometry, /I, F = F is obvious. Moreover,

v — [Slg*wng,mm = Em(z ” Ve — (@es Ve) @e ye Z “1//6‘

e€Ey e€E\Ey

)

2

e ~
= iy Ge — ) W)

fory € dom € = |f|1 (Ye.int) using Proposition 5.1.2 and an argument similar as in
Lemma 6.11.5 on each component. The intertwining property K/, = [, K of I is
obvious, since K vanishes on the eigenfunctions ¢, of the thick edgese € Ey. 0O

6.11.4 The Embedded Case

Let us apply the previous results to the situation when the graph G is embedded
in R? and has a constant tubular radius 7, > 0 around each edge. We denote
the closed neighbourhood of G by )28 C RR? (see Sect.6.7.1 for details). The
transversal manifolds Y, here are just intervals of length r, with eigenvalues
AP(Y.) = m*k?r;%. The thick edges here are given by

Ey:={ec E|AP(Y.)=M}={eecE|r.=ry},

where

[

At = minAP(Y,) = ’:

— and r4 = maxr,,
i e

explaining the name “thick” edge. The quadratic form on X, is defined as

2

A A’l A A A~
Bty = 1Vl = 3l = 190, = S domf = HICE 0%,

Denote by h“ the restriction of f)g to the Sobolev space H! (Xge, 80X8 ¢), Where
X c.e 18 given in (6.48) and where 80X ce = BX nx c.e 18 the transversal boundary.
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We have seen in Sect. 5.4 that the metric on X, ¢ in the intrinsic coordinates 7, , X Y,
is given by
2 3.2 2272
8ee = L, ds” + &7 dy;,

ie. 66,6 is unitarily equivalent with the corresponding form b, on X, = (I, X
Y., ga.e)’ where

A
Deel(u) := ”du”%(“ - 8_21”1"”%(“’ domb., = Hl(Xa.e, doXee).

Here, we keep the slightly shortened length of the embedded edge neighbourhood,
ie. I.., = [0,4..] is an interval of length ., = £,(1 — et) for some t € (0, 1).
Moreover,

lee(s,y) =1+ exe(s)rey,

where k., denotes the curvature of the embedded edge (see (6.49)). Note that the
function b(y) = y is harmonic on the interval Y.
On the interval /.., we define a quadratic form by

2
K@
Qe (f) = IAIG,, + (fes Kefo)rer  Kei= Y

and dom g, := H(lJ(IE,e). In Proposition 5.6.6 we have shown, that b, . (and therefore
65.8) is 8.-partial isometrically equivalent with the quadratic form g, .. Note that we
used a fixed interval / in Propositions 5.6.5 and 5.6.6, but the explicit formula for
8 shows, that the result remains true for e-depending intervals. The error depends
on upper bounds on r, and ||Ke(j)||oo, j=0,1,2.

In a last step, we can get rid of the e-dependence of the interval /.., by an
argument similarly as in Proposition 5.3.7: Denote by ¢, the quadratic form with
the same formal expression as ¢, ., but now defined on domg, := H(I)(Ie). Now, it
is easy to see that q., and g, are O(e)-quasi unitarily equivalent, where the error
depends only on ||k, ||leo and ||«,|lco-

Remark 6.11.8. It is not clear if we could directly compare the quadratic form b,
with a similar quadratic form on the full space I, x Y, as in Proposition 5.4.4 for
the Neumann case. Note here, that the divergent terms with A 1872 coming from the
rescaling usually cause trouble, if they do not cancel each other exactly.

Putting the decoupled parts together, we can define a quadratic form
q:=Pa..  domg:=7" = PHU)
e€Ey ec ko

on the graph. The corresponding operator is
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where A(,)e is the Laplacian on [, with Dirichlet condition at 0 and Neumann
condition at £,, if £, < oco. Finally, we obtain the following result; its proof being
similar to the one of Theorem 6.11.6:

Theorem 6.11.9. Assume that

7T2
(X)) — 5 >0, 6.72)
s

then the quadratic form 68 is 8.-partial isometrically equivalent with the decoupled
form q as defined above with the curvature induced potentials, where §, = O(g'/?).
The error depends only on lower bounds on £, and A (X,) — nzrf, and on upper
bounds on min,e g\ g, (r+ — re), |[kelloos 160 |00 and ||k || oo-

6.11.5 The Spectral Vertex Neighbourhood Condition

We finish this section with a comment on the smallness condition (6.72) on the
vertex neighbourhood X, and give examples where this condition holds or fails. To
simplify the presentation, we assume that the star graph G is again embedded in R2.

First, we show, that the condition can always be fulfilled, provided the vertex
neighbourhood is small enough:

Remark 6.11.10. Suppose that we start with the closed 1-neighbourhood denoted
by X,(0), i.e. we set ¢ = 1 and regard the unscaled vertex neighbourhood X,.
For simplicity, we assume that the curvature vanishes near the vertices. Therefore
X,(0) is bounded by straight lines. Then we deform X,(0) smoothly in order to
obtain a family X, (t), ¢ > 0, shrinking to the graph, but fixing the boundary parts
0. X,(7) = 0. X,(0), e € E,, where the edge neighbourhoods touch (cf. Fig. 6.13).

As in [P03a, Sect. 7] we can show that the first eigenvalue of the Laplacian on
X, (7) tends to oo, i.e.

A (X, (1)) = o0 as 7 — oo,

where we impose Dirichlet boundary conditions on the transversal boundary
doX,(7) and Neumann boundary conditions on the internal boundary 0X,(t) =
U, 9. X.(7) (see Fig.6.13) In particular, we can always find some 7 € (0, co) for
which X, := X, () satisfies (6.72). Fixing this shrinking parameter 7, we obtain an
(e-unscaled) vertex neighbourhood X, fulfilling the desired estimate.

An Example Not Satisfying the Smallness Assumption

Let us briefly give an example of a vertex neighbourhood not satisfying (6.72).
For suitable vertex neighbourhoods (e.g. arising from the e-neighbourhood of a
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Fig. 6.13 The original vertex
neighbourhood X, (0) (light
grey) and the shrunken vertex
neighbourhood X, (7) (dark
grey). The internal boundary
is drawn by a thin solid line,
and the boundary component
e X, () = 0. X,(0) by a
thick solid line

b.’)><>

Fig. 6.14 A simple trial function supported in a neighbourhood of the vertex has an eigenvalue
below the threshold A1/e* = 72 /(r4¢)* withry =2

graph) we will show the existence of an eigenvalue below the threshold A /e =
72/ (r4+&%). The case of an e-neighbourhood of a vertex with four infinite edges
emanating (a “cross”) is considered in [SRW89] and [ABGMO91]. In the former
reference one can also find a contour plot of the first eigenfunction. In particular,
the rescaled operator Al))z — 72/ (r+€%) is no longer non-negative, i.e. (6.72)
fails. '

The existence of such an eigenvalue below the threshold can easily be established
by inserting an appropriate trial function in the Rayleigh quotient. We consider
a graph with one vertex and three adjacent edges of length £ and denote its -
neighbourhood by X.. We decompose X, into three rectangles X, . and three sets
A.. asin Fig. 6.14.

On the rectangle X, ., we use the coordinates 0 < s < £ and —¢ < y < & where
s = 0 corresponds to the common boundary with A, .. We extend these coordinates
from X, ., onto A, and define
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e o Ty
u(s,y) == e 2 x(s) cos(g)

as a test function on each of the three sets X, U A... Here, y(s) = 1 fors < 0
(i.e.on Ag.), x(s) = cos(mws/(2ex)) for0 < s < ke and y(s) = O0fore <s < ¥
where k > 0 is some constant to be specified below. Although u is not differentiable
across the different borders (but continuous), it still lies in the quadratic form domain
HY (X, 90 X).

A straightforward calculation yields

||du||§2€ n? ( 8k coso + 3w sina — 16k ) w2 6.73)

||u||§2 462 \((3w2 —4)cosa + 32k sina + 8)x/ 462 '
This quantity is negative for all 0 < o < 0.937 if we choose e.g. k = 3. In
particular, there exists a negative eigenvalue of AD — A1/&? of order £72, and

Condition (6.72) fails here for any choice of vertex neighbourhoods X, ,, since
AD — 72/(2¢2)? is no longer non-negative (see Proposition 6.11.3). Note that the
vertex neighbourhoods X, , are not uniquely determined. One could enlarge X, , at
each edge emanating by a cylinder of length ae taken away from the corresponding
edge neighbourhood.

It was shown in [G08a] that the negative eigenvalues of AD A1/&? do not arise

from a problem formulated on the graph, but from a scattermg problem on a related
space obtained from the unscaled vertex neighbourhood X, with infinite cylinders
Xeoo = [0,00) x Y, attached. The dependence of the leading order on the angle
« in (6.73) indicates that the behaviour should depend on the angles of the edges
meeting at a vertex.



Chapter 7
Global Convergence Results

In this final chapter, we prove convergence results for general metric graphs and
the associated graph-like manifolds. In particular, we show resolvent convergence,
convergence of the discrete and essential spectrum and of resonances. The idea
is as follows: we decompose a general metric graph G given by (V, E, 9, £) (cf.
Sect.2.2) and an associated graph-like manifold X, into star graphs G, and their
graph-like manifolds X ;LV For such spaces, we already showed the convergence of
the associated quadratic forms 9, and 9, (more precisely their 8, (v)-partial isometry
resp. 8. (v)-unitary equivalence). The corresponding vertex coupling depends on the
behaviour at the vertex region, and is encoded in a space %, C C*" at each vertex.
For example in the “fast decaying” case (including the case of a e-homothetic
vertex neighbourhood X, = &X, in the centre), we have ¥, = Cp(v), where
p(v) = {peecr and p, = (volY,)'/? is the square root of the transversal volume.
The precise model settings are fixed in the previous chapter.

In Sect.7.1 we define boundary maps coupled via the graph G (cf. Sect.3.9
for a definition) starting from the boundary maps associated with the star-shaped
spaces G, and X together with their quadratic forms 9, and ?,. To do so, we need
suitable global assumptions like e.g. a positive global lower bound inf,cx £, > 0.
Note that the Neumann operator associated with the coupled boundary map is the
original operator on G resp. on X.. We can then use an abstract convergence result
for coupled boundary triples (I', I, %) and (F T ,%9) developed in ~Sefc\t/. 4.8 (more
precisely, we only need coupled boundary maps I": #' — G and I': ' — 9).
This convergence result needs again some global assumptions, assuring that the
local error terms 8.(v) are uniformly convergent, namely that sup, 6.(v) — 0 as
e — 0. We treat the different cases depending on the scaling behaviour at the
vertex neighbourhood resp. the boundary conditions in Sects. 7.1.1-7.1.4. We also
comment on the situation, when the metric graph G is embedded in R? and X, is a
small neighbourhood of G in R2, in Sect.7.1.5.

In Sect. 7.2, we use the abstract convergence results for resonances developed in
Sect. 4.9. We recall some facts, in particular the definition of the complexly dilated
operators HY and Hf . Their discrete eigenvalues are (locally) independent of the
complex parameter 6 and actually poles of a suitable meromorphic continuation of

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 367
DOI 10.1007/978-3-642-23840-6_7, © Springer-Verlag Berlin Heidelberg 2012
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the resolvents (A; —z) "' and (A —z) ,1.e., resonances (see Sects. 3.6-3.8). Note
that in the cases, when the limit operator on the graph decouples (like in the slowly
decaying and the Dirichlet decoupled case), all resonances on the graph are real-
valued and embedded eigenvalues in the continuous spectrum. These eigenvalues
are seen on the corresponding graph-like manifold as resonances converging to
the real eigenvalues. This phenomena is related to a Helmholtz resonator (see
Remark 1.4.6 and Corollaries 7.2.8 and 7.2.13).

7.1 Spectral Convergence for Graph-Like Spaces

Let us now explain in more detail how the global spaces and the operators can be
obtained from the corresponding objects on the star graph. Let G be a metric graph.
Metric graphs and its associated operators are introduced in detail in Sects. 2.2
and 2.3. We decompose G into its star-graph components by splitting each edge
of finite length (i.e., interior edges e € Ej,) into two halves. Next, we collect the
half-edges (and edges of infinite length, i.e., exterior edges e € E.x) adjacent to a
vertex v in order to form a star graph G,. We similarly decompose the graph-like
manifold X, into its closed star-graph components X, i.e. we have

e’

for the graph and the manifold respectively.! For the precise definition of the star
graph neighbourhoods X, associated with the star graph G, with different scaling
behaviour near the Vertex we refer to Sects. 6.2 and 6.8. If we consider a metric
graph G embedded in some ambient space R and an associated graph-like space
X, C R4, we obtain additional error terms, cf. Sects. 6.7.1 and 7.1.5.

We have proven in Chap. 6 in various cases, that the quadratic form ||du||§( 4 is

8¢ (v)-partial isometrically equivalent with a corresponding quadratic form on the
star graph, where §,(v) — 0 as ¢ — 0. Using the abstract setting of boundary maps
coupled via graphs (see Sect. 3.9), we can define a boundary triple associated with
the forms on G and X, respectively. The boundary maps (and triples) I: 77, !
¢, and F ,%” I 54 associated with G, and X}, were defined in Sects. 6 1 1-
6.1.3 and Sects 6.2.3-6.2.4, respectively. For the D1r1chlet case, see Sect.6.11.3
(in the sequel, for the Dirichlet case, one has to replace E,;,, = E, N Ejy by
Eoyint = Eo N E, N Ejy, the set of thick edges, see (6.66)).

