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Preface

In this monograph, we analyse thin tubular structures, so-called “graph-like spaces”,
and their natural limits, when the radius of a graph-like space tends to zero. The limit
space is typically a metric graph, i.e. a graph, where each edge is associated a length,
and therefore, the space turns into a one-dimensional manifold with singularities at
the vertices. On both, the graph-like spaces and the metric graph, we can naturally
define Laplace-like differential operators. We are interested in asymptotic properties
of such operators. In particular, we show norm resolvent convergence, convergence
of the spectra and resonances.

Tubular structures with small radius have attracted a lot of attention in the last
years. Tubular structures are frequently used in different areas such as mathematical
physics to describe properties of nano-structures, in spectral geometry to provide
examples with given spectral properties, or in global analysis to calculate spectral
invariants.

Since the underlying spaces in the thin radius limit change, and even become
singular in the limit, we develop new tools such as

• Norm convergence of operators acting in different Hilbert spaces.
• An extension of the concept of boundary triples to partial differential operators.
• An abstract definition of resonances via boundary triples.

These tools are formulated in an abstract framework, independent of the original
problem of graph-like spaces, and in a way that they may be applied in many other
situations, for example when the underlying space is geometrically perturbed.

We briefly outline the content of this work. Chapter 1 is devoted to an exemplary
overview of the results proven in this work, their history and a discussion of
further research. In Chap. 2, we introduce the necessary concepts for discrete
and metric graphs, especially Laplace-type operators. Chapter 3 contains partially
new material, in particular, boundary triples associated with a quadratic form
with applications to the PDE case. Moreover, we derive an abstract version of
complex scaling via boundary triples and introduce resonances, i.e. poles of a
meromorphic continuation of the resolvent. Chapter 4 provides new material on
(norm-)convergenceof operators and quadratic forms in different Hilbert spaces. We
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extend these concepts to non-self-adjoint operators. Chapter 5 provides perturbation
arguments for manifolds under a change of the Riemannian metric. Moreover,
we present how a tubular neighbourhood can be reduced to the underlying one-
dimensional space using separation of variables.

In Chap. 6, we define abstract graph-like manifolds associated with a star-
shaped graph. We allow different scaling behaviours of the vertex neighbourhood
and different boundary conditions, leading to different limit operators. Finally, in
Chap. 7, we combine the convergence results for star-shaped graphs in order to
get convergence results for general metric graphs and graph-like manifolds. We
use the language of boundary triples in order to combine the local convergence
results for star-graphs to convergence results for general graphs. Combining and
extending existing results in the literature, we show norm-resolvent convergence of
the corresponding Laplacians, convergence of the spectrum and of resonances.

Berlin Olaf Post
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Chapter 1
Introduction

1.1 About This Monograph

The first aim of this monograph is to introduce into the asymptotic analysis of graph-
like spaces (also called graph-like manifolds, tubular branched manifolds, graph
neighbourhoods, fat graphs, network-shaped domains, inflated or d -dimensional
graphs) in the 0-thickness limit and the convergence of associated operators and
related objects. The second aim is to provide necessary tools from functional
analysis and operator theory to treat such convergence problems, where operators
act in different spaces, and where spaces are coupled according to a graph.

A graph-like space is, roughly speaking, a Riemannian manifold X" (or more
precisely, a family of manifolds fX"g") which converges to a metric graph as " ! 0,
i.e., a topological graph, where each edge is assigned a length and therefore each
edge is isometric to an interval (see Fig. 1.1).

The parameter " describes the lengths scale of the collapsing transversal space
of the part shrinking to an edge. We allow different scaling behaviours at the part
shrinking to a vertex. A simple example is given by the "-neighbourhood of a metric
graph embedded in R

2. More abstractly, we can think of a graph-like space as a
space coupled from building blocks according to a given combinatorial graph.

1.1.1 Convergence of Laplacians on Graph-Like Spaces

The first aim of this monograph is the asymptotic analysis of graph-like spaces in
the 0-thickness limit. We provide in particular:

• Norm convergence of resolvents, operator functions and spectra of the
Laplacian

– With Neumann boundary condition on graph-like spaces with boundary
(“Neumann case”)

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 1, © Springer-Verlag Berlin Heidelberg 2012
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2 1 Introduction

Fig. 1.1 A graph-like spaceX", here as a boundaryless manifold, the surface of a pipeline network
with thin radius of order " (left), together with the underlying metric graph X0 (right)

– On graph-like spaces without boundary (“boundaryless case”) (Theo-
rems 1.3.1 and 1.3.2)

– With Dirichlet boundary conditions on graph-like spaces with boundary
(“Dirichlet case”) under a certain “smallness condition” on the vertex neigh-
bourhood (Theorems 1.3.1 and 1.3.3)

to a natural Laplacian on the underlying metric graph. The underlying spaces are
allowed to be non-compact under some uniformity assumptions.

• Treatment of different scalings near a vertex for the Neumann and boundaryless
case (“fast decaying”, “slowly decaying” and “borderline case” determined by
the speed of convergence of the ratio “vertex volume” to “transversal volume”,
see (1.11) and below).

• Convergence of resonances on spaces with cylindrical ends shrinking to a half-
line (Theorem 1.4.4).

• Treatment of a star-graph and associated graph-like spaces first; the general case
follows by decomposing a graph into star graphs (in the middle of each edge)
and a coupling argument via boundary maps (star graphs and neighbourhoods
in Chap. 6, general graphs in Chap. 7, coupling via boundary maps Sect. 3.9 and
Proposition 4.8.3).

• Precise error estimates in terms of geometry and elementary spectral data of the
building blocks (like lower bounds on the edge lengths and first eigenvalues of
the vertex building blockXv of the unscaled manifold) (for edge neighbourhoods
see the theorems in Chap. 5, and for vertex neighbourhoods in Chap. 6).

• Analysis of the limit spaces: quantum graphs (i.e., metric graphs together with
a natural Laplacian �0 on it); spectral relation between quantum graphs and
discrete graphs (Sects. 2.2 and 2.4).

• Extended quantum graphs as natural spaces in the limit of the “borderline case”
and their spectral analysis (Sect. 2.3).

1.1.2 Tools from Functional Analysis and Operator Theory

The second aim of this monograph is to provide a toolbox of mathematical methods
for the convergence of Laplacians on shrinking spaces (see Chaps. 3 and 4). We like
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to remark, that principally we present the concepts in a very abstract and general
way. In order to keep this work at a reasonable size, we only present graph-like
spaces as application. Nevertheless, we are sure that the general concepts introduced
here have many other applications.

• Norm convergence of non-negative operators and a related notion for quadratic
forms acting in different Hilbert spaces (Sects. 4.2 and 4.4), convergence of
resolvents, convergence of spectra (discrete, essential) and convergence of
eigenfunctions (Sect. 4.3).

• Norm convergence of certain non-self-adjoint operators (typically not of type A
nor B in the sense of Kato) acting in different Hilbert spaces: convergence of
resolvents, convergence of eigenvalues and resonances (Sects. 4.5–4.9).

• Treatment of boundary value problems for (second order elliptic) partial differ-
ential operators via so-called boundary maps and boundary triples starting from
a (first order) quadratic form; coupling of such problems (Sects. 3.4–3.6).

• Abstract definition of resonances via boundary triples: typically, resonances and
embedded eigenvalues appear when a space is obtained by coupling a compact
(“interior”) part with a non-compact (“exterior”) part which is cylindrical. We
provide an abstract framework for the “complex dilation method” Sects. 3.6–3.8).

• A “black box” convergence result for resonances (Sect. 4.9); without concrete
knowledge of the interior part; only some estimates on the difference of the
operators in the interior parts are needed (Theorem 4.9.12 (1)).

1.1.3 Outline of the Work

Let us briefly outline the content of this work in the order of appearance. Section 1.2
is devoted to a short outline of the history, main results and motivation for the
study of graph-like spaces. We provide a more detailed and exemplary exposition
of our main results on graph-like spaces and the tools from functional analysis and
operator theory in Sects. 1.3 and 1.4. In Sect. 1.5 we present some consequences of
the spectral convergence. In Sect. 1.6 we give an outlook on some ideas beyond the
scope of this monograph.

In Chap. 2 we introduce the necessary concepts for discrete and metric graphs.
Most of the material is standard, and in parts taken from [P09b]. Generalised discrete
Laplacians have already been introduced in [P09a, P08]. The concept of extended
metric graphs defined via boundary triples is presented in Sect. 2.3.

Chapter 3 contains the material related to a single operator and associated scales
of Hilbert spaces and boundary triples. In particular, it contains partially new
material: boundary triples associated with a quadratic form with applications to the
PDE case. Moreover, we derive an abstract version of complex scaling via boundary
triples, and an abstract definition of a resonance.

Chapter 4 provides new material on (norm-)convergence of operators and
quadratic forms in different Hilbert spaces. We derive consequences such as spectral
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convergence and convergence of resonances. The basic ideas were introduced
in [P06, EP07]. We extend these concepts to non-self-adjoint operators.

Chapter 5 provides perturbation arguments for manifolds and for tubular neigh-
bourhoods. We present how a tubular neighbourhood can be reduced to the
underlying one-dimensional space using separation of variables.

In Chap. 6 we define abstract graph-like manifolds associated with a star-
shaped graph. We allow different scaling behaviour of the vertex neighbourhood
and different boundary conditions, leading to different limit operators. We use
Lipschitz continuous metrics in contrast to the original papers [EP05, KuZ03,
KuZ01, RuS01a]. For the quadratic form on a graph-like manifold we find a ı-
partial isometric quadratic form on the associated metric graph, which depends on
the scaling behaviour of the graph-like manifold. This is a generalisation of results
in [EP05, KuZ03, KuZ01, RuS01a], where only the convergence of eigenvalues is
shown.

Finally, in Chap. 7, we combine the convergence results for star-shaped graphs
provided in Chap. 6 in order to get convergence results for general metric graphs and
graph-like manifolds. We use the language of boundary maps and boundary triples
in order to combine the local convergence results for star-graphs to convergence
results for general graphs. In particular, we show norm-resolvent convergence of the
corresponding Laplacians, convergence of the spectrum and of resonances, combin-
ing and extending results of [EP07, P05, EP05, KuZ03, KuZ01, RuS01a, Sa00].

1.1.4 Related Topics Not Included in This Work

The aim of this monograph is to show how far the very general and flexible tools of
convergence of operators in different Hilbert spaces developed here can be used for
the analysis of operators on graph-like spaces. In concrete examples, one can obtain
stronger results using different methods such as matched asymptotic expansions
used for problems involving regions that scale in different ways (see e.g. [GJ09,
G08a, JS10]), or matching of scattering solutions (see e.g. [MV07, G08a]). For
example, Grieser obtained the asymptotics �k."/ D �k.0/CO."/ instead of O."1=2/,
which is the convergence speed we obtain by our methods (see Theorem 1.3.2).

To summarise, we have not included the following subjects in this monograph;
mainly to keep it at a reasonable size, and since the methods differ from ours:

• The general Dirichlet (or other) boundary condition case.
• Asymptotic expansions of eigenvalues and eigenfunctions.
• Scattering properties.
• Schrödinger operators (i.e., Laplacians with magnetic and electric potential), for

such operators see e.g. in [EP07].
• Laplacians on differential forms and other vector bundles.
• Strong or weak convergence of operators acting in different Hilbert spaces.
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1.2 History, Results and Motivation

Let us start with a brief history on the convergence of Laplacians on graph-like
spaces. We explain further motivations in Sects. 1.2.4–1.2.7, as well as the history
of results on the tools from functional analysis and operator theory in Sects. 1.2.8–
1.2.9.

Already half a century ago Ruedenberg and Scherr [RSc53] used graph models,
elaborating an idea of L. Pauling, to calculate spectra of aromatic carbohydrate
molecules. In particular, Ruedenberg and Scherr claimed that an electron in an
organic molecule is approximately described by confining it to the bonds of the
molecule. In this approximation, the other electrons lead to an effective potential,
confining the electron under consideration into a small neighbourhood of the bonds.
Therefore, Ruedenberg and Scherr used a one-dimensional graph-model, called
in their paper free-electron network model, as a simple but powerful tool. They
achieved a reasonable accuracy for such a simple model, which nowadays is called
quantum graph model with Kirchhoff vertex conditions. In the approximation,
the electron confinement can be realised by an "-neighbourhood X" of the one-
dimensional graph model X0, and the corresponding Schrödinger operator H" is
the Laplacian with Dirichlet boundary conditions on @X". An heuristic argument
was given1 in order to support the claim that the graph spectrum arises in the thin-
neighbourhood limit of a Dirichlet Laplacian acting on the graph neighbourhood.

We provide more examples where graph-like spaces appear in Mathematics
and applications in the subsequent sections. Depending on the application, graph-
like spaces are also called tubular neighbourhoods of graphs [CdV86], graph-like
manifolds [EP05], tubular branched manifolds, fat graphs, graph neighbourhoods,
network-shaped domains, inflated or d -dimensional graphs), and they have some
common features. First, a family of graph-like spaces fX"g" converges to the
underlying metric graph in the Gromov-Hausdorff distance, where " is roughly
the transversal length scale of X". Moreover, graph-like spaces are almost one-
dimensional spaces, i.e. a single length scale (namely the longitudinal one on each
edge) dominates all others.

Analytically, a graph-like space can be treated via separation of variables and
ODE techniques along the edges, but near vertices, i.e. the singularities of the metric
graph, the separation of variables technique breaks down. For a recent survey on thin
tubes including graph-like spaces we refer to [G08b].

1In particular, Ruedenberg and Scherr assumed, that a family of eigenfunctions, such that the
associated eigenvalues minus the transversal eigenmode (proportional to "�2) converge, remains
bounded. But a simple counterexample shows that there are eigenfunctions concentrating around
a vertex neighbourhood, see Sect. 6.11.5. If such eigenfunctions are normalised with respect to an
L2-norm on a shrinking domain, then they cannot be bounded. If one excludes such eigenvalues,
then still the limit operator is generically decoupled, and a Kirchhoff operator in the limit, as
claimed by Ruedenberg and Scherr, is very unlikely (see the discussion in Sect. 1.2.2).
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1.2.1 Convergence of Laplacians on Graph-Like Spaces:
The Neumann Case

Colin de Verdière gave the first mathematical treatment of spectral asymptotics
of graph-like spaces (“voisinages tubulaires des graphes”) in [CdV86], where he
proved the following:

Theorem 1.2.1. Let M be a closed manifold of dimension dimM � 3 and � 2 N.
Then there exists a Riemannian metric g� onM such that the second (first non-zero)
eigenvalue of the Laplacian on .M; g�/ has multiplicity �.

The proof uses the argument that the spectrum of the Neumann Laplacian on a
thin tubular neighbourhood of a graph embedded in a manifold converges to the
spectrum of the Kirchhoff Laplacian on the graph (see Sect. 1.2.6 for more details).
Since this result is used as an intermediate step only and presented in a brief way,
the paper seemed to be overlooked in much of the mathematical physics community
until recently.

Freidlin and Wentzell considered the problem from a probabilistic point of
view in [FW93] (see also [Fre96]). They show in their Theorem 7.3 the pointwise
convergence of the resolvent of the Neumann Laplacian on graph-like space to the
resolvent of the Kirchhoff Laplacian on the underlying metric graph after a suitable
identification. This result is a by-product of the convergence of a diffusion process
of a space X" on which the process moves fast in certain directions whereas the
motion in other directions is slow. The so-called averaging principle states that if
one identifies the fast directions to a point in a new space X0, then the original
process converges to a process on X0. The case of a graph-like space in our sense
appears as a special example. A similar result, namely the weak convergence of the
resolvents for tree graphs, is proven by Saito in [Sa00].

The spectral convergence of the Neumann Laplacian on a thin graph neigh-
bourhood with curved edges towards the Laplacian with Kirchhoff boundary on
the metric graph is shown by Rubinstein and Schatzman [RuS01a]. Rubinstein and
Schatzman also allow a magnetic field, and have some application in superconduc-
tivity in mind (see [RuS01b]).

Independently, Kosugi proved in [Ko00, Ko02] the uniform convergence of the
solution of a semilinear elliptic equation with Neumann boundary conditions on a
graph-like space to a corresponding solution on the metric graph (with Kirchhoff
conditions) after a suitable identification.

Kuchment and Zeng [KuZ01] simplify the arguments of [RuS01a], allowed a
variable radius r".s/D "r.s/ for the edge neighbourhoods (where s is the coordinate
on the edge), and extend the result to a slower length scaling at the vertex
neighbourhood ("˛, 0 < ˛ < 1) [KuZ03]. The limit operator depends on ˛, and
will lead to different vertex conditions on the corresponding quantum graph. For a
2-dimensional "-neighbourhood of the graph, there are three cases, the fast decaying
case 1=2 < ˛ � 1, the slowly decaying case 0 < ˛ < 1=2 and the borderline case
˛D 1=2. Heuristically, the cases are distinguished by the ratio of the area of the
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edge neighbourhood and of the vertex neighbourhood. Roughly speaking, one has
a decoupled operator in the slowly decaying case (the vertex neighbourhood acts as
an “obstacle” preventing the coupling of different edges at a vertex), and Kirchhoff
conditions in the fast decaying case. In the borderline case, a so-called “Wentzell”
condition appears on the quantum graph (see [FW93, (3.2)]).

In [EP05] we extend the analysis of [RuS01a, KuZ01, KuZ03] to more general
geometries. In particular, we introduced graph-like manifolds2 and stressed the
geometric point of view of the analysis.

In all of the above examples (except the result of Saito [Sa00] and [PWZ08]),
the underlying spaces are assumed to be compact, and therefore, only the discrete
spectrum was considered. The main idea for the spectral convergence in [CdV86,
RuS01a, KuZ01, KuZ03, EP05] is to compare the Rayleigh quotients using iden-
tification operators for the quadratic form domains (we call them here first order
identification operators). In [P06] we develop a method how to deal with the con-
vergence of operators acting in two different Hilbert spaces, and show in particular
the convergence of the discrete and essential spectrum for non-compact graph-like
spaces (in the fast decaying case). Pinchover, Wolansky and Zelig [PWZ08] proved
the spectral convergence of graph-like spaces for certain non-compact tree graphs
(see Sect. 1.2.5 for more details) in which the spectrum is still discrete, using again
first order identification operators and comparison of the Rayleigh quotients.

Let us stress the fact that the geometry of the (unscaled) vertex neighbourhood
is not important for the limit of the Neumann Laplacian. Similarly, if X" is a
neighbourhood of an embedded graph in R

2, then the limit operator does not contain
any information on the embedding (e.g. the curvature of the edges or the angles of
the edges at the vertex). This robustness of the convergence is maybe the reason
why the problem with Neumann boundary conditions was solved earlier than the
problem with Dirichlet boundary conditions.

Recently, Joly and Semin considered graph-like spaces in [JS10] converging to a
metric graph as models for the propagation of acoustic waves using the techniques
of “matched asymptotic expansions” and proposed also an “improved Kirchhoff
condition” for the asymptotic expansion.

1.2.2 Convergence of Laplacians on Graph-Like Spaces:
The Dirichlet Case

The analysis of the Laplacian with Dirichlet boundary conditions on a graph
neighbourhood is more complicated. In contrast to the case of Neumann boundary

2The notion “graph-like manifold” is sometimes used for a manifold embedded in R
n which can

be written as the graph of a function. In [KZh98], the notion of G-like manifold is introduced,
where G is a (discrete) graph. A G-like manifold is a manifold which is roughly isometric with the
(discrete) graph G, meaning that the manifold is metrically close to the (metric or discrete) graph.
This definition is different from ours.
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conditions or the case of manifolds without boundary, the lowest transversal
eigenfunction is no longer constant. In order to expect convergence of the spectrum,
one either has to rescale the Dirichlet Laplacian, or use an asymptotic expansion of
the eigenvalues in dependence of the transversal length scale " > 0.

Under a certain smallness condition on the vertex neighbourhood excluding the
natural "-neighbourhood, is was shown by the author in [P05], that the Dirichlet
Laplacian shifted by the lowest transversal eigenvalue converges to a decoupled
graph operator, namely the graph Laplacian with Dirichlet vertex conditions. This
result was somehow unexpected and “disappointing” from a physical point of view,
since a decoupled operator does not carry any information of the network structure.

The asymptotic behaviour of the Dirichlet spectrum for arbitrary vertex neigh-
bourhoods has been solved recently by Molchanov and Vainberg [MV07] and
Grieser [G08a]. The problem here is that the asymptotic splitting into eigenvalues
of a related graph problem and remaining eigenvalues as " ! 0 appears only in the
second term of the asymptotics, and not in leading order as in the Neumann case.
A first step to deal the problem is to turn it into a scattering problem. One way to
do so is to rescale the problem to a graph neighbourhood with transversal length
scale of order 1 and longitudinal length scale of order "�1. In the limit, such a graph
neighbourhood “converges” to the disjoint union of star-graph-like neighbourhoods
X1

v with infinite ends. It is now a scattering problem which determines the
asymptotic behaviour of the eigenvalues. After rescaling, the eigenvalue expansion
of the Dirichlet Laplacian on the compact graph-like space X" (with transversal
length scale ") is

�k."/ D "�2�k C O.e�c="/; .k D 1; : : : ; k0/ and

�k."/ D "�2�0 C �k�k0 C O."/; .k D 1; : : : /;

where k0 denotes the number of L2-eigenvalues �k of
L

v �X1

v
below or equal to

the lowest (unscaled) transversal eigenvalue �0, and where �k are the eigenvalues
associated with a graph Laplacian with vertex condition at the vertex v determined
by the scattering matrix Sv.�0/ of X1

v at the energy �0. It turns out that Sv.�0/ is a
unitary involution, i.e. Sv.�0/ has only eigenvalue 1 and �1. Moreover, the vertex
condition is given by

f .v/ D ffe.v/ge2Ev 2 Vv WD ker.Sv.�0/ � 1/ and (1.1a)

f 0.v/ D ff 0
e .v/ge2Ev 2 V ?

v D ker.Sv.�0/C 1/; (1.1b)

where Ev denotes the set of edges adjacent with the vertex v, and where fe.v/
and f 0

e .v/ denote the value of fe and the inward derivative of fe at the vertex v.
Grieser [G08a] also obtained complete asymptotic expansions for the k-th eigen-
value and the eigenfunctions, uniformly for k �C"�1. Other boundary conditions
with non-zero transversal eigenmode like Robin boundary conditions can be treated
in the same way.
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Generically, the vertex condition is decoupled Dirichlet (i.e. Sv.�0/ D �� or
Vv D 0), so it is unlikely to find some non-trivial coupling by choosing an arbitrary
vertex neighbourhood. The existence of non-trivial vertex conditions (i.e., Vv ¤ 0)
is related to the existence of threshold energy resonances at the energy � D �0 of
X1

v , i.e., eigenfunctions fulfilling the eigenvalue equation, being bounded but not in
L2.X

1
v /. Molchanov and Vainberg [MV08, Thm. 13] showed that if there is such an

eigenfunction, then the limit operator fulfils Kirchhoff conditions and dim Vv D 1.
Molchanov and Vainberg [MV07] considered the wave equation at energies�="2

where � is above the threshold �0, and gave an asymptotic description of the
corresponding wave function and a related function the metric graph. Note that
for such �, the vertex condition (“gluing condition” in [MV07]) on the metric
graph depends on �, and becomes independent only at the threshold � D �0 (see
also Theorem 16 of [G08a] for a quantitative discussion). In [MV08, Thm. 11],
Molchanov and Vainberg proved a norm resolvent convergence of the operator
"2�D

X"
at energies � D �0 C O."2/. In our language, they proved that

k."2�D
X"

� �/�1 � J."2�.X0;V / � �/�1J �k � C";

where .Jf /e D fe ˝ '";e and .Jf /v D 0 (see Sect. 1.3.4) and where �.X0;V / is
the metric graph Laplacian with vertex condition given by (1.1). Here, '";e is the
normalised first Dirichlet eigenfunction on the transversal manifold of the edge e,
and .Jf /v D 0 means that the function is set to 0 on the vertex neighbourhood. The
Dirichlet case has also been treated by Pavlov [Pav07] using Dirichlet-to-Neumann
techniques.

The case of a Dirichlet Laplacian on a graph neighbourhood is closely related
to the confinement of a particle to the graph neighbourhood by a strong narrow
potential. Again, the lowest transversal eigenvalue is positive and divergent in the
confinement limit. In [DeA07,DT06,DT04], Dell’Antonio and Tenuta use the idea,
that from a dynamic point of view, the longitudinal scale is much smaller than the
transversal scale, and they can find a limit dynamic on the quantum graph for certain
geometries. For tubular neighbourhoods (without branching, i.e., singularities), a
detailed analysis of a particle confined to a submanifold by a squeezing potential
can be found in [TW09]. Note that in this situation, one can use (at least locally)
separation of variable techniques. In [SmS06], a product model G � R with strong
confining potentials has been studied instead of the usual graph neighbourhood (see
also [MV06] for a related model with Dirichlet boundary conditions).

1.2.3 Convergence of Resonances

The question of resonances in non-relativistic quantum mechanics is one of the
most interesting and challenging mathematical problems, and has been studied by
many mathematicians and physicists. A resonance is a pole of a meromorphic



10 1 Introduction

continuation of the resolvent. For a physicist, a resonance z is an almost stable
state with decay rate proportional to Im

p
z > 0. Resonances of a Laplace-type

(self-adjoint) operator occur for example on spaces with cylindrical ends or spaces
which look like R

d at infinity. Such operators have essential spectrum Œ�0;1/ and
possibly eigenvalues embedded in the essential spectrum. Such an eigenvalue is a
resonance without decay (i.e. a stable state), but there might be more resonances
in the complex plane. For a nice survey on resonances we refer to [Zw99] (see
also [Ba10] and references therein for a more recent article).

To our knowledge, the problem of the convergence of resonances of a graph-
like space to the resonances of the corresponding quantum graph was first treated
in [EP07]. Typically, the spectrum of a non-compact quantum graph with compact
interior part and a finite number of infinite leads attached to the interior part
has eigenvalues embedded in the absolutely continuous spectrum Œ0;1/. These
eigenvalues arise e.g. from compactly supported eigenfunctions on loops in the
interior part. In contrast, for an elliptic partial differential operator, the unique
continuation principle prohibits compactly supported eigenfunctions. Of course, the
quantum graph may also have resonances with non-vanishing imaginary part (e.g. a
loop with one lead attached, Sect. 1.4.2 and Fig. 1.4 on page 41). Using the method
of complex scaling (see below), we show that for each resonance of the quantum
graph, there is a resonance of the Laplacian with Neumann boundary conditions on
an associated graph-like manifold with cylindrical ends nearby. It is unlikely (but not
proven nor disproven), that a resonance on the graph-like manifold arising from an
embedded eigenvalue of the graph is itself an embedded eigenvalue of the manifold.

In this monograph, we also extend the class of examples presented in [EP07] by
graph-like manifolds with different vertex neighbourhood scaling (the borderline
and slowly decaying case) and with Dirichlet boundary conditions. Moreover,
we provide a simple way how to calculate the resonances (cf. Theorem 3.8.4).
For decoupling limit operators, we obtain the convergence of resonances towards
embedded eigenvalues similar to the convergence of resonances of a Helmholtz
resonator (see Remark 1.4.6).

The method of complex scaling or complex dilation developed and applied by
many authors (see e.g. [Co69, AC71, BC71, Si72, CT73, Si79, CDKS87, BCD89]
or [RS80, Sect. XII.6 and XIII.10]), transforms the operator by a non-unitary
operator with the aim to rotate the essential spectrum uncovering a part of the
“second sheet” while leaving the poles at place. The advantage of the complex
scaling method is, that the poles of the resolvent become discrete eigenvalues of the
(non-self-adjoint) transformed operators, Hence, perturbation theory of resonances
is reduced to perturbation theory of discrete eigenvalues.

The method developed here is based on an exterior scaling introduced by [Si79]
(see also [CDKS87]). In particular, the dilation operator acts non-trivially on the
cylindrical ends (the so-called “exterior” part) only, and the transformed operator
has a domain depending on the scaling parameter. A smooth version leaving the
operator domain invariant was developed by Hunziker [Hu86] under the name
distortion analyticity (see also [HiS89]).
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In the following subsections we present different motivations for the study of
graph-like spaces and the functional analytic and operator theoretic tools, as well as
related results.

1.2.4 Mathematical Physics

Graph-like spaces appear in Mathematical Physics in physical networks, where
waves or (quantum mechanical) particles are confined to the vicinity of a one-
dimensional branched space.

If the length scale is reduced to some nanometres, the system is too small to
be treated using purely classical physics. Such networks are realised for example
in semi-conductors, carbon nano-structures or optical fibres, see e.g. the work of
Ruedenberg and Scherr mentioned in the beginning of Sect. 1.2. All these models
are governed by a Laplace-like Hamiltonian; and spectral properties of this operator
give information on the physical system (see e.g. [EŠ89]).

In a semi-conductor with network-like geometry, we consider an electron
confined to the network by the geometry. The corresponding Schrödinger operator
determines the main physical properties of the material. The spectrum of the
Schrödinger operator describes the energy in the one-electron model of solids. In
a periodic arrangement, the spectrum consists of bands, i.e. a locally finite union
of compact intervals. The gap or forbidden zone between the first and second
band is a measurement for the material to be a conductor, a semi-conductor or
an insulator, depending on the size of the gap. For example, an electron with an
energy in the forbidden zone cannot propagate through the material. Spectral gaps
typically occur in periodic media with high contrast (see e.g. [HP03]). Moreover,
impurities in the periodic arrangement can lead to additional levels inside the
forbidden zone, mathematically described by an eigenvalue in the spectral gap.
Such impurity levels are important in the theory of the colour of crystals (see
e.g. [ADH89, AADH94, P03a] and references therein).

Similarly, in a photonic crystal, i.e. a periodic arrangement of optical fibres, light
waves are confined to the fibre due to the difference in the dielectric constant of the
fibres and the embedding space. Again, a spectral gap tells us that electromagnetic
waves with certain frequencies cannot propagate through the photonic crystal.
Photonic crystals are often viewed as optical analogue of semi-conductors. For a
survey on the mathematical treatment of photonic crystals we refer to [Ku01] and
references therein.

All these systems have in common that the longitudinal length scale along the
network is much larger than the transversal length scale. It is therefore tempting to
ask the following:

(A) Does a proper one-dimensional branched space provides a good approxima-
tion of the network model with small transversal length scale?
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(B) Does the one-dimensional model yield information such as conductivity of the
original physical system?

Proper one-dimensional networks, also called quantum networks or quantum
graphs, have a long history in Chemistry and Physics (see e.g., [RSc53, Al83]). As
already mentioned in the beginning of Sect. 1.2, Ruedenberg and Scherr [RSc53]
believed by their heuristic arguments, that the Dirichlet Laplacian shifted by
the lowest transversal eigenvalue converges to the Kirchhoff Laplacian on the
graph. Although they obtained a reasonable accuracy for the spectra of aromatic
carbohydrate, the conclusion cannot hold, at least not for the "-neighbourhood of
a graph with straight edges and degree � 3 embedded in R

2. Simple examples
using variational arguments show, that the Dirichlet Laplacian associated with
the "-neighbourhood has eigenvalues below the lowest transversal eigenvalue (see
e.g. [SRW89, ABGM91] or Sect. 6.11.5).

Recently, quantum graph models have successfully be applied to carbon nano-
structures, i.e. molecules composed entirely of carbon. For example in graphene, the
carbon atoms are situated at the vertices of a hexagonal lattice in the plane, whereas
for carbon nano-tubes, the hexagonal lattice is rolled up into a cylinder, i.e. the
atoms are situated on a tube. As in the previous example, the electric conductivity
is determined by the spectrum of the underlying Schrödinger operator on the one-
dimensional network. In particular, the conductivity depends on how the nano-tube
is rolled up into a cylinder (see for example [ALM04, BBK07, KL07, KuP07]).

Mathematically, a quantum graph consists of a metric graph, i.e. a graph, where
each edge is considered as a one-dimensional space, and a self-adjoint (pseudo-)
differential operator acting on the edges. Typically, the operator acts as a system of
differential operators on each edge, and the system is coupled via vertex conditions
on the boundary values of each edge, in order to assure the self-adjointness.
For a recent survey on the subject, we refer to [Ku08] in [EKKC08], as well
as [GnS06,Ku05,Ku04,KS99] and the references therein. Quantum graphs are also
considered as solvable models since many properties can be calculated explicitly
(see the monograph [AGHC05] and the appendix by Pavel Exner).

Since there are a lot of self-adjoint extensions for symmetric differential opera-
tors on metric graphs, we have now the following questions:

(C) Which vertex conditions are “natural”? Does a given quantum graph occur as
a limit of a network, for which the transversal length scale tends to zero?

(D) Can we give a recipe how to construct a network converging to the quantum
graph?

The physical motivation of the questions is the following: If we can prove such
convergence results, we know that the simpler quantum graph model is a good
approximation of the real system. On the other hand, we might find interesting
features for certain quantum graphs and ask whether they can be manufactured
as nano-structure having the same features. As an example we may think of a
quantum switch (see e.g. Pavlov [Pav02] and the references therein): It is easy to
give an example of a vertex condition depending on a parameter such that a wave is
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transmitted or reflected, depending on the parameter. Can we find a corresponding
model in which for example the parameter has a geometric meaning? We will
give partial answers to these questions. In particular, the Kirchhoff Laplacian on
the metric graph is natural in the sense of question (C) above, by the results
of [RuS01a, KuZ01, EP05, P06] (see Theorem 1.3.2 (1)).

Note that the dependency of the limit operator depends on the scaling behaviour
at the vertex neighbourhood (see [KuZ03, EP05]): Roughly speaking, one has a
decoupled operator in the slowly decaying case, and Kirchhoff conditions in the fast
decaying case. This gives a partial answer to question (D) above. In particular, one
can construct a “quantum switch” by changing the geometry near a vertex using the
scaling rate ˛.

Note also, that in [EP07] we extended the convergence results in the fast decaying
case to magnetic Schrödinger operators on non-compact graph-like manifolds. In
particular, using results of [BGP07], we can show that certain magnetic Schrödinger
operators on a non-compact graph-like space have asymptotically a fractal spectrum
(see also Theorem 1.5.5).

Approximation of Quantum Graph Vertex Conditions
by Graph-Like Spaces

Let us make a short digression and give some partial answers to questions (C)
and (D) above. The following vertex conditions occur as limits of operators on
graph-like spaces:

1. Kirchhoff (or standard) vertex conditions: This vertex condition corresponds
to the vertex space Vv D C.1; : : : ; 1/, i.e. f is continuous at the vertex v
and

P
e2Ev

f 0
e .v/ D 0, and occurs as limit of the Neumann Laplacian on a

graph-neighbourhood or as limit of a graph-like manifold without boundary
(see [RuS01a, KuZ01, EP05, P06], see Theorem 1.3.2 (1)). The scaling at the
vertex neighbourhood has to be fast enough. Allowing different radii for the
(unscaled) transversal direction, one obtains a weighted version of the Kirchhoff
condition (i.e. Vv D Cp.v/ with p.v/ D fpe.v/g, pe.v/ > 0). Similarly, starting
with a magnetic Schrödinger operator, one ends up with vertex conditions with
complex weights (see [RuS01a, KuZ01, EP07]).