Let us recall the setting here: We have ¢, = CEvin and (I, f), = f.(£./2).i.e.,
we evaluate f, on the midpoint of the edge e € E, . The space 5! depends on
the model setting, but near the midpoints of an edge, f, is in H!.

'The notation G = '), G, means “disjoint union up to measure 0.
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On the manifold model X, we have G, = L, (Yein) where 9, XF, i= Yejn =
e E,. Yee 18 the disjoint union of the transversal manifolds of the interior edges
agjaceht to v (for the boundary notation of manifolds, see Sect.5.1.1). Here,
(I'vu)e = ue(€./2,-). Locally, X, is of product structure near the (longitudinal)
boundary 9; X 1.

Let us first check that we can define boundary maps coupled via the graph
(V, E, ) from the boundary maps. Here, Gj,, denotes the graph obtained from the
graph G by deleting all exterior edges (edges of infinite length). For the Dirichlet

case, one has to delete in addition the non-thick edges.

Proposition 7.1.1. Assume that infec £, > 0, then the boundary maps I,: 7, I —

9, and F H — % associated with G, and X}, are compatible with the graph
Giny_(see Definition 3.9.1), and the coupled boundary maps I': #' — 4 and

T:#" — G as defined in (3.92) exist.

Proof. The compatibility is obvious from the construction, namely weset [, f 1=
fe(€e/2) and Fvgu = u,({./2,-). Moreover, 4, := C and 4, = L ,(Yee). We
now have to check the conditions of Proposition 3.9.2. In both cases, we estimated
the norm of I, and T, by 2/inf,{</C,, 1} (see Propositions 6.1.4, 6.1.6, 6.1.7
and 6.2.9), which is finite by assumption. Moreover, f € vale iff for(€er/2) # 0

only for e = ¢/, and similarly for u € %ﬁe Now, %1/ 2> C = ¢, and
?2/1’5 HY/2(Y,,) = /2, so that in particular %,/* and ¥}/? are dense in %,
and ¢,.. Therefore, the result follows by Proposition 3.9.2. O

It is now easy to see that the Neumann operators of the coupled boundary triples
are the original operators on G resp. X,: For example, on the manifold, the quadratic
form on the coupled system is defined on the domain

K = {“ € @Hl(X:v) | Fa_e,eu = Fa+e,eu, Vee E}

The conditions on the boundaries Fa_g.eu = 7;3 4e. JUSt mean continuity, so that

7" equals the Sobolev space H!(X,) (resp. Iill(Xg) in the Dirichlet case), i.e.,
the domain of the quadratic form associated with the original Laplacian on X,. In
particular, the Neumann operator HN of the coupled system is just the Laplacian
Ay, (resp. AI,)(S). A similar remark holds for the operators on the metric graph.

Let us now fix the scaling on the vertex neighbourhoods and the corresponding
limit operators.

7.1.1 Fast Decaying Vertex Volume

We start with the fast decaying case. Recall that each star graph neighbourhood X :‘V
decomposes as
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X5 =X U ) Xeeo

e€k,

In the fast decaying case, we assume that each vertex neighbourhood X, , behaves
like
] m d—1
eX, < Xy <&°X,, where — = — < a <,

d d

(see (5.9) for the notation). For simplicity, we assume that the scaling rate « is
independent of the vertex v. The convergence for the quadratic forms associated
with the star graph G, was established in Sect.6.4. Let us now define the global
spaces associated with the entire graph G. The space ¢ and the quadratic form 0
on G are defined by

=L,6G) =P1.. o(f) =D 1L,

e€E e€E

A= domd :={ f eH], (G)| f(v) eCp(y) VveV}.

The corresponding operator is the weighted standard Laplacian A := A, given by
(Ag f)e = —f, and domain

domAg = {ueH, (G)| f(v) eCp(v), > pe_; () =0V¥veV}

e€k,

see Corollary 2.2.11. The weights of the vertex space #;, = Cp(v) are given by
e := (vol Ye)l/z, where p(V) = {pe}ecE, -
For the manifold, we set
H=Ly(X),  dw :=|dul}  and ' =dom?d := H'(X,).
The associated operator A=A x, is the Laplace operator with Neumann boundary
conditions if 0X, # 0.

In order to assure the global convergence, we need some uniformity conditions.
Namely, we assume that

(_:=infl, >0, Jo(E) := inf A2(Y,) > 0, (7.1a)
e€E e€E

vol X,
voly := sup

2 o, A, (V) = inf A5(X,) > 0, (7.1b)
veV yol aXV vev

where A,(Y,) and A,(X,) denote the second (first non-vanishing) Neumann eigen-
value of Y, resp. X,,.
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Theorem 7.1.2. Assume that the above global assumptions (7.1) are fulfilled. Then
2 and D are 8.-partial isometrically equivalent, where §; = O(£@?=™/2) depends
only on the above global constants. In particular, if the vertex neighbourhoods scale
of order ¢ (i.e. « = 1), then 8, = O(&'/?).

Proof. The §, ,-partial isometry of 0, and D, follows from Theorem 6.4.3. Moreover,
the boundary operators I, and I, are O-close with the corresponding identification
operators J,! and J/' by Theorem 6.4.4. The step from the estimates on each star
graph G, to the global graph G follows now from Proposition 4.8.3 (7). Note that
we need (7.1) in order to assure that §, := sup,, 6., < oo. O

7.1.2  Slowly Decaying Vertex Volume

In the slowly decaying case, we use the decomposition

where X, ¢.v 18 either the homogeneously scaled manifold X, = ¢* X, (see Sect. 6.2)
or the homogeneously scaled manifold X., = &“X, together with the truncated
cones Xg,,e, i.e. XSV = Xav =X, U UeeE eve (see Sect. 6.8). In both cases, we
assume that the scaling rate « fulfils

m d—1
0l<a<—=—.

d d

The convergence for the quadratic forms associated with the star graph G, was
established in Sects. 6.5 and 6.9.

Let us now define the global spaces and operators. The space 7 and the
quadratic form 0 on the (extended) metric graph G are given by

H = L,(G) @ L(V), o0/ = ILIR

e€E

A i=domv = { f = (£, F) € HL(G) ® {,(V) |/ =0VveV]
Note that the quadratic form is decoupled. The corresponding operator

A=4ag00=PAY &0

e€E

is as well decoupled. In the terminology of Sect. 2.3, A is the extended operator with
L = 0 (see Corollary 2.3.4). For the manifold we set

H=Ly(X),  dw) :=|dul}  and  IZ':=dom?d:= H'(X,).
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Note again that A=A x, 1s the Laplacian with Neumann boundary conditions if X,
has a non-trivial boundary. The global assumptions are

{_:=inf{, >0, A (E) := inf A,(Y,) > 0, (7.2a)
e€E eceE

.. volX,
vol_ := inf

vev vol?)XV

> 0, 2a(V) 1= inf 25(X,) > 0, (7.2b)
ve

where 1,(Y,) and A,(X,) denote the second (first non-vanishing) Neumann eigen-
value of Y, resp. X,. Moreover, we need either

sup C, < 00 or AD(V) = supAD(X,) < 00 (7.2¢)

veV

depending on whether we used the vertex neighbourhood X, = X,y of Sect. 6.2
with homogeneous transversal manifolds or the space X&V = X&v with attached
truncated cones (see Sect.6.8). Here, C, is defined in (6.15) as bound on the
derivative of the homogeneous embedding ¢,: &Y, < Y, and AD(X,) is the second

eigenvalue of X, with Dirichlet condition on §X , and Neumann condition on do X,
if dp X, = 90X, N X, is non-empty.

Theorem 7.1.3. Assume that the above global assumptions (7.2) are fulfilled. Then
0 and 0 are §.-partial isometrically equivalent. Moreover, the error is of order §, =
O(eminttn—ad)/2.0}) qnd depends only on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.5.1,
6.5.2and 6.9.1. O

7.1.3 The Borderline Case

Let us here use the construction of the vertex neighbourhood X v With the truncated
cones attached (see Sects. 6.8 and 6.10). Recall that the homogeneously scaled
(central) vertex neighbourhood X, , = ¢%X, is assumed to scale with rate

The convergence for the quadratic forms associated with the star graph G, was
established in Sect. 6.10.

Let us now define the global spaces and operators. The space 7 and the
quadratic form 0 on the (extended) metric graph G are given by

H = 1L,(G) ® L(V. |pP). o)=Y I

e€E
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A" = domd = { f = (f.F) e HY(G) & (,(V.|pP) | f(v) = LO)F()VveV },
where

e = (olY,)"?> and  L(v) = (vol X,)" "2
Recall the notation f (v) = f(v)p(v) and

SO) ={feW}eer. HL(G) ={ [ € Hu(G) | f(v) € Cp(v) Vv e V.

Moreover, £,(V, | p|?) is the weighted £,-space with norm given by ||F||% Wipl) =
N

> LIF(v)[?| p(v)|?. Note that the space and the quadratic form are the extended space
and form associated with the standard weighted quantum graph with operator L =
{L(v)}, see Sect.2.3. In particular, we have 77 = .0 =0, and A = %1,
where L = {L(v)} acts via multiplication on £,(V, |p|?). The operator associated
with the quadratic form d is A = Ay with domain

domA ={f ¢ H3(G) & 6,(V. |pl*) | f(v) = LO)F(v) Vv e V },

and acts as

7 // L(v)
af =-1ee oo ZE n 7w}

(see Corollary 2.3.5).

Remark 7.1.4. The above operator couples the extra state space £,(V, |p|*) non-
trivially. Note that the eigenvalue equation A f =1 f reads as

1= e > ol Y2 F (4 = 2 (ol X))

vol E)X‘ ¢cCE,
for each edge e and each vertex v. Considering only the graph part, we can

think of this operator as of a delta-interaction with energy-depending strength (see
Remark 2.4.4 (1)).

For the manifold we set again
= L,(X,), ) = ||du||§(g, and ' ;= dom?d := H(X,),

and A = A x, is the (Neumann) Laplacian on X.. The global assumptions are

(= infl, >0, Ao(E) := inf A(Y,) > 0, (7.3a)
eeE ecE
1X,
vol_ = inf 22 5 0, Aa(V) = inf Aa(X,) > 0, (7.3b)
Ve

eV yvol 8X



374 7 Global Convergence Results

AD(V) :=sup AP (X,) < oo, (7.3¢)

vevV

where A,(Y,) and A,(X,) denote the second (first non-vanishing) Neumann eigen-
value of Y, resp. X,, and AY(X,) the second eigenvalue of X, with Dirichlet

o
condition on d.X, and Neumann condition on dy X,,.

Theorem 7.1.5. Assume that the above global assumptions (7.3) are fulfilled. Then
0 and 0 are 8,-partial isometrically equivalent, where §; = O(¢“~V/4) depends
only on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.6.2
and 6.10.1. O

7.1.4 The Dirichlet Decoupled Case

Let us now treat the case when the Laplacian on X, has Dirichlet boundary
conditions on dX, # 0. Before defining the limit graph space, we need some
more information on the manifold approximation. Let G be a metric graph given
by (V, E, d,£). To each edge e € E, we associate the transversal manifold Y, with
non-trivial boundary 9Y, # @. Note that the lowest transversal eigenvalue AP (Y,)
of the Dirichlet operator on Y, is no longer 0. In particular,

AP (Ye)
2

)Lllj(Ys,e) =
&

diverges as ¢ — 0. We therefore need a rescaling in order to expect convergence.
Denote by
A= in£ AP(r,) (7.4)
[4S]

the infimum of all lowest transversal eigenmodes. We have already seen on a star
graph in Sect. 6.11 that only those edges survive in the limit operator which have
the lowest eigenmode equal to A, namely

Ey:={e€ E[A(Y) = A1},

i.e. Ey is the set of edges for which the infimum is achieved. We assume here that
Ey # 0.

Let us now define the limit space. The Hilbert space .77, the quadratic form 0
and the operator A on the metric graph G are given by

H=1L,Gy). )= Y AR, A= domd = DR,

eeky e€kEy

A=A, doma=@H1)NH L)),

e€Ey e€Ey
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Note that the limit operator is decoupled. However, we do not need an extra discrete
space as in the slowly decaying case of Sect.7.1.2.
For the manifold we set

—~ ~ A _~ o
= 1L,(X), w) = |dul}, — S ul}, and ' = = H!(X,).
& 8 &
The corresponding operator is A= AD — =%, where AD denotes the Laplacian
with Dirichlet boundary conditions on BX The global assumptlons are
{_:=inf{, > 0, A2 (E) = inf ()LzD(Ye) — A?(Ye)) >0, (7.5a)
¢€E e€Ey

M(E) == inf (AP(Y,) = A1) > 0, A;(V) == inf (A;(X,) — A1) > 0, (7.5b)
e€E\Ey vev

where AE(Y()) denotes the k-th Dirichlet eigenvalue of Y, and A,(X,) the first
Dirichlet Neumann eigenvalue of X, with Dirichlet condition on the boundary
part doX, coming from 0X, and Neumann conditions on the parts ZC;XV =
Ueek, de Xy, where the edge neighbourhoods are attached. Recall the definition of
Ay in (7.4).

Note that the condition A, (V') > 0 is a global smallness condition on the vertex
neighbourhood X, see the discussion in Remark 6.11.2 and Sect. 6.11.5.

Theorem 7.1.6. Assume that the above global assumptions (7.5) are fulfilled. Then
2 and 0 are §8,-partial isometrically equivalent, where §, = O(&'/?) depends only
on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.11.6
and 6.11.7. O

7.1.5 The Embedded Case

Let us make a short comment on the case when the graph G is embedded in R?,
and the manifold X, is a closed neighbourhood of G in R? (see Sects. 6.7.1 and 6.7)
with constant radius r, > 0. The previous theorems remain true, if we assume
additionally that

supr, < 0o, sup ||ke lloo < 00 and sup ||/cé loo < 0.
e e e

In the Dirichlet case, we need in addition

sup [l lloo < o0
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We allow variable radii r.: [, —> (0, 00) for the edge neighbourhoods, and set
Y, = [-1/2,1/2] as fixed transversal manifold. Moreover, we need the additional
uniformity assumptions

sup |7 |loo < 00, sup ||re_1||oo < 00 and sup |7} |loo < 00.

In the limit, we obtain the operator

(Df)e =~ (re )

(see Remark 6.7.5) in L,(G,r) = @, L, (L., re(s)ds.) with domain

dom D = {f e H2 (G)| f continuous, Z re(v) z; (vy=0Vve V}.

max
e€E,

The transformation f ? = {re1 2 fe}e yields a unitary operator from
L,(G. r.(s)ds.) onto the unweighted space L,(G). If we assume in addition that
sup, |7/ loo < o0, then the operator D transforms into

(Bf)e = _7/e/ + Qe?e,
with domain dom D given by

~ ~ 1

~ af ~
{f eHL(G) | f) = fWpW). oL Yo peW) [, )+ L)) = 0},
e€kE,

(see Proposition 5.5.3 and Remark 6.7.5). Here, p(v) = {p.(v)}cek, and p.(v) =
r.(v)'/2. Moreover the potentials on the edges and vertices are given by

1
Qc:=q;+q,  qoi=5(ogre) and L) =} qe()pe(v).

e€k,

Note that

Qe = (27’:)2 - (2rrge)/ and - E0 = % 210

e€E,

In particular, we obtain a Schrodinger-type operator with edge potentials Q. and
vertex potentials (or delta-interactions) of strengths L(v). Recall that D is still a
non-negative operator since D is a non-negative operator, although L(v) and Q.
may achieve negative values.
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Remark 7.1.7. In [P06] we showed that the manifold operator is close to the above
weighted graph operator D with the weaker assumption of a lower bound on r, only
near the vertices. Therefore, we may also allow infinite edge neighbourhoods with
decaying radius function r,. Note that the Hilbert spaces L,(/,, r.(s)ds.) and L,(.)
differ in general.

For example we can treat horn-like shapes as in [DS92]. If the spectrum of the
Laplacian on the corresponding edge neighbourhood X, is [0, 00), then the spectral
convergence following from the quasi-partial isometry of the forms does not give
new information. Nevertheless, one can show the convergence of resonances or
embedded eigenvalues in this case (see Sect.7.2). On the other hand, the spectrum
on X, is purely discrete, for example for radial functions decaying fast enough
like r.(s) = e’ B > 1 (cf. [EH89,DS92]). An example of a horn-like end with
infinitely many spectral gaps in the essential spectrum was constructed in [LoOl,
Thm. 3]. In principle, these results can be recovered with our analysis.

7.2 Convergence of Resonances

In this section we want to show the convergence of resonances of non-compact
graph-like manifolds. Resonances are defined as (complex) eigenvalues of a com-
plexly dilated operator (see Definition 3.8.3). Our spaces here have a finite number
of cylindrical ends, and therefore the spectrum of each of the operators is always
[0, 00) (as a set). The method of complex dilation allows to ’reveal’ eigenvalues
embedded in the essential spectrum, as well as poles of a meromorphic continuation
of the resolvent. For simplicity, both, the embedded eigenvalues and the poles, will
be called resonances.

Before explaining some concrete examples, recall that we have proven a quite
general result on the convergence of resonances in Sect.4.9: Once, we are able to
show that the quadratic forms on the interior spaces (e.g. on a graph and a shrinking
manifold) are §.-quasi unitarily equivalent for some §, — 0 (and some other natural
conditions), we may conclude the convergence of resonances of the associated non-
compact spaces with half-lines and cylinders attached.

For the convergence of resonances, the case of a decoupling limit operator as in
the slowly decaying or Dirichlet case is also of interest. Namely, we obtain the non-
trivial information that for each discrete eigenvalue (e.g. of a decoupled component
of the graph) there is a resonance converging to this eigenvalue.

Let us first define the corresponding boundary triples (for the general notion, see
Sect. 3.4). Assume that G is a non-compact metric graph with finitely many exterior
edges

Egi:={e€E|l, =00}

For technical reasons, we use a cut into an interior and exterior part away from the
vertices. In particular, we denote by Gjy, the subspace of G consisting of all interior
edges and all vertices, and the segment [0, 1] for each exterior edge e € Ey (i.e. we
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cut at s = 1 along each half-line). Consequently, the exterior part Gex consists of
| Eex¢|-many disjoint half-lines [1, 00). When associating the corresponding graph-
like manifold, we do not consider the boundary points 1 € I, = [0, 00), ¢ € Ecx as
vertices (see Remark 2.2.17). Since the boundary G := Giy N Gex can be labelled
by Eext We use

@ = CEext

as associated boundary space. The boundary maps

T — 9 and w2 —«

are defined by
(L f)e == fe(1-), (Fextf)e = fe(14). (7.62)
(G e = f0(12), (F&ee = f/(14), (7.6b)

where 11 denotes the limit from the left/right. The spaces %' and #> will be
given later on, but for the boundary triple, only the contribution of f, € H'(R)
resp. H*(R.) and the quadratic form near dG play a role. Both are the same in all
our examples below.

Let X, be a graph-like manifold associated with the metric graph G. We use
the corresponding split into an interior and exterior part X, in and X, x. Namely,
X..int consists of all vertex neighbourhoods X, , (resp. X, e.v If we need the attached
truncated cones), all interior edge neighbourhoods X, ., e € Ej, and the exterior
edge neighbourhood segment [0, 1] x €Y,, e € Ec. Consequently, the exterior part
Xeext 1s the disjoint union of the half-infinite cylinders [1,00) X €Y,, e € Eex.
Denote by Y, := X, int N X¢ext the common boundary. Note that Y, is isometric to
the disjoint union of all transversal spaces Y., = ¢Y,. The boundary space on the
manifold is

G :=L,(Y) = P L)

e€Eext
with boundary operators
Lo\ — 9 and Lol —9
given by
(Feintt)e = ue(1-,-), (Feexitt)e = te(14,+), (7.7a)
(Finte =t (1), (I ete = tto(14.).  (7.7b)

Here, ' = d,u denotes the longitudinal derivative. Moreover,
%}, = Hl(Xa,.), 7/82, = HZ(X&.),

and the Sobolev-maximal operator is the Laplacian on X, ..
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Remark 7.2.1. Note that we have shown in Proposition 3.8.8 that the definition of
resonances is independent of where we make the cut into an interior and exterior
part. For computational reasons it easier to split the graph at the initial vertices d—e
of the exterior edges e € E.x. The jump condition then becomes part of the vertex
condition of the metric graph.

Let us now assume that the interior graph is compact, i.e. that
|Einl| < o0,
where Ejy := E \ Eex, although some of the results remain true for non-compact

interior spaces.

7.2.1 Fast Decaying Vertex Volume

We start again with the fast decaying case. For the notation of the spaces we refer to
Sect.7.1.1. Let us first define the dilated coupled boundary triple together with the
complexly dilated operators H? and H?. On the interior part of the graph, we set

~'
S =Hy(Ga)  and W ={feH (G| Y p. [, () =0VveV}
e€k,

Recall the notation

HY (Gin) := { f € Hypo(Gind) | Vv € V 3f(v) € C: f(v) = f0)p() ) (7.8)

and

p(V) = {pe}eEEvv Pe = (VOI Ye)l/27 1(\/) = {fe(v)}eEE‘,»

On the exterior part, we simply have

AL = H (Gey) and 2

“ext *

= Hz(Gext), where Hk(Gext) - @ Hk(R+),

ext *
e€Eex

The Sobolev-maximal operator Aq acts as (Ao f)e = —f) for f € #2. We denote
by ?. the quadratic form given by

W) =D IR domd, := H} (G.).

e€Ee

The transversal operators resp. quadratic forms on the cylindrical ends are

K:=0. t=0. K.:=@4,,. =) ldvl;,

e€ Eext e€FEext
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with dom¢, = P, Eou H!(Y..). For the notion of (elliptic) boundary triples and
the coupled versions we refer to Sects. 3.4-3.6.

Proposition 7.2.2. Assume that the interior metric graph is compact with finitely
many attached half-lines (i.e. |E| < 00). Then the following assertions are true:

1. The triples (I, Iy %) and (Ipjn. I, %) are elliptic boundary triples
associated with the quadratic forms iy and V. iy, respectively. The boundary
triple (li, 1. 9) is bounded

2. The triples (I'ext, =1, 9) and (Icext, =1} ox» 9e) are elliptic boundary triples
with transversal operators K = 0 and K., respectively. In addition, the triple
(Fexts Tlyy» 9) is bounded. Finally, K, has purely discrete spectrum given by

A (Y,
oK) = {0 ke, e e £,
€
where A (Y,) is the k-th eigenvalue of Y.. Moreover, the eigenvalue 0 is of
multiplicity | Eex|.
3. The coupled boundary triples (I, "', 9) and (I';, I’} . 9;) are elliptic.

Proof. The ellipticity of the two interior boundary triples follow from Proposi-
tion 2.2.18 for the metric graph and from Theorems 3.4.39 and 3.4.40 for the man-
ifold. For the exterior boundary triples, the ellipticity follows from Theorem 3.5.6.
The ellipticity of the coupled boundary triples is shown in Propositions 3.6.13
and 3.6.11. The assertion on the spectrum of K, is a consequence of the fact that the
boundary Y, = (J,cp Ye. is compact as finite union of compact manifolds. Note
that A,(Y,) = Oforall e € Ey,. O

For convenience, we recall the notion of a complexly dilated operator, i.e. the
Neumann operator of the associated dilated coupled boundary triple (see Sects. 3.6—
3.7). On the metric graph, the dilated coupled operator acts as

Hf)e=~1. (H'f)e = -2 fV

for interior resp. exterior edges. The vertex conditions, especially the jump condi-
tions at the boundary Giy N Geyt, are encoded in the domain

dom H? := {f eW D Wxt i Fexef = eI L f, Fe;tf = eQ/Zme}

nt

On the manifold, we have
(H Wi = Ay, 0. (Hlwe = —eu + (d @4y, ue

on the interior part resp. on exterior edges. The domam contains the jump conditions
at the common boundary ¥, = X,. N X

g,int &, CX[’
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dom Hﬁ = {MEHZ(Xs.im)@HZ(Xe,eXt) | et = ee/zrs.imuv Fg/

extd = e6/21—:»3/,ir1tu }
Let us summarise the facts about the graph operator A, = H 0 and its dilated
counterpart H?Y (cf. Theorems 3.7.14 and 3.8.2):

Theorem 7.2.3. Assume that the interior metric graph is compact with finitely
many attached half-lines (i.e. |E| < 00). Then the following assertions are true:

1. The complexly dilated coupled operator HY has spectrum in the sector Xy =
{z € C|l|argz| <O, the family {H%}q is self-adjoint and depends analytically
onf e Sy =R+ (—19/2,9/2)i.

2. The essential spectrum of HY is given by

O—ess(He) =e ¥ [0, 00)

with multiplicity | Eex|.

3. The spectrum o(H?) depends only on Im@ and o(H?) = o(H?) (complex
conjugation).

4. The discrete spectrum og(H?) is locally constant in 0, i.e. if 0 < Imf; <
Im6, < 19/2 then O’disc(Hel) C O’diSC(HGZ).

5. For 6 ¢ R we have o(H?) N[0, 00) = 0p(Ag), where 0,(A;) denotes the set
of eigenvalues of A, i.e. the eigenvalues of A, embedded in the continuous
spectrum are unveiled.

6. The singular continuous spectrum of H is empty.

We have exactly the same statement for the manifold operators A, = H? and H?,
except that
- Ae(Ye)
GeSS(Hf) =e %[0, 00) U U —5 ¢ 210, 00).
k=23, ;e€b ©

In particular, only the first branch (of multiplicity | Eex|) does not tend to co as
e — 0. Recall that a resonance of A is a discrete eigenvalue of H? for [Im 6|
large enough (see Definition 3.8.3). Note that the definition does not depend on 6
by (4) of the previous theorem. Similarly, we define a resonance of Ay .