2. Other energy-independent vertex conditions: A vertex condition is called
energy-independent if it is of the form f .v/ 2 Vv, f 0.v/ 2 V ?

v as above. The
name “energy-independent” reflects the fact that the corresponding scattering
matrix is independent of the spectral parameter (the “energy”). In principle,
any linear space Vv � C

Ev could be obtained by a suitable choice of the
rescaled vertex neighbourhood X1

v . If in addition, X1
v could be chosen such

that there are no L2-eigenvalues below the threshold �0, then the spectrum of the
shifted Dirichlet Laplacian �D

X"
� �0="

2 on the corresponding scaled manifold
X" converges to a quantum graph with the prescribed vertex conditions Vv.

Unfortunately, it is unlikely to find manifolds X1
v with non-trivial vertex

conditions Vv ¤ 0. Generically, one obtains the physically less interesting
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decoupled Dirichlet vertex conditions as in [P05]. Note that up to now, there is
no formal proof how to construct X1

v from a given space Vv. The very sensitive
dependence on the geometry of the vertex neighbourhood is in contrast to case (1)
above.

Another case, in which the decoupled Dirichlet vertex condition occurs as
limit, is the Neumann Laplacian on a graph-like manifold with slowly decaying
vertex neighbourhoods (see [KuZ03, EP05]). Here, the vertex neighbourhood is
large compared to the transversal length scale, and has the effect of an obstacle;
an extra state remains from the lowest eigenmode on the vertex neighbourhood
(see Theorem 1.3.2 (3)).

3. A coupled vertex condition: The Neumann Laplacian on a graph neighbour-
hood with scaling "1=2 at the vertex neighbourhood Xv leads to an interesting
vertex condition, coupling the values of the function f at a vertex with an extra
state. The corresponding eigenvalue equation leads to the vertex condition that
f is continuous at v with value f .v/ and that

1

deg v

X

e2Ev

f 0
e .v/ D � � .volXv/f .v/: (1.2)

This condition looks like a delta-interaction with energy-depending strength
(see [KuZ03,EP05], Sect. 1.3.2 and Theorem 1.3.2 (2)), i.e. the spectral parame-
ter � enters also in the vertex condition itself, and is sometimes called “Wentzell”
condition, see [FW93, (3.2)]. Later on we present a nice general framework
for such vertex conditions. Kant, Klauss, Voigt and Weber [KKVW09] showed
that the heat operator associated with the Laplacian with Wentzell condition is
submarkovian; they interpret the extra states as been implemented via extra point
masses at the vertices.

4. Delta- and delta’-interactions: In [EP09] we introduce a method how to obtain
delta- and delta’-interactions at a vertex (and possibly more general energy-
dependent vertex conditions) by a Schrödinger operator. Roughly speaking, one
has to add a potential at the vertex neighbourhood of strength "�1, in order to
approximate an delta-interaction. A delta’-interaction can be approximated by
delta-interactions using ideas of [CE04]. In the same way, one can approximate
arbitrary vertex conditions by properly scaled (magnetic) Schrödinger operators
using ideas of [CET10]. Another idea of approximating delta-conditions is to use
Robin type conditions with a properly scaled factor on the boundary, such that
the lowest transversal eigenmode converges to 0 as " ! 0 (see [MNP10]).

For related results on neighbourhoods of a graph having two infinitely long
edges joint at one vertex leading to a non-trivial coupling, we refer to [ACF07,
CE07]. We do not focus on such results in this work.

Joly and Semin provided a model for acoustic waves in [JS10]: They consider the
wave equation on a star-shaped graph-like space (with infinite edges) and Neumann
boundary conditions. Using the method of matched asymptotic expansions they
provide an asymptotic solution for the wave equation on the graph-like manifold
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constructed from the wave equation on the underlying metric graph with Kirchhoff
conditions. Moreover, they present an asymptotic solution constructed from an
“improved Kirchhoff condition” on the metric graph; an "-depending solution where
the function and its derivatives on the metric graph are evaluated at distance "
from the vertex and related with the use of a Dirichlet-to-Neumann operator on the
vertex neighbourhood. In the limit " ! 0, the solution with “improved Kirchhoff
conditions” converge to the solution of the wave equation on the metric graph with
(ordinary) Kirchhoff conditions.

1.2.5 Models from Mathematical Biology

Quantum graphs and corresponding graph-like spaces have also been used as models
in Mathematical Biology. One example is to consider tree-like structures with
no positive lower bound on the edge length (so-called “fractal” metric graphs).
Pinchover, Wolansky and Zelig considered in [PWZ08] non-compact tree-like
spaces with discrete spectrum with Neumann conditions on the boundary (except
at the root and at infinity). Such models can be used as models for a human lung,
vascular trees or neural networks (see e.g. [Ni87, Ze05, PWZ08]).

Moreover, Penner et al used in [PKWA10] graph-like spaces with a large number
of vertex and edge neighbourhoods in order to encode the structure of a protein.
They are interested in the geometry of such spaces and how to encode them
for computer access. It is for example allowed that the edge neighbourhoods are
“twisted”.

1.2.6 Spectral Geometry and Spectral Invariants

1.2.6.1 Spectral Geometry

In Spectral Geometry, one investigates relations of the spectrum of the Laplacian (or
related operators) on a Riemannian manifold to its geometry. Graph-like manifolds
may serve as toy models in order to show certain properties, or to disprove a
conjecture. In particular, such spaces can be used in spectral engineering, i.e., in
constructing spaces with given spectral properties. Colin de Verdière [CdV86] used
graph-like spaces in order to prove Theorem 1.2.1 about the multiplicity of the first
non-zero eigenvalue of the Laplacian on a manifoldM .

In dimension 2, Cheng [Che76] proved that the multiplicity of the k-th eigenvalue
of a connected compact surfaceM of genus g is bounded by .2gCk/.2gCkC1/=2
where �1.M/ D 0 < �2.M/ � : : : . This result follows from a study of the nodal
lines, i.e., the set '�1

k f0g where 'k is the k-th eigenfunction.
In contrast, in dimension 3 or higher, there is no restriction on the multiplicity by

Theorem 1.2.1. In the proof of this theorem, Colin de Verdière embeds a complete
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metric graph G with n vertices in .M; g/. Such an embedding is possible, since
dimM � 3. Then he defines a family of metrics fg"g on M to be of thin tube type
on an "-neighbourhoodG" of G and small outside. In a first step, Colin de Verdière
shows that the eigenvalues ofM are close to the Neumann eigenvalues ofG". Since
g" is a conformal perturbation of g, the dimension assumption dimM � 3 also
enters in this step (see [P03b, Sect. 4] for a similar argument).

In a second step, it can be seen that the Neumann eigenvalues of G" converge
to the eigenvalues of the graph Laplacian, using methods discussed below. A
topological perturbation argument allows to show that one may change the metric
such that the multiplicity is preserved.

A similar construction is used in [CdV87] in order to show the following more
general result: Let dimM � 3, and let �1 D 0 < �2 � � � � � �n be a sequence of
n numbers. Then there exists a metric g such that the corresponding Laplacian has
�1; : : : ; �n as its first n eigenvalues.

1.2.6.2 Convergence of Manifolds and Spaces and Convergence of Spectra

Another interest of research is devoted to the study of spaces of manifolds and
convergence of manifolds in such spaces and its implications, like convergence of
spectra.

The convergence of eigenvalues of a sequence of compact manifolds M"

converging to a (possibly degenerated) manifold M0 has been studied since a long
time. Rauch and Taylor [RT75] considered open subsets ˝n in R

m converging
“metrically” to a subset˝ , and consider the convergence of the associated Dirichlet
Laplacians. In particular, they obtain strong convergence of spectral projectors and
the solution of the wave equation and applied this convergence to wildly perturbed
sets ˝n, e.g., a domain with many tiny obstacles removed. In particular, they
consider the so-called “crushed ice problem” where˝n is an open set˝ with n balls
of radius rn removed, where the n small balls are evenly spaced in some subregion
˝ 0 � ˝ . This situation models the physical problem of the heat flow in ˝n where
the balls are little coolers maintained at temperature zero. The critical parameter is
nrn: if nrn ! 0, then the balls are negligible in the limit, and if nrn ! 1, then the
limit operator is the Dirichlet Laplacian on ˝ n˝ 0 (see [RT75, Sect. 4]). The case
when nrn is bounded is delicate and needs more assumptions on the placements of
the balls.

Chavel and Feldman [CF78,CF81] showed that one can remove small balls or add
small handles of a manifold, i.e., change the topological type, while the convergence
of eigenvalues �k.M"/ ! �k.M0/ still holds. One motivation was the question
of Kac [Ka66] “Can one hear the shape of a drum”. Chavel and Feldman [CF81]
showed that if one adds small handles to a manifold (which changes the Euler
characteristic), the eigenvalues still converge as the handles shrink to a point. In
particular, an approximate knowledge of the eigenvalues is not enough. One would
have to know a priori all the eigenvalues with accuracy uniform in k, but this cannot
be true, see Remark 1.5.2.
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Fissmer and Hamenstädt [FH05] showed spectral convergence below the
essential spectrum, if the manifolds converge in the Gromov-Hausdorff sense (more
precisely, in the Lipschitz topology). They use the result in order to construct
manifolds with non-trivial essential spectrum and arbitrary high multiplicities
for an arbitrarily large number of eigenvalues below the essential spectrum. In
dimension 2, the metrics can be chosen to have constant curvature �1.

There are a lot of more results on convergence of spectra of families of
manifolds of specific type (like removing small balls, adding handles), for exam-
ple [Oz81, Oz82, A87, A90, AC93, A94, AC95, Ju01, H06] or more generally, on
elliptic theory on varying domains, cf. [Da08]. Moreover there is a vast literature
on homogenisation problems (see e.g. [Me08,Zh02,Me03,CLPZ02,Me01,KOZ94,
OSY92, SP80] and references therein), i.e., on partial differential equations, where
the coefficients have rapidly oscillating coeffients, or where the domain itself is
“rapidly oscillating”.

1.2.6.3 Spectral Invariants

A spectral invariant of a compact manifold is typically a function on the eigenvalues
of its Laplacian. If a spectral invariant is also a topological invariant, one may
change the metric on the manifold (and therefore also the eigenvalues) without
changing the invariant. Assume e.g. that X D XC [ X� where Y D XC \ X�
is a hypersurface separating XC and X�. Then we can introduce a long cylindrical
part Œ�N;N �� Y at Y by changing the metric. Since the topology does not change,
the invariant remains the same also in the limit N ! 1, and may be calculated
using the building blocks XC and X�. Note that after rescaling of the manifold,
the limit N ! 1 corresponds to a thin radius limit. This idea has been used e.g.
in [MM06] in order to calculate spectral invariants like the determinant. A similar
degeneration of the metrics has been used in [Ju01] in order to show the convergence
of eigenfunctions.

Spectral invariants like the determinant usually contain all eigenvalues simulta-
neously. Our spectral convergence gives only control over a finite number of the
eigenvalues, see the discussion in Remark 1.5.2); the large eigenvalues usually have
to be controlled by other techniques. For more details and references, we refer to
the survey of Grieser [G08b].

1.2.7 Global Analysis

In global analysis, graph-like spaces can be used in order to construct “exotic”
spaces, i.e., spaces with unusual properties like heat kernel estimates with untypical
exponents.
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The heat kernel of a Riemannian manifoldX is the smallest positive fundamental
solution to the heat equation �@tu D �Xu where �X WD d�d � 0 is non-negative.
For X D R

d , the heat kernel is given by the classical formula

pt .x; y/ D 1

.4�t/d=2
exp

�
�jx � yj2

4t

�

for t > 0 and x; y 2 R
d . On a general manifold X , upper and lower estimates on

the heat kernel are only known under additional assumptions. A remarkable result
was shown by Li and Yau [LY86]. If X is a complete Riemannian manifold with
non-negative Ricci curvature, then

C�
1

volBx.
p
t /

exp
�
�d.x; y/

2

c�t

�
� pt.x; y/ � CC

1

volBx.
p
t /

exp
�
�d.x; y/

2

cCt

�

for x; y 2 X and t > 0. Here, d.x; y/ denotes the geodesic distance between the
points x; y 2 X , volBx.r/ denotes the Riemannian volume of a geodesic ballBx.r/
and c˙; C˙ are positive constants independent of the manifold. If the Riemannian
manifold can be decomposed into finitely many building blocks on which upper and
lower bounds on the heat kernel are known, one obtains similar bounds on the global
heat kernel (see [GSC99]).

The notion of a heat kernel can be extended to metric measure spaces with a local
regular Dirichlet form, for example to a fractal space with its Hausdorff measure (for
details we refer to [Gr10, Gr03] and references therein). Typically, on a fractal, the
heat kernel fulfils upper and lower estimates as below, but now with Gaussians of
the form

1

�.Bx.t1=ˇ//
exp

�
�
�d.x; y/ˇ

ct

� 1
ˇ�1
�

for some ˇ > 2, e.g., ˇ D log 5= log2 for the Sierpiński gasket fractal, a compact
subset of R2. Note that ˇ D 2 corresponds to the classical manifold case discussed
above.

Up to recent time it was believed that Gaussian estimates with ˇ > 2 are typical
only for fractals, but unlikely for smooth spaces. Surprisingly, one can construct
a so-called fractal-like3 Riemannian manifold X having roughly the Gaussian
estimate with ˇ D log 5= log2 > 2 for large times t , and the classical Gaussian
estimate ˇ D 2 for short times (see [BBK06] and references therein). The complete
Riemannian manifold X is a graph-like manifold, constructed from a finite number
of building blocks according to a self-similar graph (see Fig. 1.5 for the Sierpiński
graph). From a probabilistic point of view, this behaviour can be understand as

3The name “fractal-like manifold” is used e.g. in [KZh98, BBK06]. More precisely we should
speak of a “graph-like manifold according to a self-similar graph”, since the notion “fractal (metric)
graph” is already reserved for a non-compact metric graph such that there is no positive lower
bound on the edge lengths, see Sects. 1.2.5 and 1.6.7.
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follows: pt.x; y/ is the probability density that a particle starting at the point x
is at the point y in time t . A particle moving on a fractal-like manifold sees the
smooth structure for short times, but for large times, the fractal nature becomes
apparent. Fractal-like manifolds were also used in [KZh98] in order to show some
untypical behaviour of the wave equation, namely that the average speed of effective
energy propagation of the waves satisfying a certain “long wave length condition”
is asymptotically zero.

1.2.8 Convergence of Operators Acting in Different Spaces

Many asymptotic problems deal with a converging family of manifolds (or more
generally, metric spaces) in a suitable topology. For example, in our main example,
we have a family of graph-like spacesX" converging to the underlying metric graph
X0 in the so-called Gromov-Hausdorff topology (see below). One is then interested
in the topology itself or in convergence properties of operator like the Laplacians on
these spaces.

In this monograph, we go a step further and develop an asymptotic theory for
operators acting in different Hilbert spaces. One motivation was to remove the
restriction of compactness of the underlying spaces (like in [RuS01a,KuZ01,EP05]),
and to prove norm resolvent convergence of the Laplacians in a suitable sense as
in [P06]. In particular, we introduce here the more general notion of “ı-partial
isometric equivalence” of the quadratic forms on the graph-like space and the metric
graph.

Let us give a brief history of related convergence results.

1.2.8.1 Convergence of Manifolds

We already mentioned in Sect. 1.2.6 the convergence of manifolds and of their
Laplacians and spectra in some particular cases. There is also a vast literature on the
study of spaces of manifolds and their topology, and the implications of convergence
of manifolds.

Let us mention here some works with a functional analytic viewpoint: Rauch and
Taylor [RT75] showed strong convergence of spectral projectors and the solution of
the wave equation for the Dirichlet Laplacian on convergent subsets in R

m (after
some natural identifications).

Gromov [Gro81] (see also [Gro99]) defined the – now called – Gromov-
Hausdorff distance of two metric spaces X and Y as the infimum of the numbers
dZ.f .X/; g.Y // for all isometric embeddings f WX �! Z and gWY �! Z

and all metric spaces .Z; dZ/, where dZ.A;B/ denotes the Hausdorff distance for
subsets A, B in the metric space .Z; dZ/ (see Definition A.1.1). The distance is for
example used in order to analyse the topology of certain families of manifolds,
and to establish (pre)compactness theorems on classes of compact Riemannian.
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In particular, if Mfd.n;D; 	/ denotes the set of isometry classes of compact
Riemannian manifolds of dimension n with diameter diam.M/ � D and Ricci
curvature � �.n � 1/	2, then Mfd.n;D; 	/ is precompact (see also [ACh92] for a
related result with a lower bound on the injectivity radius instead of the upper bound
on the diameter).

Fukaya [Fu87] defined a related notion of convergence, the convergence
M˛ !M of manifolds in Mfd.n;D; 	/ in the so-called measured Hausdorff
topology, and showed the convergence of eigenvalues �k.M˛/!�k.M/ under
a uniform lower bound on the Ricci curvature and an upper bound on the
diameter. Kasue and Kumura [KK94, KK96] defined a new distance between two
compact Riemannian manifolds, the spectral distance (see also [Ka02, Ka06]).
A similar notion was introduced by Bérard, Besson and Gallot [BBG94]. The
topology induced by the spectral distance is finer than the Gromov-Hausdorff
topology on Mfd.n;D; 	/. Both results [KK94, BBG94] show the convergence of
eigenvalues asM˛ !M in the spectral distance ([KK94] also showed convergence
of eigenfunctions and weak convergence of the resolvents).

Most of the above convergence results, e.g. on spectra, need curvature bounds
and are formulated for compact manifolds. Results without compactness and
curvature assumptions are given by Colbois and Courtois [CC91]: They provide an
equivalent characterisation of the convergence of eigenvalues below the essential
spectrum in terms a lower bound on the Dirichlet spectrum around the ends
of the manifolds. Moreover, they do not need curvature assumptions. Fissmer
and Hamenstädt [FH05] showed spectral convergence for certain non-compact
manifolds below the essential spectrum. For a more complete review on related
convergence results we refer to [KSh03].

Let us remark that all these results do not directly apply to our situation of a
graph-like manifoldX" converging to a metric graphX0 for the following reasons:

• The limit space X0 is not a manifold since it has singularities at the vertices;
• The curvature of the family fX"g" is not bounded from below, since at least as

the vertex neighbourhoods shrink to points, the curvature tends to �1;
• The spaces X" and X0 are allowed to be non-compact (with certain uniformity

assumptions).

1.2.8.2 Convergence of Hilbert Spaces and Operators

Some of the previous work already contain sections on a convergence theory of
operators or quadratic forms acting on different Hilbert spaces. We mention here
exemplarily Fukaya [Fu87, Sect. 4], Mosco [Mo94], Kuwae and Shioya [KSh03,
Ch. 2] (see also [Ka02,Ka06] for the convergence of Dirichlet forms and references
therein) as well as the vast literature on homogenisation problems [SP80, OSY92,
KOZ94, Me01, Me03].

Fukaya [Fu87] consider the convergence of eigenvalues: Typically, one has to
transplant eigenfunctions from the limit space onto the approximating space and
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vice versa. The next step is to compare the resulting Rayleigh quotients. This
eigenvalue comparison is the core of the spectral convergence for graph-like spaces
in [RuS01a,KuZ01,KuZ03,EP05,P06], where the limit space is a metric graph and
the approximating space consists of graph-like manifolds.

Mosco, Kuwae and Shioya [Mo94, KSh03] developed a theory of strong conver-
gence of resolvents, spectral projections and other related objects of operators A˛
and A in Hilbert spaces H˛ and H . This convergence is enough for the spectral
convergence from inside, i.e., 
.A˛/ % 
.A/ (see Sect. A.1) which means that for
each � 2 
.A/ there is a sequence �˛ 2 
.A˛/ such that �˛ ! � (see [KSh03,
Prp. 2.5]). If the spectrum is discrete, the convergence of the eigenvalues follows.

Kuwae and Shioya [KSh03] also introduce the notion of a spectral structure

˙ D��; d;�.�/.�/; fe�t�g; f.�� �/�1
�
;

where � is a non-negative operator with associated quadratic form d. They show
that if the manifolds M˛ ! M converge in the so-called compact Lipschitz
topology, then the associated spectral structures converge strongly (meaning that
the resolvents of the Laplacians converge strongly in an appropriate sense). This
convergence of manifolds usually preserves dimensions, and cannot be applied to
our case, since we have a collapsing of the graph-like manifoldsX" as they converge
to the metric graph X0, and singularities at the vertices of the limit space X0.

When dealing with homogenisation problems (see the end of Sect. 1.2.6.2), an
abstract notion of strong (or weak) convergence of operators acting in different
Hilbert spaces has been defined (see e.g. [ZP07,Pas04] and references therein). The
Hilbert spaces there are for example L2-spaces of parameter-depending measures
on a given domain, and weak or strong convergence of resolvents is shown. In other
problems of homogenisations, abstract schemes for strong resolvent convergence
are established e.g. in [Me03, Me01, KOZ94, OSY92]. In most of these works, the
approximating resolvents are assumed to be compact, and as a result of the abstract
theory, the convergence of eigenvalues is established.

In this monograph, we use a similar approach and reduce the concrete problem
of convergence of operators on graph-like spaces to a problem of operators acting
in different Hilbert spaces. In contrast to the previous works, we develop a theory
of norm resolvent convergence, and we do not pose any compactness conditions on
the resolvents, i.e., on the spectrum of the operators. The convergence of the spectra
(in particular, discrete and essential) and the norm convergence of the resolvents
(and other functions of the operators) are consequences of our general concept.
To the best of our knowledge, this approach is new, and surprisingly simple: The
estimates needed to ensure the convergence are easily shown in concrete examples,
and seem to be very natural. There is no doubt that the concept of strong convergence
developed e.g. in [KSh03] can also be applied in our situation, but would lead to less
strong results.

More precisely we generalise the concept of norm resolvent convergence and
unitary equivalence, where ı measures the deviation of being unitary equivalent
and the distance of the two operators. The so-called ı-quasi-unitary resp. ı-partial
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isometric equivalence of the corresponding operators (or quadratic forms) reduces
to unitary equivalence if ı D 0.

Interestingly, the necessary estimates needed for the proof of the ı-partial
isometry of the quadratic forms are very similar to the ones needed for the
eigenvalue convergence only (see [EP05, P06]).

1.2.8.3 Convergence of Non-self-adjoint Operators in Different Hilbert
Spaces and Convergence of Resonances

We are not aware of a systematic treatment of norm convergence results for non-
self-adjoint operators acting in different Hilbert spaces. We develop a theory for
such operators in order to treat the exterior scaling method described below in
Sect. 1.2.3. This treatment is somehow technical since the exterior scaling leads to a
holomorphic family of operators fH�

" g� which is not of type A nor B, where H0
" is

the original operator, in our case the Laplacian on X". The reason is that functions
in the domain of the form resp. operator domain have a jump in the function value
resp. also in its derivative (see Sect. 1.4.2). Moreover, in order to keep track of the
"-dependence, we need to define some classes of operators with given resolvent
norm profile, i.e., k.H�

" � z/�1k � 
.z/ for a given function 
 on an open set
U � Cn
.H�

" /. This is developed in Sect. 3.3, where we also introduce an adequate
substitute for a first order space (on which the sesquilinear form is defined). Another
difficulty appears here from the fact that the sesquilinear form h�" associated withH�

"

has an asymmetric domain H 1;� �H 1;� if � is complex. We develop a convergence
theory for such operators and associated sesquilinear forms (see Sects. 4.5–4.7). Let
us mention that Mugnolo, Nittka and the present author developed in [MNP10] a
convergence theory for sectorial operators acting in different Hilbert spaces. Note
that such operators arise from sesquilinear forms with symmetric domain.

The merits for the abstract convergence results for non-self-adjoint operators is
a very general “black box” criterion for the convergence of resonances in Sect. 4.9.
We only need some abstract information of the interior part (expressed as ı-quasi
unitarity of the associated quadratic forms) and some natural conditions on the
exterior part.

1.2.9 Boundary Triples

1.2.9.1 Boundary Triples Associated with Quadratic Forms and Abstract
Complex Scaling

The concept of boundary triples was originally introduced for the study of exten-
sions of symmetric operators in a Hilbert space. The study of extensions goes
back to von Neumann [vN30], Friedrichs [Fri34], Krein [Kr47], Vishik [Vi52] and



1.2 History, Results and Motivation 23

Birman [Bi53]. For a general treatment of boundary triples we refer exemplarily
to [BGP08, DHMS06, DM95, DM91, GG91].

Since boundary triples are central objects in our analysis, we start with a brief
introduction. An (ordinary) boundary triple .�0; �1;G / associated with a closed
symmetric operator A in a Hilbert space H is given by a Hilbert space G and
linear operators �0; �1W domA� �! G , such that .�0; �1/W domA� �! G ˚ G is
surjective and that the abstract Green’s identity

hA�f ; giH � hf;A�giH D h�0f ; �1giG � h�1f ; �0giG : (1.3)

holds for all f; g 2 domA�. A very simple example is given by H WD L2.0; 1/,

Af WD �f 00; domA WD f f 2 H2.0; 1/ j f .0/ D 0; f .1/ D 0; f 0.1/ D 0 g
(1.4)

�0f WD f .1/; �1f WD f 0.1/; G WD C: (1.5)

Note that we can describe all self-adjoint extensions of A in the form AL where

domAL WD f f 2 domA� j�1f D L�0f g;

and where L 2 R, and AD WD A��ker�0 (formally, we have AD D A1). Here,
domA� D f f 2 H2.0; 1/ j f .0/ D 0 g. A Weyl function �.z/ can be associated
with a boundary triple by mapping ' to �.z/' D �1h';z, where h';z is the (unique)
solution of the Dirichlet problem

.A� � z/h D 0 and �0h D ';

and where S.z/' WD h';z defines the so-called Dirichlet solution operator or Krein
� -field S.z/W G �! H . This works for z not in the Dirichlet spectrum 
.AD/. In
the simple example, we have


.AD/ D f k2�2 j k D 1; 2; : : : g; h';z.s/ D sin.s
p

z/

sin
p

z
and �.z/ Dp

z cot
p

z:

An important tool of the theory of boundary triples is Krein’s resolvent formula

.AL � z/�1 � .AD � z/�1 D S.z/.�.z/C L/�1S.z/�

for z not in the spectrum of AL and AD, comparing the two resolvents of AL and the
Dirichlet operator AD. In particular, we can characterise the spectrum of AL by

� 2 
.AL/ ” �.�/CL D 0
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for � … 
.AD/. In the simple example, we have � 2 
.AL/ if and only
if cos

p
� C L

p
� sin

p
z D 0. The above example easily extends to higher

dimensional boundary spaces G : If we use the point 0 also as boundary and set

G D C
2, domA D VH2.0; 1/, �0f D .f .0/; f .1// and �1f D .�f 0.0/; f 0.1//,

then the Dirichlet-to-Neumann operator is a .2�2/-matrix, and in the above spectral
characterisation, we have ker.�.�/ C L/ ¤ 0. More complicated examples are
provided by quantum graphs. These examples show that boundary triples are a
useful tool for the extension theory of closed operators and for Sturm-Liouville
problems.

Vishik [Vi52] was the first who applied this concept to elliptic boundary value
problem. Several subsequent works treated elliptic boundary value problems in an
abstract framework, we only mention here [Gru68,GG91,BMNW08,Pc08,BGW09,
Ma10, Gru10b] and references therein. Let us present an example showing the
difficulties in applying the concept of boundary triples to elliptic boundary value
problems:

Let X be a bounded subset of Rd with smooth boundary @X ¤ ;. We set

H WD L2.X/; Au WD �u; domA WD VH2.X/

�0u WD u�@X ; �1u WD @nu�@X; G WD L2.@X/

where�u D �Pi @iiu, where VH2.X/ is the completion of C1
c .X/ under a Sobolev

norm of order 2, where @nu denotes the normal outwards derivative of u near @X ,
and where @X carries the natural Riemannian measure of dimension d � 1.

The above assumptions of a boundary triple cannot be fulfilled with domA�
since

domA� D f f 2 L2.X/ j�f 2 L2.X/ g
is not subset of the Sobolev space H2.X/ (and not even of H1.X/). Moreover,
on domA�, the boundary maps �0 and �1 do not map into L2.@X/ (actually,
one can extend the boundary operators such that �0.domA�/ D H�1=2.@X/ and
�1.domA�/ D H�3=2.@X/, see e.g. [LM68]). Moreover, the (joint) surjectivity of
the boundary maps .�0; �1/W domA� �! G ˚ G , .�0; �1/f WD �0f ˚ �1f is not
fulfilled in the above example.

Elliptic boundary value problems in combination with extension theory and
Krein’s resolvent formula have attracted a lot of attention in recent years, see [BL10,
Gru10b, Gru10a, Ma10, BGW09, BHMC09, PcR09, Gru08, BMNW08, Pc08, Ry07,
P07, BL07] and references therein. There are successful attempts to use ordi-
nary boundary triples also for elliptic PDE operators in [Gru10a, Ma10, BGW09,
BHMC09,BMNW08], where usually, a regularised version of the normal derivative
is used. In particular, (minus) the Weyl-Titchmarsh function is not the usual
Dirichlet-to-Neumann map. In another attempt, Behrndt and Langer (cf. [BL10,
BL07] restrict the operator A� to a subspace like H2.X/ or H3=2.X/. Then the
boundary operators map into the right space, but the restricted operator is no longer
closed.
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In this work, we develop a theory of boundary triples .�; � 0;G / associated with a
non-negative quadratic form h � 0 instead of an operator as for ordinary boundary
triples above. To our knowledge, this extension of the usual theory of boundary
triples is new (apart from the work of Arlinskii [Ar00] mentioned below). We drop
the condition of surjectivity on the boundary operators �0 and �1 (they are called
� and � 0 in our approach, where usually, � u is the restriction of a function to the
boundary, and � 0u the restriction of the normal derivative, for a simple example,
see Sect. 1.4.1).

In particular, our approach is very useful for our purposes because of the
following reasons:

• It has a direct application to elliptic PDE operators on manifolds.
• We can control the norms of several (first) order spaces (this is important since

our manifolds later on depend on a parameter ").
• The Weyl function associated with our boundary triple .�; � 0;G / is the Dirichlet-

to-Neumann operator of the corresponding manifold problem.

In the literature, the focus often lies on the extension theory of symmetric operators,
this was not our aim here.

We apply our concept of boundary triples in order to define an abstract version of
the complex scaling method on a purely functional-analytic level. In particular, we
simultaneously define the operator transformed via complex scaling on the manifold
and on the metric graph. In this approach, resonances can be calculated in an easy
way using the Dirichlet-to-Neumann operator (see the end of Sect. 1.4.2).

We also use boundary triple (more precisely only the boundary map � ) in order
to decompose a graph-like space into its star-graph components at each vertex. To
recover the global space, we define boundary triples coupled via graphs.

A related approach using sectorial forms has been given by Arlinskii [Ar00]
in order to characterise all maximal sectorial extensions of a given closed densely
defined sectorial operator. There, it is assumed that the boundary maps are surjective
and they are defined on the domain of the maximal operator.

We introduce the Dirichlet-to-Neumann operator via a naturally defined
quadratic form. Arendt and ter Elst [AtE10] used a similar approach in order to
define the Dirichlet-to-Neumann operator on domains in R

d with “rough” boundary.
There is also some work on first order operators like a Dirac operator. For

example in [BBC08] (see also [BCh05]), so-called Dirac systems are introduced, a
similar approach as our half-line boundary triples in Sect. 3.5. It would be interesting
to compare this approach with the one in [P07].

1.3 Convergence of Operators and Spectra: A Brief Overview

Let us present exemplary results following from this work in a slightly informal
way. Precise definitions and generalisations are given in the subsequent chapters.
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1.3.1 Graph-Like Spaces

We can think of the construction of a graph-like space or manifold as a plumber’s
shop in which a pipeline network is constructed from a collection of building blocks
(fulfilling some uniformity assumptions) according to the given metric graph G.
Moreover, we introduce a shrinking parameter " describing roughly the radius or
thickness of each pipe in the pipeline network X". In a certain sense, the spaces X"
converge to the given metric graphG, and the space X" is also called a thick graph.
Here and in the sequel, we will often speak of “the” spaceX", meaning implicitly the
family of spaces fX"g0<"�"0 for some "0 small enough, and similarly for operators
on X" etc.

We will now describe the construction of a graph-like space with different scaling
at the vertex neighbourhoods and different boundary conditions in more details.

1.3.1.1 Setting for Neumann Boundary Conditions

Let G be a metric graph, i.e. a discrete graph with vertices V , and edges E and a
length function `WE �! .0;1/ associating a length `e to each edge e 2 E. In
particular, each edge can be identified with an interval Ie D Œ0; `e�. For ease of
exposition, we assume that the metric graph G is embedded in R

2 and has straight
edges, i.e. V is a discrete set of points in R

2 joined by non-intersecting straight line
segments. We denote by  eW Ie �! R

2 the arc-length parametrisation of the line
segment corresponding to the edge e with tangent vector te 2 R

2 and normal vector
ne 2 R

2.
We assume the uniform lower length bound

`e � `� 8 e 2 E; (1.6)

for a certain constant `� 2 .0; 1�, say, `� D 1. Let e; e0 be two edges meeting in a
common vertex v. We denote by ]v.e; e

0/ the angle between the tangent vectors te,
te0 at the vertex v, and we assume that there is a lower bound 	0 2 .0; �=2� on this
angle, i.e.,

]v.e; e
0/ � 	0 8 e; e0 2 Ev; 8 v 2 V: (1.7)

Let 0 < " � 1 and 0 < ˛ � 1. For each edge e 2 E and vertex v 2 V we associate
the closed sets

X";e WD ˚
 e.s/C "yne 2 R

2
ˇ
ˇ ."˛=2/`e � s � .1 � "˛=2/`e; y 2 Œ�1=2; 1=2� �;

X";v WD
[

e2Ev

˚
v C ste C "˛yne 2 R

2
ˇ
ˇ 0 � s � ."˛=2/`e; y 2 Œ�1=2; 1=2� �;

(1.8)

called the edge neighbourhood and vertex neighbourhood, respectively. We call
Ye D Œ�1=2; 1=2� the transversal manifold (for ease of exposition, we assume here
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ve

G

Xε,v

∼ εα

εα

Xε,e

Xε

≥ κ0

ε

Fig. 1.2 A simple example of a graph-like space with boundary and scaling rate ˛ at the vertex
neighbourhood Xv;e

that the transversal manifolds are the same for all edges). Moreover, Ev denotes
the set of edges adjacent to v. Here, 0 < ˛ � 1 denotes the scaling rate of the
vertex neighbourhood X";v, i.e., the vertex neighbourhood scales with "˛ in each
direction. In particular, if ˛ < 1 then X";v has a larger volume compared with the
edge neighbourhood X";e as " ! 0. The global assumptions (1.6) and (1.7) with
`� D 1 assure that X";v has a shape as in Fig. 1.2. The total space is then

X" WD
[

e2E
X";e [

[

v2V
X";v; (1.9)

a simple example for a graph-like space. For ˛ D 1, the closed set X" is just the
"=2-neighbourhood of G in R

2 (note that there are other choices for the unscaled
vertex neighbourhood X1;v D Xv). We consider the Laplacian �" D �X" on X"
with Neumann boundary conditions on @X".

1.3.1.2 Graph-Like Spaces Without Boundary

Assume here that the metric graph G is embedded in R
3 and that X" � R

3

consists of the points with distance " from G for 0 < " � "0, i.e. the surface of a
pipeline network aroundG. In order to avoid dealing with non-smooth surfaces, we
slightly modify the neighbourhood near a vertex such that the surface is smooth. We
decompose X" into closed componentsX";v and X";e such that (1.9) holds and such
that any two members of the family fX";vgv2V and fX";ege2E intersect in subsets of
(2-dimensional) measure 0. Moreover, we assume that X";v is "-homothetic with
a fixed Riemannian manifold .Xv; gv/, i.e. X";v is isometric to the Riemannian
manifold .Xv; "

2gv/; for short X";v D "Xv. We also write Xv for the Riemannian
manifold .Xv; gv/. We do not specify the precise global conditions on Xv here (see
e.g. Sect. 7.1), but assume for simplicity, that each Riemannian manifold of the
family fXvgv2V is isometric to one member in a finite family XV of Riemannian
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G

v
e

Xε

Xε,vXε,e

Fig. 1.3 A boundaryless scaled graph-like manifold

manifolds. Roughly speaking, we can think of X" as being constructed from a finite
number of ("-scaled) building blocks in XV and cylinders X";e of length `e � O."/
and transversal manifold "S1, the 1-dimensional sphere of radius " (see Fig. 1.3).

The error term O."/ in the longitudinal direction comes from the fact that we
need a certain part of the edge for the vertex neighbourhood in order to embed the
total space in R

3. In Chaps. 6 and 7 we will use an abstract definition of a scaled
graph-like manifold without such a longitudinal error correction. These abstractly
defined scaled graph-like manifolds need not to be embedded in an ambient space
any more; however they are easier to treat in calculations. The embedded situation
is then treated as a perturbation of the abstract spaces (see Chap. 5)

On the graph-like manifold, we consider the Laplace operator�" D �X"
on the

Riemannian manifold X".

1.3.1.3 Setting for Dirichlet Boundary Conditions

Again, we assume thatG is embedded in R
2, and that X" DX" �R

2 is a graph-like
space as in the Neumann case. Here, we allow slightly more general vertex neigh-
bourhoods X";v not necessarily bounded by straight lines. In particular, we assume
that X";v is "-homothetic with a closed subset Xv in R

2. Moreover, we assume that
the boundary of Xv � R

2 has deg v-many subsets @eXv isometric to Œ0; 1� (deg v
denotes the degree of the vertex v). Denote by @0Xv D @Xv nSe2Ev

@eXv the
transversal boundary(i.e. the boundary induced by the boundary of the transversal

manifold Œ�1=2; 1=2�), and by V@Xv D S
e2Ev

@eXv the internal boundary, i.e. the
topological boundary of Xv � X1 w.r.t. the relative topology. We assume that the
vertex neighbourhoods Xv are small in the following spectral sense, namely that
the spectral vertex neighbourhood condition

inf
v2V �

@0Xv
1 .Xv/ > �

D
1 .Œ�1=2; 1=2�/ D �2 (1.10)

is fulfilled (see Fig. 6.12 on page 355 for an example). Here, �@0Xv
1 .Xv/ denotes the

first eigenvalue of the Laplacian on Xv with Dirichlet boundary conditions on @0Xv

(and Neumann boundary conditions on the remaining boundary components @eXv).
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The condition is a sort of spectral smallness condition since roughly speaking,
a “small” manifold has large eigenvalues (e.g., if OXv � Xv is a closed subset

having the same internal boundary, i.e. V@ OXv D V@Xv, then �@0Xv
1 . OXv/ � �

@0Xv
1 .Xv/).

In particular, the "-neighbourhood as constructed in the Neumann case (with ˛ D 1)
does not fulfil the condition (1.10) (see Sect. 6.11.5).

Since the lowest transversal eigenvalue is no longer 0 (as it is in the case of Neu-
mann boundary conditions or the boundaryless case), we have to rescale the operator
in order to expect a convergence result. Note that the lowest Dirichlet eigenvalue of
the scaled transversal manifold "Ye Š Œ0; "� is �D

1 ."Ye/ D "�2�D
1 .Œ0; 1�/ D �2="2

and diverges as " ! 0. We therefore set

�" WD �D
X"

� �2

"2

as operator on the closed set X", where �D
X"

denotes the Laplacian with Dirichlet
boundary conditions on @X". Note that the spectral vertex neighbourhood condi-
tion (1.10) implies that �" � 0 (see Proposition 6.11.3).

1.3.2 The Limit Hilbert Spaces Associated with the Graph Models

1.3.2.1 Neumann Boundary Conditions and Boundaryless Case

Let us now describe the spaces and operators expected in the limit " ! 0. The limit
behaviour is determined by the ratio

vol."; v/ WD vol2 X";v

vol1 V@X";v
D "2˛�1 vol2 Xv

vol1 V@Xv

; (1.11)

where V@X";v is the internal boundary of X";v, i.e. the topological boundary of X";v
as subset of the topological space X" (and not of the ambient space R

2 or R3), and

similarly for V@Xv D V@X1;v. In particular, we distinguish three cases, depending on
the value of the limit vol.0; v/ WD lim"!0 vol."; v/, namely

� Fast decaying vertex volume:
1

2
< ˛ � 1 (vol.0; v/ D 0),

� The borderline case: ˛ D 1

2
(vol.0; v/ 2 .0;1/),

� Slowly decaying vertex volume: 0 < ˛ <
1

2
(vol.0; v/ D 1).

For simplicity, we assume that the scaling rate ˛ does not depend on the vertex.
Roughly speaking, in the fast decaying case, the vertex neighbourhood is not seen
in the limit, and the limit operator on the graph is the usual standard Laplacian;
whereas in the slowly decaying case, the vertex neighbourhood serves as huge
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obstacle and leads to a decoupled limit operator on the extended graph (see below).
In the borderline case, we obtain a coupled operator on the extended graph.

If X" is a manifold without boundary, we can also introduce other scaling rates
than ˛ D 1. However, for ease of exposition we restrict ourselves here to the simple
situation ˛ D 1.

1.3.2.2 Fast Decaying Vertex Volume

If 1=2 < ˛ � 1 or if we are in the boundaryless case, the limit operator �0 is the
standard Laplacian or Kirchhoff Laplacian acting in the Hilbert space

H0 D L2.G/ D
M

e2E
L2.Ie/:

That is, the operator�0 is defined by .�0f /e D �f 00
e with

f 2 dom�0 D
n
f 2 H2

max.G/ WD
M

e2E
H2.Ie/

ˇ
ˇ
ˇf continuous,

X

e2Ev

Õ
f

0
e
.v/ D 0

o
;

where the last condition is valid for all vertices v 2 V . Here, the continuity of f
is a condition on the function at the vertex only. Namely, that f .v/ WD f

e
.v/ is

independent of e 2 Ev, where for a function f 2 H1
max.G/, we denote by

f
e
.v/ WD

(
fe.0/; if v D @�e,

fe.`e/; if v D @Ce,
and

Õ
f
e
.v/ WD

(
�fe.0/; if v D @�e,

fe.`e/; if v D @Ce,

the unoriented evaluation and oriented evaluation, respectively. It can be seen
that under the assumption (1.6), where it was assumed that the length is uniformly
bounded from below, the operator�0 is self-adjoint and non-negative (see Proposi-
tion 2.2.10).

1.3.2.3 The Borderline Case

If ˛ D 1=2, then the limit operator�0 acts in the extended Hilbert space

H0 D L2.G/˚ `2.V / D
M

e2E
L2.Ie/˚ `2.V /:

The space `2.V / D `2.V; deg/ consists of elements F D fF.v/gv2V 2 `2.V / with
finite weighted `2-norm

kF k2`2.V / WD
X

v2V
jF.v/j2 deg v:
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The domain of �0 couples the metric and the discrete components, namely,

dom�0 D ˚ Of D .f; F / 2 H2
max.G/˚`2.V /

ˇ
ˇ f continuous, f .v/ D L.v/F.v/

�
;

where the last condition is valid for all vertices and where L.v/ WD .vol2 Xv/
�1=2

denotes the coupling constant. The operator�0 acts as

.�0
Of /e D �f 00

e and .�0 Of /.v/ D L.v/

deg v

X

e2Ev

Õ
f

0
e
.v/ (1.12)

on the components
L

e L2.Ie/ and `2.V /, respectively. This vertex coupling is
sometimes also called Wentzell condition. We refer to Sect. 2.3 for a systematic
treatment of extended spaces and operators generalising this Wentzell condition.

1.3.2.4 Slowly Decaying Vertex Volume

If 0 < ˛ < 1=2, then the limit operator�0 acts again in the extended Hilbert space
H0 D L2.G/˚`2.V /. The operator�0 is the decoupled Dirichlet operator, namely,

�0 D
M

e2E
�D
Ie

˚ 0

with respect to the above decomposition of H0. Here, �D
Ie

is the Laplacian on the
interval Ie D Œ0; `e� with Dirichlet boundary conditions at 0 and `e.

Note that the slowly decaying case corresponds to L.v/ D 0 . The fast decaying
case can be obtained formally as a limit L.v/ ! 1 in the sense that f .v/ D
L.v/F.v/ enforces F.v/ D 0 in the limit L.v/ ! 1, i.e. the extra space `2.V /
is no longer present. In particular, the `2.V /-component of �0

Of in (1.12) has to
vanish, and we obtain the so-called Kirchhoff condition on the vertex derivatives as
in the fast decaying case.

1.3.2.5 The Decoupled Dirichlet Case

If we have Dirichlet boundary conditions, the limit operator for�" D �D
X"

� �2"�2
is the decoupled operator�0 with Dirichlet boundary conditions at the vertices, i.e.

�0 D
M

e2E
�D
Ie

acting in the usual space H0 D L2.G/. In particular, it is not necessary to introduce
an extra space as in the slowly decaying case.
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1.3.3 Convergence Results for Operators in Different
Hilbert Spaces

In all of the above examples, the operators on the graph-like spaces and the operators
on the graph act in different Hilbert spaces H" D L2.X"/ and H0. We therefore
have to develop a concept of norm convergence of (non-negative) operators �0,
�" in different Hilbert spaces. Basically, we introduce identification operators
J"W H0 �! H" and J 0

" W H" �! H0 which are not unitary, but unitary up to an
error: Let ı � 0 (typically, ı D ı", but this dependence is not of importance for the
ı-quasi-unitarity). We say that J" and J 0

" are ı-quasi-unitary if the following four
inequalities hold:

kJ"k � 2; kJ �
" � J 0

"k � ı; (1.13a)

k.idH0 �J 0
"J"/.�0 C 1/�1k � ı and k.idH" �J"J 0

"/.�" C 1/�1k � ı:

(1.13b)

Note that if ı D 0, then J" is unitary.
We say that the operators�0 and�" are ı-quasi-unitarily equivalent if there is a

ı-quasi unitary operator J" such that

kJ".�0 C 1/�1 � .�" C 1/�1J"k � ı: (1.14)

Note that if ı D 0, then the operators �0 and �" are unitarily equivalent. We say
that �" converges to �0 in the generalised sense (�" ! �0), if there is a family
fı"g">0 such that lim"!0 ı" D 0 and �", �0 are ı"-quasi-unitarily equivalent. The
function " 7! ı" is called the convergence speed or error.

In Sect. 4.1 we also introduce the slightly stricter concept of ı-partial isometry
(namely, we assume J 0

" D J �
" and J �

" J" D idH0 ). In addition, we introduce
identification operators on the first order spaces (i.e. on the quadratic form domains)
and define ı-partial isometric equivalence for the corresponding quadratic forms.
For more details and precise definitions, we refer to Chap. 4.

Various convergence results follow from results in Chap. 4, in particular in
Theorems 4.2.10, 4.2.14, 4.2.16, and 4.3.3–4.3.5.

Theorem 1.3.1. Assume that�" ! �0 (in the generalised sense) with convergence
speed ı", where �0 and�" are non-negative operators in H" and H0, respectively.
Then the following assertions are true:

1. The discrete spectrum of �" converges to the discrete spectrum of �0 respecting
multiplicity.

2. If �0 is a discrete eigenvalue of multiplicity 1 with corresponding normalised
eigenvector '0, then there exists a family of normalised eigenvectors f'"g" such
that kJ"'0 � '"k � C1ı", where C1 only depends on �0 and on the distance
between �0 and 
.�0/ n f�0g.
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3. The spectrum of�" converges uniformly on any compact interval to the spectrum
of �0. The same statement is true for the essential spectrum.

4. Let  be a bounded, measurable function on RC such that  is continuous in a
neighbourhood of 
.�0/ and such that lim�!1  .�/ exists. Then there exists a
constant C > 0 such that

k .�"/J" � J" .�0/k � C ı" and k .�"/ � J" .�0/J
0
"k � C ı":

In particular, we can choose  D �I where I � RC is an interval such
that @I \ 
.�0/ D ;. Moreover, we can choose  .�/ D e�t� and obtain the
corresponding convergence of the heat operators e�t�0 and e�t�" .

5. Let �0 2 RC n 
.�0/. Then there exist constants C0; C1 > 0 depending only on
�0 such that

k.eit�"J" � J"eit�0/P0k � .C1t C C0/ı" and

k.eit�" � J"eit�0J 0
"/P"k � .C1t C C0/ı";

where P0 D �Œ0;�0�.�0/ and P" D �Œ0;�0�.�"/. In particular, if t D O.ı�

" / for

some 0 < 
 < 1, then the above operator norms are of order ı1�
" .

Let us stress that the above convergence results are formulated in a way that the
error terms can be expressed completely in terms of ı D ı", of the operator function
 and of the neighbourhood U , on which  is continuous, e.g.  D �I and U
open such that @I \ U D ;. No other information on the operators or the spaces
enter into the error, even if the Hilbert spaces, their norms or the operators depend
on additional parameters.

The results in Chap. 4 can be applied to many other situations, in which the
Hilbert spaces vary, especially when the Hilbert space is an L2-space with perturbed
underlying manifold. For example we may remove discs, add handles etc. Such
results are not included in this work and will be treated elsewhere.

1.3.4 Convergence Results for Graph-Like Spaces

The above concept of generalised convergence applies to the graph-like spaces and
their limits, once the uniformity assumptions (1.6) and (1.7) are fulfilled. Roughly
speaking, the identification operator J" maps functions on the metric graph to
the graph-like space by associating to a function fe on each edge the product
fe ˝ '";e , where '";e is the normalised lowest eigenfunction on the transversal
manifold Y";e D "Ye. In our example we have Ye D Œ�1=2; 1=2� or Ye D S

1,
independently of the edge. In the case of Neumann boundary conditions or in the
boundaryless case, '";e is constant; in the Dirichlet case, '";e is the first Dirichlet
eigenfunction.
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Let us describe the identification operators for Neumann boundary conditions
(or boundaryless transversal manifolds) in the fast decaying case (say, ˛D 1). In this
case we set

.J"f /e.s; y/ WD "�1=2f .�".s// and .J"f /v WD 0

with respect to the decomposition

L2.X"/ D
M

e2E
L2.X";e/˚

M

v2V
L2.X";v/:

Here, �"W Œ"`e=2; .1� "=2/`e� �! Œ0; `e� is the affine linear (orientation preserving)
bijection correcting the longitudinal error of the embedding. Moreover, .s; y/ are
the coordinates of the edge neighbourhood X";e (see (1.8)). For the identification
operator in the opposite direction, we set

.J 0
"u/e.s/ WD "1=2

Z 1=2

�1=2
u.��1

" .s/; y/dy:

In order to verify (1.13) and (1.14) we use Sobolev trace estimates and Poincaré-
type inequalities like

ku � �R
vuk2L2.X";v/ � "2

�2.Xv/
kruk2L2.X";e/;

where �R
vu D .volXv/

�1 R
Xv

is the normalised average of u, and �2.Xv/ is the second
(first non-vanishing) Neumann eigenvalue of the (unscaled) setXv. For example, for
the proof of the O."1=2/-quasi-unitary equivalence we will show the estimate

ku � J"J
0
"uk2L2.X"/ D

X

v2V
kuk2L2.X";v/ C

X

e2E
ku � P0uk2L2.X";e/

� O."/
�kuk2L2.X"/ C kruk2L2.X"/

�
; (1.15)

where .P0u/.s/ D R 1=2
�1=2 u.s; y/dy is the projection onto the first transversal

(constant) eigenfunction. Here, the error O."/ depends only on the constants `�
and 	0 of (1.6) and (1.7), or more generally, of the class of building blocks XV out
of which the (unscaled) vertex neighbourhoods are chosen. In particular, we have
k.idL2.X"/ �J"J 0

"/.�" C 1/�1=2k � O."1=2/ since �" D r�r. Roughly speaking,
estimate (1.15) means that a spectrally bounded function u (i.e. a function in the
range of the spectral projection �Œ0;�0 �.�"/ for some �0 > 0) cannot concentrate on
X";v and its transversally non-constant parts u � P0u are small as well.

We will prove these facts in detail in Chap. 6 for the various graph-like spaces
associated with star graphs, and in Chap. 7 for general graphs. Since we define an
abstract graph-like space in Chap. 6 without the longitudinal length correction (i.e.
the edge neighbourhood is defined asX" D Ie�"Ye), we can even show the O."1=2/-
partial isometric equivalence for the corresponding quadratic forms.
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We end the section by stating the main result for the Laplacian on a graph-like
space with Neumann boundary conditions (or the boundaryless case):

Theorem 1.3.2. Similar as above, let�" and�0 denote the operators on the graph-
like spaces and on the corresponding limit, respectively. We then have �" ! �0 in
the generalised sense with the following convergence speed ı":

1. In the fast decaying case 1=2 < ˛ � 1, we have ı" D O."˛�1=2/.
2. In the borderline case ˛ D 1=2, we have ı" D O."1=2�/ (i.e. ı""�.1=2�
/ ! 0 for

all 0 < 
 < 1=2).
3. In the slowly decaying case 0 < ˛ < 1=2, we have ı" D O."minf˛;1=2�˛g/.

In all cases, the error depends only on the lower length bound `� and on the
isometry classes of building blocks XV out of which the vertex neighbourhoods
Xv are chosen.

A similar statement holds in the decoupled Dirichlet case:

Theorem 1.3.3. Let �" D �D
X"

� �2"�2 be the rescaled Dirichlet operator on
the graph-like space, and let �0 D L

e �
D
Ie

be the decoupled Dirichlet operator
on the graph. Then �" ! �0 in the generalised sense with convergence speed
ı" D O."1=2/, provided infv2V �@0Xv

2 .Xv/ > �
2 and infe `e > 0. Moreover, the error

depends only on these two infima.

1.4 Boundary Triples and Convergence of Resonances:
A Brief Overview

1.4.1 Boundary Triples Associated with Quadratic Forms

In order to explain our concept of boundary triple associated with a quadratic form,
we express the examples of Sect. 1.2.9 in terms of our approach here. Let H WD
L2.0; 1/,

h.f / WD
Z 1

0

jf 0.s/j2ds; H 1 WD domh WD f f 2 H1.0; 1/ j f .0/ D 0 g:

We define the boundary map by �f WD f .1/. It is now easily seen that

� W H 1 �! G WD C (1.16)

is bounded and surjective. Moreover, endowing H 1 with its natural norm defined
by kf k2

H 1 WD h.f /C kf k2, then we have the orthogonal decomposition

H 1 D H 1;D ˚ N 1; where H 1;D WD ker�
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and where N 1 consists of the space of solutions �h00 C h D 0, so that in the
example, N 1 D Ch with h.s/ D sinh s= sinh 1. We can now invert � on the
orthogonal complement N 1 of ker� , and obtain the Dirichlet solution operator
S W G �! N 1 � H 1. We define now the Dirichlet-to-Neumann operator� via the
quadratic form l given by

l.'/ WD kS'k2H 1 D h.S'/C kS'k2H :

It is easily seen that l.'/ D j'j2 coth 1 in the simple example here, agreeing with the
value �.�1/ D i cot i D coth 1 in Sect. 1.2.9. Note that we did not use the second
boundary map � 0 up to now. It enters in the theory as additional information: Let
W 2 WD H2.0; 1/ \ H 1, then � 0W W 2 �! G is bounded and we have the following
version of Green’s formula

hf; LHgiH D h.f; g/ � h�f ; � 0giG 8 f 2 H 1; g 2 W 2; (1.17)

where LHg D �g00 for g 2 W 2 D dom LH .
Up to now, the concept of boundary triples associated with a quadratic form is

not much different from the ordinary one. Its power can be seen in the example of a
Laplacian on a subset X of Rd with smooth boundary @X . Here, we set

H WD L2.X/; h.u/ WD kduk2; H 1 WD dom h WD H1.X/

We define the boundary map here by � u WD u�@X . Again, it is not difficult to see
that � as operator (1.16) is bounded. Note that here, � is no longer surjective, but
only has dense range which we call G 1=2 WD ran� . It follows from Sobolev space
theory, that G 1=2 D H1=2.@X/ in the example here, explaining the notation. Note
that the operator HN associated with h is the usual Neumann Laplacian, whereas
the operator associated with hD WD h�ker� is the Dirichlet Laplacian on X .

We define the associated Dirichlet solution operator as before, noting that is is
now only defined on the range of � , namely, we have S W G 1=2 �! H 1, and S is
unbounded as operator in G ! H 1. We define the Dirichlet-to-Neumann operator
again via its quadratic form given by l.'/ WD kS'k2

H 1 , i.e., l.'/ is the energy
of its 1-harmonic extension h D S', defined only for ' 2 G 1=2. The associated
operator � is now unbounded, and defines a scale of Hilbert spaces on G , namely
G m D dom�m, which agrees with Hm.@X/ in our example.

We define the second boundary map � 0 on W 2 WD H2.X/ as � 0u WD @nu�@X ,
which leads to a bounded operator � 0W W 2 �! G . Moreover, setting LH WD � on
dom LH WD W 2, we have again Green’s formula (1.17).

After these two examples, let us now briefly outline the concept of boundary
triples associated with a non-negative quadratic form and of abstract elliptic theory
(see Sect. 3.4) in an abstract way. Note that the quadratic form setting fits well
to our applications: On parameter-depending manifolds, it is easy to control first
order objects like the norm of the operator (1.16), while second order objects
like Sobolev spaces of order 2 or estimates in terms of the graph norm of the
Laplacian are difficult to control quantitatively (in dependence on the parameter).
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To our knowledge, the concept of boundary triples associated with quadratic forms
is new, although there are strong links to existing concepts (see below). We stress
that our main purpose here is not to characterise all self-adjoint extensions of a
given symmetric operator, but to show that the concept of boundary triples can
successfully be applied to the PDE case, namely to Laplacians on parameter-
depending manifolds with boundary.

Let H , G be two Hilbert spaces, h a non-negative closed quadratic form on H
with domain H 1 WD domh, and let � W H 1 �! G be a bounded operator such that

H 1;D WD ker� � H and G 1=2 WD ran� � G

are dense subspaces. We denote by HN the Neumann operator associated with h,
and by HD the Dirichlet operator associated with the closed form h�H 1;D.

Let
S WD .� �N 1/�1W G 1=2 �! N 1 (1.18)

be the inverse of � restricted to N 1 WD H 1 	 ker� , where the orthogonal
complement is taken with respect to the Hilbert space H 1 with norm kuk2

H 1 D
h.u/C kuk2. It is easy to see that the quadratic form l defined by

l.'/ WD kS'k2H 1 ; dom l D G 1=2

is closed, and that l.'/ � k'k2G =k� k21!0, where k� k1!0 denotes the norm of the
operator � W H 1 �! G . We define the Dirichlet-to-Neumann map as the operator
associated with l.

It can be seen that � is bounded iff ran� D G (see Proposition 3.4.11). In the
unbounded case, we define a scale of Hilbert spaces on G via

G m WD dom�m and k'km WD k�m'k:

Let us now define the concept of a boundary triple in our sense: A triple
.�; � 0;G / is called a boundary triple associated with the quadratic form h if the
following hold:

1. The boundary operator � W H 1 �! G is bounded, and ker� , ran� are dense in
H , G , respectively.

2. There is a Hilbert space W 2 such that W 2 � H 1 and kukH 1 � kukW 2 .
3. The boundary operator � 0W W 2 �! G is bounded.
4. There is an operator LH in H with dom LH D W 2, bounded as operator

LH W W 2 �! H such that the abstract Green’s formula (1.17) holds.
5. The space VW 2 WD ker� \ ker� 0 is dense in H .

We say that .�; � 0;G / is bounded iff ran� D G (i.e. if the Dirichlet-to-Neumann
map is bounded).

For z 2 C n 
.HD/, we can define an operator S.z/W G 1=2 �! H 1, the Dirichlet
solution map, by associating to a boundary value ' the corresponding unique weak
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solution of the Dirichlet problem, namely h D S.z/' if

h.f; h/ D zhf; hi 8 f 2 H 1;D and � h D ':

Note that S.�1/ D S where S is defined in (1.18).
We now make some assumptions in order to assure that S.z/' is also a strong

solution. These assumptions are an abstract version of facts fulfilled in the PDE
case. Namely, we say that .�; � 0;G / is ellipticiff

domHD � W 2 and domHN � W 2

and if the operators

� W W 2 �! G 3=2 and � 0W W 2 �! G 3=2

are bounded and surjective (see Definition 3.4.21).
It follows now from Green’s formula that for an elliptic boundary triple and for

' 2 G 3=2, the solution of the Dirichlet problem h D S.z/' is a strong solution, i.e.

. LH � z/h D 0 and � h D ':

For an elliptic boundary triple, we can define the Dirichlet-to-Neumann map for
arbitrary z 2 C n 
.HD/ by

�.z/W G 3=2 �! G 1=2; �.z/' WD � 0S.z/';

i.e. the Dirichlet-to-Neumann map takes a boundary value ' and associates the
“normal derivative” of the corresponding Dirichlet solution. It can be seen that for
z D �1, the Dirichlet-to-Neumann map actually agrees with � defined above as
the operator associated with the form l (more precisely, h'; � 0S'i D kS'k2

H 1 for
' 2 G 3=2). Moreover, it can be seen (see Lemma 3.4.29) that �.� 0.HD � z/�1/�
extends the operator S.z/ uniquely to a bounded operator G ! H (denoted by the
same symbol).

We show Krein-type formulas like

.HN � z/�1 � .HD � z/�1 D S.z/�.z/�1S.z/�W H ! H

for z 2 C n .
.HN/ [ 
.HD//. Moreover, we obtain a similar expression for the
resolvent difference as operator H ! W 2 using the (abstract) ellipticity.

Let us mention some relation to other concepts of boundary triples:

• Assume that .�; � 0;G / is an elliptic boundary triple and that � 0.domHD/ D
G 1=2, then .� �W 2 ; � 0;G / is a quasi-boundary triple associated with VH�, where
VH D LH�ker�\ker� 0

. The concept of quasi-boundary triples was introduced
in [BL07] (see Definition 3.4.35).
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• If .�; � 0;G / is an elliptic and bounded boundary triple and if � 0.domHD/ D G ,
then .� �W 2 ; � 0;G / is an ordinary boundary triple associated with VH� D LH ,
i.e. �; � 0 are linear (not necessarily bounded) operators from W 2 into G , the
operator W 2 ! G ˚G , f 7! .�f; � 0f / is surjective and the following abstract
version of Green’s formula holds, namely

h LHf ; giH � hf; LHgiH D h�f ; � 0giG � h� 0f ; � giG 8 f; g 2 W 2:

The concept of (ordinary) boundary triples has successfully been applied to
the theory of self-adjoint extensions of symmetric operators (see Sect. 1.2.9 for
further details and references).

Let us now describe the main examples we have in mind, the first one have been
mentioned already before:

Example 1.4.1. Assume that X is a compact Riemannian manifold with smooth
boundary Y D @X (or a smooth subset Y � @X , see Theorems 3.4.40 and 3.4.41
for details) and define

H WD L2.X/; G WD L2.@X/; h.u/ WD kduk2; H 1 WD H1.X/; W 2 WD H2.X/:

Moreover, LH is the usual Laplacian with domain H2.X/. The boundary operators
are given by

� u WD u�Y and � 0u WD @nu�Y ;

where @nu is the outwards normal derivative near Y . It follows then from Green’s
formula and from the elliptic theory for PDEs on manifolds, that .�; � 0;G / is an
elliptic boundary triple associated with h (see e.g. [LM68, Gru68, Grv85, Ta96]
resp. Theorems 3.4.39–3.4.41). Moreover, �.z/ is the usual Dirichlet-to-Neumann
operator associating to a function ' on the boundary the normal derivative of the
corresponding Dirichlet solution. Furthermore, G m D Hm.@X/.

Example 1.4.2. Another example is given by a metric graph G with boundary
@G�V together with standard (Kirchhoff) vertex conditions. We assume that the
degree (number of adjacent edges) of the vertices in @G is globally bounded by a
number d0 2 N (this is of course fulfilled if @G is finite). We set4

4We use here an unweighted boundary space `2.@G/, in order to have a simple coupling formula
for the interior and exterior part in the next section. In Sect. 2.2 (especially the example with
the weighted standard vertex space, see (2.15)), we use a weighted version `2.@G; deg/ with
kF k2`2.@G deg/ D P

v2@G jF.v/j2 deg v. In this way, one can avoid the global bound on the degree
deg v � d0. Roughly speaking, the difference of the unweighted and weighted space is to consider
the combinatorial and normalised discrete Laplacian given by
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H WD L2.G/; G WD `2.@G/; h.f / WD kf 0k2 D
X

e

kf 0
e k2Ie ; H 1 WD H1

cont.G/;

W 2 WD ˚
f 2 H2

cont.X/
ˇ
ˇ
X

e2Ev

Õ
f

0
e
.v/ D 0 8v 2 V n @G � and . LHf /e D �f 00

e ;

where Hk
cont.G/ WD Hk

max.G/\ C.G/. The boundary operators are given by

�f WD ff .v/gv2@V and � 0f WD
nX

e2Ev

Õ
f

0
e
.v/
o

v2@V : (1.19)

Then .�; � 0;G / is a bounded, elliptic boundary triple associated with h, i.e. the
triple .� �W 2 ; �;G / is an ordinary boundary triple. The Dirichlet-to-Neumann map
of this boundary triple has a nice interpretation: Assume that F 2 `2.@G/ describes
a voltage applied to the boundary vertices of a graph. The Dirichlet-to-Neumann
map gives the current at each boundary vertex (associated with the “energy” z).
Actually, such measurements are commonly used in practise; and it is an interesting
question what information on the (hidden) entire graph can be deduced from�.z/.

1.4.2 Resonances and Complex Dilation

Let us briefly explain the concept of complex dilation in order to describe resonances
(i.e. poles of a meromorphic continuation of the resolvent) as eigenvalues of a non-
unitarily transformed operator. We assume that the space consists of an interior
and exterior part,that the interior part is compact and that the exterior part is a
cylindrical end (not necessarily connected). As simple example, let G be the metric
graph embedded in R

2 consisting of a half-line Gext Š RC D Œ0;1/ (the exterior
edge) attached to a loop Gint Š .2�/�1S1 of perimeter 1 at the vertex v.5 The
spectrum of the corresponding standard LaplacianH0 D �G is purely essential and
given by Œ0;1/. Moreover, we have eigenvalues embedded in the essential spectrum
arising from compactly supported eigenfunctions fint.s/ D sin.2�ks/ for k 2 N

and fext D 0, since

fint.v/ WD fint.0/ D fint.1/ D 0 and f 0
int.v/ WD f 0

int.1/ � f 0
int.0/ D 0

. «�comb
G F /.v/ D X

w�v

.F.v/� F.w// and . «�norm
G F /.v/ D 1

deg v

X

w�v

.F.v/� F.w//

on `2.V / and `2.V; deg/, respectively.
5In contrast to Sect. 1.3.1, we allow here curved edges. It is shown in Sect. 5.4 that the deviation of
the tubular neighbourhood of a curved edge from the tubular neighbourhood of a straight edge is
small, and that the corresponding quadratic forms are O."/-quasi-unitarily equivalent.
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Gint

XG ε

Xε, int
Xε,extGext

Yε

e

Fig. 1.4 A simple example of a graph and the corresponding graph-like space with one exterior
edge and a loop attached. Here, the (scaled) transversal space Y" is isometric to the interval
Œ�"=2; "=2�

on the loop. Such eigenvalues induce a pole in the resolvent. If the resolvent is
continued meromorphically onto the second sheet of

p
z (cut along Œ0;1/), the

continuation might have more poles, called resonances. For simplicity, we call any
pole of the resolvent a resonance, i.e. an embedded real eigenvalue is also called a
resonance.

The complex dilation (or scaling) method provides a simple method how to
obtain these poles as eigenvalues of a complexly dilated operator H� : On the half-
line Gext, we have an unitary action of the group R by

. OU �f /.s/ WD e�=2f .e� s/

for real � 2 R. In particular, we define the exterior dilation operatorU �
0 byU �

0 f WD
fint ˚ OU �fext on L2.G/ D L2.Gint/˚ L2.Gext/, which in fact is unitary. We set

H�
0 WD U �

0 �GU
��
0 :

For real � 2 R, the domain of H�
0 is given by

domH�
0 D ˚

f 2 H2
cont.Œ0; 1�/˚ H2.RC/

ˇ
ˇfext.0/ D e�=2fint.v/;

f 0
ext.0/ D e3�=2f 0

int.v/
�
; (1.20a)

where fint 2 H2
cont.Œ0; 1�/ iff fint 2 H2.Œ0; 1�/ and f .0/ D f .1/. Moreover,

H�
0 f D �f 00

int ˚ .�e�2�f 00
ext/: (1.20b)

The idea of exterior complex dilation is to use (1.20) as definition for complex � 2
S# , where S# WD f � 2 C j jIm � j < #=2 g denotes the horizontal strip around R of
thickness # 2 .0; �=2/ (Fig. 1.4).

We consider a similar situation on the associated graph-like space X" D X";int [
X";ext, whereX";ext D RC �Y" and whereX";int is a graph-like manifold (with vertex
neighbourhood scaling rate ˛ D 1) associated withGint with an additional boundary
component X";int \ X";ext Š Y" (identified with Y" in the sequel) in the vertex
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neighbourhood of the vertex v. We define the unitary exterior dilation operator by
U �
" u WD uint ˚ . OUext ˝ id/uext for � 2 R w.r.t. the decomposition

L2.X"/ D L2.X";int/˚ .L2.RC/˝ L2.Y"//:

Let �X"
be the (Neumann) Laplacian on X". The transformed operator H�

" WD
U �
" �X"

U��
" then has domain

domH�
" D ˚

u 2 H2.X";int/˚ H2.X";ext/
ˇ
ˇ uext D e�=2uint;

u0
ext D e3�=2u0

int on Y"
�
; (1.21a)

where u0
int denotes the outward normal derivative on X";int and u0

ext denotes the
inward normal derivative on X";ext (i.e. the derivative in the longitudinal direction).

H�
" u D �X";int

uint ˚
�
�e�2�u00

ext C 1

"2
.id ˝�Y /uext

�
: (1.21b)

Note that Y" Š "Y where Y WD Y1. Again, we use (1.21) as definition for complex
� 2 S# .

Using the language of boundary triples, we can abstractly define the complexly
dilated operator H� from two boundary triples .�int; �

0
int;G / and .�ext; �

0
ext;G / on

the interior and exterior parts. Note that above, we associated an elliptic boundary
triple to a compact Riemannian manifold only. Since in the situation here, X"
has cylindrical ends, the theory can be carried over to such “nice” non-compact
manifolds.