Let the boundary identification operator be defined by '

19 =Cl~x — @ (I.F), := ¢ "?F,%,,

i.e. we extend the single value F, to a constant normalised function on Y,. The
adjoint is given by
(Ig*(p)(’ = Sm/z(VOl Ye)l/zfe‘p'

In particular, we obtain a closeness result for the boundary triples (/in, I, %) and
(Feints Fg’ > Ze), using the first order identification operators Js1 and J, 8’ ! defined on
each star graph by (6.32) and (6.34). We assume that the cut-off function y, used
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in the definition of J/! on the exterior edge e has support in [0, 1]. In particular, we
then have

(L )e(y) = 2(volY,) "2 £,(1)  and  (J'w)e = ™ *(vol Yo)' 2 f u(1)

for e € E.y. For the notion of §-closeness of two boundary maps [y and I jne We
refer to Definition 4.8.1.

Proposition 7.2.4. The boundary maps iy and I, ijn associated with the forms iy
and Vg iy are 0-close with the identification operators ng, Js/ U and the boundary
identification operator I,. Moreover, I is S:E—partial isometrically equivalent of
order 1 w.r.t. the forms € = 0 and €., where §, = e(mineef,, A2(Y,))~Y2. Finally,
ran I, C dom K, and K.I, = I.K(= 0).

Proof. The O-closeness follows from the definitions, namely,

(T e = 2 £o(0)E, = (I T f)e,
(Ent-]g/.limu)e = Sm/z(VOI Ye)l/zfeu(l) = Ig* Fs,intu-

Moreover, I, F = F, and by applying Proposition 5.1.1 on each component we
have

- (e 2
MiNeef,,, Az(Ye)( @)+ leli.)

* m 2
lo— L2013, = €™ D |lpe — (Fe, 0e) ey <
for ¢ € domé¢, = H(Y,). Clearly, ran I, C dom K, since the range consists of
locally constant functions only, and K, is the Laplacian. Finally, the intertwining
property K. I, = I. K = 0 of I, is obvious. O

Theorem 7.2.5. Let ¥ € (0,7/2) and 0 € Sy, i.e. [ImB| < ¥/2. Assume that the
interior metric graph Giy is compact and that |Eey| < oo. Then H® and Hf are
Se-partial isometrically equivalent, where §, = O(£“?~™/2). The error depends
only on ¥, on Re 6 and on the constants in (7.1).

Proof. We apply Theorem 4.9.8 and check the necessary assumptions (1)—(5).

The boundary space ¢ is finite-dimensional and therefore elliptic. Moreover,
the coupled dilated boundary triple on the manifold is elliptic, see Proposi-
tion 7.2.2 (3).

For Theorem 4.9.8 (1), note the following. The partial isometry of the interior
forms was shown in Theorem 7.1.2, together with the error estimates depending
only on the constants mentioned in (7.1).

For (2)—(3) note the following. The closeness of the boundary maps and the
intertwining condition K,I, = I, K are fulfilled by Proposition 7.2.4. The last item
(4) is obvious since K = 0. O



7.2 Convergence of Resonances 383

As a consequence, we obtain from Theorem 4.9.12:

Corollary 7.2.6. Let A be a resonance of A, (i.e. a discrete eigenvalue of H ?) with
multiplicity jt. Then there exist ju resonances A j () of Ay_(i.e. discrete eigenvalues

of Hf ), J = 1,..., i, not necessarily mutually distinct, such that
Aj(e) = A as e —0.

If, in addition, u = 1, i.e. if A is a simple eigenvalue with normalised eigenvector
V, then for each ¢ > 0 small enough, there exist a normalised eigenvector . of Hf
such that

[Ty — el = O™y and  ||J}y. — y|| = O(e*/™™/?),

Finally, the convergence depends only on ¥, on Re 8, on constants in (7.1) and on
ﬁe (more precisely on ||(H? —z)™"|| for z € 3D, where D C C is chosen such that
D No(H?) = {1)).

We showed indeed a stronger result, namely the quasi-isometric equivalence for
the associated sesquilinear forms, see Theorem 4.9.7. Moreover, other convergence
results like the convergence of the resolvents or the spectral projections of the dilated
operators follow (see Sect. 4.5).

7.2.2  Slowly Decaying Vertex Volume

Let us now describe the case of slowly decaying vertex volumes. For the notation
of the spaces we refer to Sect.7.1.2. Recall that in the slowly decaying case, the
limit operator on the graph decouples (see Theorem 7.1.3). In order to obtain a
non-decoupled interior graph, let us associate the slowly decaying vertex neigh-
bourhoods X, , with scaling exponent 0 < o < (d — 1)/d only to the coupling

vertices 0_e, e € E.. On the inner vertices V=V \{0d_e|e € Eex }, we assume
a fast decaying vertex neighbourhood (for simplicity with scaling ¢, i.e. « = 1).

We only describe the notion differing from the fast decaying case, namely the
limit quadratic form and operator. On the graph, the spaces are given by

int

%nl = Lz(Gim) 52 CECXI, %1 = H};(Ginl) > (CEw’

~/
W= {f eH (G| Y pe /, (=0 VveV}@Ch

e€ek,

(see (7.8) for the definition of H];(Gim)), where we have Dirichlet vertex conditions
at the coupling vertices only, i.e.

p(v) =0, VE Vg :={0-€|e € Eex }.
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Moreover, the boundary maps on the interior graph are the same as in (7.6),
replacing the symbol f by f. The quadratic form 9y on the graph is given by

()= DL dom dyy 1= .

e€FEint

The corresponding Laplacian has the form Ay, = AG““ @ 0. Here, AD is the
metric graph Laplacian associated with the quantum graph (Gin. D, ¢y (C p(v) (see
Sect. 2.2.2), fulfilling Dirichlet conditions on the connecting vertices v € V.

The boundary triple on the exterior graph part Gy, is defined as in Sect.7.2.1.
Note that the complexly dilated operator on the graph is in this case decoupled, i.e.
H?Y acts as before, but the domain is a direct sum. In particular, the dilated operator
is the direct sum of Agim, 0 (on CPe) and | E.y| copies of —e 279y, the dilated
Laplacian on R with Dirichlet boundary condition at 0.

The solely discrete eigenvalues of HY are the ones from the interior operator
Agim with Dirichlet conditions on V4. Moreover, 0 is an eigenvalue of multiplicity
| Eext|, which is not revealed as Im 6 increases.

Theorem 7.2.7. Let % € (0,7/2) and 6 € Sy, i.e. ImO| < /2. Assume that
the interior metric graph Gy is compact and that |Eey| < 0o. Then H ? and Hf
are 8,-partial isometrically equivalent, where §, = O(g™™n=ed)/2.43) "The error
depends only on 9, on Re 0, and on the constants in (7.2).

The proof is very similar to the proof of Theorem 7.2.5, except that for Theo-
rem 4.9.8 (1), we use Theorem 7.1.3 together with the error estimates, depending
only on the constants mentioned in (7.2).

Corollary 7.2.8. Let A € (0,00) be an eigenvalue of Agim with multiplicity (.

Then there exist |1 resonances A (g) of A x, (i-e. discrete eigenvalues of H, 59 ), j =
1,..., i, not necessarily mutually distinct, such that

Ai(e) = A as e — 0.

If, in addition, u = 1, i.e. if A is a simple eigenvalue with normalised eigenvector
Y, then there exist normalised eigenvectors Y, of H, f such that

[ ey = el = O™ =D and [T} — || = Oeminmed)/2e),

Finally, the convergence depend only on ¥, on Re 6 and Agim and on the constants
in (7.2).

7.2.3 The Borderline Case

We now describe the borderline case « = (d — 1)/d. Namely we assume that to
each vertex of the graph we associate a vertex neighbourhood X, , with volume of
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the same order as the transversal manifold as explained in Sects. 6.8 and 6.10. For
the notation of the spaces we refer to Sect. 7.1.3. On the manifold, we use the same
setting as before. On the graph, the spaces are given by

i =L, (Gin) ®C", A = {f € H(Gin) ®CY | f() = LO)F(v) VeV },

int

2= eH(Gu) ®C" | f() = LOF() Vve V],

where f = (f. F) and L(v) = (vol X,,)~/2. The quadratic form dj, on the graph
is given by

()= DL dom dyy, 1= L.

e€FEin

Again, both dilated operators, on the graph and on the manifold, fulfil the assertions
of Theorem 7.2.3. The main result in the borderline case is the following:

Theorem 7.2.9. Let % € (0,7/2) and 6 € Sy, i.e. ImB| < §/2. Assume that the
interior metric graph Giy is compact, and that | Eey| < 0o. Then H? and H 89 are
8e-partial isometrically equivalent, where §; = O(g%). The error depends only on
9, on Re 0, and on the constants in (7.3).

The proof is again similar to the proof of Theorem 7.2.5, using now Theorem 7.1.5.
Denote by A the operator associated with the form 0 (cf. Sect.7.1.3). Not that
this operator is in general not decoupled.

Corollary 7.2.10. Let A be a resonance of A (i.e. a discrete eigenvalue of H?) with
multiplicity ji. Then there exist ju resonances A j () of Ay_(i.e. discrete eigenvalues

of Hf ), j = 1,..., u, not necessarily mutually distinct, such that
Aj(e) = A as e — 0.

If, in addition, p = 1, i.e. if A is a simple eigenvalue with normalised eigenvector
Vv, then there exist normalised eigenvectors . of Hf such that

I e = Yell = O(*)  and /7 — ¥|| = O(%).

Finally, the convergence depend only on ¥}, on Re ﬁ on the constants in (7.3) and
on H? (more precisely on ||(H? —z)7"||, z € 0D, D No(H?) = {A}).

7.2.4 The Dirichlet Decoupled Case

We also obtain a closeness result for operators with Dirichlet conditions on dy X.
For the notation we refer to Sect. 7.1.4. We recall that
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A1 = inf AD(Y,)
e€E

denotes the infimum of all lowest transversal eigenmodes. We have already seen on
a star graph in Sect. 6.11 that only those edges survive in the limit operator which
have the lowest eigenmode equal to A; (the “thick” edges), namely

Ey:={ec E|A°(Y,) =21}
i.e. Eq is the set of edges for which the infimum is achieved. We denote by
EO,im = Ein N Ey and EO,ext = Eex N Ep

the corresponding thick interior ({, < oco) and exterior (£, = 00) edges. In order
to obtain non-trivial results, we assume that Egi, and Eg ¢y are both non-empty.
Let Gy be the metric subgraph generated by all thick edges Ey. We use the
decomposition into an interior and exterior part as before on the exterior edges at
s = 1 and denote the corresponding spaces by G jne and G ext-

On the graph, the spaces are given by

Hny = Lz(GO,inl)’ jfinl[ = H(l)(GO,inl)a V/Hi = H%(Go,im),

where the Sobolev spaces H: (G in) = Decr,, LS € HE (1) | f to,, = 0} are
completely decoupled. The quadratic form 0i,, on the graph here is given by

()= Y AR dom vy := AL,

e€Eq int

and also decoupled. The corresponding objects on the exterior part are defined as in
the previous cases. For the manifold we set

Hie = Ly(Xee), %ﬂgl. = H};OXS(Xg,o), %2. = Hgoxg(Xs,O)ﬁ

where functions in H})O X, (Xee) vanish on dp X, = 90X, N X,., i.e. the boundary part
coming from the manifold boundary dX,. The forms and operators are given by

At
Oca () = lldully,, = lull... domdy = ],
Ao—aD M A1 := min AP(Y,
S 1= minAp(Ye).

The boundary spaces for the graph and the manifold are given by

@G = (CEO.ext, 9, = @ Lz(Ya,e)~

e€ FEext
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The boundary maps on the graph and manifolds are defined as before by the eval-
uation at s = 1 on each thick exterior edge. Moreover, the boundary identification
operator in the Dirichlet case is given by

F f E ext»
1.9 — 4, (LF),:={ ¢Pee 1¢E e

0, otherwise,

i.e. we choose the F,-multiple of the first Dirichlet eigenfunction on the thick
exterior edges. The adjoint is given by (I*v). = &"/?(g.. VY.) for e € Egex. The
transversal operators here are

Al Al

— _ AD _ D

K=0 and K. =4% -2 = @(AYW_S_Z)

€€ Eext

with associated quadratic forms £ = 0 on % and £(y) = ||dy/ I3, = 2A1 ¥ 1l3, - The

spectrum of the associated operator K, has again purely discrete spectrum given by

AP(Ye) — A
&2

o(K,) = { 'k eN, e € Egex }

where )LE(YE) is the k-th Dirichlet eigenvalue of Y,. Moreover, the eigenvalue 0 is
of multiplicity | Ep ex|-

As in Theorem 6.11.7, we obtain a closeness result for the boundary triples (the
identification operators J,! and J/! were defined in Sect. 6.11.2):

Proposition 7.2.11. The boundary maps L'y and Iy associated with the forms
Oint and O jn, are 0-close with the identification operators ng, J! ! and the boundary
identification operator I.

Moreover, I is 8.-partial isometrically equivalent of order 1 w.r.t. the forms
¢t =0 and ¢, where §; = e(mineeg,, Aze — A1)7Y2, where Az, was defined
in (6.71b). Finally, K. I, = [.K(= 0).

Both dilated operators, on the graph and on the manifold, fulfil the assertions of
Theorem 7.2.3. As in the slowly decaying (Neumann) case, the complexly dilated
operator on the graph is decoupled, i.e. H’ is unitarily equivalent with the direct
sum with respect to a decomposition into the metric graph generated by all interior
edges and the exterior entire edges.