The complexly dilated operatorH� has domain

domH� D ˚
u 2 W 2

int ˚ W 2
ext

ˇ
ˇ�extu D e�=2�intu; � 0

extu D e3�=2� 0
intu

�
;

generalising the above two examples. The coupled operator can be understood as
the Neumann operator of a coupled, complexly dilated boundary triple. Moreover,
we show the Krein-type formula

.H� � z/�1 � .H�;D � z/�1 D S�.z/�.z/�1S� .z/� (1.22)

for real � 2 R, where H�;D D HD
int ˚ H

�;D
ext is decoupled, and HD

int, H
�;D
ext are the

Dirichlet operators associated with the interior and exterior boundary triple. One of
the main observation is here, that there is no parameter � entering in the coupled
Dirichlet-to-Neumann map �.z/ D �int.z/C�ext.z/ (see Sect. 3.6.2). The coupled
operator H� for complex values � 2 S# is then defined via its resolvent in (1.22).
The resolvent formula indeed defines a closed operatorH� for complex � , such that
.H� �z/�1 depends holomorphically on � . This takes some effort and the details are
given in Sects. 3.5–3.7, based on a concrete PDE example developed in [CDKS87].
The advantage of the abstract formulation in terms of coupled boundary triples is
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a common treatment of both the PDE and metric graph case, and the possibility to
apply the results to other models in an easy way.

Let us now state an important result on the operators H�
" (" � 0). Note that

the result is valid for any coupled complexly dilated operator defined via boundary
triples satisfying some natural conditions (see Proposition 3.8.1, Theorems 3.8.2
and 3.8.4).

Theorem 1.4.3.

1. The operator H�
" has spectrum in the sector ˙# D f z 2C j jarg zj �# g,

and the family fH�
" g�2S# is self-adjoint, i.e. .H�

" /
� DH�

" . Moreover, for
z 2Cn˙# , the resolvent .H�

" � z/�1 depends holomorphically on � 2 S# .
2. The essential spectrum of H�

" is given by6


ess.H
�
0 / D e�2i Im � Œ0;1/ resp.


ess.H
�
" / D e�2i Im � Œ0;1/ [

[

k�2

n �k.Y /

"2
C e�2i Im � 	

ˇ
ˇ
ˇ 	 2 Œ0;1/

o

for " D 0 resp. " > 0. The singular continuous spectrum of H0 is empty.
3. The discrete spectrum 
disc.H

�
" / is locally constant in � . Moreover, if 0 <

Im �1 � Im �2 < #=2 then 
disc.H
�1
" / � 
disc.H

�2
" /.

4. For � … R we have 
.H�
" / \ Œ0;1/ D 
p.H

0
" /, where 
p.H

0
" / denotes the

set of eigenvalues of the undilated operator H0
0 D �G resp. H0

" D �X"
, i.e.

the eigenvalues of H0
" embedded in the continuous spectrum are unveiled (see

Fig. 3.2 on page 176).
5. The set of discrete eigenvalues of H�

" coincides with the poles of a meromorphic
continuation of the resolvent of H0

" . More precisely, � 2 ˙# is a discrete
eigenvalue ofH�

" iff there exists ' 2 H" such that the meromorphic continuation
of h'; .H" � z/�1'i has a pole in �.

The above theorem allows us to define a resonance of�G resp.�X"
as a discrete

eigenvalue of the coupled complexly dilated operator H�
" for Im � large enough.

The multiplicity of a resonance is the multiplicity of the corresponding eigenvalue.
This definition does not depend on � and agrees with the definition of a resonance
as a pole (see the preceding theorem).

Let us calculate the resonances z on the loop graph G. We use the ansatz

fint.s/ D F
1

sin
p

z

�
sin
�
.1� s/

p
z
�C sin.s

p
z/
�

and

fext.s/ D e�=2F exp.s � e� i
p

z/

6In our example, we have Y D Œ�1=2; 1=2�, so that �k.Y / D �2.k � 1/2.
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for some coefficientF 2 C. Here,
p

z is the complex root cut along Œ0;1/. Note that
fext 2 L2.RC/, since Im.e�

p
z/ > 0 for z 2 C n˙# and since � 2 S# . In particular,

f solves the equationH�
0 f D zf and the first vertex condition �extf D e�=2�intf .

Moreover, the condition on the derivatives reads as

e3�=2i
p

zF D f 0
ext.0/ D e3�=2f 0

int.v/ D e3�=2�int.z/F;

where �int.z/ WD � 0
intSint.z/ denotes the Dirichlet-to-Neumann map of the interior

graph (here, the Dirichlet-to-Neumann map is just multiplication with the complex
number�int.z/). In our example, we have

�int.z/ D � 2
p

z

sin
p

z
.1 � cos

p
z/ D �2pz tan.

p
z=2/:

In particular, for
p

z … �N0, the function f is a non-trivial solution of H�
0 f D zf

iff i
p

z D �int.z/, or equivalently,

i sin
p

z D �2C 2 cos
p

z; or .w � 3/.w � 1/ D w2 � 4w C 3 D 0;

where w D ei
p

z. In particular, w D 1 or w D 3 are (formal) solutions, i.e. z D
.2�k/2 and z D .2�k � i log 3/2 for k 2 Z. Note that the solutions z D .2�k/2

arise from the embedded eigenvalues of the loop states. The Dirichlet-to-Neumann
map is not defined for these values since .2�k/2 is part of the Dirichlet spectrum on
Gint, but can be extended holomorphically there. The solutions z D .2�k� i log 3/2

are non-real resonances.
Krein’s resolvent formula (1.22) allows us to generalise the above considerations

and to give a simple criterion for resonances also for more complicated spaces: let
z 2 C n Œ0;1/. Then

z is a resonance , ker�.z/ ¤ 0;

where �.z/ is the (maximal holomorphic extension of the) Dirichlet-to-Neumann
map of the (dilated or undilated) coupled boundary triple (see Theorem 3.8.4). In
particular, we can calculate �.z/ as

�.z/ D �int.z/C�ext.z/;

where �ext.z/ D �i
p

z resp. �ext.z/ D �i
p

z ��Y ="
2 for an exterior edge resp. a

cylindrical end X";ext.

1.4.3 Convergence of Resonances on Graph-Like Spaces

Let us now formulate the convergence result for resonances in a slightly more
general way, taking the different vertex neighbourhood scalings and boundary
conditions of Sects. 1.3.1 and 1.3.2 into account.
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Assume that G D Gint [ Gext is a graph with a compact interior part Gint and
an exterior part Gext isometric to a finite number of copies of half-lines. Let X" be
an associated graph-like space with operator �" (the Neumann Laplacian or �D

X"
�

�2="2 in the Dirichlet case).

Theorem 1.4.4. Let �0 2 C be a resonance with multiplicity � > 0 of the limit
operator �0 on the metric graph G. Then there exist � resonances �j;" of the
operator �" (not all necessarily different) such that �j;" ! �0 for j D 1; : : : ; �

(with the same convergence speed as in Theorems 1.3.2 and 1.3.3).
In particular, an embedded eigenvalue of�0 is approached by a resonance of the

operator�".

The above theorem also gives interesting results for the decoupled limit operators
�0 D �0;int ˚ �0;ext in the slowly decaying (Neumann) case and the decoupled
Dirichlet case: Recall that the spectrum of the interior graph Gint is given by

.�0;int/ D f0g [ ˙D resp. 
.�0;int/ D ˙D in the slowly decaying resp. Dirichlet
case, where

˙D WD
n �2k2

`2e

ˇ
ˇ
ˇ e 2 Eint; k D 1; 2; : : :

o
; (1.23)

since the operator �0;int is an orthogonal sum of Dirichlet operators. In particular,
we have:

Corollary 1.4.5. Let �0 2 
.�0;int/ be a discrete eigenvalue of multiplicity �>0
of the interior operator �0;int in the slowly decaying (Neumann) case resp. the
Dirichlet case. Then there exist � resonances �j;" of the (Neumann) Laplacian�X"

resp. the rescaled Dirichlet Laplacian�D
X"

� �2="2 converging to �0.

Remark 1.4.6. The effect is similar to a Helmholtz resonator: A Helmholtz res-
onator consists of a compact cavity joined by a thin connection with a non-compact
exterior part. Although the eigenvalues of the interior problem (without the thin
connection) are no longer eigenvalues of the entire problem, they give rise to
resonances. A simple example is obtained from the disconnected set X0 WD f x 2
R
3 j 0 < jxj < r1 or r2 < jxj g for 0 < r1 < r2 by joining the two components with

a thin cylinder of radius ". The spectrum of the (Dirichlet or Neumann) Laplacian on
the resulting space X" is purely essential. Moreover, the eigenvalues of the interior
ball are limits of resonances of the Laplacian on X" as " ! 0. Such problems have
been treated e.g. in [Be73, HiM91, Hi92, BHM94, HiL01].

The effect on a graph-like space is similar: Assume that we put a slowly decaying
vertex neighbourhood at the vertex v0 joining the interior and exterior part, but
use fast decaying vertex neighbourhoods on the remaining vertices of the interior
part. Then the limit operator decouples at v0, and the spectrum of the interior graph
appears as embedded eigenvalues in Œ0;1/ (the spectrum of the exterior part). The
embedded eigenvalues on the interior graph are again limits of resonances of the
Laplacian on the graph-like space.



46 1 Introduction

1.5 Consequences of the Convergence Results

Let us state some exemplary consequences of the convergence results on graph-like
spaces. In particular, we give partial answers to questions (A) and (B) of Sect. 1.2.4
on conductivity (spectral gaps) and impurity levels (eigenvalues in gaps). More
generally, we are interested in spectral engineering, i.e., in constructing spaces with
given spectral properties similar as in Colin de Verdière’s work (cf. Theorem 1.2.1
and Sect. 1.2.6). Note that we already gave partial answers to questions (C) and (D)
on which vertex conditions are obtained by graph-like spaces and how to construct
given vertex conditions on a metric graph by graph-like spaces in Sect. 1.2.4.

Recall that the graph-like spaces associated with a graph are assumed to fulfil
some uniformity conditions on the vertex neighbourhoods and the edge length (e.g.,
that Xv is isometric to one member of a finite family of Riemannian manifolds
XV and that infe `e > 0). We call such graphs and graph-like spaces uniform. The
operators�" acting on graph-like spaces X" are given by the (Neumann) Laplacian
�" D �X"

resp. the rescaled Dirichlet Laplacian�" D �D
X"

��2"�2, see Sect. 1.3.1.
The operators�0 on the limit space are explained in Sect. 1.3.2.

1.5.1 Spectral Gaps and Covering Manifolds

A spectral gap of a (non-negative) operator� is an interval I � Œ0;1/ such that


.�/ \ I D ;:

Of course, if� is a Laplace-type operator on a compact space,� has purely discrete
spectrum and spectral gaps always exists. Therefore, we are interested in spectral
gaps of the essential spectrum of non-compact spaces. A simple consequence of the
spectral convergence of Theorems 1.3.1 and 1.3.2–1.3.3 for operators on graph-like
spaces is the following existence result for spectral gaps:

Theorem 1.5.1. Suppose that G is a (non-compact) graph with associated uniform
graph-like manifold X". If the limit operator �0 has a spectral gap .a; b/, then the
operator�" on the graph-like space has a spectral gap close to .a; b/ provided " is
small enough.

An important class of uniform graph-like spaces are covering spaces with a
compact quotient: Clearly, a covering metric graph eG ! G with compact quotient
G fulfils the global lower length bound infe `e > 0. Similarly, an associated family
of graph-like covering manifold eX" ! X" with compact quotient X" has only
finitely many isometry classes of vertex neighbourhoods. For examples of quantum
graph with spectral gaps we refer to [LP08a, EP05] and references therein.

Let eX ! X be a covering with abelian covering group Z
r . Here, X is either

a graph-like manifold or a metric graph. The corresponding Laplacian e� on eX



1.5 Consequences of the Convergence Results 47

commutes with the covering group. Moreover, the spectrum of e� can be analysed
using Floquet theory. Floquet theory uses basically a partial Fourier transformation
in order to transform the periodic operator e� on the non-compact space into a
family of so-called �-periodic operators f��g� on the compact quotient. Here, �
belongs to the dual OZr D T

r , and we identify the torus Tr (as measure space, not as
topological space!) with W WD Œ0; 2��r . As main result we obtain for the spectrum
of the periodic operator that


.e�/ D
[

k2N
Bk; where Bk D ˚

�k.�
�/
ˇ
ˇ � 2 W D Œ0; 2��r

�

denotes the k-th band. Each band is a compact interval, and the union of the bands
is locally finite. Moreover, �k.��/ is the k-th eigenvalue of �� (ordered w.r.t.
multiplicity). The operator�� can be defined on �-periodic functions

u.
x/ D ei� �
u.x/ for x 2 X and 
 2 Z
r (1.24)

(see e.g. [LP08b, LP07, P03b] and references therein). Note that a band may reduce
to a point (i.e. an L2-eigenvalue ofe�). In general, the intervals may overlap or touch,
so that in the extreme case, 
.e�/ has no gap at all.

The existence of spectral gaps for the operator on a graph-like space is in
particular ensured, if we are in the slowly decaying case. The spectrum of the
decoupled limit operator is 
.e�0/ D f0g [ ˙D (see (1.23)). Since the quotient
is compact, the set of different length `e is finite, and 
.e�0/ is a discrete set in RC.
In particular, any interval Œa; b� � RC n 
.e�0/ is a spectral gap for e�" provided " is
small enough.

Nevertheless, we cannot conclude in general that the Laplacian on the graph-like
manifoldX" has infinitely many spectral gaps:

Remark 1.5.2. The spectrum of a periodic operator typically has band-gap struc-
ture, but in higher dimension, the bands tend to overlap. The Bethe-Sommerfeld
conjecture states that a periodic Laplace-type operator in dimension 2 or more
has only finitely many gaps in its spectrum. This conjecture is confirmed e.g.
for periodic Schrödinger operators (see [Par08, Sk85, DT82, Sk79]). On singular
spaces like metric graphs or an array of attached manifolds it is in general easy to
construct examples with infinitely many gaps (see e.g. [BGL05, BEG03, EG96]).
On an equilateral metric graph, the Laplacian has infinitely many spectral gaps
iff the corresponding discrete Laplacian «� has spectrum different from Œ0; 2� (see
Theorem 2.4.1). Note that 
. «�/ � Œ0; 2�.

Our analysis here in general does not prove nor disprove the Bethe-Sommerfeld
conjecture for periodic graph-like manifolds: The spectral convergence implies
the convergence �k.��

" / ! �k.�
�
0/ as " ! 0 for each k 2 N uniformly in

� 2 Œ0; 2��. If this convergence would be uniform in k 2 N, then we could
construct a counterexample to the Bethe-Sommerfeld conjecture for the Laplacian
on a manifold.
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But the convergence cannot be uniform in k 2 N: Otherwise, the theta-function

��
" .t/ WD tr e�t��X" D

X

k

e�t�k.��" /

would converge to ��
0 .t/. More precisely, if j�k.��" / � �k.��

0/j � � for " small
enough uniformly in k, then

j��
" .t/ ���

0 .t/j
��
0 .t/

� �et�;

so that the fraction converges to 0 uniformly in t 2 .0; 1� as � ! 0. But the Weyl
asymptotics are different in the two cases,

��
" .t/ 
 vold X"

.4�t/d=2
; whereas ��

0 .t/ 
 vol1 G

.4�t/1=2

as t ! 0 (cf. [Ch84, Sect. VI.4] and Theorem 2.5.5 resp. [Rot84, Thm. 1], [KPS07,
Thm. 4.1]). Recall that d � 2 and vol1 G WD P

e `e , i.e. the total length of the graph.

A different procedure of creating gaps in a metric graph is provided by the so-
called graph-decoration. Roughly speaking, the new graph eG is obtained from a
given infinite graph G by attaching a fixed (compact) graph G0 to each vertex v
of G. The Laplacian on eG now has spectral gaps. This result has been established
for a discrete graph in [AS00]. The general case for quantum graphs is announced
in [Ku05], and proved in the case when G is a compact graph (in the sense that
there is no spectrum of the decorated graph near (certain parts) of the spectrum
of the decorating graph). For quantum graphs, there are related examples leading
to gaps (cf. [AEY94, Ex95]). A similar effect by attaching a single loop to each
vertex of a periodic graph has been used in [EP05, Sect. 9]. The case of periodically
arranged manifolds connected by line segments or through points has been analysed
in [BEG03, BGL05].

1.5.2 Eigenvalues in Gaps

Suppose that G is a uniform metric graph such that its standard Laplacian has a
spectral gap, namely, 
.�G/\.a; b/ D ;. By the previous example, the (Neumann)
Laplacian on a corresponding uniform graph-like manifold X" (with fast decaying
vertex neighbourhoods) has also a spectral gap close to .a; b/ provided " is small
enough.

Let us now change the metric graph locally, e.g. by attaching a loop of length `1 at
a fixed vertex v1 2 V , and call the decorated graph OG. The corresponding standard
Laplacian on OG has additional eigenvalues �k D .2�k=`1/

2 with eigenfunctions
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located on the loop and vanishing at v1 and on the rest of the graph (there might
be additional eigenvalues). For example, if 2�=

p
b < `1 < 2�=

p
a then the

ground state of the loop lies in .a; b/. Note that the essential spectrum of G and
the decorated metric graph OG are the same since the perturbation is compact; in
particular, only discrete eigenvalues occur in the spectral gap. Due to the spectral
convergence, a corresponding (uniform) graph-like manifold now must have (at
least) one eigenvalue in .a; b/. Furthermore, if the corresponding eigenvalue of the
quantum graph is simple (i.e. there are no other eigenvalues of the decorated graph
OG at �1 D .2�=`0/

2), then there is a unique eigenvalue close to �1 of multiplicity 1.
The corresponding normalised eigenfunction '0 of the graph-like manifold is close
to the normalised eigenfunction '" of the metric graph, i.e.

kJ' � '"k ! 0

(see Theorem 1.3.1). Roughly speaking, the convergence says, that an eigenfunction
on the graph-like manifold is approximately given by the corresponding eigenfunc-
tion on the graph, extended constantly in the transversal direction (and set to 0 in
the vertex neighbourhood).

Eigenvalues in gaps have been discussed e.g. in [AADH94, P03a] (see also the
references therein). One can interpret such a local perturbation as an impurity of
a periodic structure, say, a crystal or a semi-conductor. The additional eigenvalue
in the gap of the unperturbed operator and the corresponding eigenfunction corre-
sponds to an additional energy level and a bound state, respectively.

1.5.3 Equilateral Graphs

Let us consider now a special class of metric graphs closely related to the
corresponding discrete graph. Assume that the metric graph is equilateral, i.e. that
all edges have the same length, say `e D 1. We assume here, that we are in the fast
decaying or borderline case, hence the limit operator on the graph is the standard
Laplacian or the coupled operator�0 on the extended metric graph defined in (1.12).

For equilateral graphs, we have a simple spectral relation of the corresponding
metric and discrete graph Laplacians. The discrete Laplacian «� is defined in (2.4)
and has spectrum in Œ0; 2�. The spectral relation is given in Theorem 2.4.1 (see
also [vB85, Ni87, Ct97, Ex97, Pan06, P08, BGP08]).

Theorem 1.5.3 (Fast decaying vertex volume). Suppose that G is an equilateral
graph with associated graph-like manifold X" and vertex neighbourhoods X";v D
"Xv with scaling rate ˛ D 1. If the corresponding discrete Laplacian «� has a
spectral gap .a; b/ � .0; 2/, then the metric graph Laplacian�0 has spectral gaps
Ik where Ik are the connected components of

˚
� � 0

ˇ
ˇ 1 � cos

p
� 2 .a; b/ �:
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Moreover, the Laplacian �" on the graph-like manifold has spectral gaps close to
the gaps Ik provided " is small enough.

Note that if the discrete Laplacian has a spectral gap .a; b/, then the metric graph
Laplacian has infinitely many spectral gaps Ik since the function 1�cos is periodic.
Nevertheless, we do not know whether the number of gaps of 
.�X"

/ is infinite or
not, see Remark 1.5.2.

A similar result can be proven for the borderline case (see the spectral relation in
this case in Theorem 2.4.3):

Theorem 1.5.4 (The borderline case). Suppose that eG is an abelian covering of
a compact equilateral graphG with associated 2-dimensional graph-like manifolds
eX" ! X" such that the vertex neighbourhoods X";v D "˛Xv have scaling rate
˛ D 1=2 and that the volume

vol2 Xv D c

is independent of v 2 V . Then the Laplacian �eX"
on the graph-like covering

manifold has spectral gaps close to

˚
� � 0

ˇ
ˇmc.�/ WD c

p
� sin

p
�C 1 � cos

p
� … Œ0; 2� �

provided " is small enough. In particular, given n 2 N, there exists "n > 0 such that

.�eX"n

/ has at least N gaps.

The existence of an infinite sequence of spectral gaps for the extended metric graph
Laplacian�0;eG defined in (1.12) is ensured by the fact thatmc.�/ oscillates between

˙cp� as � ! 1, but the discrete operator «� on eG only has spectrum in Œ0; 2�.
The restriction to abelian covering manifolds is necessary since Theorem 2.4.3 states
the spectral relation only for eigenvalues. We are confident that the result extends
to the entire spectrum, so that Theorem 1.5.4 should be valid for any equilateral
graph and associated graph-like manifolds X" with scaling rate ˛ D 1=2.

Another class of examples is given by self-similar metric graphs,i.e. graphs
arranged in a self-similar manner (see Fig. 1.5). Note that the Sierpiński metric
graph is non-compact. We assume that each edge has length 1. The main point here
is that the metric graph spectrum has a fractal structure, so if " is small enough then
the corresponding Laplacian on a graph-like manifold has an arbitrary (but a priori
finite) number of spectral gaps in a compact spectral interval Œ0; �0�.

Let G be the equilateral metric Sierpiński graph given in Fig. 1.5. Note that
G has one vertex of degree 2, all other vertices have degree 4. The nature of the
spectrum of the discrete Laplacian «� was calculated by [Tep98, Thm. 2]: Namely,
we have


. «�/ D J [D; D WD
n3

2

o
[

1[

nD0
p�nn3

4

o
; J WD D; (1.25)
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Fig. 1.5 The Sierpiński
graph G. Note that G is a
non-compact equilateral
metric graph

where p.z/ WD z.5 � 4z/ and p�n is the n-th pre-image, i.e. p�nf3=4g D f z 2
R jpın.z/ D 3=4 g. The spectrum of «� is pure point and each eigenvalue has
multiplicity 1, therefore the spectrum is also purely essential. The set D consists
of the isolated eigenvalues and the set J is a Cantor set of Lebesgue measure 0
(the Julia set of the polynomial p). Due to Theorem 2.4.1 the spectrum of the
equilateral metric graph Laplacian �G is pure point and purely essential. It is
given by


.�G/ n˙D D m�1.D/ [m�1.J n f0g/:

Since m.�/D 1� cos
p
� is a local homeomorphism mapping measure 0 set into

measure 0 sets and vice versa, m�1.D/ consists of isolated eigenvalues of �G of
infinite multiplicity and m�1.J nf0g/ is a Cantor set of measure 0 (away from the
Dirichlet spectrum˙D D f .�k/2 j kD 1; 2; : : : g). A similar statement holds formc

restricted to � such that mc.�/ 2 Œ0; 2�.
Now our spectral convergence result on graph-like manifolds leads to an example

of a family of smooth manifolds approaching a fractal spectrum:

Theorem 1.5.5. SupposeX" is a family of graph-like manifolds associated with the
equilateral metric Sierpiński graph. Then the essential spectrum of the Laplacian on
X" approaches the fractal spectrum of �G in any fixed interval Œ0; �0�. The discrete
spectrum of �X" is either empty or merges into the essential spectrum as " ! 0. In
particular, 
.�X"

/ has an arbitrary large number of spectral gaps in the compact
interval Œ0; �0� provided " is small enough.

Again, we cannot conclude that the number of gaps in the interval Œ0; �0� is infinite,
since the uniform convergence of the essential spectrum allows us to control the sets
up to an error only (as " ! 0). In order to conclude that X" has fractal spectrum,
one has to use different methods.
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In particular, the above constructions of manifolds with spectral gaps may be
seen as a weak version of spectral engineering in Sect. 1.2.6: We are able to localise
approximately the spectral gaps. Moreover, let S be a closed and unbounded set
S � RC. In principle, it should be possible to construct a quantum graph G with
spectrum S . The corresponding graph-like manifold then has a spectrum close to S
by Theorems 1.3.1 and 1.3.2–1.3.3.

Let us also mention the results on spectral gaps for coverings with residually
finite covering groups in [LP08b, LP08a]. In particular, we constructed in [LP08a]
examples of discrete and equilateral metric graphs where we could assure that
certain subsets were not included in the spectrum of the covering Laplacian. For
the existence of spectral gaps of the Laplacian on differential forms on certain
Z-periodic manifolds, we refer to [ACP09].

1.5.4 Spectral Band Edges

Let us mention another interesting example on the spectral band edges:It was
commonly believed by Physicists that the k-th band of a Z

r -periodic operator (i.e.,
an operator on a Z

r -covering space commuting with the group action) is actually
given as the range of

OBk WD f�k.��/ j � 2 @W g;
where W is the so-called Brillouin zone, a fundamental domain of the dual lattice
which is identified with Z

r in our case here. More precisely, if the covering space
has more symmetries, on considers the reduced Brillouin zone, a subset of the full
Brillouin zone, taking the additional (discrete) symmetries into account.

Harrison, Kuchment, Sobolev and Winn [HKSW07] gave interesting examples
of periodic operators on discrete graphs where OBk ¨ Bk , i.e., where the band edges
are attained by interior points � 2 .0; 2�/r , disproving the commonly believed
argument above. Exner, Kuchment and Winn [EKW10] even gave an example of a
Z-periodic metric graph with OBk ¨ Bk . The periodic metric graph graph in their
example has a (suitable) fundamental domain, which is connected with its forward
neighbour by more than one edge.

Using the spectral relation between discrete and equilateral metric graphs of
Sect. 1.5.3 we can construct periodic graphs with the same properties, i.e., where
OBk ¨ Bk . Since the eigenvalues of a graph-like manifold converge to the ones of

an appropriate quantum graph, i.e., �k.��" / ! �k.�
�
0/ for � 2 @W , and since

OBk.�0/ D f��k.�0/ j � 2 @W g ¨ Bk.�0/, we also have an example of a periodic
manifold on which the band edges are not achieved by the boundary values � 2 @W .

1.5.5 The Decoupled Case

Let us consider again the slowly decaying case (the decoupled Dirichlet case can
be treated similarly). Recall that the (Neumann) Laplacian on X" converges to the
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decoupled limit operator �0 WD L
e �

D
Ie

˚ 0 acting in the extended Hilbert space
H0 WD L2.G/ ˚ `2.V /, where �D

Ie
is the Dirichlet operator on the interval Ie D

Œ0; `e� and 0 is the trivial operator on `2.V /. In particular, the spectrum of the limit
operator�0 is pure point and given by (1.23). Moreover the multiplicity of � is jV j
if � D 0 and jf e 2 E j� D �k.e/ gj if � > 0.

Since the graph structure is no more visible in the limit due to the decoupling,
we just give a simple example of a graph consisting of a half-line with one vertex
of degree 1 at 0 and the others of degree 2. We label the edges by n 2 N. By an
appropriate choice of the length `n we can construct a manifold with certain spectral
properties. If we consider e.g. `n WD p

n=� then �k.n/ D k2=n. Since every
rational number r can be written in the form r D k2=n (r D p=q D p2=.pq/),
the operator �0 has dense point spectrum consisting of all non-negative rational
numbers. Therefore the spectrum of�0 equals Œ0;1/ and is purely essential. Other
choices of the length are possible, e.g., a set of rationally independent length `e,
e 2 E. Once one is able to determine 
.�0/ by number theoretical arguments one
has a Laplacian�X" with a spectrum close to 
.�0/.

The spectral convergence result here is too weak to say anything else about
the nature of the Laplacian on the graph-like manifold X" with slowly decaying
vertex neighbourhoods than that it is purely essential in any bounded spectral
interval. Moreover, we cannot apply the results on resolvent convergence since the
eigenvalues � 2 
p.�0/ are not isolated. We expect that �X"

also has pure point
spectrum, but one needs further arguments to prove this.

1.6 Outlook and Remarks

Finally, we outline several topics of further research which in principle can be
treated by similar methods as developed in this work.

1.6.1 Geometric Perturbations

We are confident that the convergence methods developed here can be applied
in many other situations: For example, one can show convergence results for the
Laplacians on topologically perturbed manifolds (removing discs, adding handles
etc.), or on conformally perturbed metrics. Such problems have been treated e.g.
in [CF78, CF81, Oz81, Oz82, A87, A90, AC93, A94, AC95, H06, Da08, ACP09], but
mostly only the eigenvalues on a compact space have been considered.

Formally, adding long thin handles to a family of compact manifolds labelled by
the vertices of a graph corresponds to the case when the shrinking rate at the vertex
neighbourhoods is ˛ D 0. In particular, for such graph-like manifolds, the vertex
neighbourhood do not shrink to a point.
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We are confident that we can show the convergence of resonances also for such
geometrically or conformally perturbed spaces, and obtain results on Helmholtz-
resonator-type systems. A Helmholtz resonator is a system with a cavity joint by a
thin connection with a non-compact exterior part. Although the eigenvalues of the
interior problem (without the thin connection) are no longer eigenvalues of the entire
problem, they give rise to resonances, i.e. poles of a meromorphic continuation of
the resolvent. Such problems have been treated e.g. in [Be73,HiM91,Hi92,BHM94,
HiL01]. The basic property for all these results is a decoupling of the limit problem,
leading to embedded eigenvalues in the continuous spectrum. For example, if one
approximates hybrid spaces as hedgehog-shaped manifolds presented in [BG03] by
smooth manifolds, the limit problem decouples in many situations. Nevertheless,
we still obtain the non-trivial result that the embedded eigenvalues of the decoupled
limit problem are approached by resonances. Such approximations are interesting
in understanding manifolds with cusps (see e.g. [BG05]).

One should also analyse the convergence speed of resonances for our graph-
like manifolds. If a resonance approaches e.g. an embedded eigenvalue, then the
convergence speed gives the decay rate of the corresponding quasi-stable state.

In addition, one can use the abstract convergence arguments for wildly perturbed
domains as in [RT75] (see also [HSS91,Si96]). In particular, it should be possible to
construct manifolds with given spectral properties (spectral engineering). For such
results, one needs scattering theory adopted to our situation, see below.

1.6.2 Scattering Properties

For graph-like spaces, the convergence of scattering data like the scattering matrix
and the coefficients of reflection and transmission is of interest (see e.g. [Pav07,
Pav02]). More generally, one may develop a scattering theory for operators in two
Hilbert spaces as in [K67] making use of our zeroth and first order identification
operators. Using similar methods, it should also be possible to show the convergence
of the heat kernels. Note that in Theorem 1.3.1 we showed the convergence of the
heat operators in the operator norm only, not in the Hilbert-Schmidt norm.

1.6.3 Convergence of Differential Forms
and First Order Operators

On graph-like spaces, the convergence of differential forms is also of interest. Here,
the topology of the graph-like manifold is of importance. For graph-like spaces
homotopy-equivalent with the original metric graph, 1-forms should converge to
“1-forms” on a graph. Here, an abstract setting using first order boundary triples as
in [P07] combined with the two Hilbert space formalism and identification operators
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might be helpful. One should obtain stability results on the index as in Sect. 2.4.2.
Stability results on the index can be useful in order to decide whether a certain vertex
condition can be approximated by purely geometric operators (like the Laplacian
on forms) or not. If the indices of the graph operator and the manifold operator are
different, there cannot hold such a convergence result.

In [ACP09], we show that for n2N and a Z-covering X !M of a
d -dimensional compact manifold M , there is a metric gn on X ! M such that
the spectrum of the Laplacian on p-forms on .X; gn/ has at least n spectral gaps
provided the .d � 1/=2-Betti number of˙ vanishes. The main idea is to deform the
compact quotient manifoldM in a neighbourhoodU Š .�1; 1/�˙ using a warped
product on U , where ˙ is a non-disconnecting hypersurface in M . In [ACP09],
only the convergence of the discrete spectrum is shown (making use of Floquet
theory). In principle, it should be possible to carry over the convergence results
to general non-compact spaces, and to show for example the convergence of the
resolvents.

1.6.4 Convergence of Boundary Triples Coupled via Graphs

We define boundary triples coupled via graphs. In the spirit of our generalised con-
vergence of operators in different Hilbert spaces, one can define the “convergence”
of such boundary triples and show e.g. the convergence of the coupled operators.
In particular, all our results on graph-like spaces can be understood in this way;
and maybe some proofs simplify. Note e.g. that in all our examples we use the
natural idea to associate to a function fe on the metric graph edge e the function
fe ˝ 'e of the associated edge neighbourhood of the graph-like space, where 'e
is an eigenfunction of the transversal manifold. In addition, one might find other
results by choosing 'e to be the second or a higher eigenfunction etc.

A convergence criteria for boundary triples should also yield the convergence of
the associated Dirichlet-to-Neumann maps under suitable assumptions. Such results
are of interest e.g. for graph-like spaces and their limits (see e.g. [Pav02]).

1.6.5 Metric Structure on the Space of Operators

Given two non-negative and self-adjoint operators � and e� on the Hilbert spaces
H and fH , respectively, we can define a sort of “distance”

d.�;e�/ WD inf
˚
ı � 0

ˇ
ˇ�, e� are ı-quasi-unitarily equivalent

�
:

In this way, we have shown in Theorem 1.3.1 that e.g. the spectrum depends
continuously on�. Moreover, for the Laplacian�" on a graph-like manifold and its
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corresponding graph operator�0 we have shown that d.�";�0/ � O."ˇ/ for some
ˇ > 0 depending on the geometry.

Several questions arise: What is the metric structure of this space of non-negative
operators? A systematic approach of the associated topology as it was e.g. done for
the strong convergence of such operators by Kuwae and Shioya in [KSh03] and a
comparison of the different concepts deserves a systematic treatment.

Another question is whether our (upper) error estimates on the distance
d.�";�0/ are optimal in the sense, that we can find a lower bound on d.�";�0/ of
order O."ˇ/.

1.6.6 Dirichlet-to-Neumann Map and Inverse Problems

The treatment of boundary triples associated with quadratic forms developed in
this work provides an abstract way to deal with the Dirichlet-to-Neumann map
on a manifold. There are interesting inverse problems concerning the Dirichlet-
to-Neumann map: Can one reconstruct the inner domain (or the inner metric
graph) from the data of the Dirichlet-to-Neumann map? Such problems occur very
often in applications like electrical resistivity tomography. For example, a typical
measurement is the following: One applies a voltage to the boundary, and measures
the current at the boundary. This measurement is precisely, what the Dirichlet-to-
Neumann map gives as a result. We refer to [Na88, LU01] and [CM91, CMM94,
CIM98,CM00] for solutions of the inverse problem and related results on manifolds
and discrete graphs, respectively.

1.6.7 Fractal Metric Graphs

If the global lower length bound (1.6) is violated, we obtain fractal metric graphs.
On such graphs, the minimal Laplacian (defined as closure of functions in H2

max.G/

with compact support) is (in general) no longer essentially self-adjoint. In particular,
one has to define boundary conditions at “infinity” (see e.g. [Ca00, So04], where
radial trees are considered). The corresponding graph-like spaces can be used e.g.
in modelling blood-flow in a lung (see [PWZ08]).



Chapter 2
Graphs and Associated Laplacians

In this chapter, we provide the necessary notation and basic results on spectral
graph theory needed in the subsequent chapters. Results on spectral theory of
combinatorial Laplacians can be found e.g. in [Do84, MW89, CdV98, CGY96,
Chu97, HS99, Sh00, HS04, Su08]. For metric graph Laplacians we mention the
works [Rot84, vB85, Ni87, KS99, Ha00, KS03, Ku04, FT04a, Ku05, KN05, BF06,
KS06,Pan06,BR07,Ku08,P08,HiP09,P09b]. Discrete and metric graphs often serve
as a toy model in spectral geometry (see e.g. [CGY96, CGY00]).