In particular, the solely discrete eigenvalues of H? are the ones from the interior
operator Agim with Dirichlet conditions on V.. Moreover, 0 is an eigenvalue of
multiplicity | Eex|, which is not revealed as Im 6 increases.

The main result in the Dirichlet decoupled case is the following:

Theorem 7.2.12. Let % € (0,7/2) and 0 € Sy, i.e. |Im 0| < §/2. Assume that the
interior metric graph Giy is compact, and that | Eey| < 0o. Then HY and Hf are
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8e-partial isometrically equivalent, where 8, = O(e'/?). The error depends only on
¥, on Re 0, and on the constants in (7.5).

The proof is exactly the same as the one of Theorem 7.2.5, except that for (1), we use
Theorem 7.1.6 together with the error estimates, depending only on the constants
mentioned in (7.5).

Corollary 7.2.13. Let A € (0, 00) be an eigenvalue of AEO . with multiplicity [,

iie. A = (kn/L,)? for some e € E, k € N. Then there exist j1 resonances A ;(¢)
of A?(s (i.e. discrete eigenvalues of Hf), j = 1,..., U, not necessarily mutually
distinct, such that

Ai(e) = A as e — 0.

If, in addition, u = 1, i.e. if A is a simple eigenvalue with normalised eigenvector
VW, then there exist normalised eigenvectors V. of Hf such that

IJey — el = O("?) and | I Y =yl = O("?).

Finally, the convergence depend only on ¥, on Re 6 and on the constants in (7.5).



Appendix A

A.1 Convergence of Set Sequences

In this section we collect some facts on the convergence of a sequence of closed
sets A, to A, typically the sets will be spectra of operators and therefore be subsets
of R4 or C. Nevertheless, we need also a weighted distance, so we formulate this
chapter in terms of a complete metric space (M, d) and assume A,, A C M. We
denote the open and closed metric balls by

By(x):={yeMl|dx,y)<n} and B, (x):={yeMldxy) =n}
Moreover, foraset B C M and a € M, we define the distance of a to B by

d(a,B) := 222 d(a,b) € [0, c0]. (A.1)

Note that if B is compact, then the minimum is achieved, and we can replace inf by
min.

Definition A.1.1. We define the myemphmaximal outside distance of A to B by

dy(A, B) :=supd(a, B) € [0, o<].
a€A

Moreover, the maximal inside distance of A to B is given by
d_(A,B) :=dy(B, A).
Finally, the Hausdorff distance of A and B is defined by

d(A, B) := max{d. (A, B),d_(A, B)}.

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039, 389
DOI 10.1007/978-3-642-23840-6,, © Springer-Verlag Berlin Heidelberg 2012
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The proof of the following proposition is standard:

Proposition A.1.2. We have d+(A, B) = d+(A,B) and d(A, B) = d(A, B).
Moreover, the Hausdorff distance is indeed a metric on the space

H (M) :={K C M| K compact}.

If (M, d) is complete, so is (& (M), d).

Note that the maximal outside and inside distances are not symmetric: Assume that
A, B are compact. Then dy (A4, B) = 0 is equivalent to A C B, i.e. the maximal
outside distance of A to B does not see points in B \ A, and similarly for d_.

Lemma A.1.3. Let n >. We have the following equivalent characterisations for
compact subsets A, B C M :

di(A,B)<n & VaeAdbeB:dab)<n,
d_(A,By<n &  YbeB3laecAd@b)<n.

Note that this characterisation allows to define maps f;: A — Band g, B — A
such that d(a, f,(a)) < nand d(b, g,(b)) < n. This point of view is useful when
comparing two different metric spaces A, B in the Gromov-Hausdorff distance (see
e.g. [Ka02, Ka06]).

Definition A.1.4. Let A,, A € JZ (M) be compact subsets of M.

1. A, converges from outside to A (A, \ A) if d+(4,,A) — 0.
2. A, converges from inside to A (A, /' A)if d_(A,, A) — 0.
3. A, convergesto A (A, — A)if d(A4,, A) — 0.

Remark A.1.5. Again, we warn from taking the terminology too literally: if
A, C A, then d;(A,, A) = 0, i.e. a sequence A, inside A converges from outside
to A, and similarly for d_. In particular, if 4, N\ A converges from outside, then
the limit can suddenly expand. For example, if A, = Ao S A, thend(A,, A) = 0.
The convergence from outside does not note what happens inside A. Similarly, if
A, /' A converges from inside, then the limit can suddenly collapse. For example,
if A, = Ao 2 A, then d_(A,, A) = 0. The convergence form inside does not

note what happens outside A. Nevertheless, if A, — A (i.e. A, convergesto A in
Hausdorff distance), the limit A cannot either expand nor collapse.

Let us give an element-wise characterisation of the convergence from inside and
outside. Recall that an assertion (A,) holds eventually if there exists ny € N such
that (A,) holds for all n > ny. Similarly, (A,) holds infinitely often if for all ny € N
there exists n > ng such that (A,) holds.

Proposition A.1.6. Assume that M is a compact metric space. Let A,, A € (M)
be closed subsets. Then the following conditions are equivalent:
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A, A & Vx e M\ A3dn>0:B,(x)NA, =0 eventually,
A, /A & Va € A 3a,A,:d(a,,a) — 0.

Proof. Assume that A, \{ A then d(a,, A) — 0. Let x ¢ A. Since A° is open,
there exists 7 > 0 such that By,(x) N A = @. Now, if a, € B,(x) N A, infinitely
often, then

d(a,a,)>d(a,x)—d(x,a,) >2n—n=n

foralla € A,i.e. d(a,, A) > n, contradicting d(a,, A) — 0.

For the opposite direction, assume that 4, \, A is not true, i.e. there exists
n > 0 and a sequence a, € A, such that d(a,, A) > n infinitely often. Since M
is compact, we can extract a convergence sub-sequence a,, — x. In particular,
d(x,A) > n, thus x € M \ A. From the assumption, we have B,(x) N 4, = 0
eventually, in contradiction to a,, — X.

The second equivalence is simpler: The convergence A, , A is equivalent
to d(a, A,) — O uniformly in a € A. In particular, the pointwise convergence
d(a,A,) — 0 forall a € A follows. For the opposite direction, we use again the
compactness of M in order to obtain the uniform convergence. O

A.2 Estimates on Abstract Fibred Spaces

In this section, we develop an abstract framework in order to prove Sobolev trace
theorems and related estimates on graphs and manifolds. In the abstract setting, we
consider (weakly) differentiable functions on an interval with values in a Hilbert
space. We allow the Hilbert spaces along the interval to vary, and define abstractly
(warped) products and spaces close to (warped) products. All relevant examples are
covered, e.g., the Sobolev trace estimate for a manifold with boundary or estimates
on cone-like manifolds. Our approach here is related (at least formally) to [B89,
GGI1], as well as to the abstract approach to so-called “Dirac systems” in [BBCO08].
There are also relations to “half-line boundary triples” introduced in Sect. 3.5.

A.2.1 Vector-Valued Integrals

Let us start with some facts about vector-valued integrals. More details can be
found e.g. in [Y80,GGI1]. Let (M, 1) be a measure space and 2~ a Banach space.
A function u: M — Z is said to be weakly measurable if ¢ o uu:M — C,
s > @(u(s)), is measurable for all ¢ € 2* in the dual space. A function
u:M — Z is said to be a step function if its range ranu = u(M) is finite,
say, u(M) = {x1,...,xx}; and if w(u~'(x;)) < coforalli = 1,...,k, provided
x; # 0. A function u: M —> % is said to be strongly measurable if there is
a sequence of step functions u,: M —> 2 (an approximating sequence) such
that ||u,(s) — u(s)|| — O for p-almost all s € S. By Pettis’ theorem, a weakly
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measurable function is strongly measurable provided 2 is separable (or at least if
the closed subspace generated by ranu is separable). In our application below, 2~
will be a separable Hilbert space. Moreover, we use the case 2~ = Z() and
u(s) = —@(s)(H — s)~! for a closed operator H (see Theorems 3.3.6 and 3.3.20).
Note that in the latter situation, the closed subspace generated by the range of u is
an abelian sub-algebra of .Z(5¢°) and therefore separable.

For strongly measurable functions, the vector-valued integral is defined in the
obvious way. A function u: M — 2 is said to be Bochner-integrable, if u is
strongly measurable (with approximating sequence u,,) and if [, [Ju(s) — u, (s)|[dp
(s) — 0. It can be seen that the definition of the integral in the next theorem is
independent of the approximating sequence (two approximating sequences can be
combined into a single approximating sequence). By Bochner’s theorem, a strongly
measurable function is Bochner-integrable iff s — |lu(s)|| is integrable:

Theorem A.2.1 (Bochner). Let (M, 1) be a measure space, and 2 a Banach
space. Assume that u: M —> 2 is strongly measurable. Then u is (Bochner-)
integrable iff

/ lu(s) [ du(s) < oo. A2)
M

In particular, if the integrability condition (A.2) if fulfilled, then the vector-valued
integral

/ u(s)du(s) := lim Z w( ' (x)x e 2
M n—o0

x€E€ran uy, \{0}

exists in the norm-topology on X', where u, is an approximating sequence.
Moreover,

| w0 < [ 1ol

Let now 2~ = JZ be a (separable) Hilbert space. Then weakly measurable func-
tions are strongly measurable. Moreover, we have a vector-valued generalisation of
the Cauchy-Schwarz inequality, namely

([ waue). [ vorau) | [ welabologe. @3

provided the RHS is finite, i.e. u, v € L,(M, 5%). Here, L,(M, #4) is the space of
(equivalence classes of) measurable functions u: M — 73 such that

IRy = [ 1) i) < .
M
In particular, L,(M, %) is a Hilbert space with inner product

(1, V)L ot t) = Al<u(s)’v(s)>'%du(S) = (/M u(s)du(s),/Mu(S)dM(S))(%.
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Here, the latter equality is true since the Bochner integral commutes with (bounded)
linear operators. Note that L, (M, .7%) is also unitarily equivalent with L,(M) ® 7%

and with the direct integral || 3 J6du(s) with constant fibre, see the next subsection.
Moreover, in the vector-valued case, we also have a “scalar-vector” version of
the Cauchy-Schwarz inequality, namely

| rousan], S [ 1106 [ o @

for f e L,(M,C)and u € L,(M, 5%).

A.2.2 Fibred Spaces Over an Interval

Assume that / C R is an interval and that #(s) is a family of separable Hilbert
spaces based on the same vector space J4 (i.e. 5 (s) = 4 as vector space). It is
unimportant whether we choose I to be open or closed, since individual points are
not seen by the Lebesque measure ds. We assume that .5 (s) is measurable, i.e. that
S ||u0||L2%,)(S) is measurable for all uy € 74). We set

H(I) = /1 eij(s)ds

(for an abstract definition of the direct integral of Hilbert spaces [ IGB H(s)ds, we
refer e.g. to [Di69] or [RS80, Sec. XIII.16]). Equivalently, we can define ¢ (1)
as the completion of the space of continuous functions C (7, #4) under the norm
|-l s#(1), where

2 . 2
lull 5y = / [[(5) (| 5 (5)ds < 00
I

Similarly, we define a fibred Sobolev space .7!(I) as the completion of the
space of functions C!(/, 74)) under the norm Il 51 (1), where

||M||2%01(,) = /I(H"‘(S)szf(g) + ||u/(s)||?9f(‘y))ds < 0.

We denote by 7% (s, 51) the corresponding space 7 (I) with I = (so, 51). Note
that
I] C 12 1mphes ||I/l||9fk(11) < ||u||%0k(12) (AS)

Since the Hilbert spaces .77(s) and .7 differ only in their inner product, there
exists a positive operator-valued, measurable function s — A(s) such that

ol () = (0. uo) sy = (uo. A($)uo) 5
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for all uy € 5% and almost all s € [ with respect to the Lebesque measure.
Moreover, there exist measurable functions p4: I — (0, 00) such that

2 2 2
P— () [[uollZg = lluolle) = p+ () lluollg

for almost all s € [ and all uy € 4. For example, we can choose p_(s) :=
infa(A(s)) and p(s) := sup o (A(s)).
We will now make more assumptions on the functions p4.

Definition A.2.2.

1. We say that the fibred space 7(1) is an almost warped product if there is a
function p called distortion function and constants k+ > 0 such that

K-p(s) < p—(s)  and  p4(s) < Kk4p(s)

i.e.
k- p() ()5 < 1u() 50 < () l|u(s)[ 54 (A.6a)

for almost all s € I and all uy € J4. We call poo := k4 /Kk_ the global relative
distortion.

2. We say that (1) is a warped product if it is an almost warped product with
relative distortion pos = 1, i.e. if p_(s) = p+(s) =: p(s), or equivalently,
A(s) = p(s)idg, or, what is the same,

ol %) = P lluoll g (A.6b)

for all uy € 4. We call p (resp. p+) the (upper/lower) distortion function.
The case when the distortion functions are constant deserves a special name:
Definition A.2.3.

1. We say that 7 (1) is an almost product if it is an almost warped product with
constant functions p+, i.e. p+(s) = p+o for almost all s € 7. In this case,
Poo = P+.0/P—0-

2. We say that the fibred space (1) is a product if it is an almost product with
relative distortion pog = 1, i.e. o[>, ,) = lluoll%- In this case,

A1) = Ly(I, po4) = L,(I) ® poity
where py denotes the constant value of the distortion function p and py.74 is the

Hilbert space .74 with norm defined by ”“0”;2)0,% = pol|uo ||23%

On an (almost) product (1), the identification operator from ¢ (/) onto L,(/) ®
pot resp. Ly(I) ® p+ 07 defines a bijective isomorphism resp. an isometry.
By suitably inserting the distortion functions p+ into the inequality (A.4), we can
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extend the inequality to (almost) warped products, as we will do in the following
lemma:

Lemma A.2.4. Assume that 7 (1) is an almost warped product and that sy < s1 <>
where s; € 1. Ifu € ' (I) with u(s,) = 0, then

luGs) ey < Poom (51,514 15, 599 (A.7a)

2 2
15 (59.50) < Poot2(505 51,52 [ 15 (5 50) 5 (A.7b)

where

52 1 S
N (s1,$2) = p(sl)/ ——ds and n2(80, S1, 82) 1= / n1(t, 2, p)de.
S1 IO(S) S0

Proof. By a density argument, we can assume that u is of class C!. Then we have

u(t) = — / " (5)ds.

Using the Cauchy-Schwarz inequality for vector-valued integrals (A.4) we obtain

I ()12 ds

2 k4 p(2) / 2 k—p(s)
ds

w15 ) —/l K_p(s) K4p(t)

2 p(t) 2 / 2
<p f PO ()P ds
* t IO(S) t )

using (A.6a) and the first estimate follows for 1 = s;. The existence of the vector-
valued integral u(t) is guaranteed once the integrals on the RHS are finite (cf.
Theorem A.2.1). The second estimate follows by integrating over ¢ from s to s
and using the monotonicity of the norms (A.5). O

Remark A.2.5. Note that the condition u(s;) = 0 is well-defined for functions in
' (1) by a similar argument as above.

If u does not vanish at s,, we can argue as follows.

Proposition A.2.6. Assume that 7 (1) is an almost warped product and that u €
S (50, 52), then

||”(Sl)||2%’(sl) < 2poon1 (81, 52, X)””,“éf(sl,n) + 2poo i (51, 52, X,)”u”zjf(sl,sz)v

||u||?920(so,s]) = 2p0077,2(so’ S1, 52, X) ||Lt/ ”?}f(so,;vz) + 2ow772(507 S1, 982, X/) ||u||(2%"(50,s2)’
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where

~ 2 x(s)? ~ .
n(s1, 82, ) 1= p(s1) o0 ds,  7a2(s0. 51,82, %) 1= ni(t,s2, x, p)dt,
§1

50

and where x is a Lipschitz function such that y(s) = 1 for so < s < s1 and
x(s2) = 0.
Proof. Setw := yu. Then u fulfils the assumptions of Lemma A.2.4. Moreover

u(t) =7u(t) fort € [so, s1]. We start with

2

52 2
2 /
e <2 [ o], +2

/lsz ¥ (s)u(s)ds H

A1)
and argue then as in the proof of Lemma A.2.4. The last estimate follows as before
by integration. O

Let us now fix the cut-off function y = y,: Assume that 0 < a < s, —s;. Denote
by x. the continuous, piecewise affine linear function given by

I, forsg <s < s,
Xa(8) = {1 —a"'(s—s1), fors; <s<s +a, (A.8)
0, fors; +a <s <s,.

We obtain the following corollary. For the definitions of the functions 1; and 7, see
Lemma A.2.4.

Corollary A.2.7. Assume that ¢ (1) is an almost warped product. If u €
%I(SO, s52) then
2 /12 1 2
) ey < 2000151+ @ (1012 + 5 Ml ) (A0

_ 2Pt (51,81 +a)
min{1, a2}

2 5
51 5.5 (A.92")

for0 <a < sy —syanda < 1. Moreover,

1
||u||?:720(50,3']) S 2p00n2(S0’S17S1 + a)(””’“?;f(_vo,sz) + a_2||u||27"f(3(),32)> (A9b)

_ 2000n2(80, S1, 81 + a)

min{1, a2} (A.96)

2
”u”;fl(mm)-

Proof. The result follows from Proposition A.2.6 by simply estimating | y,(s)| < 1
and|X;(S)| == l/aforsl §S§S1+a_ -
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If 5#(1) is an almost product, we have the following estimate:

Corollary A.2.8. Assume that (1) is an almost product. If u € 5 (so, s2) then

2
) By < Poo (@l Wy + = N2 ) (A.10)

2poo

2 b
= il s —spp 1“6 (A.10°)

for0O <a <s;—sanda < 1.

Proof. Again, the result follows from Proposition A.2.6 by evaluating the integrals
i for xg. ]

Remark A.2.9. Note that the estimate (A.7a) is optimal in the following sense:
Assume that 2#(I) is a warped product and that u(s) = (/;” p(s)ds)~'¢o with
lleollg = 1, ie. u is constant and |u sz, s,) = 1. Moreover, assume that
x'(s) < 0forall sy <s <s,. Then we have

52 52 52 / 2
U= [x) = 0] = (f |x’(s)|ds)2CsS/ p(s)ds/ 'ng' ds.

If the distortion function is p(s) = —x’(s) = |x'(s)|, then we have equality in the
Cauchy-Schwarz inequality, and in particular,

2 p(s1) /‘YZ 11/ (5)]? ~ / 2
= —=—u = d = k] ’
”u(sl)“.%ﬂ(“) f; p(s)ds p(s1) () s =1(s1, 82 X)”””jf(sl,sz)

by the above equality of Cauchy-Schwarz, the definition of 7| and the fact that u is
normalised on JZ(s1, s7). Therefore, estimate (A.7a) is optimal. A similar remark
holds for the other estimates.

Let us now fix a normalised vector ¢y € 7). Denote by Pouy 1= (o, to) s4,%0
the corresponding orthogonal projection onto the subspace Cyy. In our applications
later on, ¢y will be an eigenvector associated with the lowest eigenfunction of an
operator K on 4. For a warped product, the projection is independent of s:

Lemma A.2.10. Let 57 (1) be a warped product. Then @y # 0 in 7€ (s) for almost
alls € 1, and o5 := @o/ ||ooll s2s) = 0(s)~2@q is normalised in 7. Moreover, P,
is also the orthogonal projection onto ¢y in the Hilbert space 7 (s). In particular,

cs
2 2
[ Potolle ) =< lluoll 5 s

foruy € F(s) = 4.

Proof. We have ||<p0||éf(s) = p(s)||<p0||zj% = p(s) > O for almost all s € I in
particular, ¢y # 0 € J#(s). Moreover, the orthogonal projection onto ¢, in JZ(s)
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is given by

(5, 10) 5y 05 = P(8) ™ {0, o) s (syPo = {0, o) 900 = Potto.

The last estimate follows from Cauchy-Schwarz. O

Proposition A.2.11. Let 57 (1) be a warped product. Then

p(s1)[| Pou(s2) — Pou(si) |54 = p(s1)|{go. u(s2)) 15 — (90, ’4(51)>9%|2

2
< 771(S1,Sz)||'/||3f(s1,s2)

foru e ' (I).
Proof. We have

o u(s2) — u(s0) ]2y = lueCs2) — s g,

52 , 2
= , u(s ds> H
H<<.00 /Sl (s) ALl P

C<S/ : d/szn ()| pl5)d
< ——ds u' (5)]15 p(s)ds
S1 )O(s) S1 ffo

using Cauchy-Schwarz for vector-valued integrals (A.4) for the second inequality.
The result follows by the definition of n; in Lemma A.2.4. O

A.2.3 Examples: Cones and Cylinders

We will give now some special cases coming from a warped product metric on a
manifold as applied in Chap. 6. Denote by X = I x; Y the warped product of
I = [0, £] and the compact Riemannian manifold Y with radius function r:  —
(0,00), i.e. X is equipped with the metric g = ds? + r(s)*h, where h is the metric
on Y (see Definition 5.3.2). Then we have

2 2
Il sy = [ 1) 17507,
1

In particular, L, (X, g) = S (1) is a warped product with distortion function p(s) =
r(s)™ and fibre Hilbert space .74 = L,(Y, h).
For the next corollary, assume that r is constant, say r = 1.

Corollary A.2.12 (Product). Assume that I = [0,£] and X = I x Y with product
metric g = ds? 4+ h. Then #¢(I) is a product (in the sense of Definition A.2.3).
Moreover,
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(A.11)

2 2
2 2 2 2
(O, ')|||_2(Y) <alu ||L2(X) + ;HMHLZ(X) = m”u”Hl(X)

forall 0 < a < min{l, £} and u € H' (X).
Proof. The result follows from Corollary A.2.8. Note that H' (X)) C 2! (I) since

2 2 2 2 2 2 2
Nl () = el x) + ”M/“LZ(X) =< Null,x) + ||14/|||_2(X) + [y ullE, xy = lullf

foru € H'(X). O

We return to the abstract framework, and calculate the functions 7y, 1, of
Lemma A.2.4 for special choices of the distortion function p = r”. Let us first
define some universal functions occurring in the estimates later on. Universal refers
here to the fact that the functions depend only on the parameter m.

Definition A.2.13. We set

1 _ 1 1
pm(T) = / u"du and Pm(7) 1= 1—/ P (2)dt.
T —TJ:

1—1

We have the following properties of the functions p,, and p,:

Lemma A.2.14.
1. We have
1 m
w1t fmzo
Pu(®) = =0
1
_logt ’ ifm = —1,
1—1
and
BLES ST R
~ m414=i+14 ' -
Pm(7) = i=0 j=0
dilogz + (1 —logz) —1 |
ifm=—1,
1—1
where dilogt = lr %dt. Moreover, p,, and p,, are polynomials of degree

indicated by the subscript (for non-negative subscripts) with continuous exten-
sion py (1) = 1 and p,, (1) = 1. In addition, p—, and p_, extend to an analytic
Sunctions also in T = 1 by setting p—1(1) := 1 and p—;(1) := 1.

2. ForO0 <t <1landm > 0, we have

1 ~
—— = pn(0), Pm(v) = 1, —logt < p_i(r) <1 —logt.
m—+ 1
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Moreover, we have the asymptotic behaviour
m(T) ~ , _1(t) ~¢ —logr,
Ppm () Om—i-l P-1(7) ~o g
T ~o —— 3 (@ 1
m\T) ~0 —— r— —1T) ~ — — 1,
S Pt o 7
at T = 0. Here, f(t) ~, g(t) means that lim,_,, f(t)/g(t) = 1.
3. For1 < tandm > 0, we have
.Eﬂ'l .L.m
< < " - <7 < ",
m_’_l_pm(r)—r’ (m+1)2_pm(f)_f

In addition, we have

" logt
Pm(T) ~o0 m——l—l’ P-1(7) ~c0 .
~ " "
Pm(T) ~oo m P-1(7) ~o0 logt.

Proof. The properties follow by direct calculation, e.g., for T # 1 and m > —1, we
have

1 e 1 ] — ¢l | R
m = dt = . = !
Pn(®) 1—‘(/1 tm+2 m+1) 1-x m+l;1

substituting u = 1/t. For m = —1 the result follows similarly. Moreover,

1! 1 1 [
>4 _ _ 1
Pui0) = = [ pworte = o3 [ e

1 il 1 -7t
T mHl =i+l 11

| AN IR
:m+1zi+12f’
i=0 j=0

for m > —1 and similarly for m = —1. The other assertions can be checked
easily. O

In the following lemma, it is convenient to use the differences a = s; — 59 and
b=s—s7:



A.2 Estimates on Abstract Fibred Spaces 401

Definition A.2.15. Wesets) = 0,51 =a and s, = a + b fora, b > 0 and define
m(b) :=n(a,a +b) and na(a,b) :=n2(0,a,a + b).

Moreover, we set

S

vol(so, §1) := /
50

Let us now fix the radius function r, and therefore the distortion function p = r™:
Note that if r is constant, then the resulting warped product manifold X =1 x, ¥
is a product, or a cylinder. If r is affine linear, then X = [ %, Y is a cone. Recall
that we allowed weak regularity on r and therefore on the metric of the manifold
(see Sect.5.1). Therefore, we may consider the following (piecewise) affine linear
function r, i.e. we consider two cones (if r;_; # r;) or cylinders (if r,—; = r;)
attached together:

Lemma A.2.16.
1. (Almost) Product: If p(s) = r(', then

1 p(s)ds, vol(a) := vol(0, a).

n(b) = b,
51 1
na(a,b) = / (s —t)dt = E((a +b)? - az) =ab +a/2) <a(a+Db),
S0
vol(a) = ar{'.
2. (Almost) warped product If p(s) = r(s)", where r is the continuous affine linear

Sfunction suchthat r(s;) = r;, i = 0,1,2, and t; 1= r;_1/r; are the relative radii,
then

M (b) = bpm—2(12)12
abpy—2(12)T2pm(t1) < M2(a.b) < a(aPm—2(t1) + bpm—2(02) 2 pm (11)),
vol(a) = ary’ pm (rl_l),
Note that 7, and 7, depend only on the ratio 7y = r¢/r; and 1, = ry/r, an not on
the values r; itself.