Let us briefly motivate the generalisation of the usual discrete (or combinatorial)
Laplacian on a graph presented in Sect. 2.1. Generalised discrete Laplacians as
defined below in Definition 2.1.10 occur naturally in the Dirichlet-to-Neumann
operator of a boundary triple associated with the corresponding (equilateral) metric
graph together with a self-adjoint Laplacian acting on it, see Sect. 2.2.3 (the notion
of boundary triples will be introduced in Sect. 3.4). The self-adjoint (energy-
independent) vertex conditions of a metric graph Laplacian can be encoded in a
certain vertex space V D L

v Vv. Here, Vv is a subspace of the deg v-dimensional
space CEv , whereEv is the set of edges adjacent to v, and deg v D jEvj is the degree
of the vertex. The generalised discrete Laplacian will be an operator acting on V ,
generalising the usual discrete Laplacian defined on `2.V /.

In Sect. 2.1 we introduce discrete Laplacians and their generalisations. Sec-
tion 2.2 contains material on metric graphs and associated operators, as well
as quantum graphs (a metric graph with vertex space). Moreover, we associate
boundary triples to a quantum graph, declaring a subset of the vertices as boundary.
In Sect. 2.3 we define so-called extended quantum graphs, which appear naturally
as limit spaces for certain vertex neighbourhood scalings (the “borderline case” in
Chap. 6). In all cases (discrete graph, quantum graph and extended quantum graph),
we introduce the Laplacians� via an exterior derivative d by setting � WD d�d.

The theory of boundary triples gives us a spectral relation between the discrete
and metric graph Laplacian, at least for equilateral graphs, see Sect. 2.4. The
interpretation of the corresponding discrete operator as a new type of combinatorial
Laplacian might be of its own interest (see also [Sm07] for a related generalisation
of combinatorial Laplacians via a scattering approach). Moreover, we show in
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Theorems 2.4.5 and 2.4.7 the equality of a naturally defined index for discrete and
metric graph Laplacians, defined as the Fredholm index of d (cf. also [FKW07]).

We end this chapter with some trace formulas for discrete and quantum graph
Laplacians (Sect. 2.5). In particular, we can interpret the constant term in the trace
formula of Kostrykin, Potthoff and Schrader [KPS07] in Theorem 2.5.5 as index of
the associated quantum graph.

2.1 Discrete Graphs and Generalised Laplacians

The aim of the present section is to define the spaces and operators associated with
a discrete graph and to conclude some simple consequences needed later on.

2.1.1 Discrete Graphs and Vertex Spaces

Let us first fix the notation for graphs.

Definition 2.1.1.

1. A discrete graph G is given by .V;E; @/, where V , E are countable. Here,
V D V.G/ denotes the set of vertices, E D E.G/ denotes the set of edges,
and @WE �! V � V is a map associating to each edge e the pair .@�e; @Ce/ of
its initial vertex and terminal vertex, the connection map. 1 In particular, @e fixes
an orientation of the edge e.2 Abusing the notation, we also denote by @e the set
f@�e; @Ceg.

2. For each vertex v 2 V we define the (set of outgoing (�) resp. incoming (C))
edges adjacent to v by

Ev̇ WD f e 2 E j @˙e D v g and Ev WD EC
v

�[E�
v ;

i.e. Ev̇ consists of all edges starting (�) resp. ending (C) at v and Ev their
disjoint union.3

1The use of a connection map allows us to consider multiple edges. Such graphs are sometimes
called multi-graphs, in contrast to a simple graph, where @ is assumed to be injective. For a simple
graph, we may define the set of edges as a subset of V � V .
2Some authors (see e.g. [Su08]) prefer to use Eunor WD E �[ NE for the “doubled” edge set, i.e.
each edge e 2 E has a counterpart Ne with the opposite orientation. Starting with a set Eunor, an
orientation of a graph can be defined as a subset E � Eunor such that either e or Ne belongs to E .
In our setting, we automatically fix an orientation. Note that the orientation is important for the
exterior derivative «d in (2.5), but not for the Laplacian «� in (2.4); the former is of “first order”,
while the second is of “second order”.
3Note that the disjoint union is necessary in order to generate two formally different labels for a
self-loop e, i.e. an edge with @

�

e D @
C

e. Moreover, a loop is counted twice in the degree of
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3. The degree of v 2 V is defined by

deg v WD jEvj D jEC
v j C jE�

v j;

i.e. the number of adjacent edges at v. In order to avoid trivial cases, we assume
that deg v � 1, i.e. no vertex is isolated. We also assume that deg v is finite for
each vertex.

4. A discrete graph is (edge-)weighted , if there is a function `WE �! .0;1/

associating to each edge e 2 E a length `e > 0. Alternatively, we may think of
1=`e as a weight associated with the edge e.4 If `e D 1 for all edges, we call the
graph equilateral.

Let us slightly generalise the concept of a graph by allowing edges with infinite
length, i.e. having its terminal vertex at “infinity”:

Definition 2.1.2.

1. We call G D .V;E; @/ a discrete exterior graph if we have a decomposition
of E into interior and exterior edges, i.e. E D Eint �[ Eext. In addition, we
assume that @WE �! .V � V / �[ V maps an interior edge e 2 Eint onto the pair
@e D .@�e; @Ce/ of its initial and terminal vertex, and an exterior edge e 2 Eext

onto its initial vertex @e D @�e only. The set Ev of edges adjacent to v and the
degree deg v is defined as above. Note that an exterior edge e 2 Eext belongs only
to the set E�

v of outgoing edges since v D @�e.
2. We call G D .V;E; @; `/ an (edge-)weighted discrete exterior graph if .V;E; @/

is a discrete exterior graph, and `WE �! .0;1� is a length function such that

Eint D f e 2 E j `e < 1 g and Eext D f e 2 E j `e D 1 g:

Note that for a weighted discrete exterior graph, we may interpret interior edges
as edges of finite length, and exterior edges as edges of infinite length with terminal
vertex at “infinity”.

We will use frequently the following elementary fact about reordering a sum over
edges and vertices, namely

X

e2Eint

F.@Ce; e/ D
X

v2V

X

e2EC

v

F.v; e/ and
X

e2E
F.@�e; e/ D

X

v2V

X

e2E�

v

F.v; e/

(2.1)
for a function .v; e/ 7! F.v; e/ depending on v and e 2 Ev with the convention that
a sum over the empty set is 0. Note that this equation is also valid for self-loops and

a vertex. This convention is useful when comparing discrete and equilateral metric graphs (see
Theorem 2.4.1).
4The interpretation “length” will become clear when defining metric graphs in Definition 2.2.1,
as well as the interpretation of 1=`e as a weight or conductivity, see the definition of the norm on
`2.E/ in (2.6).
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multiple edges. The reordering is a bijection since the unions Eint D �S
v2V EC

v and
E D �S

v2V E�
v are disjoint. For a graph with finite edge set, the relation

2jEintj C jEextj D
X

v2V
deg v (2.2)

follows by setting F.v; e/ D 1. For simplicity, we assume for the rest of this section
that the graph has no exterior edges, i.e. that E D Eint.

Let us make the following assumption on the lower bound of the edge lengths:

Assumption 2.1.1. Throughout this work we assume that there is a constant `� > 0
such that

`e � `� 8 e 2 E; (2.3)

i.e. that the weight function `�1 is bounded. Without loss of generality and for
convenience, we assume that `� � 1.

We want to introduce a vertex space allowing us to define Laplace-like combina-
torial operators motivated by general vertex boundary conditions on metric graphs.

The usual discrete (weighted) Laplacian is defined on scalar functionsF WV �!
C on the vertices V , namely

«�F.v/ D � 1

deg v

X

e2Ev

1

`e

�
F.ve/� F.v/

�
; (2.4)

where ve denotes the vertex on e opposite to v. Note that «� can be written as «� D
«d�«d with

«dW `2.V / �! `2.E/; .«dF /e D F.@Ce/� F.@�e/: (2.5)

Here, `2.V / D `2.V; deg/ and `2.E/ D `2.E; `
�1/ carry the weighted norms

defined by

kF k2`2.V / WD
X

v2V
jF.v/j2 deg v and k�k2`2.E/ WD

X

e2E
j�ej2 1

`e
; (2.6)

and «d� denotes the adjoint with respect to the corresponding inner products.
We sometimes refer to functions in `2.V / and `2.E/ as 0-forms and 1-forms,
respectively.

We would like to carry over the above concept for the “vertex space” `2.V / to
more general vertex spaces V D L

v Vv. The main motivation to do so are metric
graph Laplacians with general vertex boundary conditions as defined in Sect. 2.2.2
and their relations with discrete graphs (cf. Sect. 2.4).
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Definition 2.1.3.
1. Denote by V max

v WD C
Ev the maximal vertex space at the vertex v 2 V , i.e. a

value F.v/ D fFe.v/ge2Ev 2 V max
v has deg v components, one for each adjacent

edge. A vertex space at the vertex v is a linear subspace Vv of V max
v .

2. The corresponding (total) vertex spaces associated with the graph .V;E; @/ are

V max WD
M

v2V
V max

v and V WD
M

v2V
Vv;

respectively. Elements of V are also called 0-forms. The space V carries its
natural Hilbert norm, namely

kF k2V WD
X

v2V
jF.v/j2 D

X

v2V

X

e2Ev

jFe.v/j2:

Associated with a vertex space is an orthogonal projection P D L
v2V Pv

in V max, where Pv is the orthogonal projection in V max
v onto Vv.

3. We call a general subspace V of V max local if it decomposes with respect to
V max D L

v V max
v , i.e. if V D L

v Vv and Vv � V max
v . Similarly, an operator A

on V is called local if it is decomposable with respect to the above direct sum.
4. The dual vertex space associated with V is defined by V ? WD V max � V and

has projection P? D � � P .

Note that a local subspace V is closed since Vv � V max
v is finite dimensional.

Alternatively, a vertex space is characterised by fixing an orthogonal projection P
in V which is local. In view of the corresponding notation on a metric graph (see
Definition 2.2.5), one may call the pair .G;V / a discrete quantum graph.

Example 2.1.4. The names of the vertex spaces in the examples are borrowed from
the corresponding examples in the metric graph case, see below. For more general
cases defined via vertex spaces, e.g. the discrete magnetic Laplacian, we refer
to [P09a].

1. Choosing Vv D C�.v/ D C.1; : : : ; 1/, we obtain the standard vertex space
denoted by V std

v , also called continuous vertex space or Kirchhoff vertex space.
The associated projection is

Pv D 1

deg v
E

where E denotes the square matrix of rank deg v where all entries equal 1. This
case corresponds to the standard discrete case mentioned before. Namely, the
natural identification

e	W V std WD
M

v

V std
v �! `2.V /; F 7! eF ; eF .v/ WD Fe.v/;
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(the latter value is independent of e 2 Ev) is isometric, since the weighted norm
in `2.V / and the norm in G std agree, i.e.

kF k2
V std D

X

v2V

X

e2Ev

jFe.v/j2 D
X

v2V
jeF .v/j2 deg v D keF k2`2.V /:

2. More generally, we can fix a vectorp.v/ D fpe.v/ge2Ev with non-negative entries
pe.v/ ¤ 0 and define the weighted standard vertex space by V p

v WD Cp.v/. The
corresponding projection is given by

PvF.v/ D 1

jp.v/j2 hp.v/; F.v/ip.v/:

As in the previous example, we have an isometry

e	W V p WD
M

v

V p.v/
v �! `2.V; jpj2/; F 7! eF ; eF .v/ WD Fe.v/

pe.v/

(the latter value is independent of e 2 Ev), since

kF k2V p D
X

v2V

X

e2Ev

jFe.v/j2 D
X

v2V
jeF .v/j2jp.v/j2 DW keF k2

`2.V;jpj2/:

3. A special case of a weighted standard vertex space is given by vectors p.v/ such
that jpe.v/j D 1, we call such a vertex space a magnetic perturbation of the
standard one. An example is giving in the following way: Let ˛ 2 R

E be a
function associating to each edge e the magnetic vector potential ˛e 2 R and set

pe.v/ D e�i
Õ

˛ e.v/=2

where
Õ
˛e .v/ WD ˙˛e if v D @˙e. We call the associated vertex space V

mag;˛
v

magnetic.
4. We call V min

v WD 0 the minimal vertex space or Dirichlet vertex space.
Similarly, V max is called the maximal vertex space or Neumann vertex space.
The corresponding projections are P D 0 and P D �.

5. Assume that deg v D 4 and define a vertex space of dimension 2 by

Vv D C.1; 1; 1; 1/˚ C.1; i;�1;�i/:

The corresponding orthogonal projection is

Pv D 1

4

0

B
B
@

2 1C i 0 1 � i
1 � i 2 1C i 0

0 1 � i 2 1C i
1C i 0 1 � i 2

1

C
C
A :
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In Example 2.1.7 (2), we will show some invariance properties of this vertex
space.

In contrast to the standard vertex space, the vertex space may “decouple” some
or all of the adjacent edges e 2 Ev at a vertex v, e.g., if the vertex space is
V max. “Decoupling” here means, that we may split the graph at a vertex space
Vv such that the corresponding projection Pv has block structure w.r.t. a non-
trivial decomposition Vv D V1;v ˚ V2;v. We call a vertex space Vv without such
a decomposition irreducible. Similarly, we say that V D L

v Vv is irreducible, if all
its local subspaces Vv are irreducible. For more details, we refer to [P09b].

In [P09a, Lem. 2.13] we showed the following result on symmetry of a vertex
space:

Proposition 2.1.5. Assume that the vertex space Vv of a vertex v with degree d D
deg v is invariant under permutations of the coordinates e 2 Ev, then Vv is one of
the spaces V min

v D 0, V max
v D C

Ev , V std
v D C.1; : : : ; 1/ or .V std/?, i.e. only the

minimal, maximal, standard and dual standard vertex spaces are invariant.

If we only require invariance under the cyclic group of order d , we have the
following result:

Proposition 2.1.6. Assume that the vertex space Vv of a vertex v with degree
d D deg v is invariant under cyclic permutation of the coordinates e 2 Ev D
fe1; : : : ; ed g, i.e. ei 7! eiC1 and ed 7! e1, then Vv is an orthogonal sum of spaces of
the form V k

v D C.1; �k; �2k ; : : : ; � .d�1/k/ for k D 0; : : : ; d � 1, where � D e2� i=d .

Proof. The (representation-theoretic) irreducible vector spaces invariant under the
cyclic group are one-dimensional (since the cyclic group is Abelian) and have the
form V k

v as given above. ut
We call V k

v a magnetic perturbation of V std
v , i.e. the components of the generating

vector .1; : : : ; 1/ are multiplied with a phase factor (see e.g. [P09a, Ex. 2.10 (vii)]).

Example 2.1.7.

1. If we require that the vertex space Vv is cyclic invariant with real coefficients
in the corresponding projections, then Vv is spanned by either .1; : : : ; 1/ or
.1;�1; : : : ; 1;�1/ (if d even) or both. But the sum is not irreducible since

Vv D C.1; : : : ; 1/˚ C.1;�1; : : : ; 1;�1/
D C.1; 0; 1; 0; : : : ; 1; 0/˚ C.0; 1; 0; 1; : : : ; 0; 1/

and the latter two spaces are standard with degree d=2. In other words, the
irreducible graph at v associated with the boundary space Vv splits the vertex
v into two vertices v1 and v2 adjacent with the edges with even and odd labels,
respectively. The corresponding vertex spaces are standard.

2. The sum of two cyclic invariant spaces is not always reducible: Take the
cyclic invariant vertex space Vv D V 0

v ˚ V 1
v � C

4 of dimension 2 given in
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Example 2.1.4 (5). Note that Vv is irreducible, since the associated projection
Pv does not have block structure. This vertex space is maybe the simplest
example of a (cyclic invariant) irreducible vertex space which is not standard
or dual standard. Note that if deg v D 3, then an irreducible vertex space is
either standard or dual standard (or the corresponding version with weights and
magnetic perturbations, i.e. .1; : : : ; 1/ replaced by a vector p.v/ with non-zero
entries).

2.1.2 Operators Associated with Vertex Spaces

Let us now define a generalised coboundary operator or exterior derivative
associated with a vertex space. We use this exterior derivative for the definition
of an associated Laplace operator below:

Definition 2.1.8. Let V be a vertex space of the graph G. The exterior derivative
on V is defined via

«dV W V �! `2.E/; .«dV F /e WD Fe.@Ce/� Fe.@�e/;

mapping 0-forms onto 1-forms.

We often drop the subscript V for the vertex space or write «dstd instead of «dV std

etc. The proof of the next lemma is straightforward using (2.1) (see e.g. [P09a,
Lem. 3.3]):

Lemma 2.1.9. Assume the lower lengths bound (2.3), then «d is norm-bounded
by
p
2=`�. The adjoint

«d�
V W `2.E/ �! V

fulfils the same norm bound and is given by

.«d��/.v/ D Pv

�n1

` e

Õ
�e .v/

o

e2Ev

�
2 Vv;

where
Õ
�e .v/ WD ˙�e if v D @˙e denotes the oriented evaluation of �e at the

vertex v.

Definition 2.1.10. The discrete generalised Laplacian associated with a vertex
space V is defined by «�V WD «d�

V
«dV , i.e.

. «�V F /.v/ D Pv

�n1

` e

�
Fe.v/� Fe.ve/

�o

e2Ev

�

for F 2 V , where ve denotes the vertex on e 2 Ev opposite to v.
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Remark 2.1.11.

1. From Lemma 2.1.9 it follows that «�V is a bounded, non-negative operator on V

with norm estimated from above by 2=`�. In particular, �. «�V / � Œ0; 2=`��.
2. We can also define a Laplacian «�1

V WD «dV
«d�

V acting on the space of “1-forms”
`2.E/ (and «�0

V WD «�V D «d�
V

«dV ). For more details and the related supersym-
metric setting, we refer to [P09a]. In particular, we have

�. «�1
V / n f0g D �. «�0V / n f0g:

Moreover, in [P09a, Ex. 3.16–3.17] we discussed how these generalised Lapla-
cians can be used in order to analyse the (standard) Laplacian on the line graph
and subdivision graph associated with G (see also [Sh00]).

The next example shows that we have indeed a generalisation of the standard
discrete Laplacian:

Example 2.1.12.

1. For the standard vertex space V std, it is convenient to use the unitary trans-
formation from V std onto `2.V / associating to F 2 V the (common value)
eF .v/ WD Fe.v/ as in Example 2.1.4 (1). Then the exterior derivative «dstd and
its adjoint «d�

std are unitarily equivalent with

«dW `2.V / �! `2.E/; .«deF /e D eF .@Ce/� eF .@�e/

and

.«d��/.v/ D 1

deg v

X

e2Ev

1

`e

Õ
� e .v/;

i.e. «d is the classical coboundary operator already defined in (2.5) and «d� its
adjoint.

Moreover, the corresponding discrete Laplacian «�std WD «�
V std is unitarily

equivalent with the usual discrete Laplacian «� D «d�«d defined in (2.4) as one can
easily check.

Similarly, for the weighted standard vertex space V p with pe.@�e/Dpe.@Ce/
.DW pe/, the generalised discrete Laplacian expressed on the space `2.V; jpj2/ is
given by

«�p
eF .v/ D � 1

jp.v/j2
X

e2Ev

jpej2
`e

�
eF .ve/ � eF .v/

�
; (2.7)

where jp.v/j2 D P
e2Ev

jpe.v/j2.
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For the magnetically perturbed standard vertex space we have

. «�mag;˛
eF /.v/ D � 1

deg v

X

e2Ev

1

`e

�
eCi

Õ

˛ e.v/eF .ve/
� � eF .v/;

i.e. the discrete magnetic Laplacian associated with the magnetic potential
˛ D f˛ege. Note that the � -periodic boundary condition of Floquet theory as
in (1.24) lead to a magnetic perturbation of a vertex space.

2. For the minimal vertex space V min D 0, we have «d D 0, «d� D 0 and «�
V min D 0.

For the maximal vertex space, we have

. «�V maxF /e.v/ D
n 1

`e

�
Fe.v/ � Fe.ve/

�o

e2Ev

and

«�V max Š
M

e2E
«�e; where «�e Š 1

`e

�
1 �1

�1 1

�

:

In particular, in both cases, the Laplacians are decoupled and any connection
information of the graph is lost.

Let us now assume that the graph is equilateral (i.e. `e D 1) and the graph has
no multiple edges (i.e. @ is injective). Then we can write the Laplacian in the form

«�V D � �MV ; MV WD PAmax;

where MV W V �! V is called the principle part of the generalised discrete
Laplacian, and AmaxW V max �! V max the generalised adjacency matrix, defined
by

AmaxfF.w/gw D fAmax.v;w/F.w/gv; Amax.v;w/WCEw �! C
Ev

for F 2 V max. Furthermore, Amax.v;w/ D 0 if v;w are not joined by an edge and

Amax.v;w/e;e0 D ıe;e0 ; e 2 Ev; e
0 2 Ew

otherwise. In particular, written as a matrix, Amax.v;w/ has only one entry 1 and all
others equal to 0. The principle part of the Laplacian then has the form

.MV F /.v/ D
X

e2Ev

AV .v; ve/F.ve/;

for F 2 V similar to the form of the principle part of the standard Laplacian defined
for V std Š `2.V /, where

AV .v;w/ WD PvA
max.v;w/PwW Vw �! Vv:
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Equivalently,
MV D

M

v2V

X

w2V
AV .v;w/ (2.8)

where the sum is actually only over those vertices w, which are connected with v.
In particular, in the standard case V D V std, the matrix AV std.v;w/ consists of one
entry only since V std

v Š C.deg v/ isometrically. Namely, we have AV std.v;w/ D 1

if v and w are connected and 0 otherwise, i.e. AV std is (unitarily equivalent with) the
standard adjacency operator in `2.V /.

Let us return to the general situation (i.e. general lengths `e and possibly multiple
edges). LetG be a discrete graph. We define a Hilbert chain associated with a vertex
space V on G by

C.G;V /W 0 �! V
«dV�! `2.E/ �! 0:

Obviously, the chain condition is trivially satisfied since only one operator is
non-zero. In this situation and since we deal with Hilbert spaces, the associated
cohomology spaces (with coefficients in C) can be defined by

H0.G;V / WD ker«dV Š ker«dV = ran0;

H1.G;V / WD ker«d�
V D .ran«dV /

? Š ker 0= ran«dV

where ranA WD A.H1/ denotes the range (“image”) of the operatorAW H1 �! H2.
The index or Euler characteristic of the Hilbert chain C.G;V / is defined by

ind.G;V / WD dim ker«dV � dim ker«d�
V ;

i.e. the Fredholm index of «dV , provided at least one of the dimensions is finite.
Note that for the standard vertex space V std Š `2.V /, the exterior derivative is
just (unitarily equivalent with) the classical coboundary operator defined in (2.5).
In particular, the corresponding homology spaces are the classical ones, and
dimHp.G;V std/ counts the number of components (p D 0) and edges not in a
spanning tree (p D 1).

Using the stability of the index under continuous perturbations, we can calculate
the index via simple (decoupled) model spaces and obtain the following result
(see [P09a, Sect. 4]); alternatively, we can apply standard arguments from linear
algebra:

Proposition 2.1.13. Let V be a vertex space associated with the finite discrete
graph G D .V;E; @/, then

ind.G;V / D dim V � jEj:

Note that in particular, if V D V std, i.e. if V Š `2.V / is the standard vertex space,
we recover the well-known formula for (standard) discrete graphs, namely
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ind.G;V std/ D jV j � jEj;

i.e. the index equals the Euler characteristic �.G/ WD jV j � jEj of the graph G. On
the other hand, in the “extreme” cases, we have

ind.G;V max/ D jEj and ind.G;V min/ D �jEj:

since dim V max D P
v2V deg v D 2jEj and dim G min D 0. Note that the first

index equals the Euler characteristic of the “decoupled” graph Gdec consisting of
the disjoint union of the graphs Ge D .@e; e/ having only two vertices and one
edge, i.e. we have

ind.G;V max/ D �.Gdec/ D
X

e

�.Ge/ D jEj;

since �.Ge/ D 2 � 1 D 1. Similarly, the second index equals the relative Euler
characteristic, i.e.

ind.G;V min/ D �.Gdec; @Gdec/ WD �.Gdec/ � �.@Gdec/ D �jEj;

where @Gdec D �S
e @Ge and @Ge D @e.

In [P09a, Lem. 4.4] we established a general result on the cohomology of the
dual V ? of a vertex space V . It shows that actually, V ? and the oriented version

of V , i.e.
Õ
V D fF 2 V max j Õ

F2 G g, are related:

Proposition 2.1.14. Assume that the global length bound

`� � `e � `C for all e 2 E (2.9)

holds for some constants 0 < `� � `C < 1. ThenH0.G;V ?/ and H1.G;
Õ
V / are

isomorphic. In particular, if G is finite, then ind.G;G ?/ D � ind.G;
Õ
V /.

The orientation also occurs in the metric graph case, see e.g. Lemma 2.2.8.

2.2 Metric Graphs, Quantum Graphs and Associated
Operators

In this section, we fix the basic notion for metric and quantum graphs and derive
some general assertion needed later on. Most of the material is standard, and we
refer to the literature for further results and references, see e.g. [Ku08, Ku05, Ku04,
KS99, KSm99].
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2.2.1 Metric Graphs

Definition 2.2.1. Let G D .V;E; @/ be a discrete (exterior) graph. A topological
graph Gtop associated with G is a CW complex containing only 0-cells and 1-cells,
such that the 0-cells are the vertices V and the 1-cells are labelled by the edge set
E, respecting the graph structure in the obvious way.

A metric graph Gmet associated with a weighted discrete graph .V;E; @; `/ is a
topological graph associated with .V;E; @/ such that for every edge e 2 E there is a
continuous map˚eW Ie �! Gmet, Ie WD Œ0; `e� (resp. Ie WD Œ0;1/ if e 2 Eext), such

that ˚e. VIe/ is the 1-cell corresponding to e, and the restriction ˚e W VIe �! ˚. VIe/ �
Gmet is a homeomorphism. The maps ˚e induce a metric on Gmet. In this way,Gmet

becomes a metric space.
By abuse of notation, we omit the labels .�/top and .�/met for the topological and

metric graph associated with the discrete weighted graph, and simply write G or
.V;E; @; `/.

Given a weighted discrete graph, we can abstractly construct the associated metric
graph as the disjoint union of the intervals Ie for all e 2 E and appropriate
identifications of the end-points of these intervals (according to the combinatorial
structure of the graph), namely

Gmet D �[
e2E

Ie=
: (2.10)

We denote the union of the 0-cells and the union of the (open) 1-cells (edges) byG0

and G1, i.e.
G0 D V ,! Gmet; G1 D �[

e2E
Ie ,! Gmet;

and both subspaces are canonically embedded in Gmet.

Remark 2.2.2.

1. The metric graph Gmet becomes canonically a metric measure space by defining
the distance of two points to be the length of the shortest path in Gmet,
joining these points. We can think of the maps ˚e W Ie �! Gmet as coordinate
maps and the Lebesgue measures dse on the intervals Ie induce a (Lebesgue)
measure on the space Gmet. We will often omit the coordinate map ˚e, e.g., for
functions f onGmet we simply write fe WD f ı˚e for the corresponding function
on Ie . If the edge e is clear from the context, we also omit the label .�/e.

2. Note that two metric graphs Gmet
1 and Gmet

2 can be isometric as metric spaces,
such that the underlying discrete graphs G1 and G2 are not isomorphic: The
metric on a metric graph Gmet cannot distinguish between a single edge e of
length `e in G1 and two edges e0, e00 of length `e0 , `e00 with `e D `e0 C `e00

joined by a vertex of degree 2 in G2: The underlying graphs are not (necessarily)
isomorphic. For a discussion on this point, see for example [BR07, Sect. 2].
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2.2.2 Operators on Metric Graphs

Since a metric graph is a topological space, and isometric to intervals outside the
vertices, we can introduce the notion of measurability and differentiate function on
the edges. We start with the basic Hilbert space

L2.G/ WD
M

e2E
L2.Ie/ and kf k2 D kf k2L2.G/ WD

X

e2E

Z

Ie

jfe.s/j2ds;

where f D ffege with fe 2 L2.Ie/.
In order to define Laplacian-like differential operators in the Hilbert space L2.G/

we introduce the maximal Sobolev space or decoupled Sobolev space of order k as

Hk
max.G/ WD

M

e2E
Hk.Ie/;

kf k2Hkmax.G/
WD
X

e2E
kfek2Hk.Ie/;

where Hk.Ie/ is the classical Sobolev space on the interval Ie, i.e. the space of
functions with (weak) derivatives in L2.Ie/ up to order k. We define the unoriented
evaluation at a vertex and oriented evaluation at a vertex of f on the edge e at the
vertex v by

f
e
.v/ WD

(
fe.0/; if v D @�e,

fe.`.e//; if v D @Ce
and

Õ
f
e
.v/ WD

(
�fe.0/; if v D @�e,

fe.`.e//; if v D @Ce:

Note that f
e
.v/ and

Õ
f
e
.v/ are defined for f 2 H1

max.G/. Recall that V max D
L

v V max
v D L

v C
Ev .

Lemma 2.2.3. Assume the lower lengths bound (2.3), then the evaluation operators

	W H1
max.G/ �! V max;

Õ	 W H1
max.G/ �! V max;

f 7! f D fff
e
.v/ge2Evgv 2 V max and f 7!

Õ
fD ff

Õ
f
e
.v/ge2Ev gv 2 V max

are bounded by .2=`�/1=2.

Proof. By Corollary A.2.18, the boundedness of the individual evaluation operator
H1.Ie/ ! C, fe 7! ˙fe.v/ is bounded by .2=minf1; `eg/1=2. The boundedness of
the global evaluation operators follow immediately. ut
These two evaluation maps allow a very simple formula of a partial integration
formula on the metric graph, namely
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hf 0; giL2.G/ D hf;�g0iL2.G/ C hf ;Õ
g iV max ; (2.11)

where f 0 D ff 0
e ge and similarly for g. Basically, the formula follows from partial

integration on each interval Ie and a reordering of the sum as in (2.1).

Remark 2.2.4. If we distinguish between functions (0-forms) and vector fields (1-
forms), we can say that 0-forms are evaluated unoriented, whereas 1-forms are
evaluated oriented. In this way, we should interpret f 0 and g as 1-forms and f ,
g0 as 0-forms.

Let us now introduce another data in order to define operators on the metric
graph:

Definition 2.2.5. A quantum graph .G;V / is given by a metric graph G together
with a vertex space V associated with G (i.e. a local subspace of V max, see
Definition 2.1.3). In particular, a quantum graph is fixed by the data .V;E; @; `;V /.

Note that in the literature (see e.g. [Ku08]), a quantum graph is sometimes defined
as a metric graph together with a self-adjoint (pseudo-)differential operator acting
on it. This definition is more general, since we only associate the Laplacian �V
defined below with a quantum graph .G;V /.

Associated with a quantum graph .G;V /, we define the Sobolev spaces

Hk
V .G/ WD ˚

f 2 Hk
max.G/

ˇ
ˇ f 2 V

�
and Hk

Õ

V
.G/ WD ˚

f 2 Hk
max.G/

ˇ
ˇ

Õ
f 2 V

�
:

By Lemma 2.2.3, these spaces are closed in Hk
max.G/ as pre-image of the closed

subspace V and the bounded operators 	 and
Õ	 , respectively; and therefore

themselves Hilbert spaces.
On the Sobolev space H1

V .G/, we can rewrite the vertex term in the partial
integration formula (2.11) and obtain

hf 0; giL2.G/ D hf;�g0iL2.G/ C hf ; P Õ
giV (2.12)

for f 2 V and g 2 V max, where P denotes the orthogonal projection of V in V max.
Let us now mimic the concept of exterior derivative:

Definition 2.2.6. The exterior derivative associated with a quantum graph .G;V /
is the unbounded operator dV in L2.G/ defined by dV f WD f 0 for f 2 dom dV WD
H1

V .G/.

Remark 2.2.7.

1. Note that dV is a closed operator (i.e. its graph is closed in L2.G/˚L2.G/), since
H1

V .G/ is a Hilbert space and the graph norm of d D dV , given by kf k2d WD
kdf k2 C kf k2, is the Sobolev norm, i.e, kf kd D kf kH1max.G/

.
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2. We can think of d as an operator mapping 0-forms into 1-forms. Obviously, on
a one-dimensional smooth space, there is no need for this distinction, but the
distinction between 0- and 1-forms makes sense through the vertex conditions
f 2 V , see also the next lemma.

The adjoint of dV can easily be calculated from the partial integration for-

mula (2.12), namely the vertex term P
Õ
g has to vanish for functions g in the domain

of d�
V :

Lemma 2.2.8. The adjoint of dV is given by d�
V g D �g0 with domain dom d�

V D
H1

Õ

V
?

.G/.

As for the discrete operators, we define the Laplacian via the exterior derivative:

Definition 2.2.9. The Laplacian associated with a quantum graph .G;V / is
defined by

�V D �.G;V / WD d�
V dV

with domain dom�V WD f f 2 dom dV j dV f 2 dom d�
V g.

Let us collect some simple facts about the Laplacian:

Proposition 2.2.10. Let .G;V / be a quantum graph with lower lengths bound
infe `e � `�, `� 2 .0; 1�.
1. The Laplacian �V D d�

V dV is self-adjoint and non-negative. Moreover, the
Laplacian is the operator associated with the closed quadratic form dV .f / WD
kdV f k2G and dom dV D H1

V .G/.
2. The domain of the Laplacian �V D d�

V dV is given by

dom�V D ˚
f 2 H2

max.G/
ˇ
ˇ f 2 V ;

Õ
f

0
2 V ? �:

Proof. The self-adjointness follows immediately from the definition of the Lapla-
cian. Moreover,

hf;�V gi D hdV f ; dV gi D dV .f; g/

for all f 2 dom dV and g 2 dom�V . Hence, �V is the operator associated with
V (see Theorem 3.1.1). Finally, the domain characterisation is easily seen using
Lemma 2.2.8. ut
The condition f 2 V ,

Õ
f

0
2 V ? will be called vertex condition, and similarly,

f .v/ 2 Vv,
Õ
f

0
.v/ 2 V ?

v vertex condition at the vertex v.
An important example is the quantum graph with standard vertex space

V std D
M

v

V std
v ; V std

v D C.1; : : : ; 1/ � C
Ev ; (2.13a)



2.2 Metric Graphs, Quantum Graphs and Associated Operators 73

respectively, its weighted version

V p D
M

v

V p.v/
v ; V p.v/

v D Cp.v/ � C
Ev ; (2.13b)

where p.v/ D fpe.v/ge2Ev and pe.v/ ¤ 0.
Note that H1

V std.G/ consists of continuous functions on the topological graphG:
On each edge, we have the embedding H1.Ie/ � C.Ie/, i.e. f is already continuous
inside each edge. Moreover, the evaluation f

e
.v/ is independent of e 2 Ev. This is

the reason why we call V std also the continuous vertex space.