Proof. The first result is an easy calculation. For the second, note that

rj—ri

r(s):=ri+ (s —s;) , 0<i<j<2 s <s<s.

S Si

Moreover, for r; # r, and m > 1, we have

2 p(s)\—m bt 1z
771(51,52) = [ (%) ds = —2/; T Mdt = b‘[zpm_z(l'z)

51 1 1_7:2
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using the substitution 7 = r(s)/r, and the fact that dt = (1 — 1,)(h1) " 'ds. If
m = 1, then

bt
771(S1,S2) = — 2‘[ 10g Ty = bp_1(7,'2)7,'2.
—

1
In addition, if r| = rp, i.e. 7, = 1, then n;(b) = b by the first part. But p,, (1) = 1
form = —1,0,1,..., so that the formula for 7, also holds in this case. In order to
estimate 7,, we observe that

m(t, s2) = ni(t,s1) + p()
p(s1)

The integral over the first term can be estimated as

/S Mt s))dr = / (51 —1) pm— 2(r(t))rr(f)

< a/sS] Do 2<r(t)>r(t) a_:l /Tlpmz(r)rdr

0 ry ry 1

n1(s1,52).

using the substitution t = r(¢)/r; and dt = (1 — 7;)a~'d¢
The second term can be integrated by

Uop(1) /Sl r(t)\m a /l
dr = ——) dt = dt = ap,(11).
/so p(s1) 5 ( r ) -7/, P (T1)

The calculation for vol(a) follows similarly. O

We will use the following special case in Sects. 6.3 and 6.8 on warped products:

Proposition A.2.17. Assume that I = [0,a + b], where 0 < a < b. Let p be
the continuous, piecewise affine linear function with p(0) = ro, p(a) = ry and
pla + b) = ry, where ro < ry. Then (1) is a warped product and,

il 00y = 405 (1 B0y + o5l 0asy) - and (A-122)

a lri" <vol(a) <ar{ (A.12b)

foru € ' (I). Moreover, if Py is a projection in J%, with one-dimensional range,
then

"
P Pou(0) %, < 2apm- z(rl) + 200 | Pou(@) 1By (A.12¢)

foru e #'(1).
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Proof. The first estimate follows from Corollary A.2.7 and the estimate
n(a,b) < a(aPm—a(t1) + bpm(t1)) < a* +ab < 2ab.

Here, we used Lemma A.2.16 with the setting 7y = ro/r; < 1, o, = 1,
Pm—(t1)) <1, pm(r1) < 1 and @ < b. The second estimate estimate is a
consequence of Lemma A.2.16 and

1 _

(m n 1)1'1 ! =< pm(tl_l) = Tl_m

using Lemma A.2.14. Finally, the last estimate can be seen from Proposition A.2.11
and n1(a) = apm—(t1)T1. O

Let us finish this section with some more examples illustrating the abstract
setting. The possibly simplest example is given by 77°(s) = C. The estimate follows
from Corollary A.2.8:

Corollary A.2.18 (Interval). Let I = [0, £]. Assume that 7 (s) = C and that the
distortion function is constant, say p(s) = 1. Then 7€ (1) = L,(I) is a product and

2 2
FOF = alf Ry + 21 By = 71 B

forall0 <a < {_ =min{l,{}and f € H'(I) = ' (I).
The following result is only needed in the special case J7(s) = C:
Proposition A.2.19. Assume that I = [0, £], then

1

025 1025
||f/||ﬁ2(1) = W”f”ﬁz(l) + 2||f”||f2(1) = ?(”f”ﬁz(l) + ”f””ﬁz(l))

for f € HX(I).

Proof. Partial integration and Cauchy-Young’s inequality yield
2 cr 1 2 1 "2 / /
LA = S+ 17+ O f O] + [0 f" O]
The boundary term at s = 0 can be estimated by

/ cY ! 1
FO O] = 37O + 5 [ fOF
N (i o 2. 1 , 2
= (1P + G B) + o (P + S )

_ 1 2 7717/ "2 1 27’ b 712
= I+ 5 (5 + )1
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for n > and b, b’ € (0, £], applying Corollary A.2.18 to f and f’. A similar result
holds for the boundary term at s = £, so that we end up with the inequality

71 = (5 + )P+ (5 + )P+ (5 + )P

If wesetn := a/8,b :=a/32and b’ := a for 0 < a < {, then the coefficient of
|| £'II?> on the RHS equals 1/2. Bringing this term on the LHS and multiplying by 2
yields the desired estimate with ¢ = £_. Note that 1 + 4/(nb) = 1 + 1,024 /a*> <
1,025/a” and 12nb’ = 1 4+ a?/4 < 2since a < 1. O

More generally than in Corollary A.2.18, we may assume that the measure on
I is weighted, i.e. we replace the Lebesque measure ds by w(s)ds. Then from
Corollary A.2.7 we conclude (with the estimate 7, (a) < wa):

Corollary A.2.20 (Interval with weights). Assume that I = [0,{], that
w:(0,£) — (0,00) is a measurable function, and that € (s) = Cw(s). Then
(1) = L,(I,wds) is a warped product with distortion function p = w. If in
addition

_ w(0) <00
~ infw([0, min{1, £}]) '

then

2w 2w

2 2 2 2
O = 2a0ll FIL 1wy + = IS IL ravsas) = m”f”ku(kw(s)ds)

a
for0 < a <min{l, £} and f € H' (I, w(s)ds) = "' (I).

Let us finally give another example, which is needed for topological perturbations
like removing balls from a manifold or adding handles to it. We will present such
constructions in a subsequent work.

Example A.2.21 (Polar coordinates). Assume that (X, g) is a Riemannian mani-
fold. Here, we apply the warped product structure of a metric g on a manifold X
given in polar coordinates.

Denote by «, () the maximal absolute value of the sectional curvature on B, (r).
Let r.(x) be the maximal radius r > 0 such that r < 7/(2/kx(r)) with the
convention 1/0 = oco. We set

ro(x) := min{injrad x, r(x)}. (A.13)

For x € X, we can parametrise M, := B(x, ro(x)) with polar coordinates (s, y) €
I, xY,I,:=(0,ry(x)), Y = S™. The metric in these coordinates is given by

4 =ds2+h37
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where /; is an s-depend metric on Y. We denote the standard metric on S?~! by #.
Recall that the warped product metric go = ds® + s2h is the flat metric around x,
ie. Ry x,§" = R™*! where r(s) = s is the radius function (see Definition 5.3.2).
From [Au82, Thm. 1.53] and the definition of ry(x) in (A.13), it follows that we
have the estimate

2

3)2h <g=ds>+h; <ds®>+ s2<sinh(%>;)2h.

ds® + s2<
b4

In particular, L, (B, ) is an almost warped product with distortion function p(s) = s
and relative distortion poo = (sinh(wr/2))™.
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Notation

We give an overview of some general notation used in this work. Other commonly
used symbols are listed in the index.

General notation

« N={1,2,3,...},Ny={0,1,2,...},

e Z=4{...,-2,-1,0,1,2,...},

e Ry = [0,00),041 := I NRy \ I denotes the topological boundary in the
relative topology R4 (I C Ry), e.g., 04[0,A] = {A}.

¢ We use the short hand notation

9f (s)
as

a5 f(s) =

Moreover, du denotes the exterior derivative of u € C*°(M).

Sets and topology

* | A| denotes the number of elements in the set A
e C = AU B means that C = AU B and that A, B are disjoint (A N B = @)

Let A, B, C be subsets of a topological space X .

J— o
* A denotes the closure of A, A denotes the interior of A.
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420 Notation

Measure spaces

Let X be a measure space.

* X = AU B (“X is the disjoint union of A and B up to measure 0”) means that
X = AU B and that A N B has measure 0.

e X = J; 4i (“X is the disjoint union of all 4; up to measure 0”’) means that
X =, A; and that A; N A; has measure O for all i # j.

 len(7) denotes the Lebesque measure of I (length of the interval I C R).

Hilbert spaces, operators and function spaces

All our Hilbert spaces are assumed to be separable, i.e. having a countable
orthonormal basis. The inner product and all sesquilinear forms are anti-linear in
their first argument.

cs
* a < b means that we applied the Cauchy-Schwarz inequality.
e The Cauchy-Young reads as

cY , Lo
2[(fg)| = nllfI*+ Ellgll (1
for any > 0. In particular, if n = 1,

2[(f.8) = IFIP +llgll™.

o JA & 54 denotes the orthogonal sum of the Hilbert spaces 771 and 743; elements
of JA4 @ 5 are written as f = (f1, f») or f = f1 & f>. Similarly, elements of
@D, 7 written as f = { f.}. or sometimes as P, fe.

o A + 2% denotes the topological sum of the spaces J4 C 7, i.e., the direct
(but not necessarily orthogonal) sum, and .77 is assumed to be closed in 7.

e If a linear operator A is not defined for all elements of .77, we write dom A for
the domain of A. Similarly, for a quadratic form b, we write dom b for its domain.
The corresponding sesquilinear form is then definded on h: dom hxdom h — C.

 For a linear operator A: 7 —> 4 we denote the range of AbyranA := {g €
% |3h € dom A: Ah = g} and the kernel of Aby ker A := {h € domA | Ah =
0}.

» Cg°(1) denotes the space of smooth functions with compact support in I

* Sobolev spaces H*(I) := { f € L,(I)| f© e L,(I) Vi =1,...,k} with
norm ||f|||2_|k(1) =Y, ||f(f)||ﬁ2(1), where £ is the i-th (weak) derivative,

R (1) is the closure of CZ°(1) w.r.t. the norm |- [ /-



Index

Symbols

|A| (number of elements of A) 419

(,+) = (-, ) s (inner product) 97

(-, Ye.—k (pairing 2% x 227%) 102

2* (dual of 2) 101

o (trivial quadratic form) 98

1 (quadratic form given by the squared norm)
98

A U B (disjoint union of A and B) 419

AU B (disjoint union up to measure 0)

(J; A; (disjoint union up to measure 0)

f u (average of uon M) 264

fwu (averaging on enlarged scaled vertex

420
420

neighbourhood) 344
f‘,u (averaging on enlarged vertex
neighbourhood) 344

cs
< (Cauchy-Schwarz inequality) 420

CSY (Cauchy-Young inequality) 420

I = -l 52 (norm of 52) 97

Il (norm associated with a quadratic form)
98

Illij2 = IIllg12 (norm on ¢'/2) 119

1T li—o (norm of I': #' —> @) 119

[Il1./7 (norm on first order space associated
with non-self-adjoint operator H)
108

[Il1.6 (norm on the complexly dilated coupled
first order space 171

Il 2.7 (natural norm on operator domain and
its dual) 105

Il = ICH® + D-|l 126

||A|| operator norm of A 98

Il (norm associated with the form h) 98

I+ (norm associated with a scale of Hilbert
spaces) 102

l-llx = IIll,x) (Lo-norm on X) 262
[I-lt4¢ 7y (norm of a Sobolev space) 420
éo (topological interior of A) 419

A (topological closure of A) 419

I @ 7 (orthogonal sum of the Hilbert
spaces .71 and J%) 420

P, ##, (orthogonal sum of the Hilbert spaces

o) 420

24 + 74 (topological sum of the Hilbert
spaces .71 and J%) 420

dG (boundary of a metric graph) 76

aU (total boundary of U C X) 260

dX (boundary of the manifold X) 260

d+1:=TNRy\I 419

doX (transversal boundary of X) 261,302,
303

d1 X (longitudinal boundary of X) 261, 302,
303,316

0. X¢., (scaled boundary component at edge e)
312

d. X, (boundary component at edge ¢) 302,

R 303

dU (internal boundary of U C X) 28,260,
302,303,312

o
dX,, (internal boundary of X,) 312
o

X (interior of the manifold X)) 260

d: E —> V x V (connection map of a graph)
58
— )

%f(s) = a: 419

V = V \ 9G (interior vertices of a metric
graph) 76

r’?g (v) (oriented evaluation of a 1-form) 64
L (v) (Unoriented evaluation of f, atv) 30
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422

L (v) (unoriented evaluation of f, atv) 70

~N

vl . (v) (Oriented evaluation of f, atv) 30

~

i . (v) (oriented evaluation of f, atv) 70

A

Ay (v,w) 67,95

A(z) (adjoint of Neumann solution operator)
129

adjoint, §- 209, 234

almost product 394
almost warped product
analytic vector 176
anti-linear 97, 101
averaging operator 264
averaging principle 6

394

B(2) (adjoint of Dirichlet solution operator)
129

B?(z) (adjoint of the dilated (coupled)
Dirichlet solution operator) 151, 166

Bethe-Sommerfeld conjecture 47

bipartite 92

Bochner-integrable 392

borderline case 6,29, 50,293, 299, 332, 339,
342,352,372, 384

boundary identification operator
381, 387

boundary map 242

boundary map associated with a quadratic form
116

boundary map coupled via a graph

boundary map, non-proper 116

boundary map, proper 116

boundary maps compatible with a graph 181

boundary maps coupled via graphs 180

boundary of a manifold 260

boundary of a metric graph 76

boundary space of a quantum graph,
unweighted 161

boundary space of a quantum graph, weighted
161

boundary triple 37,77, 114

boundary triple associated with a manifold
39,117,133

boundary triple associated with a manifold
(couupled dilated) 160

328, 361,

181, 182

Index

boundary triple associated with a quadratic
form 35,116

boundary triple associated with a quantum
graph 39,76, 136

boundary triple associated with a quantum
graph (couupled dilated) 161

boundary triple coupled via a graph 184

boundary triple, bounded 37,77, 117

boundary triple, complexly dilated 148

boundary triple, coupled 42,44, 152, 154

boundary triple, dilated 147

boundary triple, dilated coupled
159

boundary triple, elliptic 38, 77,97, 125

boundary triple, half-line 140, 142

boundary triple, ordinary 23, 39,77, 114,
121,132

boundary triple, quasi- 38, 132

boundary triple, unbounded 117

boundary triples compatible with a graph
183

boundary triples coupled via graphs 180

boundary, internal 28

boundary, transversal 28

bounded boundary triple 117

152, 158,

bounded, (1 + §)- 210
bounded, Ci- 234
C

(., (Hilbert chain associated with a discrete
quantum graph) 67, 88

€ (Gme, vy (Hilbert chain associated with a
quantum graph) 87

¢ (Gme,y.1) (Hilbert chain associated with an
extended quantum graph) 89

Cp (¢, y) (constant in holomorphic functional

calculus) 107,114
C, (constant in scaled embedding) 307
C(z,w) 123
Cz,w) 149
Co(z,w) 149

C=%(z,w) 149

C<y(z,w) 149

C, (constant in vertex neighbourhood estimate)
321

C/ (z) (norm estimate of complexly dilated
coupled Dirichlet solution operator)
172

C2°(1) (space of smooth functions with
compact support) 420



Index

C2°(X,Y) (space of smooth functions on X
with support disjoint from ¥ C X)
262

Cauchy-Schwarz inequality 420

Cauchy-Young inequality 420

closed operator 99

closed path 92

closed quadratic form 98

closed sesquilinear form 98

closeness of boundary maps, §- 243

closeness of non-self-adjoint operators,
@6,y U)- 222

closeness of non-symmetric sesquilinear
forms, (8, y,U)- 235

closeness of operators of order m > 0, §-
195

closeness of operators, 6- 195

closeness of quadratic forms, 6- 210

coboundary operator 64, 65

cohomology of a quantum graph 87

collar neighbourhood 303

combinatorial (discrete) Laplacian 39, 163,
178

combinatorial length 91

combinatorial path 91

compatibility operator 108, 109, 171

compatible of order 1, C- 110

compatible with zeroth order identification
operator, (8, C,z9)- 237

compatible with zeroth order identification
operator, §- 215

compatible with a non-negative operator 108

complex dilation 10, 40, 41, 140, 141, 148

complex scaling 10, 41

complexly dilated boundary triple 148

complexly dilated coupled operator 164, 170

complexly dilated coupled operator on first
order spaces 170

complexly dilated coupled sesquilinear form
173

conductor 11

connection map of a graph 58

continuous vertex space 61

convergence from inside 390

convergence from outside 390

convergence in the generalised sense 32

convergence of operators acting in different
Hilbert spaces 32

convergence of resonances 44

coupled boundary triple 152, 154

coupled boundary triple, - 159

crushed ice problem 16

cycle 92

423

A (discrete (weighted) Laplacian) 60

Acc"mb (combinatorial (discrete) Laplacian)
39

A“E;"”“ (normalised discrete Laplacian) 39

A'A,/ (discrete generalised Laplacian) 64

8¢ (constant in vertex neighbourhood
estimate) 321

S&V (constant in average vertex neighhourhood
estimate) 319

3., (constant in vertex neighbourhood
estimate, slowly decaying case) 323

8e.v.e (constant in vertex neighbourhood
estimate) 318

AA(% 1) (extended Laplacian of a quantum
graph) 82

Ay (Laplacian on the manifold X) 264

Aﬁg”‘ (Laplacian on the manifold X with
Dirichlet condition on dy X 263

AY (Laplacian on the manifold X with
Dirichlet condition) 264

A, (standard Laplacian with weight p) 73

A, (metric graph Laplacian associated with
the vertex space ) 72

) 1 (extended quadratic form of a quantum
graph) 82

9%X (quadratic form on the manifold X with
Dirichlet condition on dp X 263

du (exterior derivative of u) 419

d (standard discrete exterior derivative) 60

d+ (exterior discrete derivative associated with
the vertex space 7)) 64

d~ (exterior derivative associated with the
vertex space ¥) 71

8(% 1) (extended exterior derivative of a
quantum graph) 82

decoupled Sobolev space of a metric graph
70

deg v (degree of the vertex v) 59

degree of a vertex 59

delta-interaction at a vertex 87, 373, 376

densely embedded with constant C 100

differential form 54

dilated boundary triple 147

dilated coupled boundary triple 152, 158,
159

dilated coupled Dirichlet solution operator
166

dilated Dirichlet solution operator 148
dilated quadratic form 147



424

Dirichlet operator associated with a boundary
map/triple 116
Dirichlet operator associated with a boundary

triple 37
Dirichlet operator associated with a quantum
graph 79

Dirichlet part of a vertex condition 74

Dirichlet problem 118

Dirichlet problem, strong solution of the 124

Dirichlet solution operator 23,118, 119, 123

Dirichlet solution operator (weak) 118, 123

Dirichlet solution operator associated with a
quantum graph 80

Dirichlet solution operator, dilated 148

Dirichlet vertex space 62,73

Dirichlet-to-Neumann operator 37, 120, 130

Dirichlet-to-Neumann operator associated with
a quantum graph 80

discrete exterior graph 59

discrete generalised Laplacian 64

discrete graph 58

discrete magnetic Laplacian 66

discrete quantum graph 61

distortion analyticity 10

distortion function of a warped product 394

distortion, global relative 394

dom A (domain of the operator A) 420

dom h (domain of the quadratic form ) 420

dom b (domain of the sesquilinear form b)
420

domain of a quadratic form 420

domain of a sesquilinear form 420

domain of an operator 420

dual of a space 101

dual vertex space 61

&M (e-homothetic version of M) 267

E (matrix with all entries 1) 61

E (set of edges of a graph) 58

Ey (set of thick edges) 356,386

E ext (set of thick exterior edges) 386

Eoin (set of thick edges of finite length))
361

Eoint (set of thick interior edges) 386

Ecx (set of exterior edges) 59

Ejn (set of interior edges) 59

E, (set of edges adjacent tov) 58

Eft (set of incoming/outgoing edges at v) 58

edge neighbourhood 26, 302

edge-weighted discrete exterior graph 59

Index
edge-weighted graph 59
eigenvalues in gaps 48
elliptic boundary triple 38, 77,97, 125
elliptic estimate 127
energy-dependent vertex condition 87,373

energy-independent vertex condition 74
equilateral metric graph 49, 59, 84
equivalent closed paths 92

Euler characteristic 67, 87, 89

evaluation operators of a metric graph 70
(-)ext (label for exterior boundary triple) 153
extended discrete Hilbert chain 90

extended exterior derivative of a quantum

graph 82
extended form of degree 0 of a a quantum
graph 89

extended Hilbert space 30, 138

extended Laplacian of a quantum graph 31,
82

extended quadratic form 138

extended quantum graph 81

exterior boundary triple 153

exterior derivative associated with a quantum
graph 71

exterior derivative on a discrete graph 64

exterior dilation operator 41

exterior discrete derivative associated with a
vertex space 64

exterior edge 40,59

exterior part of a space 40

exterior scaling method 10

¢p(H) (holomorphic functional calculus of
H) 107,114

@? (flow) 179

fast decaying vertex volume
322,324, 339,369, 379

first order identification operator 7

Floquet theory 47

flow, non-smooth 179

flow, smooth 180

flux condition on the derivatives 73

forbidden zone 11

form of degree O of a a quantum graph,
extended 89

form of degree 0 of a discrete graph 60, 61

form of degree O of a quantum graph 71, 87

form of degree 1 of a discrete graph 60

form of degree 1 of a quantum graph 71, 87

fractal metric graph 56

6,29,49,293,



Index

fractal spectrum 51
fractal-like manifold 18
Fredholm index 67, 87, 89
free form 108

free operator 108

functional calculus, Loo- 104

functional calculus, holomorphic 107, 114
fundamental solution 79

G

I': ' —> ¢ (boundary map) 37,116

I'":#? —> & (second boundary map of a
boundary triple) 117

(I, I'’,%) (boundary triple) 116

(Io, I, 9) (ordinary boundary triple) 23,
114

(e, T}, %) (weighted boundary space of a

_quantum graph) 162

(I'e, I, 9) (weighted boundary space of a

quantum graph) 162

(Fexts =1l @) (exterior boundary triple)
153
(L, Ty 9) (interior boundary triple) 153

(I'?,—r"?,¢) (dilated boundary triple) 147

(I'?, '’ , %) (dilated coupled boundary triple)
159

Y5 (2) resolvent estimate 150, 165

1/1193 ! (z) resolvent estimate 150, 166

'™ (adjoint of I" w.r.t. inner products of /#!
and ¥) 120

y(2) resolvent norm profile of complexly
dilated coupled operator 173

¥1(z) resolvent norm profile of order 1 of
complexly dilated coupled operator
174

% (Hilbert space (boundary space)) 37

@'/2 (range of the boundary map) 37,116

@* (scale of Hilbert spaces associated with
Dirichlet-to-Neumann operator) 120

G (metric graph) 291

ge.e (scaled metric on edge neighbourhood)
307

ge.v (scaled metric on vertex neighbourhood)
307

Zev.e (metric on truncated cone)

G™" (metric graph) 69

G'P (topological graph) 69

(G, ¥) (quantum graph) 71

G, (star-shaped metric graph) 291

generalised adjacency matrix 66

308, 343

425

generalised norm resolvent convergence 198,

223
generating operator of a densely embedded
space 101

global module of continuity 276

global relative distortion 394

gr H (graph of the operator H) 99

graph-coupled quadratic form 181

graph-coupled space of order 1 181

graph-decoration 48

graph-like manifold 7,28, 291, 302

graph-like manifold (scaled) 291

graph-like manifold according to a self-similar
graph 18

graph-like manifold with different vertex
scaling 314

graph-like space 27

Green’s formula (abstract) 36, 114, 117

Gromov-Hausdorff distance 19, 390

Gromov-Hausdorff topology 19

H

2 (Hilbert space) 37,97

" (coupled first order space) 153

' (domain of the Neumann quadratic form)
37,98,116

219 (decoupled first order space) 153

P (domain of the Dirichlet quadratic form)
37,116

"9 (dilated coupled first order space) 158

2V (H) (first order space associated with
non-self-adjoint operator H) 108

2 (operator domain with natural norm) 99

H j:2(H ) (scale of order £2 associated with

. H) 105

;2 (domain of the extended operator) 139

2*% domain of the complexly dilated coupled
operator) 170

# (extended Hilbert space) 81,138

jiZL' (extended space of order 1) 82,139

A% (scale of Hilbert spaces associated with a
non-negative operator) 102

%D (scale associated with the Dirichlet
operator) 116

FN (scale associated with the Neumann
operator) 116

#%(A) (scale of Hilbert spaces associated
with A > 0) 102

A}, (first order space on graph-coupled
boundary maps) 182
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b (quadratic form) 37,98

h (sesquilinear form) 98

b+ (transversal quadratic form of a half-line
boundary triple) 147

hP (Dirichlet quadratic form) 116

6 1 (extended quadratic form) 138

by (sesquilinear form associated with the
operator H) 99

h? (complexly dilated coupled sesquilinear
form) 171,173

h? (dilated coupled quadratic form) 158

h? (dilated quadratic form) 147

H~L = id®K (transversal operator of a
half-line boundary triple) 142

H (operator in Green’s formula) 117

HP (Dirichlet operator associated with a
boundary triple) 37,116

h, (metric on transversal manifold) 307

HYN (Neumann operator associated with a
boundary triple) 37,116

H?(G,7) (cohomology of a discrete quantum
graph) 67

H?(G™*, ¥) (cohomology associated with a
quantum graph) 87

HY (dilated coupled operator) 159

H ? (dilated operator) 147

H? complexly dilated coupled operator)

e 164, 168

H? = HY complexly dilated coupled
operator) 170

HY (dilated operator in Green’s formula)

147
H P (dilated Dirichlet operator on coupled
space) 165

H P (dilated Dirichlet operator) 150

HN (dilated Neumann operator) 150

A . (extended operator) 139

H!'(X) (first order Sobolev space on X) 263

HY(X,00X) = HY (X, 00X, g) (first order
Sobolev space on X with Dirichlet
condition on dpX) 263

H¥ (1) (Sobolev space of order k on 1) 420

o
H'(X) (first order Sobolev space on X with
Dirichlet condition on 0X) 263

Igl"(l ) (Sobolev space of order k with
vanishing boundary values) 420

H’r‘nax (G) (maximal Sobolev space of the metric
graph G) 70

H’ﬁ,,(G) (Sobolev space associated with
(G, 7)) 71

half-line boundary triple 140, 142

Hausdorff distance 19, 389

Index

heat kernel of a quantum graph 95

Helmholtz resonator 45, 54, 178, 257, 368

Herglotz function 122

Hilbert chain associated with a vertex space
67
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