Corollary 2.2.11. Let .G;V p/ be a quantum graph with weighted standard vertex
space V p and lower lengths bound infe `e � `�, `� 2 .0; 1�.
1. The domain of the adjoint d�

p WD d�
V p is given by

dom d�
p D ˚

g 2 H1
max.G/

ˇ
ˇ
X

e2Ev

pe.v/
Õ
g
e
.v/ D 0 8v 2 V �:

2. The domain of the Laplacian �p WD �V p is given by

dom�p D ˚
f 2 H2

max.G/
ˇ
ˇ f .v/ 2 Cp.v/;

X

e2Ev

pe.v/
Õ
f

0
e
.v/ D 0 8v 2 V �:

In particular, a function f is in the domain of the standard Laplacian or
Kirchhoff Laplacian �std D �

V std iff f 2 H2
max.G/, f is continuous and if

the flux condition on the derivatives

X

e2Ev

f 0
e .v/ D 0 8v 2 V:

is fulfilled.

Remark 2.2.12.

1. Let us make a short remark on the extremal vertex spaces V max
v D C

Ev and

V min D 0: Assume that a quantum graph has V
max=min

v as vertex space at the
vertex v. Then the corresponding Laplacian fulfils the vertex conditions

fe.v/ D 0 8e 2 Ev resp. f 0
e .v/ D 0 8e 2 Ev;

i.e. the function f fulfils individual Dirichlet resp. Neumann vertex conditions at
the vertex v. This is the reason for the name Dirichlet vertex space resp. Neumann
vertex space in Example 2.1.4 (4).
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In particular, if V D 0 and V D V max are the minimal and maximal vertex
spaces, then

�0 D
M

e

�
@Ie
Ie

and �max D
M

e

�Ie
;

respectively, i.e. the operators are decoupled. Here �@Ie
Ie

is the Laplacian on Ie
with Dirichlet boundary conditions on @Ie , and similarly,�Ie

is the Laplacian on
Ie with Neumann boundary conditions on @Ie .

2. If deg v D 2 and Vv D C.1; 1/ then functions f in the domain of the associ-
ated Laplacian “do not see” the vertex condition at v: Namely, f and f 0 are
continuous along the vertex in an appropriate orientation of the two edges
e1; e2 2 Ev. In particular, one may join the two edges to one edge of length
`e D `e1 C `e2 and omit the vertex v (see also Remark 2.2.2 (2).

3. There are other possibilities how to define self-adjoint extensions of a Laplacian,
see e.g. [Ha00, Ku04, FKW07] and (4) below. In particular, for a self-adjoint
(bounded) operator L on V , we can define a self-adjoint Laplacian �

.V ;L/
with

domain

dom�.V ;L/ WD ˚
f 2 H2

V .G/
ˇ
ˇP

Õ
f

0
D Lf

�
;

where P is the projection in V max onto the space V . The vertex conditions

f 2 V and P
Õ
f

0
D Lf at the vertex v split into three different parts, namely

the Dirichlet part f 2 V , the Neumann part P
Õ
f

0
2 .kerL/? � V and the

Robin part P
Õ
f

0
D Lf on .kerL/? (see e.g. [FKW07] for details). If L D 0,

then the Robin part is not present, as it is the case in Proposition 2.2.10.
4. One can encode the vertex boundary conditions also in a (unitary) operator S

on V max, the scattering operator (see e.g. [KSm97, KS99, KSm03, KPS07]). In
general, S D S.	/ depends on the eigenvalue (“energy”) parameter 	, namely,
S.	/ is (roughly) defined by looking how incoming and outgoing waves (of the
form x 7! e˙i

p
	x) propagate through a vertex. In our case (i.e. if L D 0 in

�.V ;L/ described above), one can show that S is independent of the energy,
namely,

S D
�
� 0

0 ��
�

D 2P � � (2.14)

with respect to the decomposition V max D V ˚ V ?, and where P is
the orthogonal projection of V in V max. In particular, the so-called energy-
independent vertex conditions are precisely the ones without Robin part (i.e.
L D 0), see (3) above.

5. As in the discrete case, we can consider�0
V WD �V as the Laplacian on 0-forms,

and �1
V WD dV d�

V as the Laplacian on 1-forms. By supersymmetry, we have the
spectral relation

�.�1
V / n f0g D �.�0

V / n f0g:
For more details we refer to [P09a, Sect. 5].
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We have the following simple, but useful observation (recall the definitionA � B

for operators in Definition 3.1.3):

Proposition 2.2.13. Assume that V1 and V2 are two vertex spaces with V1 � V2,
then the corresponding Laplacians fulfil �V2

� �V1
.

Proof. The assertion follows directly from the inclusion H1
V1
.G/ � H1

V2
.G/ and the

fact that the quadratic forms agree on dom dV1 . Recall that the forms are given by
dVi .f / D kdf k2L2.G/ and dom dVi D H1

Vi
.G/. ut

We say that a quantum graph .G;V / is compact if the underlying metric graph G
is compact as topological space. In particular, G is compact iff jEj is finite and all
edges have finite length.

Proposition 2.2.14. Assume that .G;V / is a compact quantum graph, then the
resolvent .�V C 1/�1 of the associated Laplacian is a compact operator. In
particular, �V has purely discrete spectrum, i.e. there is an infinite sequence
f	kgk of eigenvalues, where 	k D 	k.�V / denotes the k-th eigenvalue (repeated
according to its multiplicity) and 	k ! 1 as k ! 1.

Proof. The compactness of the resolvent follows easily from the estimate �V �
�V max D L

e �Ie
of Proposition 2.2.13. In particular, the operator inequality

implies the opposite inequality for the resolvents in �1, i.e.

0 � .�V C 1/�1 � .�V max C 1/�1 D
M

e2E
.�Ie

C 1/�1:

Since E is finite and since `e < 1 for all e 2 E, the latter operator is compact as
direct sum of the compact resolvents of the Neumann Laplacians�Ie

. ut
Combining the last two results together with the variational characterisation of the
eigenvalues (see Theorem 3.2.3), we obtain the following eigenvalue inequalities:

Corollary 2.2.15. Assume that G is a compact metric graph and that V1, V2 are
two vertex spaces with V1 � V2. Then

	k.�V2
/ � 	k.�V1

/

for all k 2 N. For a single vertex space V , we have

	N
k

� �[
e

Ie
� D 	k.�max/ � 	k.�V / � 	k.�min/ D 	D

k

� �[
e

Ie
�

where 	D=N
k

� �S
e Ie

�
is the k-th eigenvalue (respecting multiplicity) of the decoupled

Dirichlet/Neumann Laplacian�min=max D L
e �

D=N
Ie

.
In particular, if G is equilateral (i.e, `e D 1), then

.m � 1/2�2 � 	k.�V / � m2�2
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for k D .m � 1/jEj C 1; : : : ; mjEj and m D 1; 2; : : : , and the eigenvalues of �V

group into sets of cardinality jEj (respecting multiplicity) lying inside the intervals
Km WD Œ.m � 1/2�2;m2�2�.

Note that 	N
k

� �S
e Ie

� D 0 for k D 1; : : : ; jEj, and 	N
kCjEj

� �S
e Ie

� D 	D
k

� �S
e Ie

�
, and

the latter sequence is a reordering of the individual Dirichlet eigenvalues 	D
k .Ie/ D

k2�2=`2e repeated according to multiplicity.

2.2.3 Boundary Triples Associated with Quantum Graphs

We need the notion of a boundary of a graph:

Definition 2.2.16. A boundary of a metric graph G is a discrete subset @G of G.
We call vertices in VV WD V n @G interior vertices.

Remark 2.2.17. The boundary of a metric graph need not necessarily consist of
vertices. In Chap. 7, we decompose a metric graphG into its star-graph components
G D �S

vGv by cutting the metric space G in the middle of each interior edge.
Then Gv consists of the interior half-edges and the exterior edges adjacent to v. In
particular, Gv is a star-shaped graph. It is convenient in Chap. 6 that the points in
@Gv are not considered as vertices. Otherwise, if we glued the star-shaped graphs
Gv together, we would have an additional vertex of degree 2 in the middle of each
edge on the entire metric graph. The graph obtained in this way fromG is called the
subdivision graph.

However, in this section, it is convenient to assume that @G � V : If w 2 @G nV ,
then w lies in the interior of an edge e. Splitting this edge into two edges e1, e2 joined
by the point w, we obtain a new underlying graph with an additional vertex w, and
two new edges e1, e2 replacing e. As vertex space we use Vw D C.1; 1/. We have
seen in Remark 2.2.12 (2) that such vertex spaces are not seen by the corresponding
Laplacian.

In this section, we assume for simplicity that @G � V . In particular, we do not
exclude the extreme case @G D V .

Let us now define a boundary triple associated with a quantum graph .G;V / (see
also [Pan06,BGP07,BGP08,P08]). The concept of a boundary triple is explained in
detail in Sect. 3.4. Note that a boundary triple in our sense is associated with a non-
negative quadratic form d (see Definition 3.4.3). The definition slightly differs from
the usual one, since we assume that the boundary map 
 W H 1 �! G is defined
on the “first order space” H 1 D domd, while the boundary map 
 0W W 2 �! G
is defined on the “second order space” W 2. The (abstract) Green’s formula in this
context reads as

hf; L�giH D d.f; g/ � h
f ; 
 0giG

for all f 2 H 1 and g 2 W 2. Here, L� is the “maximal” operator with dom L� D
W 2. Nevertheless, in the context here, our definition of a boundary triple embeds
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naturally in the usual one (see Corollary 3.4.37). In particular, for a quantum graph
.G;V / we set

H WD L2.G/; H 1 WD H1
V .G/; d.f / WD kdV f k2G ;

G WD
M

v2@G
Vv; 
f WD ff .v/gv2@G:

Moreover, we need

W 2 WD ˚
f 2 H2

V .G/
ˇ
ˇPv

Õ
f

0
.v/ D 0 8 v 2 VV �;


 0f WD fPv

Õ
f

0
.v/gv2@G; . L�f /e D �f 00

e ;

where P D L
v Pv denotes the orthogonal projection of V in V max. In particular,

functions in W 2 fulfil the vertex conditionsf .v/ 2 Vv and
Õ
f

0
.v/ 2 V ?

v for all inner
vertices, whereas for the boundary vertices v 2 @G, only f .v/ 2 Vv is assumed.
Note that W 2 is a Hilbert space as closed subspace of H2

max.G/ by Lemma 2.2.3.
If V D V p is a weighted standard vertex space, we can use the equivalent space

`2.V; jpj2/ (see Example 2.1.4 (2)). Moreover, for f 2 V p D Cp we use the
notation

f .v/ D f .v/p.v/; where f .v/ WD fe.v/

pe.v/
2 C; (2.15)

since the quotient is independent of e 2 Ev. In this case, the boundary operators are
given by

.
f /.v/ D f .v/ and .
 0f /.v/ D 1

jp.v/j2
X

e2Ev

pe.v/
Õ
f

0
e
.v/:

Proposition 2.2.18. Assume that .G;V / is a quantum graph with boundary
@G � V and lower length bound `e � `� for some `� 2 .0; 1�. Then we have:

1. The operator 
 W H 1 �! G is a non-proper boundary map associated with the
quadratic form d. Moreover, k
 k1!0 � .2=`�/1=2.

2. The triple .
; 
 0;G / is a bounded boundary triple associated with d. The
Neumann operator of this boundary triple (i.e., the operator associated with d)
is the Laplacian�V defined in Definition 2.2.9.

3. The boundary triple .
; 
 0;G / is elliptic (see Definition 3.4.21).
4. The boundary triple .
; 
 0;G / is associated with an ordinary boundary triple

(see Corollary 3.4.37).

Proof. Let us start with a general observation: Let � 2 C1
c .R/ be a function such

that 0 � � � 1, �.s/ D 1 near 0 and �.s/ D 0 if s � `�=2. For F 2 G and e 2 E
set



78 2 Graphs and Associated Laplacians

he.s/ WD Fe.@�e/�.s/C Fe.@Ce/�.`e � s/; (2.16)

where we extend F by F.v/ D 0 for v 2 VV . Then he 2 C1.Ie/, and

khk2
HkV .G/

D
X

e2E
.jFe.@�e/j2 C jFe.@Ce/j2/k�k2Hk .R/

D
X

v2V

X

e2Ev

jFe.v/j2k�k2Hk .R/ D kF k2G k�k2Hk .R/:

(1) We have to show that 
 is bounded, that H 1;D WD ker
 is dense in H and
that ran
 D G . The boundedness of 
 together with the norm-bound follows as

in Lemma 2.2.3. The density of ker
 D L
e

VH1.Ie/ follows from the standard fact

that VH1.Ie/ D f f 2 H1.Ie/ j f �Ie D 0 g is dense in L2.Ie/. The surjectivity of

 (i.e., that 
 is non-proper) follows from the consideration above for k D 1: For
F 2 G , let h be as in (2.16). We have h 2 H 1 D H1

V .G/ and clearly, 
 h D F .
(2) Recall the notion of a boundary triple Definition 3.4.3. The embedding W 2 �

H 1 is norm-bounded by 1, since

kf k2H 1 WD kf k2 C kdV f k2 � kf k2 C kf 0k2 C kf 00k2 DW kf k2W 2 :

The boundedness of 
 0 follows as before, namely we have

k
 0f k2G �
X

v

k
Õ
f

0
.v/k2V max D

X

e

.jf 0
e .@�e/j2 C jf 0

e .@Ce/j2/

� 4

`�

X

e

.kf 0
e k2Ie C kf 00

e k2Ie / � 4

`�
kf k2W 2

as in Lemma 2.2.3. For the density of ran
 0 we actually show that 
 0.W 2/ D G :
Let  2 C1

c .R/ such that  .s/ D s near 0 and  .s/ D 0 for s � `�=2. For F 2 G

we define h as in (2.16) with � replaced by � . It is easily seen that
Õ
h

0
D F and

that h D 0. Moreover, khk2
W 2 D kF k2G k k2H2.R/ < 1. Clearly, L� is bounded (by

1) as operator W 2 ! H . Green’s formula follows from partial integration (2.12),
namely

hf; L�gi D hf;�g00i D hf 0; g0i � hf ; P Õ
g

0iV D d.f; g/ � h
f ; 
 0giG

for f 2 H 1 and g 2 W 2 since Pv
Õ
g

0
.v/ D 0 for v 2 VV by definition of W 2.

The density of VW 2 D ker
 \ ker
 0 follows from the density of VH2.Ie/ in L2.Ie/

and the fact that
L

e
VH2.Ie/ � VW 2. The assertion �N D �V follows from

Proposition 2.2.10.
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(3) We have already seen that 
 .H 1/ D G and 
 0.W 2/ D G . It remains
to show that the domain of the Dirichlet and Neumann operators are subsets of
W 2, i.e., that dom�D � W 2 and dom�N � W 2. We recall form Sect. 3.4 that
the Dirichlet operator is the operator associated with the form d�ker
 , while the
Neumann operator is the operator associated with d itself. We use Proposition 3.4.24
in order to show the remaining assertion of ellipticity: In particular, we have

kf k2W 2 D kf k2 C kf 0k2 C kf 00k2 CY� 3

2

�kf k2 C kf 00k2� D 3

2

�kf k2 C k�Df k2�

for f 2 W 2;D WD ker
 \ W 2 using the partial integration (2.12) for the term
kf 0k2 D hf 0; f 0i and the fact that the boundary terms vanish. The same argument
is true for the Neumann operator and f 2 W 2;N WD ker
 0 � W 2.

(4) It remains to show that 
 0.H 2;D/ D G , where H 2;D D dom�D is the
domain of the Dirichlet operator, see above. Actually, we have shown this already
in (2). The result follows now from Corollary 3.4.37. ut

For the next proposition, we need some more notation. Let
p

z be the square
root cut along the positive axis RC D Œ0;1/, so that in particular, Im

p
z > 0. We

denote by

sinz;e;C.s/ WD sinz s

sinz `e
and sinz;e;�.s/ WD sinz.`e � s/

sinz `e
; (2.17a)

where sinz.s/ WD sin.
p

z s/ for z 2 C n RC, the two fundamental solutions of
�f 00

e D zfe on Ie with sinz;e;C.0/ D 1, sinz;e;C.`e/ D 0 and vice versa for sinz;e;�.5

Moreover, we set

tanz.s/ D tan.
p

z s/ and cotz.s/ WD cot.
p

z s/: (2.17b)

If the boundary consists of all vertices, i.e. @G D V , then we can give explicit
formulas for the Dirichlet solution operator and the Dirichlet-to-Neumann map (for
the notation, we refer to Sect. 3.4, similar results can be found in [P08, BGP08]).
Note that in this case, the boundary space of the boundary triple agrees with the
entire vertex space, i.e. G D V :

Proposition 2.2.19. Assume that .G;V / is a quantum graph with boundary
@G D V and lower length bound `e � `� for some `� 2 .0; 1�. Then for z 2 CnRC,
we have:

1. The Dirichlet operator �D associated with the boundary triple .
; 
 0;V / is the
Laplacian associated with the minimal vertex space V min D 0, i.e.

5We also need the analytic continuation in z D 0, i.e. we set sin0;e;C.s/ WD s

`e
and sin0;e;�.s/ WD

1� s

`e
.
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�D D �0 D
M

e

�
@Ie
Ie
:

In particular,�D is decoupled. The spectrum of �D is

�.�D/ D
n k2�2

`2e

ˇ
ˇ
ˇ e 2 E; k D 1; 2; : : :

o
:

Moreover, if the graph is equilateral, then

�.�D/ D ˚
k2�2

ˇ
ˇ k D 1; 2; : : :

� DW ˙D:

2. The Neumann operator associated with the boundary triple .
; 
 0;V / is the
Laplacian associated with the quantum graph .G;V /, i.e.

�N D �V :

3. The Dirichlet solution operator S.z/W V �! W 2, defined by f D S.z/F , where
f is the (unique) solution of the Dirichlet problem . L� � z/f D 0, 
f D F , is
given by

fe.s/ D
(
Fe.@�e/ sinz;e;�.s/C Fe.@Ce/ sinz;e;C.s/; if e 2 Eint

Fe.@�e/ei
p

z s; if e 2 Eext,

where F D fF.v/gv2V 2 Lv Vv D V .
4. The Dirichlet-to-Neumann map �W V �! V is given by

.�.z/F /.v/ D PvH.v/; H.v/ D fHe.v/ge2Ev

where

He.v/ D
8
<

:

p
z

sinz `e

�
.cosz `e/Fe.v/� Fe.ve/

�
; if e 2 Eint

i
p

zFe.@�e/; if e 2 Eext,

and where ve denotes the vertex adjacent with e opposite of v. In particular, if the
graph is equilateral (`e D 1), there are no exterior edges and we have

�.z/ D
p

z

sin
p

z

� «�V � .1 � cos
p

z/
�
;

i.e. the Dirichlet-to-Neumann map is an affine-linear (z-depending) function of
the discrete Laplacian «�V .
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For star graphs, we calculate the Dirichlet solution and Dirichlet-to-Neumann
operators in Sect. 6.1.

Proof. The first assertion is obvious. The second assertion follows from the char-
acterisation of the domain of �V in Proposition 2.2.10. Note that if @G D V , then
W 2 D H2

V .G/. For the third assertion, note that f DS.z/F solves the differential
equation on each edge, that 
f D F by the ansatz for f and that f 2 L2.G/. From
the inequality

kf k2W 2 D .1Cjzj2/kf k2Ckf 0k2 �
�
.1Cjzj2/C1025

`2�
C2jzj2

�
kf k2 DW C.z/2kf k2

using Proposition A.2.19 on each interval Ie individually, it follows that f 2 W 2.
The last assertion is easily seen by a straightforward calculation. ut

2.3 Extended Quantum Graphs

Let us provide Laplacians defined on an extended space associated with a quan-
tum graph .G;V /. This Laplacian appeared first in an article of Freidlin and
Wentzell [FW93] in a probabilistic context. In [KKVW09], Kant, Klauss, Voigt
and Weber interpreted the extra states on the vertices as extra point masses at the
vertices, and they showed that the heat operator associated with the Laplacian with
Wentzell condition is submarkovian. Both articles are restricted to the standard
vertex space, i.e., to continuous functions on the metric graph. Here, we allow more
general vertex spaces V , and we give a factorisation of the corresponding Laplacian
in the form O�

.V ;L/
D .Od.V ;L//

� Od.V ;L/, where L is a non-negative local operator on
V (see below and Proposition 2.3.3).

We always assume that the lower length bound `e � `� > 0 is fulfilled.
The operators on the extended space described below occur naturally in the
limit of graph-like manifolds, in particular, when the shrinking rate of the vertex
neighbourhood volume is of the same order as the transversal volume, see Chap. 6.

Definition 2.3.1. An extended quantum graph is a triple .G;V ; L/, where .G;V /
is a quantum graph (i.e. G is a metric graph and V D L

v Vv a vertex space), and
L a self-adjoint, bounded operator on V . Moreover, we assume that L is local, i.e.
L D L

v L.v/, where L.v/ acts on Vv.
We sometimes refer to a quantum graph .G;V / and the related operators and

spaces (see Sect. 2.2.2) as simple.

We now associate the Hilbert spaces and operators to an extended metric graph.
Basically, we define the extended spaces and operators as the extended correspond-
ing objects associated with the boundary triple .
; 
 0;V /, see Definition 3.4.47. In
particular, the extended Hilbert space is given by
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OH WD L2.G/˚ V ;

(see Proposition 3.4.48).
The extended exterior derivative Od.V ;L/ is defined via

Od.V ;L/W OH 1
L �! L2.G/; Od.V ;L/

Of WD f 0 for Of D .f; F / 2 OH 1
L ;

where
OH 1
L WD ˚

.f; F / 2 H1
V .G/˚ V

ˇ
ˇ f D LF

�
(2.18)

is the extended space of order 1 associated with .G;V ; L/. The following result
follows straightforward:

Lemma 2.3.2. The adjoint of Od.V ;L/ is given by

.Od.V ;L//
�g D .�g0; LP

Õ
g/ and dom.Od.V ;L//

� D H1
max.G/;

where P denotes the projection onto V in V max.

From Proposition 3.4.48 we conclude the following assertions:

Proposition 2.3.3. Assume that .G;V / is a quantum graph and L a bounded
operator on G .

1. The extended quadratic form OdL associated with .G;V / and L is given by

OdL. Of / D kOd.V ;L/
Of k2G

with domain dom OdL D OH 1
L (see (2.18)). In particular, OdL is closed and non-

negative.
2. The extended Laplacian O�

.V ;L/
D .Od.V ;L//

� Od.V ;L/ is non-negative and acts as

O�.V ;L/.f; F / D .�f 00; LP
Õ
f

0
/

with domain given by

dom O�.V ;L/ D ˚ Of D .f; F / 2 H2
max.G/˚ G

ˇ
ˇ f 2 V ; f D LF

�
:

In particular, for L D 0 we obtain (see Corollary 3.4.49 and Proposition 2.2.19):

Corollary 2.3.4. Assume that .G;V / is a quantum graph. Then the extended qua-
dratic form Od0 and the corresponding operator O�.V ;0/ associated with .G;V / and
the trivial operator L D 0 are decoupled, i.e.

Od0 D
M

e2E
d@IeIe ˚ 0 and O�.V ;0/ D

M

e2E
�
@Ie
Ie

˚ 0
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with respect to the decomposition OH D L
e L2.Ie/˚G , where d@IeIe and�@Ie

Ie
denote

the Dirichlet quadratic form and the Dirichlet Laplacian on Ie , respectively.

If V D V p is a weighted standard vertex space, we can use the equivalent space
`2.V; jpj2/ (see Example 2.1.4 (2)). Now, the local, bounded operator L viewed
as operator on `2.V; jpj2/ can be identified with a bounded, real-valued sequence
fL.v/gv2V :

Corollary 2.3.5. LetG be a metric graph with weighted standard vertex space V p

and fL.v/gv2V a bounded, real-valued sequence. Then the following assertions are
true:

1. The adjoint .d.p;L//� of d.p;L/ WD d.V p;L/ acts as

.Od.p;L//�g D
�
�g0;

n L.v/

jp.v/j2
X

e2Ev

pe.v/
Õ
g
e
.v/
o

v2V

�

with domain dom.Od.p;L//� D H1
max.G/.

2. The extended Laplacian O�.p;L/ WD O�.V p;L/ acts as

O�.p;L/.f; F / D
�
�f 00;

n L.v/

jp.v/j2
X

e2Ev

pe.v/
Õ
f

0
e
.v/
o

v2V

�

with domain given by

dom O�.p;L/ D
n
f 2 H2

max.G/˚ `2.V; jpj2/
ˇ
ˇ
ˇ f .v/ D f .v/p.v/;

f .v/ D L.v/F.v/ 8v 2 V
o
:

Remark 2.3.6. We can define an extended Laplacian acting on “1-forms” by

O�1.V ;L/ D Od.V ;L/.Od.V ;L//
�

acting as O�1
.V ;L/g D �g00 with domain given by

dom O�1
.V ;L/ D ˚

g 2 H2
max.G/

ˇ
ˇ Õ
g

02 V ; g0 C L2P
Õ
gD 0

�
:

In particular, O�1
.V ;L/ represents a Laplacian on a (simple) quantum graph, i.e. the

Laplacian acts in the (simple) Hilbert space L2.G/. For details on this point of view,
we refer to [P09a]. If V p is a weighted standard vertex space, then the Laplacian
O�1
.V ;L/ can be interpreted as a delta’-interaction, see e.g. [EP09].
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2.4 Spectral Relations Between Discrete and Metric Graphs

In this section, we provide two results of a spectral relation between the discrete
and quantum graph Laplacian. The first one is true for the entire spectrum, but only
for equilateral graphs, the second is valid for general metric graphs, but only at the
bottom of the spectrum.

2.4.1 Spectral Relation for Equilateral Graphs

The spectral relation between the metric and combinatorial operator for the standard
vertex space is well-known, see for example [vB85, Ni87] for the compact case
and [Ct97] for the general case (see also [Ku04, Pan06, P08, BGP08] and the
references therein). Moreover, in [Ex97], delta- and delta’-vertex conditions are
considered. Dekoninck and Nicaise [DN00] proved spectral relations for fourth
order operators, and Cartwright and Woess [CW07] used integral operators on the
edge.

Let us combine the concrete information on the boundary triple .
; 
 0;V / with
Theorems 3.4.44 and 3.4.45, in order to obtain a spectral relation between the
quantum and discrete graph spectrum:

Theorem 2.4.1. Assume that .G;V / is a quantum graph with lower length bound
`e � `� for some `� 2 .0; 1�. Then the following assertions are true:

1. For z 2 C n �.�D/ we have the explicit formula for the eigenspaces

ker.�V � z/ D S.z/ ker�.z/:

In particular, if the graph is equilateral (i.e. `e D 1) and z … ˙D D f .�k/2 j k D
1; 2; : : : g, then

ker.�V � z/ D
p

z

sin
p

z
S.z/ ker

� «�V � .1 � cos
p

z/
�
:

Here, «�V is the discrete Laplacian associated with the vertex space V (see
Definition 2.1.10).

2. For z … �.�V /[ �.�0/ we have 0 … �.�.z// and Krein’s resolvent formula

.�V � z/�1 D .�0 � z/�1 C S.z/�.z/�1S.z/�

holds, where S.z/� is the adjoint of S.z/W V �! L2.G/.
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3. We have the spectral relation

��.�V / n �.�0/ D ˚
	 2 C n �.�0/

ˇ
ˇ 0 2 ��.�.	//

�
;

where 	 2 f;; pp; disc; essg, i.e. the spectral relation holds for the entire, the pure
point (set of all eigenvalues), discrete and essential spectrum.

Assume in addition that the graph is equilateral and that 	 … ˙D. Then we
have the spectral relation

	 2 ��.�V / , .1 � cos
p
	/ 2 ��. «�V /

for all spectral types, namely, 	 2 f;; pp; disc; ess; ac; sc; pg, i.e. the spectral
relation holds for the entire, pure point, discrete, essential, absolutely contin-
uous, singular continuous and point spectrum (�p.A/ D �pp.A/). Finally, the
multiplicity of an eigenspace is preserved.

Proof. The first assertion is immediate from Proposition 2.2.19 (2) and Theo-
rem 3.4.45 (1). The second assertion follows from (3.45a) in Theorem 3.4.44. For
the last assertion, we use Theorem 3.4.45 (3) and (4) with m.z/ D 1 � cos

p
z and

n.z/ D .sin
p

z/=
p

z (with the analytic continuation n.0/ WD 1). Note that the zeros
of n agree with the Dirichlet spectrum ˙D. ut

For the weighted standard vertex space V D L
v Cp.v/, identified with

`2.V; jpj2/ as in Example 2.1.4 (2), we immediately obtain the above result with
the vertex space V replaced by `2.V; jpj2/. Moreover, «�V is replaced by «�p , the
discrete weighted standard Laplacian given in (2.7).

Remark 2.4.2.

1. We do not make an assertion about the Dirichlet spectrum. For weighted
standard vertex spaces and equilateral graphs, we have given a topological
interpretation of the corresponding eigenspaces associated with eigenvalues
	k D k2�2 2 ˙D in terms of the homology of the graph, see [LP08a] and
references therein.

2. One can use the above spectral relation of discrete and metric graphs for an
eigenvalue bracketing argument in the discrete case. Note that one has the
eigenvalue monotony Proposition 2.2.13 in the metric case. Such estimates
can be used for example to ensure spectral gaps for the discrete Laplacian
on an infinite covering of a finite graph with residually finite covering group,
see [LP08a] for details.

Let us now compare the extended Laplacian O�.V ;L/ with the corresponding
discrete operators as in Theorem 3.4.50. The Dirichlet solution and the Dirichlet-
to-Neumann operator for the boundary triple .
; 
 0;V / are given in Proposi-
tion 2.2.19.
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Theorem 2.4.3. Assume that .G;V / is a quantum graph with lower length bound
`e � `� for some `� 2 .0; 1�, and that L is a local, bounded operator on V . Then
the following assertions are true:

1. For z … �.�D/, we have

ker. O�.V ;L/ � z/ D OS.z/ ker
�
L�.z/L � z

�
; (2.19)

where OS.z/W V �! OH 2
L � H2

V .G/˚V and OS.z/F WD .S.z/LF; F /. Moreover,
OS.z/ is an isomorphism between the above spaces.

2. Assume that 	 2 Rn�.�D/, then 	 is an eigenvalue of O�.V ;L/ iff ker.L�.z/L�z/
is non-trivial. Moreover, the multiplicity of the (eigen)spaces is preserved.

3. Assume in addition that the graph is equilateral (i.e. `e D 1) and that 	 …
˙D D f .�k/2 j k D 1; 2; : : : g. Moreover, assume that L D L0 idV for some
L0 2 R n f0g. Then we have the spectral relation

	 is an eigenvalue of O�.V ;L/ , OmL0.	/ is an eigenvalue of «�V ;

where
OmL0.	/ D L�2

0

p
	 sin

p
	C .1 � cos

p
	/:

Finally, the multiplicity is preserved.

Proof. We have shown in Proposition 2.2.18 that .
; 
 0;V / is a bounded, elliptic
boundary triple. The assertions follow now from Theorem 3.4.50 and the concrete
expressions for the boundary triple objects in Proposition 2.2.19. ut

Again, the above theorem immediately applies to the case V D L
v Cp.v/;

and we obtain a similar assertion with the vertex space V replaced by `2.V; jpj2/.
Moreover, «�V is replaced by the discrete weighted standard Laplacian «�p; and the
local bounded self-adjoint operator L on V is replaced by multiplication with the
bounded sequence fL.v/gv2V of real numbers.

Remark 2.4.4.

1. Note that for a quantum graph .G;V / with invertible operator L, the eigenvalue
equation O�.V ;L/

Of D 	 Of for Of D .f; F / 2 OH 2
L is equivalent with

�f 00
e D 	fe; L2P

Õ
f

0
D 	f

since F D L�1f . For example, for a weighted standard vertex space, we have

� f 00
e D 	fe;

L.v/2

jp.v/j2
X

e2Ev

pe.v/
Õ
f

0
e
.v/ D 	f .v/: (2.20)
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In particular (for invertible operators L), the eigenvalue equation can be
expressed completely in terms of the function f , without reference to the
auxiliary vector F 2 V . Nevertheless, the vertex condition now depends on the
spectral parameter 	.

2. If we consider the Laplacian�.V ;L/ acting in L2.G/ (see Remark 2.2.12 (3)), the
eigenvalue equation �.V ;L/f D 	f reads as �f 00

e D 	fe and

P
Õ
f

0
D Lf and

1

jp.v/j2
X

e2Ev

pe.v/
Õ
f

0
e
.v/ D L.v/f .v/

for a general vertex space V and a weighted standard one, respectively. The
vertex condition in the latter case is sometimes also referred to as delta-
interaction with vertex potential (proportional to) L.v/. In particular, in the
weighted standard case, the eigenvalue equation (2.20) can be interpreted as a
delta-interaction with energy-dependent vertex potential 	L.v/�2.

2.4.2 Spectral Relation at the Bottom of the Spectrum

Let us analyse the spectrum at the bottom of �V in more detail. For simplicity, we
assume that there are no exterior edges, i.e. `e <1 for all edges e 2E. As in the dis-
crete case, we define the Hilbert chain associated with the exterior derivative dV by

C.Gmet;V /W 0 �! H1
V .G

met/
dV�! L2.G

met/ �! 0

and call elements of the first non-trivial space 0-forms, and of the second space
1-forms. The associated cohomology spaces (with coefficients in C) are defined by

H0.Gmet;V / WD ker dV Š ker dV = ran 0;

H1.Gmet;V / WD ker d�
V D .ran dV /

? Š ker 0= ran dV

The index or Euler characteristic of the Hilbert chain C.Gmet ;V / associated with
the quantum graph .Gmet;V / is then defined by

ind.Gmet;V / WD dim ker dV � dim ker d�
V ;

i.e. the Fredholm index of dV , provided at least one of the dimensions is finite.
We have the following result (for more general cases cf. [P09a], and for related

results, see e.g. [FKW07, Ks08, KPS07, GO91]):

Theorem 2.4.5. Assume that G is a weighted discrete graph with lower lengths
bound (2.3), and that .Gmet;V / is a quantum graph, where Gmet denotes the metric
graph associated with G. Then there is an isomorphism ˚� D ˚�

0 ˚ ˚�
1 with

˚�
p WHp.Gmet;V / �! Hp.G;V /:
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More precisely, ˚� is induced by a Hilbert chain morphism ˚ , i.e.

C.Gmet;V /W 0 � H1
V .G

met/
dV� L2.G

met/ � 0

C.G;V /W 0 � V

˚0

� «dV� `2.E/

˚1

�
� 0

is commutative, where

˚0f WD f ; ˚1g WD
nZ

Ie

ge.s/ds
o

e
:

In particular, if G is finite (and therefore Gmet compact), then

ind.Gmet;V / D ind.G;V / D dim V � jEj:

For general results on Hilbert chains and their morphisms we refer to [Lü02, Ch. 1]
or [BL92].

Proof. The operators ˚p are bounded. Moreover, that ˚ is a chain morphism
follows from

.˚1dV f /e D
Z

Ie

f 0
e .s/ds D fe.`e/� fe.0/ D .«dV f /e D .«dV ˚0f /e:

Furthermore, there is a Hilbert chain morphism � , i.e.

C.Gmet;V /W 0 � H1
V .G

met/
dV� L2.G

met/ � 0

C.G;V /W 0 � V

�0

�

«dV� `2.E/

�1

�

� 0

given by

�0F WD S.0/F D fFe.@�e/ sin0;e;� CFe.@Ce/ sin0;e;�ge; �1� WD f�e�Ie =`ege
(see (2.17a)), i.e. we let ˚0F be the edge-wise affine linear (harmonic) function

.S.0/F /e.s/ D Fe.@�e/ � `e � s

`e
C Fe.@Ce/ � s

`e
; s 2 Ie I (2.21)
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and ˚1� be an (edgewise) constant function. Again, the chain morphism property
�1«dV D dV �0 can easily be seen. Furthermore, ˚� is the identity on the
second (discrete) Hilbert chain C.G;V /. It follows now from abstract arguments (see
e.g. [BL92, Lem. 2.9]) that the corresponding induced maps ˚�

p are isomorphisms
on the cohomology spaces. ut
Remark 2.4.6. The subcomplex �.C.G;V // of C.Gmet ;V / consists of the subspace of
edge-wise affine linear functions (0-forms) and of edge-wise constant functions (1-
forms). In this way, we can naturally embed the discrete setting into the metric graph
one. In particular, assume that 0 < `� � `e � `C < 1 for all e 2 E, then

k�0F k2 D
X

e

1

`2e

Z `e

0

jFe.@�e/.`e � s/C Fe.@Ce/sj2ds

D
X

e

`e

3

�
jFe.@�e/j2 C Re

�
Fe.@�e/Fe.@Ce/

�C jFe.@Ce/j2
�
;

so that
`�
6

kF k2V
CY� k�0F k2 CY� `C

2
kF k2V ;

i.e. redefining the norm on V by kF kV ;1 WD k�0F k gives an equivalent norm
turning �0 into an isometry. Moreover, k�1�k D k�k`2.E/. For more details on this
point of view (as well as “mixed” types of discrete and metric graphs), we refer
to [FT04b] and references therein.

Finally, we analyse the spectrum at the bottom of the extended model. Let .G;V /
be a quantum graph and L D L� be a local, bounded operator on V . We define the
Hilbert chain associated with the exterior derivative d.V ;L/ by

C.Gmet;V ;L/W 0 �! OH 1
L

d.V ;L/�! L2.G
met/ �! 0

and call elements of the first non-trivial space extended 0-forms,and of the second
space 1-forms. Recall that d.V ;L/.f; F / D f 0. The associated cohomology spaces
(with coefficients in C) are defined by

H0.Gmet;V ; L/ WD ker d.V ;L/ Š ker d.V ;L/= ran0;

H1.Gmet;V ; L/ WD ker d�
.V ;L/ D .ran d.V ;L//

? Š ker 0= ran dV

The index or Euler characteristic of the Hilbert chain C.Gmet ;V ;L/ associated with
the extended quantum graph .Gmet;V ; L/ is then defined by

ind.Gmet;V ; L/ WD dim ker d.V ;L/ � dim ker d�
.V ;L/;

i.e. the Fredholm index of d.V ;L/, provided at least one of the dimensions is finite.
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We define the extended discrete Hilbert chain associated with the graph G with
vertex space V and operator L by

C.G;V ;L/W 0 �! V
«dV L�! `2.E/ �! 0:

Similarly, we denote by Hp.G;V ; L/ the corresponding cohomology spaces for
p D 0; 1. The index of the extended discrete Hilbert chain is given by the Fredholm
index of «dV L, namely

ind.G;V ; L/ WD dim ker«dV L � dim kerL«d�
V

D ind.G; kerL?/C dim kerL

D dim kerL? � jEj C dim kerL D dim V � jEj:

We have the following result:

Theorem 2.4.7. Assume that G is a weighted discrete graph with lower lengths
bound (2.3). Assume in addition, that .Gmet;V ; L/ is an extended quantum graph,
where Gmet denotes the metric graph associated with G. Then there is an isomor-
phism O̊ � D O̊ �

0 ˚ ˚�
1 with

O̊ �
0 ; ˚

�
1 WHp.Gmet;V ; L/ �! Hp.G;V ; L/:

More precisely, O̊ � is induced by a Hilbert chain morphism O̊ , i.e.

C.Gmet;V ;L/W 0 � OH 1
L

d.V ;L/� L2.G
met/ � 0

C.G;V ;L/W 0 � V

O̊
0

� «dV L� `2.E/

˚1

�
� 0

is commutative, where

O̊
0.f; F / WD F; ˚1g WD

nZ

Ie

ge.s/ds
o

e
:

In particular, if G is finite (and therefore Gmet compact), then

ind.Gmet;V ; L/ D ind.G;V ; L/ D dim V � jEj:

Proof. The operators O̊
0 and˚1 are bounded. Moreover, that O̊ is a chain morphism

follows from
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.˚1d.V ;L/.f; F //e D
Z

Ie

f 0
e .s/ds D fe.`e/ � fe.0/

D .«dV f /e D .«dV LF /e D .«dV L O̊
0.f; F //e:

Furthermore, there is a Hilbert chain morphism O� , i.e.

C.Gmet;V ;L/W 0 � OH 1
L

d.V ;L/� L2.G
met/ � 0

C.G;V ;L/W 0 � V

O�0
�

«dV L� `2.E/

�1

�

� 0

given by

O�0F WD OS.0/F D .S.0/LF; F /; �1� WD f�e�Ie =`ege;

where S.0/F is the affine (harmonic) function as defined in (2.21). It is shown in
Theorem 3.4.50 that OS.0/ maps into OH 1

L . Moreover, the chain morphism property
�1«dV L D d.V ;L/

O�0 is easy to see. In addition, O̊ O� is the identity on the second
(discrete) Hilbert chain C.G;V ;L/. It follows again from abstract arguments (see
e.g. [BL92, Lem. 2.9]) that the corresponding induced maps O̊ �

0 and ˚�
1 are

isomorphisms on the cohomology spaces. ut

2.5 Some Trace Formulas on Metric and Discrete Graphs

Let us finish this chapter with some results concerning the trace of the heat
operator. Trace formulas for metric graph Laplacians appeared first in an article
of Roth [Rot84], where standard (Kirchhoff) boundary conditions are used; more
general self-adjoint vertex conditions (energy-independent, see Remark 2.2.12 (4))
are treated in [KS06, KPS07]. Trace formulas are useful for inverse problems,
see [KN05, KN06, No07, Ks08] and references therein.

We first need some (technical) notation; which is inevitable in order to properly
write down the trace formula. For an illustration of the next definition see Fig. 2.1.

Definition 2.5.1. Let G be a discrete graph. A combinatorial path c in G is a
sequence

c D .e0; v0; e1; v1; : : : ; en; vn; enC1/;

where vi 2 @ei \ @eiC1 for i D 0; : : : ; n. We call jcj WD n C 1 the combinatorial
length of the path c (the number of vertices passed inside the path), and e�.c/ WD e0
resp. eC.c/ WD enC1 the initial edge resp. terminal edge of c. Similarly, we denote
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Fig. 2.1 Different types of paths: In the first row, we have general paths, in the second properly
closed and in the last, non-properly closed paths. The cross indicates the start and endpoint of
each path. The combinatorial paths of length jcj D 2 are given by c D .e0; v0; e1; v1; e2/ with
e

�

.c/ D e0, eC

.c/ D e2, @�

c D v0, @C

c D v1 by c D .e1; v0; e1; v1; e1/ with e
�

.c/ D e1 D
e

C

.c/, @
�

c D v0 ¤ @
C

c D v1 and by c D .e0; v0; e1; v0; e0/ with e
�

.c/ D e0 D e
C

.c/ D e0,
@

�

c D v0 D @
C

c D v0 (top down)

by @�c WD v0 and @Cc WD vn the initial vertex resp. terminal vertex of c, i.e. the
first resp. last vertex in the sequence c. We call a path with e�.c/ D eC.c/ closed .
A closed path is properly closed if c is closed and @�c ¤ @Cc.6 Denote by Cm the
set of all properly closed paths of combinatorial length m, and by C the set of all
properly closed paths.

If the graph does not have multiple edges, a properly closed combinatorial
path can equivalently be described by the sequence c D .v0; : : : ; vn/ of vertices
passed by. In particular, if the graph has no self-loops then jC0j D jV j, jC1j D 0

and jC2j D 2jEj. Moreover, C2kC1 D ; for all k � 1 is equivalent with the fact
thatG is bipartite. A graphG is called bipartite, if V D VC �[V� and all edges join
exactly one vertex in V� with exactly one vertex in VC.

Definition 2.5.2. Two properly closed paths c, c0 are called equivalent if they can
be obtained from each other by successive application of the cyclic transformation

.e0; v0; e1; v1; : : : ; en; vn; e0/ ! .e1; v1; : : : ; en; vn; e0; v0; e1:/

The corresponding equivalence class is called cycle and is denoted byec. The set
of all cycles is denoted by eC . Given p 2 N and a cycleec, denote by pec the cycle
obtained fromec by repeating it p-times. A cycleec is called prime, ifec D pec 0 for
any other cycleec0 implies p D 1. The set of all prime cycles is denoted by eC prim.

6A closed path of (combinatorial) length 0 consists by definition of a single vertex and is by
definition properly closed. A closed path of length 1 is never properly closed. For a self-loop e
(i.e. an edge e with @

�

e D @
C

) we make the following convention: the closed path c D .e; v; e/
has length 1 and is properly closed (by definition).
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Definition 2.5.3. Let 
 W Œ0; 1� �! Gmet be a metric path in the metric graph Gmet,
i.e. a continuous function which is of class C1 on each edge and 
 0.t/ ¤ 0 for all
t 2 Œ0; 1� such that 
.t/ 2 G1 D Gmet n V , i.e. 
 0.t/ never vanishes inside an edge.
In particular, a path in Gmet cannot turn its direction inside an edge. We denote the
set of all paths from x to y by 
 .x; y/.

Associated with a metric path 
 2 
 .x; y/ there is a unique combinatorial path c

determined by the sequence of edges and vertices passed along 
.t/ for 0 < t < 1.
It is not excluded that the initial point 
.0/ or the terminal point 
.1/ of the path are
vertices, but these vertices are not encoded in the sequence c.

On the other hand, a combinatorial path c and two points x; y being on the initial
resp. terminal edge, i.e. x 2 Ie

�

.c/, y 2 Ie
C

.c/, but different from the initial resp.
terminal vertex, i.e. x ¤ @�.c/ and y ¤ @C.c/, uniquely determine a metric path

 D 
c 2 
 .x; y/ (up to a change of velocity). Denote the set of such combinatorial
paths from x to y by C.x; y/.

Definition 2.5.4. The length of the metric path 
 2 
 .x; y/ is defined as `.
/ WD
R 1
0

j
 0.s/jds. In particular, if c D c
 D .e0; v0; : : : ; en; vn; enC1/ is the combinatorial
path associated with 
 , then

dc.x; y/ WD `.
/ D jx � @�c
 j C
nX

iD1
`ei C jy � @Cc
 j;

where jx � yj WD jxe � yej denotes the distance of x; y being inside the same
edge e, and xe , ye 2 Ie are the corresponding coordinates (cf. Remark 2.2.2 (1)).
Note that there might be a shorter path between x and y outside the edge e. For
a properly closed path c we define the metric length of c as `.c/ D `.
c/ and
similarly, `.ec/ WD `.c/ for a cycle. Note that the latter definition is well-defined.

Finally, we define the scattering amplitude associated with a vertex space V and
a combinatorial path c D .e0; v0; : : : ; en; vn; enC1/. Denote by P D L

vPv the
orthogonal projection in V max onto V . Denote by S WD 2P � � the corresponding
scattering matrix defined in (2.14). In particular, S is local, i.e. S D L

v Sv. We
define

SV .c/ WD
nY

iD0
Sei ;eiC1

.vi /;

where Se;e0 .v/ D 2Pe;e0 .v/ � ıe;e0 for e; e0 2 Ev. For a cycle, we set S.ec/ WD
S.c/, and this definition is obviously well-defined, since multiplication of complex
numbers is commutative.

For example, the standard vertex space V std has projection P D .deg v/�1E,
where E denotes the .deg v � deg v/-matrix such that all entries are 1. In particular,

S std
e;e0

.v/ D 2

deg v
; if e ¤ e0; and S std

e;e .v/ D 2

deg v
� 1:
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If, in addition, the graph is regular, i.e, deg v D r for all v 2 V , then one can simplify
the scattering amplitude of a combinatorial path c to

S std.c/ D
�2

r

�a�2

r
� 1

�b

where b is the number of reflections in c (ei D eiC1) and a the number of
transmissions ei ¤ eiC1 in c.

We can now formulate the trace formula for a compact quantum graph with
Laplacian�V (cf. [Rot84, Thm. 1], [KPS07, Thm. 4.1]):

Theorem 2.5.5. Assume that .Gmet;V / is a compact quantum graph (without self-
loops) and �V the associated self-adjoint Laplacian (cf. Proposition 2.2.10). Then
we have

tr e�t�V D vol1 Gmet

.4�t/1=2
C 1

2

�
dim V � jEj�

C 1

.4�t/1=2

X

ec2eC prim

X

p2N
SV .ec/

p`.ec/ exp
�
�p

2`.ec/2

4t

�

for t > 0, where vol1 Gmet D P
e `e is the total length of the metric graph Gmet.

Remark 2.5.6.

1. The first term on the RHS is the term expected from the Weyl asymptotics. The
second term is precisely 1=2 of the index ind.Gmet;V / of the metric graph
Gmet with vertex space V , i.e. the Fredholm index of dV . In Theorem 2.4.5
we showed that the index is the same as the discrete index ind.G;V / (the
Fredholm index of «dV ). In [KPS07], the authors calculated the second term
as .trS/=4, but since S D 2P � �, we have trS D 2 dim V � dim V max D
2.dim V � jEj/. The last term in the trace formula comes from a combinatorial
expansion. Nicaise [Ni87] proved a similar formula using the spectral relation
for equilateral graphs Theorem 2.4.1.

2. The sum over prime cycles of the metric graph Gmet is an analogue of the sum
over primitive periodic geodesics on a manifold in the celebrated Selberg trace
formula, as well as an analogue of a similar formula for (standard) discrete
graphs, see Theorem 2.5.7.

3. Trace formulas can be used to solve the inverse problem: For example, Gutkin,
Smilansky and Kurasov, Nowaczyk [GSm01, Ks08, KN06, KN05] showed that
if Gmet does not have self-loops, multiple edges, and if all its lengths are
rationally independent, then the metric structure of the graph is uniquely
determined. Further extensions are given e.g. in [KPS07]. Some results can be
extended to the case of (trivially or weakly) rationally dependent edge lengths
(see [No07]), but counterexamples in [Rot84, GSm01, BSS06] show that one
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needs some conditions on the edge lengths. In particular, there are isospectral,
non-homeomorphic graphs.

The proof of Theorem 2.5.5 uses the expansion of the heat kernel, namely one can
show that

pt .x; y/ D 1

2.�t/1=2

�
ıx;y exp

�
�jx � yj2

4t

�
C

X

c2C.x;y/
S.c/ exp

�
�dc.x; y/

2

4t

��
;

where ıx;y D 1 if x; y are inside the same edge (and not both on opposite sides
of @e) and 0 otherwise. The trace of e�t�V can now be calculated as the integral
over pt .x; x/. The first term in the heat kernel expansion gives the volume term,
the second splits into properly closed paths leading to the third term (the sum over
prime cycles), and the index term in the trace formula is the contribution of non-
properly closed paths. More precisely, a non-properly closed path runs through its
initial and terminal edge (which are the same by definition of a closed path) in
opposite directions. For more details, we refer to [Rot84] or [KPS07].

Let us finish with some trace formulas for discrete graphs. Assume for simplicity,
that G is a simple discrete graph, i.e. G has no self-loops and no multiple edges.
Moreover, we assume that G is equilateral, i.e. `e D 1. For simplicity, we write
v 
 w if v;w are connected by an edge. Let V be an associated vertex space. Since
�V D ��MV and MV (see (2.8)) are bounded operators on V , we have

tr e�t�V D e�t tr etMV D e�t
1X

nD0

tn

nŠ
trMn

V :

Furthermore, using (2.8) n-times, we obtain

Mn
V D

M

v0

X

v1�v

� � �
X

vn�vn�1

AV .v0; v1/AV .v1; v2/ � : : : � AV .vn�1; vn/;

and

trMn
V D

X

v0

X

v1�v0

� � �
X

vn�1�vn�2

trAV .v0; v1/AV .v1; v2/ � : : : � AV .vn�1; v0/:

Note that the sum is precisely over all combinatorial (properly) closed paths c D
.v0; : : : ; vn�1/ 2 Cn. Denoting by

WV .c/ WD trAV .v0; v1/AV .v1; v2/ � : : : � AV .vn�1; v0/

the weight associated with the path c and to the vertex space V , we obtain the
following general trace formula. In particular, we can write the trace as a (discrete)
“path integral”:
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Theorem 2.5.7. Assume that G is a discrete, finite graph with weights `e D 1

without self-loops and multiple edges. Then

tr e�t «�V D e�t
1X

nD0

X

c2Cn

tn

nŠ
WV .c/ D e�t X

c2C

t jcj

jcjŠWV .c/: (2.22)

Let us interpret the weight in the standard case V D V std. Here, AV std.v;w/ can
be interpreted as operator from C.deg w/ to C.deg v/ (the degree indicating the cor-
responding `2-weight) with AV std.v;w/ D 1 if v;w are connected and 0 otherwise.
Viewed as multiplication in C (without weight), AV std.v;w/ is unitarily equivalent
to the multiplication with .deg v deg w/�1=2 if v 
 w resp. AV std.v;w/ D 0

otherwise. In particular, if c D .v0; : : : ; vn�1/ is of length n, then the weight is

W std.c/ D 1

deg v0
� 1

deg v1
� : : : � 1

deg vn�1
:

If, in addition,G is a regular graph, i.e. deg v D r for all v 2 V , thenW std.c/ D r�n.
Then the trace formula (2.22) reads as

tr e�t «� D e�t
1X

nD0

tn

rnnŠ
jCnj D e�t�jV j C jEj

r2
t2 C jC3j

6r3
t3 C : : :

�
;

since jC0j D jV j, jC1j D 0 (no self-loops) and jC2j D 2jEj. In particular, one can
determine the coefficients jCnj form the trace formula expansion.

The weight W std.c/ for the standard vertex space is a sort of probability of a
particle choosing the path c (with equal probability to go in any adjacent edge at
each vertex). It would be interesting to give a similar meaning to the “weights”
WV .c/ for general vertex spaces.



Chapter 3
The Functional Analytic Part: Scales of Hilbert
Spaces and Boundary Triples

In this chapter, we present the necessary quantitative analysis for a single operator in
a Hilbert space. Basically, we introduce the natural scale of Hilbert spaces associated
with a non-negative operator (Sect. 3.2) and to general closed operators (Sect. 3.3).
We need quantitative norm estimates on the resolvent and other functions of such
closed operator as well as norm bounds on related embeddings especially when
dealing with families of operators in Chap. 4. The closed operators we are dealing
here with, are more general than sectorial operators. Note that for such operators
H , there is usually no easily expressed upper estimate on the norm of the resolvent
k.H � z/�1k like k.� � z/�1k D dist.z; �.�//�1 for a self-adjoint operator �.
Therefore we use an estimate k.H � z/�1k � �.z/ as assumption, and call � the
resolvent norm profile of H .

The remaining part of this chapter (Sects. 3.4–3.9) is devoted to the theory
of boundary triples associated with non-negative quadratic forms, e.g. arising
from Laplacians on manifolds or metric graphs. Boundary triples are introduced
for several purposes: First, to introduce abstractly the notion of resonances or
eigenvalues of a complexly dilated operator (Sects. 3.6–3.8). Second, via boundary
triples (or, more precisely, boundary maps) it is easy to carry over the analysis of
objects associated with a star graph to general graphs (see Sect. 3.9).

The treatment of what we call elliptic boundary triple is stated on a purely
functional analytic level. Moreover, quadratic form techniques are used in order
to obtain “natural” estimates. These estimates can be controlled also when the
underlying space depends on a parameter. We give a more detailed introduction
to boundary triples at the beginning of Sect. 3.4 (see also Sects. 1.2.9 and 1.4.1).

3.1 Sesquilinear Forms, Associated Operators
and Dense Subspaces

Let H be a Hilbert space with inner product h�; �i D h�; �iH and norm k�k D
k�kH . Throughout the paper we use the convention that h�; �i and other sesquilinear
forms are anti-linear in the first and linear in the second argument. In what follows,

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 3, © Springer-Verlag Berlin Heidelberg 2012
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we skip subscripts whenever it is clear from the context which Hilbert space is
meant. Moreover, for a bounded operator A in H , we denote its usual operator
norm by kAk. Let �.A/ and �.A/ D C n �.A/ denote the spectrum and resolvent
set of A, respectively.

Let us give a short overview on sesquilinear forms and the associated operators.
For more details, we refer to the book of Kato [K66, Chap. VI]. For the moment,
we only consider sesquilinear forms with symmetric domains, i.e. we consider
sesquilinear forms

hW D � D �! C (3.1)

defined on the product D � D of the same space D ; the non-symmetric case will
appear in Definition 3.3.16. We will always assume that h is densely defined, i.e.
that D is dense in H . We call

h.u/ WD h.u; u/ (3.2)

the quadratic form associated with h. We set domh WD D . Note that any sesquilin-
ear form is uniquely determined by its quadratic form due to the polarisation
identity

h.u; v/ D
3X

kD0
ikh.u C ikv/ D h.u Cv/�h.u �v/C ih.u C iv/� ih.u � iv/: (3.3)

Therefore, we use the same symbol for a sesquilinear form and its associated
quadratic form.

We denote by 0 and 1 the quadratic form with domain H given by

0.u/ D 0 and 1.u/ D kuk2;

respectively. For 0 � # < �=2 let

˙# WD ˚
z 2 C

ˇ
ˇ jarg zj � #

�
: (3.4)

be the sector with angle # at the origin. We say that h is #-sectorial, IF

h.u/ 2 ˙#

for all u 2 dom h. We say that a #-sectorial form h is closed , if h is densely defined
and if

H 1 WD H 1.h/ WD dom h (3.5)

is complete with respect to the norm defined by

kuk21 WD kuk2h WD Re h.u/C kuk2: (3.6)
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Here,

Re h.u; v/ WD 1

2

�
h.u; v/Ch.v; u/

�
and Im h.u; v/ WD 1

2i

�
h.u; v/�h.v; u/

�
:

Since

Re2 z � jzj2 D Re2 z C Im2 z � �
1C tan2 #

�
Re2 z D 1

cos2 #
Re2 z

by elementary geometry, we can use the equivalent norm jh.u/j C kuk2 instead of
kuk2h. Note that Re h, Im h and h D Re h C i Im h are bounded with respect to the
norm k�kh.

LetH be a densely defined operator in H . The operatorH is closed if the graph
grH D f .u;Hu/ j u 2 H g ofH is a closed subspace of H � H . Equivalently,H
is closed if

H 2 WD H 2.H/ WD domH (3.7)

endowed with the norm

kuk2 WD kukH WD k.H � z0/uk (3.8)

is complete for some (any) z0 in the resolvent set �.H/.
We say that H is #-sectorial if the numerical range of H is in the sector ˙# ,

i.e. if

hu;Hui 2 ˙#

for all u 2 domH . We say that H is maximally #-sectorial if H is #-sectorial,
closed and has no #-sectorial extension (following the terminology of Kato [K66,
Sec. V.3.10, p. 280]).

Let H be a #-sectorial operator. Then the sesquilinear form hu;Hvi with u; v 2
domH has a closed extension h D hH , the sesquilinear form associated with the
operator H (see [K66, Thm. VI.1.27]).

From [K66, Thm. VI.2.1] we obtain:

Theorem 3.1.1. Let h be a closed, #-sectorial sesquilinear form (0 � # < �=2).
Then there exists a maximal-#-sectorial operatorH such that:

1. domH � domh and h.u; v/ D hu;Hvi for all u 2 dom h and v 2 domH ,
2. domH is dense in .H 1; k�kh/,
3. if v 2 domh, w 2 H and

h.u; v/ D hu;wi
for all u 2 domh D H 1 (or for all u in a dense subspace D � H 1), then
v 2 domH andHv D w.

The operator is uniquely determined by (1).
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Remark 3.1.2.

1. By the spectral calculus for non-negative operators (see Theorem 3.2.2), one can
show that domh D domH1=2 and h.u/ D kH1=2uk2.

2. The above theorem and other assertions mentioned above extend easily to sesqui-
linear forms with numerical range in the sector ˙# � �0 with vertex at �0 2 R,
by replacing h with h � �01. In particular, the theorem applies to sesquilinear
forms with range in Œ�0;1/ for some �0 2 R, i.e. h.u/ � �0kuk2 for u 2 dom h.

Quadratic forms allow us to define an order relation on the set of self-adjoint
operators:

Definition 3.1.3. Let a and b be two closed quadratic forms with range in Œ�0;1/

for some �0 2 R. We define a � b if doma � dom b and a.u/ � b.u/ for all
u 2 domb.

Similarly, for two self-adjoint operators A and B , bounded from below, we
define A � B if aA � bB , where aA and bB denote the corresponding forms,
respectively.

There is an intuitive “justification” of the – at first sight – unintuitive order relation
for the domains: Let a be a quadratic form, bounded from below. We extend a onto
H by settingea.u/ D 1 if u 2 H n dom a. Then we have a � b (in the sense
defined above) iffea.u/ �eb.u/ for all u 2 H (see e.g. [D95] for details).

Let us give a useful quantitative definition of a dense embedding:

Definition 3.1.4. Let C > 0. We say that D is C -densely embedded in H if D is
dense in H , if D carries a norm k�kD such that D itself is a Hilbert space, and if
the embedding D ,! H is bounded by C , i.e. kukH � CkukD .

We will often omit C if 0 < C � 1. Note that the precise value of C does not
matter, when dealing with a single subspace D � H . Later on we will consider
families of C -densely embedded subspaces D" in H", where not only D" but also
H" or their norms are allowed to depend on ".

Let us give some typical examples which are discussed in more detail in the next
sections. The value of C is of particular interest for families of operators H" as in
Example 3.1.5 (2):

Example 3.1.5.

1. Let � be a non-negative operator and set D WD H k D dom�k=2 with norm
kukD WD k.�C 1/k=2uk, then D is 1-densely embedded.

2. More generally, if H is a closed operator with bounded inverse (i.e. 0 2 �.H/),
then D WD domH with kukD WD kHuk is C -densely embedded with C D
kH�1k.

In the following, we state that the above Example 3.1.5 (1) (with A D .�C 1/k)
covers already the general case:

Lemma 3.1.6. Assume that D is C -densely embedded in H , then there exists a
strictly positive operator A � 1=C with associated quadratic form a such that

kuk2D D kA1=2uk2 D a.u/:
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Proof. Define a.u/ WD kuk2D with dom a D D , then it is easily seen that
a is a densely defined, non-negative quadratic form. Furthermore, from the C -
boundedness of the embedding, we obtain the estimate a.u/ � C�1kuk2. Now,
A is the operator associated with a by Theorem 3.1.1, and the equality on the norm
of D follows. ut
We call A the generating operatorof the C -densely embedded space D .

Remark 3.1.7. Note that the above constructed non-negative operator A associated
with a C -densely embedded space is not always the best choice to work with: For
example, if H is closed with 0 2 �.H/, then

kuk2D D kHuk2 D hu;H�H iu D k.H�H/1=2uk2;

i.e. the space D is generated by the positive operator A D H�H . Nevertheless, it is
sometimes useful to keep the original operator: If e.g. H is a differential operator,
A1=2 could be a pseudo-differential operator, and more difficult to treat.

We define the dual D� of D as subspace of H as follows:

Definition 3.1.8. Let D be C -densely embedded in H . The dual D� is defined by

D� WD f 'W D �! C j ' anti-linear and bounded g; (3.9a)

with norm

k'kD� WD sup
u2D

j'.u/j
kukD

: (3.9b)

Proposition 3.1.9. Let D be C -densely embedded and A � 1=C be the corre-
sponding generating operator. Then D� can be defined by the (abstract) completion
of H with respect to the norm kvkD� D kA�1=2vk, v 2 H . In particular, the dual
space D� is a Hilbert space.

Proof. Let �v WD h�; vi, then it is easy to see that �v 2 D�. Moreover, we have

k�vkD� D sup
u2D

jhu; vij
kukD

D sup
u2D

jhu; vij
kA1=2uk D sup

w2H

jhA�1=2w; vij
kwk D kA�1=2vk

showing the equality of the norms. In particular, the completion of �H is a subspace
of D�.

Let us now show that �H is dense in D� (hence the completion of �H equals
D�): Assume that ' 2 D� and 	 > 0. By the Riesz-Fischer theorem (in the Hilbert
space .D ; k�kD /) and Lemma 3.1.6, there exists v 2 D such that

'.u/ D hu; viD D a.u; v/
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for all u 2 D . By Theorem 3.1.1 (2), there exists w 2 domA such that kv � wka � 	.
Now,

ˇ
ˇ'.u/� hu; Awiˇˇ D ˇ

ˇa.u; v � w/
ˇ
ˇ

CS� ja.u/jja.v � w/j � kukDkv � wka � 	kukD

for all u 2 D , sinceA is the operator associated with a. In particular, we have shown
k' � �.Aw/kD� � 	, i.e. the density.

Finally, D� is a Hilbert space, since its norm fulfils the parallelogram equality
on a dense subset. ut
We will often identify H with its canonical image �H in D�.

Lemma 3.1.10. Let D be C -densely embedded in H , then H is C -densely
embedded in D� via �W v 7! h�; vi. In other words, the embeddings

D ,! H ,! D�

are bounded by C and have dense ranges.

Proof. We have

k�vkD� D sup
u2D

jhu; vij
kukD

CS� sup
u2D

kukkvk
kukD

� Ckvk

showing the boundedness of the embedding. The density of H in D� was already
shown in the previous proposition. ut

3.2 Scale of Hilbert Spaces Associated with a Non-negative
Operator

Let us define in this section the scale of Hilbert spaces associated with a non-
negative operator operator � in a Hilbert space H . We will always assume that
� is a closed operator; in particular, � is self-adjoint. More details on scales of
Hilbert spaces can be found e.g. in [RS80], [GG91] or [AK00].

The scale of Hilbert spaces associated with � is defined as follows: For k � 0
we set

H k WD H k.�/ WD dom.�C 1/k=2; kukk WD k.�C 1/k=2uk; k � 0:

(3.10)
For negative powers, we set H �k WD .H k/� (see Definition 3.1.8). For the natural
pairing H k � H �k we also write

h�; �i D h�; �ik;�k W H k � H �k �! C:
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Note that H D H 0 embeds naturally into H �k via �W v 7! h�; vi since

k�vk�k D sup
u2H k

jhu; vij
kukk D sup

w2H 0

jhRk=2w; vij
kwk0 D kRk=2vk0;

where

R WD .�C 1/�1; (3.11)

i.e. H �k can be viewed as the completion of H with respect to the norm

kvk�k WD k.�C 1/�k=2vk: (3.12)

We call the family fH kgk D fH k.�/gk the scale of Hilbert spaces associated
with �.

If � is defined via the closed non-negative quadratic form

d.u/ D k�1=2uk2; domd D H 1 D dom�1=2; (3.13)

(see Theorem 3.1.1) then

kuk21 D kuk2 C d.u/: (3.14)

Moreover, if v 2 H � H �1, then kvk�1 � ı is equivalent with the fact that

ˇ
ˇhu; viˇˇ � ıkuk1 (3.15)

for all u 2 H 1. In addition, we have the following estimate:

Lemma 3.2.1. The norm k�kk and the graph norm of �k=2 are equivalent, i.e.

kf k2 C k�k=2f k2 � kf k2k � 2k
�kf k2 C k�k=2f k2�

for all f 2 H k .

Proof. We have

kf k2 C k�k=2f k2 D hf; .1C�k/f i and kf k2k D hf; .1C�/kf i

for f 2 H 2k D dom�k � H k . By the spectral calculus, the estimates follow
from

1C �k � .1C �/k D
kX

iD0

 
k

i

!

�i �
kX

iD0

 
k

i

!

.1C �k/ D 2k.1C �k/

for � � 0. ut
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For non-negative operators (or more generally, self-adjoint or normal operators),
we have the L1-functional calculus:

Theorem 3.2.2. Let ' 2 L1.RC/, then k'.�/k D k'kL
1

.R
C

/.

Let � be a non-negative operator with purely discrete spectrum, i.e.

�.�/ D f�k j k D 1; 2; : : : g;
where �k denotes the k-th eigenvalue written in ascending order and repeated
according to multiplicity such that �k ! 1 as k ! 1. In this case, we can
employ the min-max principle (see e.g. [D97] for the formulation used here):

Theorem 3.2.3. Let d be a non-negative closed quadratic form such that the
associated operator has purely discrete spectrum. Then the k-th eigenvalue of �
is given by

�k D inf
Dk

sup
f 2Dknf0g

d.f /

kf k2 (3.16)

where the infimum is taken over all k-dimensional subspacesDk of H 1 D domd.

Clearly, the previous theorem holds not only for non-negative quadratic forms but
also for forms bounded from below.

3.3 Scale of Hilbert Spaces Associated with a Closed Operator

Although we mainly use non-negative operators like the Laplacian on a manifold
in our applications, we also need to treat non-self-adjoint operators. Such operators
arise naturally when dealing with resonances. A resonance will be defined as
the (discrete) eigenvalues of a “complexly dilated” non-negative operator. The
complexly dilated operator is no longer self-adjoint, but usually has spectrum inside
a sector in the right half-plane. We will explain the setting in detail in Sects. 3.5–
3.8. In what follows, we present a scale of Hilbert spaces associated with a closed
operator, as well as a quantitative analysis of norm-bounds of various associated
embeddings and operators, starting from a norm estimate on the resolvent.

Since we mostly deal with second order operators, we refer to the operator
domain as second order and to the corresponding sesquilinear form domain as first
order.

3.3.1 Scale of Hilbert Spaces of Second Order Associated
with a Closed Operator

Let H be a closed, densely defined operator in the Hilbert space H . We fix a point
z0 in the resolvent set �.H/ D C n �.H/ of H throughout this section. In most of
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our applications we choose z0 D �1. Denote

R.z/ WD .H � z/�1; R WD R.z0/ (3.17)

the resolvent of H in z 2 �.H/ resp. z0. Let

H 2.H/ WD domH; kuk2;H WD k.H � z0/uk (3.18)

denote the scale of order 2 associated with H .1 Note that H 2.H/ with the given
norm is a Hilbert space, since H is closed. For the adjoint H�, we use the norm
kuk2;H� WD k.H� � z0/uk. Denote by H �2.H/ WD .H 2.H�//� the dual of
H 2.H�/ with respect to H , see Definition 3.1.8. We call H �2.H/ the scale of
order �2 associated with H . It follows from Proposition 3.1.9 (with A D .H � z0/
.H � � z0/) that we can embed H into H �2.H/ via �W u 7! h�; ui and define
H �2.H/ as the completion of H in the norm

kuk�2;H WD k.H � z0/
�1uk D kRuk D k.R�R/1=2uk D kA�1=2uk: (3.19)

The proof of the following lemma is obvious:

Lemma 3.3.1. The maps

.H � z0/W H 2.H/ �! H and RW H �! H 2.H/ (3.20a)

are isometries and inverse to each other. Similarly,

.H � z0/W H �! H �2.H/ and RW H �2.H/ �! H (3.20b)

are isometries and inverse to each other. Here, the operator H � z0 in (3.20b) is
defined by .H�z0/g WD h.H� � z0/.�/; gi, andR.�g/ WD Rg extends to an isometry
on H �2.H/.2

Lemma 3.3.2. The function �.H/ ! .0;1/, z 7! kR.z/k depends continuously
on z.

Proof. The assertion follows immediately from the holomorphy of z 7! hf;R.z/gi.
ut

In order to formulate quantitative assertions on families of closed operators, we need
the following definition:

1 The notion “order” refers to the fact that H will be a second order elliptic differential operator in
our applications.
2In order not to overwhelm the notation, we use the same symbolH�z0 resp. R acting on different
scales of Hilbert spaces and similarly for other operators. We indicate the precise meaning by the
map notation, e.g., we write .H � z0/W H �! H �2.H/.
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Definition 3.3.3. Let U � C, z0 2 U and � WU �! .0;1/ be a continuous
function.

1. We say that H has resolvent norm profile � on U (of order 0)if U � �.H/ and

kR.z/k � �.z/ (3.21)

for all z 2 �.H/. We denote by R.�; U / D R0.�; U / the set of all closed
operators with resolvent norm profile � on U of order 0.

2. If U contains only one point z0 and the map has the single value C > 0 we set
R.C; z0/ WD R.z0 7! C; fz0g/.

Lemma 3.3.4. LetH 2 R.C; z0/, then H 2.H/ is C -bounded in H . In particular,
the natural embeddings

H 2.H/ ,! H
�
,! H �2.H/

are bounded by C and the ranges of the inclusions are dense.

Proof. The continuity of the embedding H 2.H/ ,! H follows from

kuk D kR.H � z0/uk � kRkk.H � z0/uk D kRkkuk2;H � Ckuk2;H :
The remaining assertion follows from Lemma 3.1.10. ut
Moreover, we can naturally extend the resolvents and the operator on the scales of
second order:

Lemma 3.3.5. Assume that H 2 R.�; U / and k 2 f�2; 0; 2g, then the resolvent
as operator

R.z/W H k.H/ �! H k.H/ (3.22a)

is bounded by �.z/. Moreover, the resolvents as operators

H �2.H/
R.z/�! H

R.z/�! H 2.H/ (3.22b)

are invertible and bounded by

�0.z/ WD 1C jz � z0j�.z/ (3.22c)

for z 2 U . Its inverses are given by

H 2.H/
H�z�! H

H�z�! H �2.H/ (3.22d)

and bounded by 1C jz0 � zj�.z0/. In particular, the operators

H 2.H/
H�! H

H�! H �2.H/ (3.22e)

have norms bounded by 1C jz0j�.z0/.
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Proof. The first claim follows from the fact thatR.z/ andH commute, and therefore
kR.z/kk;H!k;H D kR.z/k � �.z/. For the second norm estimate, note that

kR.z/f k2;H D k.H � z0/R.z/f k D �
�
�
id C.z � z0/R.z/

�
f
�
�

� �
1C jz � z0j�.z/

�kf k;

i.e. kR.z/k0!2;H � 1C jz � z0j�.z/, and the boundedness of R.z/ from H �2.H/
into H follows by duality. The remaining assertions can be seen similarly. ut

We will also need the following holomorphic functional calculus. Let D � C

be an open set with piecewise smooth boundary @D. We choose an orientation of
@D, such that D “lies on the left side” of @D. We do not exclude the case that @D
“passes” infinity, i.e. that D is unbounded.

Theorem 3.3.6. Assume that H is a closed operator with resolvent norm profile �
on U � �.H/, i.e. H 2 R.�; U /. Assume in addition that D is an open set in C

such that @D � U (and therefore @D � �.H/). Let ' 2 L1.@D; �.z/djzj/ such that
' is holomorphic in a neighbourhood ofD . Then the operator

'D.H/ D � 1

2�i

I

@D

'.z/R.z/dz D 1

2�i

I

@D

'.z/

z �H dz

is well-defined and bounded. Moreover, the integral exists in the operator norm
topology. Finally, the norm can be estimated by

k'D.H/k � 1

2�

I

@D

j'.z/j�.z/djzj DW CD.'; �/:

For the definition and some results on vector-valued integrals we refer to
Sect. A.2.1.

Remark 3.3.7. It can be seen that 'D.H/ depends only on the homotopy type of @D
in the resolvent set �.H/ D C n �.H/, i.e. on the connected components of �.H/
contained in D. If �.H/ � D, then we simply write '.H/ instead of 'D.H/.

3.3.2 Scale of Hilbert Spaces of First Order Associated
with a Closed Operator

The aim of the following considerations is to give a “good” first order Hilbert space
scale H 1.H/ associated with the closed operator H (for the notion “order” see
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Footnote 1 on page 105). Basically, we want to assure that H 1.H/ and its dual
behave like the “natural” scale of Hilbert spaces. Note that for sectorial operators,
one could define the square root .H C 1/1=2 as natural scale, but it is in general
a difficult task to determine the domain of .H C 1/1=2. In particular, if H is a
second order elliptic partial differential operator, then it is difficult to decide whether
dom.H C 1/1=2 is a Sobolev space of order 1. This question is also known under
the name “Kato’s square root problem”, see e.g. [McI72, AHLC01]. Moreover, the
expression for k.H C 1/1=2f k2 is (in general) no longer a differential operator,
and therefore difficult to handle with. At first sight, our approach looks more
technical, but we will see that the necessary conditions are naturally fulfilled in
many cases.

Let us give a motivation why we are interested in such a scale of order 1
associated withH : In our applications, we easily obtain estimates given in the “free”
scale H k D H k.�/ associated with � (or the corresponding quadratic form d).
Let e.g. AW H 1 �! H be an operator on the free scale of order 1 such that

kAvk � ıkvk1 D ık.�C 1/1=2vk D ı
�kvk2 C d.v/

�
(3.23)

holds for all v 2 H 1. But when dealing with the scale of Hilbert spaces associated
with a closed operator H , we finally need an estimate in terms of the norm
k�k2;H .

We will use the “free” operator� in order to define a scale of order 1 associated
with H :

Definition 3.3.8. Let H be a closed operator and � a non-negative operator in the
Hilbert space H .

1. We say thatH is compatible with� (with compatibility operatorT ) if T W H �!
H is a bounded and invertible operator such that

T .domH/ � H 1 and T �.domH�/ � H 1; (3.24a)

where H 1 D dom d is the scale of order 1 associated with � (the domain of the
associated quadratic form d). We sometimes refer to d (resp. �) as the free or
reference form (resp. operator) associated with H .

2. We set H 1.H/ WD T �1.H 1/ and H 1.H�/ WD .T �/�1.H 1/ endowed with the
norms

kuk1;H WD kT uk1 D k.�C 1/1=2T uk; (3.24b)

kuk1;H� WD kT �uk1 D k.�C 1/1=2T �uk: (3.24c)

3. The dual of H 1.H/ is defined by H �1.H/ WD .H 1.H�//� with its natural
norm (see Definition 3.1.8).
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Remark 3.3.9.

1. The operator T restricted to H 1.H/, i.e. T 1W H 1.H/ �! H 1, u 7! T u, is
unitary.

2. The natural embedding �W H ,! H �1.H/, �v D h�; vi, gives

k�vk�1;H D sup
u2H 1.H�/

jhu; vij
kuk1;H�

D sup
w2H

jh.T �1/�.�C 1/�1=2w; vij
kwk

D sup
w2H

jhw; .�C 1/�1=2T �1vij
kwk D k.�C 1/�1=2T �1vk:

In particular, we can alternatively define H �1.H/ as the completion of H in
the norm kvk�1;H WD k.�C 1/�1=2T �1vk. Moreover, T �1 extends naturally to
a unitary operator

T �1W H �1.H/ �! H �1;

since kT �1vk�1 D k.�C 1/�1=2T �1vk D kvk�1;H .
3. Note that k�k1;H is the norm associated with the non-negative quadratic form dıT

defined by f 7! d.Tf / on H 1.H/ in the Hilbert space .H ; kT �k/ with norm
given by f 7! kTf k, since

kuk21;H D d.T u/C kT uk2:

The scale of order 1 should behave like a scale of Hilbert spaces, e.g., the embedding
H 2.H/ ,! H 1.H/ should be bounded. This will be ensured by the next definition
and the following lemmata. Note that for operators AW H �1.H/ �! H 1.H/ and
BW H �! H 1.H/, the corresponding operator norms are given by

kAk�1;H!1;H D k.�C 1/1=2TAT .�C 1/1=2k and (3.25a)

kBk0!1;H D k.�C 1/1=2TBk: (3.25b)

Definition 3.3.10. Let � WU �! .0;1/ be a continuous function on U � C.

1. We say that the closed operator H has resolvent norm profile � on U of order
1 (with respect to �), if U � �.H/ and if H is compatible with � with
compatibility operator T such that

kT k � �.z0/; kT �1k � �.z0/ and (3.26a)

kR.z/k�1;H!1;H � �.z/ (3.26b)
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for all z 2 U . We denote the set of all closed operatorsH having resolvent norm
profile � on U of order 1 w.r.t.� by R1.�; U / (omitting the dependence on� in
the notation).

2. If U D fz0g contains only one point and if C D �.z0/ � 1, then we also say that
H is C -compatible of order 1 w.r.t. �, for short H 2 R1.C; z0/.

Remark 3.3.11. Note that this setting is a generalisation of the scale of Hilbert
spaces associated with a non-negative operator: Assume that H D � is non-
negative and set z0 D �1. Then we can choose T D id and �.z/ D dist.z;RC/�1
for z 2 U D C n RC. Moreover, �.z0/ D 1 D kT k.

Lemma 3.3.12. Assume that H has resolvent norm profile � on U of order 1 and
set C WD �.z0/. Then

kR.z/k0!1;H � C�.z/ and kR.z/k�1;H!0 � C�.z/; (3.27a)

kR.z/k0!0 � C2�.z/ (3.27b)

for all z 2 U . In particular,H has resolvent norm profile C2� on U of order 0, i.e.
R1.�; U / � R0.C

2�; U /.

Proof. The norm estimates of the resolvent can be seen as follows

kR.z/k0!1;H D k.�C 1/1=2TR.z/T .�C 1/1=2.�C 1/�1=2T �1k
� kR.z/k�1;H!1;H k.�C 1/�1=2kkT �1k � �.z/C;

and similarly for the estimate on kR.z/k�1;H!0. Moreover,

kR.z/k0!0 D kT �1.�C 1/�1=2.�C 1/1=2TR.z/k
� kT �1kk.�C 1/�1=2kkR.z/k0!1;H � C2�.z/;

for all z 2 U . ut
Note that (3.27a) is just the desired estimate on Av D AT u in (3.23) in terms of

the scale associated with H , namely

kAT uk � ık.�C 1/1=2T uk D ıkuk1;H � C2ıkuk2;H :

The next lemma shows that the embeddings are bounded in terms of universal
constants depending only on the resolvent norm profile � and z0.

Lemma 3.3.13. Let H 2 R1.�; U / and set C WD �.z0/. Then the natural
embeddings

H 2.H/ ,! H 1.H/ and H �1.H/ ,! H �2.H/
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are bounded by C2. Moreover,

H 1.H/ ,! H ,! H �1.H/

are C -densely embedded (i.e. they are bounded by C and have dense range).

Proof. The boundedness of the first embedding follows from

kuk1;H D k.�C 1/1=2T uk � kRk0!1;Hk.H � z0/uk � C2kuk2;H

and (3.27a). Moreover, for the embedding H 1.H/ ,! H , we estimate

kuk D kT �1.�C 1/�1=2.�C 1/1=2T uk � Ck.�C 1/1=2T uk D Ckuk1;H :

The space H 1.H/ D T �1.H 1/ is dense in H since H 1 is dense in H and T �1
is bounded. ut
Remark 3.3.14. A priori, it is not clear whether the density of H 2.H/ in H 1.H/

already follows from our assumptions, i.e. whether

LH 1.H/ WD domH
k�k1;H 	 H 1.H/ (3.28)

already equals H 1.H/. We do not try to prove (or disprove) this fact here. A similar
remark holds for H �.

Lemma 3.3.15. Let H 2 R1.�; U / and set C WD �.z0/. Then the resolvent as
operator

R.z/W H k.H/ �! H k.H/

is bounded by C2�.z/ for k D 0;˙1;˙2. Moreover, the resolvent as operator

H �2.H/
R.z/�! H �1.H/ resp. H 1.H/

R.z/�! H 2.H/

is bounded by �
1C jz � z0jC 2�.z/

�
C:

Finally, the resolvents as operators

H �1.H/
R.z/�! H

R.z/�! H 1.H/

are bounded by C�.z/.

Proof. For k D 1, the boundedness of the resolvent as operator R.z/ in H k.H/ is
a consequence of
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kR.z/k1;H!1;H D k.�C 1/1=2TR.z/T �1.�C 1/�1=2k
� kR.z/k0!1;HkT �1kk.�C 1/�1=2k � �.z/C 2

using (3.27a). For kD � 1 we obtain the result by duality, and for kD 0;˙2, the
estimate follows from kR.z/kk;H!k;H D kR.z/k0!0 and (3.27b). Here, kAkk;H!k;H

denotes the operator norm of an operatorAW H k.H/ �! H k.H/, and we omitH
if k D 0. Finally, we have

kR.z/uk2;H � �
1C jz � z0jC 2�.z/

�kuk � �
1C jz � z0jC2�.z/

�
Ckuk1;H

by (3.22c), (3.27b) and Lemma 3.3.13. Moreover,

kR.z/uk1;H D k.�C 1/1=2TR.z/uk � C�.z/kuk

by (3.27a). The norm estimates for the negative scales follow by duality. ut
Definition 3.3.16.

1. Let H be C -compatible of order 1 w.r.t. �. We say that h is a sesquilinear form
associated with H if

a. The form hW H 1.H�/ � H 1.H/ �! C is sesquilinear and bounded, i.e.

jh.u; v/j � khk1�1kuk1;H�kvk1;H

for all u 2 H 1.H�/ and v 2 H 1.H/;
b. We have

h.u; v/ D hu;Hvi
for all u 2 H 1.H�/ and v 2 H 2.H/.

2. Let hW H 1.H�/ � H 1.H/ �! C be sesquilinear and bounded. The operator
HhW H 1.H/ �! H �1.H/ induced by h is defined by

.Hhv/u WD h.u; v/; u 2 H 1.H�/; v 2 H 1.H/:

The operatorHh induced by h fits naturally in the scale of Hilbert spaces:

Lemma 3.3.17. Let h be a sesquilinear form associated with H and let Hh be the
operator induced by h, then

HhW H 1.H/ �! H �1.H/

is bounded by khk1�1 . Moreover, the induced operator extends the original operator
H , i.e. Hhv D h�;Hvi or

.Hhv/.u/ D hu;Hvi
for u 2 H 1.H�/ and v 2 H 2.H/.
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Proof. The proof follows immediately from Definition 3.3.16. ut
The associated sesquilinear form is unique under the following condition:

Lemma 3.3.18. If H 2.H/ is dense in H 1.H/, then the sesquilinear form h
associated with H is uniquely determined.

Proof. If h1 and h2 are both associated with H , then

h1.u; v/ D hu;Hvi D h2.u; v/

for all u 2 H 1.H�/ and v 2 H 2.H/. Since both forms are bounded on H 1.H �/�
H 1.H/, and H 2.H/ is dense in H 1.H/, we have h1 D h2. ut

Remark 3.3.19.

1. In the sequel we will not always distinguish between H and Hh, although Hh

may contain information not included in H , e.g. if H 2.H/ is not dense in
H 1.H/.

2. Existence of associated sesquilinear forms: A priori, it is not clear what is the
“right” sesquilinear form associated with H : Let h be a bounded sesquilinear
form defined on D 0 �D , where D 0 and D are C -densely embedded subspaces of
H . We say that h is a sesquilinear form associated with H (in the generalised
sense) if domH � D , domH� � D 0 and

h.u; v/ D hu;Hvi
for all u 2 D 0 and v 2 domH With this definition we can always associate
sesquilinear forms to H , namely

h1W H � H 2.H/ �! C; h1.u; v/ WD hu;Hvi or

h2W H 2.H �/ � H �! C; h2.u; v/ WD hH�u; vi:
Of course, one wants a more “symmetric” domain. It is not clear to us whether
one can always find a domain as in Definition 3.3.16. A possibility would be to
use interpolation spaces in order to interpolate between the two extreme cases h1
and h2.

3. Note that we do not always need the boundedness of h or of the induced operator
HhW H 1.H/ �! H �1.H/. For example one application is an estimate on the
operator

J�1Hh � eHehJ
1W H 1.H/ �! H �1.eH/

for two operators H and eH and identification operators J 1 and J�1 (see
Definition 4.7.1), which can be expressed in terms of the associated sesquilinear
forms (see (4.46c’)). In this estimate, the individual boundedness of the operators

H 1.H/
Hh�! H �1.H/ J

�1

�! H �1.eH/

and a similar expression for eHehJ
1 is not needed.
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As in Theorem 3.3.6, we have the following holomorphic functional calculus:

Theorem 3.3.20. Assume that H is a closed operator with resolvent norm profile
� of order 1 on U � �.H/, i.e. R1.�; U /. Assume in addition thatD is an open set
in C such that @D � U (and therefore @D � �.H/). Let ' 2 L1.@D; �.z/djzj/ such
that ' is holomorphic in a neighbourhood of D . Then the operator

'D.H/ D � 1

2�i

I

@D

'.z/R.z/dz D 1

2�i

I

@D

'.z/

z �H
dzW H �1.H/ �! H 1.H/

is well-defined and bounded. Moreover, the integral exists in the corresponding
operator norm topology. Finally, the norm can be estimated by

k'D.H/k�1;H!1;H � 1

2�

I

@D

j'.z/j�.z/djzj DW CD.'; �/:

3.4 Boundary Triples and Abstract Elliptic Theory

As already mentioned in the introduction, the concept of boundary triples was
originally introduced for the study of extensions of symmetric operators in a Hilbert
space, going back to von Neumann [vN30], Friedrichs [Fri34], Krein [Kr47],
Vishik [Vi52] and Birman [Bi53]. Vishik [Vi52] was the first who applied this
concept to elliptic boundary value problem. Several works later on treated elliptic
boundary value problems in an abstract framework, we only mention here [Gru68,
GG91, BMNW08, Pc08, BGW09, Ma10, Gru10b] and references therein. For a
general treatment of boundary triples we refer exemplarily to [BGP08, DHMS06,
DM95, DM91].

We briefly recall the definition of a boundary triple, named here ordinary
boundary triple, in order to distinguish the standard concept from ours introduced
below (see also Sect. 1.2.9). Let A be a closed, symmetric operator in a Hilbert
space H . Then .
0; 
1;G / is said to be an (ordinary) boundary triple for A� if
G is a Hilbert space and 
0; 
1W domA� �! G are linear operators, such that
.
0; 
1/W domA� �! G ˚ G is surjective and that the abstract Green’s formula3

3We use the sign convention for 
0 and 
1 such that the abstract Green’s formula agrees with the
partial integration formula

Z b

a

.�f 00

/gds �
Z b

a

f .�g00/ds D Œf g0�ba � Œf
0

g�ba;

where H D L2.a; b/, Af D �f 00 for f 2 domA D VH2.a; b/, choosing G D C
2 and 
f D

.f .a/; f .b// and 
 0f D .�f 0.a/; f 0.b//.
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hA�f ; giH � hf;A�giH D h
0f ; 
1giG � h
1f ; 
0giG (3.29)

holds for all f; g 2 domA�. Note that a boundary triple exists for A� if the defect
indices dim ker.A˙ i/� are equal (cf. [BGP08, Prp. 1.10]).

Besides operator extension theory, the concept was introduced in order to treat
boundary value problems of elliptic partial differential operators like the Laplacian.
For example if X � R

d is an open set with smooth (non-trivial) boundary,
then H WD L2.X/, G WD L2.@X/ and A D � � 0 is the closure of the
Laplacian acting on C1

c .X/. Although one has Green’s formula in this situation
with boundary maps 
0f WD f �@X and 
1f WD @nf �@X (the outwards normal
derivative) for f 2 H2.X/, the above concept does not apply, since domA� is
strictly larger than H2.X/, and the boundary operators 
0 and 
1 do not extend
to domA� without leaving the space G D L2.@X/ (see e.g. [Gru68, BMNW08]
and Sect. 1.2.9). Either one has to work on a dense subspace W 2 of domA�
(see e.g. the concept of quasi-boundary triples introduced in [BL07]), or one
has to modify the boundary operators (see e.g. [Gru68, BMNW08, Pc08, BGW09,
Ma10]).

Boundary triples as defined here are associated with a non-negative quadratic
form, a concept which seems to be new, to our knowledge. As in [BL07], we work
on a restriction of the operator A�, but we allow different domains for the boundary
maps. In the case of the Laplacian on a manifold with boundary, the Sobolev trace
operator 
 u WD u�@X is naturally defined on the quadratic form domain H1.X/ of
the Laplacian, and its norm can be estimated in geometric terms in an easy way. We
define the Dirichlet-to-Neumann operator in a natural way via its quadratic form
(see also [AtE10] for a similar approach to the Dirichlet-to-Neumann operator on
domains in R

d with “rough” boundary). The advantage of our approach is that
the Dirichlet-to-Neumann operator is the usual Dirichlet-to-Neumann operator on
a manifold with boundary, associating to a suitable function ' on the boundary the
normal derivative @nh of the solution to the Dirichlet problem .� � z/h D 0 with
h D ' on the boundary.

We used a similar approach to boundary triples using quadratic forms instead of
operators for first order operators in [P07].

Our main purpose here is not to characterise all self-adjoint extensions of a
given symmetric operator, but to show that the concept of boundary triples can
successfully be applied to the PDE case, namely to Laplacians on a manifold with
boundary. In particular, we are interested in quantitative norm estimates on the
operators involved. Moreover, the concept of boundary triple as presented here
leads to an abstract and unified approach to resonances as eigenvalues of non-
self-adjoint “complexly dilated” Laplacians in Sects. 3.5 and 3.8. The quantitative
control of the norm estimates will be needed especially in Sect. 4.9 where we show
the convergence of resonances. The concrete PDE case with the direct application
to the resonances of certain Schrödinger operators in R

d was already considered
in [CDKS87].
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3.4.1 Boundary Triples Associated with Quadratic Forms

Definition 3.4.1. Let h be a closed non-negative quadratic form in the Hilbert space
H with domain H 1 WD domh. We endow H 1 with its natural norm given by the
quadratic form,

kuk21 WD kuk2h WD h.u/C kuk2: (3.30)

Moreover, let

 W H 1 �! G

be a bounded map, where G is another Hilbert space. We denote the norm of the
operator 
 by k
 k1!0.

1. We say that 
 is a boundary map associated with the quadratic form h if the
following conditions are fulfilled:

a. H 1;D WD ker
 is dense in H .
b. G 1=2 WD ran
 is dense in G .

2. We denote by hD WD h�H 1;D the quadratic form4 restricted to H 1;D and denote
the inclusion H 1;D ,! H 1 by �DN.

3. If G 1=2 ¤ G , then we call the boundary map 
 proper, otherwise non-proper.

Note that the natural embeddings

H 1;D �DN
,! H 1 �! H �! H �1 ��DN� H �1;D (3.31)

are all bounded by 1. We now define the operators corresponding to the quadratic
forms hD and h (see Theorem 3.1.1), the names are borrowed from the concrete PDE
example (see Theorem 3.4.39):

Definition 3.4.2. Let 
 be a boundary map for h.

1. The self-adjoint and non-negative operator HD associated with the quadratic
form hD is called the Dirichlet operator.

2. Similarly, the self-adjoint and non-negative operatorHN associated with the qua-
dratic form h is called the Neumann operator.

3. We denote by H k;D resp. H k;N the natural scales of Hilbert spaces associated
with the self-adjoint operatorsHD resp.HN as defined in Sect. 3.2.

Let us now define a boundary triple:

Definition 3.4.3. Let 
 be a boundary map for h. We say that .
; 
 0;G / is a
boundary triple associated with the quadratic form h if the following conditions
are fulfilled:

4Note that hD is a closed form since 
 is bounded on H 1.
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1. There is a Hilbert space W 2 ,! H 1 with kukH 1 � kukW 2 such that


 0W W 2 �! G (3.32a)

is a bounded operator.
2. There is an (unbounded) operator LH in H with dom LH D W 2, bounded as

operator LH W W 2 �! H , such that the (abstract) Green’s formula

hf; LHgiH D h.f; g/ � h
f ; 
 0giG (3.32b)

holds for all f 2 H 1 and g 2 W 2.
3. The space

VW 2 WD ker
 \ ker
 0 � W 2 (3.32c)

is dense in H .

We say that the boundary triple .
; 
 0;G / is unbounded if 
 is a proper boundary
map, i.e. if G 1=2 D ran
 ¤ G , otherwise the boundary triple is called bounded.

Remark 3.4.4.

1. The attributes “bounded” and “unbounded” become clear in Proposition 3.4.11.
2. We will show in Corollary 3.4.37 that certain bounded boundary triples have a

canonical associated ordinary boundary triple. For simplicity, we mostly omit
the attribute “associated with a quadratic form” and simply speak of “boundary
triples” here.

3. The reader should have the following example in mind: The above abstract
setting mimics the situation where LH is the Laplacian on a compact manifold
X or on an open domain X ¨ R

d with smooth boundary @X ¤ ;: We set

H WD L2.X/; H 1 WD H1.X/; h.u/ WD kduk2;
G WD L2.@X/; 
 u WD u�@X ; 
 0u WD @nu�@X;

where @nu is the outwards normal derivative on @X . It is easily seen that
.
; 
 0;G / is indeed an (unbounded) boundary triple with the choices W 2 WD
H2.X/ (the usual second order Sobolev space without boundary conditions) and
LHu D �X being the usual Laplacian (see also Theorem 3.4.39 for further

properties). In particular, the Dirichlet and Neumann operators are the usual
Dirichlet and Neumann Laplacians, respectively, i.e.,HD D �D

X andHN D �N
X .

In particular, in this situation, LH with domain W 2 D H2.X/ is not a closed
operator in H D L2.X/. Its operator closure is the maximal operator defined on
the domain of functions such that f and LHf are in H . In the PDE case, the
maximal operator domain is strictly larger than the second order Sobolev space
W 2 (provided @X ¤ ;). In particular, LH is not the maximal operator used in
ordinary boundary triples (see Corollary 3.4.37).
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4. We do not assume a maximality condition on the domain of LH . If we set W 2 D
Hk.X/ for some k > 2 in the previous example, then we still obtain a boundary
triple. A sufficiently large domain for LH will be required in Sect. 3.4.2, namely
we want that domHD and domHN are subsets of W 2. This is actually the core
of elliptic regularity theory.

Let us state a simple consequence of Definition 3.4.3, justifying the labels .�/D
and .�/N. The equality with the domains of the Dirichlet and Neumann operator will
be an extra assumption (“ellipticity”) in Sect. 3.4.2. The inclusion may be strict, see
Remark 3.4.4 (4) above.

Proposition 3.4.5. We have

W 2;D WD ˚
u 2 W 2

ˇ
ˇ
 u D 0

� � domHD; (3.33a)

W 2;N WD ˚
u 2 W 2

ˇ
ˇ
 0u D 0

� � domHN; (3.33b)

and the operators act as HDf D LHf and HNf D LHf for f 2 W 2;D and
f 2 W 2;N, respectively.

Proof. The proof follows easily from the characterisation of the operator associated
with a quadratic form (see Theorem 3.1.1 (3)) and Green’s formula (3.32b). ut

We will now define so-called “solution operators” S.z/ D SD.z/ resp. SN.z/
associating to given boundary data ' 2 G the corresponding solution h 2 W 2 of
the Dirichlet resp. Neumann problem, i.e. a solution of

. LH � z/h D 0; 
 h D ' resp. 
 0h D '

for some z 2 C n Œ0;1/. For an unbounded boundary triple (i.e. 
 is not surjective,
or, equivalently, G 1=2 ¨ G ), we have to define a natural scale of Hilbert spaces on
G and take care of the order of the boundary elements '.

We start with the Dirichlet solution operator and z D �1:

Definition 3.4.6. Let N 1 be the orthogonal complement of ker
 in H 1. We call
the inverse

S WD .
 �N 1/�1W G 1=2 �! N 1

of the bijective map 
 �N 1 W N 1 �! G 1=2 WD ran
 the (weak) Dirichlet solution
operator (at the point z D �1).

The name “Dirichlet solution operator” is justified by the following obvious fact
(following again from Green’s formula (3.32b)):

Lemma 3.4.7. We have

N 2 WD ˚
u 2 W 2

ˇ
ˇ . LH C 1/u D 0

� � N 1: (3.34)

Moreover, if ' 2 G 1=2 is such that the Dirichlet solution h D S' is in W 2, then
. LH C 1/h D 0 and 
 h D '.
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The solution operator is defined also for elements h D S' 2 N 1 n N 2. In this
case, . LH C 1/h D 0 has the meaning

�
��DN.H

N C 1/
�
h D 0; where ��DN.H

N C 1/W H 1 �! H �1;D;

in the natural scales of Hilbert spaces. Note that we use the symbol HN also for
extensions onto the scale of Hilbert spaces.5 In particular, HNh is here defined by
HNh.f / WD h.f; h/; and the equation .��DN.H

N C 1//h D 0 2 H �1;D is equivalent
with

h.f; h/C hf; hiH D 0 8 f 2 H 1;D:

But the latter condition is just an orthogonal condition w.r.t. the inner product on
H 1, i.e. saying that h 2 H 1 
 H 1;D.

The Dirichlet solution operator S allows us to define a natural norm on the range
G 1=2 of 
 :

Definition 3.4.8. We set
k'kG 1=2 WD kS'kH 1 ;

i.e. the norm of the boundary element ' is given by the H 1-norm of its Dirichlet
solution.

Clearly, the operator S W G 1=2 �! H 1 is isometric and its left inverse

 W N 1 �! G 1=2 is unitary. In particular, G 1=2 is itself a Hilbert space (with
its inner product induced by k�kG 1=2 ). Moreover, the natural inclusion G 1=2 ,! G is
bounded. In particular,

k'kG D k
 S'kG � k
 k1!0kS'kH 1 D k
 k1!0k'kG 1=2 ; (3.35)

where k
 k1!0 is the norm of 
 as operator 
 W H 1 �! G .

Proposition 3.4.9. Let 
 be a boundary map associated with h, then we have:

1. The Dirichlet solution operator S is closed and densely defined as operator in
G ! H 1. Its domain is given by domS D G 1=2.

2. The quadratic form l defined by l.'/ WD kS'k21 with dom l D G 1=2 is a closed
quadratic form in G . Moreover,

l.'/ � 1

k
 k21!0

k'k2G ;

and the constant is optimal. Moreover, we have k
 k1!0 D k��1=2k.

5 More precisely, we should use a notation like Hk!k�2;N for the operator from the scale
H k;N into H k�2;N. In particular, we have used the short hand HN D H1!�1;N here. In
order not to overwhelm the notation, we refrain from doing so. Instead, we use the notation
HNW H k;N �! H k�2;N to indicate the precise meaning if necessary. Moreover, we sometimes
also omit the embedding �DN in the notation.
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Proof. (1) Let 'n ! ' in G with 'n 2 domS D G 1=2 and S'n ! h in H 1. Since
fS'ngn is a Cauchy sequence, f'ngn is a Cauchy sequence in G 1=2 by definition
of the norm on G 1=2 and therefore, 'n ! e' 2 G 1=2 and S'n ! Se'. By (3.35),
the convergence 'n ! e' also holds in G and therefore ' D e' and S' D h. In
particular, we have shown that S is closed.

(2) The lower bound on l, the optimality and the norm equality for k
 k1!0

follow immediately from (3.35). Let .'n/n be a Cauchy sequence in G 1=2 with
respect to l, then .'n/n is also a Cauchy sequence in G , hence converges in G to
an element ' 2 G . Moreover, .S'n/n is a Cauchy sequence in H 1, hence also
convergent to h 2 H 1. Since S is closed it follows that ' 2 domS D G 1=2 and
S' D h, i.e., ' 2 dom l and l.'n � '/ ! 0. ut

Let us now associate a natural operator � to a boundary map 
 . It will turn
out later on (cf. Proposition 3.4.13) that � is the Dirichlet-to-Neumann operator,6

i.e., �' associates to a boundary value ' the “normal derivative” of the associated
solution of the Dirichlet problem h D S'.

Definition 3.4.10. Let� be the operator associated with the quadratic form l. Then
� is called the Dirichlet-to-Neumann operator (at the point z D �1) associated with
the boundary map 
 and the quadratic form h. We denote by G k the natural scale
of Hilbert spaces associated with the self-adjoint operator�, i.e. we set

G k WD dom�k; k'kk WD k�k'kG :

Note that k'k21=2 D k�1=2'k2 D l.'/ D k'k2
G 1=2 , i.e. the setting is compatible

with our previously defined norm in Definition 3.4.8. The exponents in the scale of
Hilbert spaces H k and G k will be consistent with the regularity order of Sobolev
spaces in our main example in Theorem 3.4.39, a boundary triple associated with a
Laplacian on a manifold with boundary.

In the following proposition, we denote the adjoints7 of 
 W H 1 �! G w.r.t. the
inner products in H 1 and G by 
 1�. Similarly, the adjoint of the operator S viewed
as (possibly unbounded) operator from G into H 1 with domain G 1=2 is denoted
by S�1.

Proposition 3.4.11. Let 
 be a boundary map associated with h.

1. We have .G 1 D / dom� D domS�1S and

� D S�1S � 1

k
 k21!0

: (3.36)

6Actually, � will be minus the usual Weyl function due to our sign convention.
7It is easy to see that 
 1� D R
 �W G �! H 1 and S�1 D S�.HN C 1/W H 1 �! G , where

 �W H �1 �! G and S�W G �! H �1 are the duals with respect to the pairing h�; �i

�1;1W H �1�
H 1 �! C.
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In particular, ��1 D 
 
 1� exists and is a bounded operator in G with norm
bounded by k
 k21!0.

2. The operators� and��1 extend to bounded operators

� D S�.HN C 1/S W G 1=2 S�! H 1 H
NC1�! H �1 S�

�! G �1=2;

��1 D 
 .HN C 1/�1
 �W G �1=2 
 �

�! H �1 RN

�! H 1 
�! G 1=2:

respectively.
3. The boundary map 
 is proper (i.e., the boundary triple .
; 
 0;G / is

unbounded) iff � is unbounded.

Proof. (1) The lower bound on � follows from (3.35). Moreover, by definition of
the associated operator (see e.g. [K66, Thm. VI.2.1]) ' 2 dom� iff

l.�; '/ D h�; 'iG 1=2 D hS �; S'iH 1

extends to a bounded functional G ! C, i.e., iff S' 2 domS�1. Moreover,

h';�'iG D h'; 'iG 1=2 D hS'; S'iH 1 D h'; S�1S'iG

for ' 2 dom�. Since S is closed, densely defined and S�1 D 
 W N 1 �! G is
bounded, it follows that the operator S�1 is invertible and .S�1/�1 D 
 1� (cf. [K66,
Thm. III.5.30]), hence��1 D 
 
 1�.

(2) follows immediately from (1) and Footnote 7.
(3) Assume that ran
 D G . Since 
 �N 1 W N 1 �! G is bounded and bijective,

its inverse S is bounded as well by the open mapping theorem. Hence � D S�1S
is bounded. On the other hand, if � is bounded, then l.'/ D kS'k2

H 1 is a bounded
and everywhere defined quadratic form. In particular, S W G �! H 1 is everywhere
defined and bounded. For ' 2 G we then have ' D 
 S' 2 ran
 , i.e., ran
 D G .

ut
Remark 3.4.12.

1. If the boundary triple is bounded, then � is bounded and G k D G for all k � 0.
In particular, we have

k
 k�2k
1!0k'kG � k'kG k � k�kkk'kG :

2. We will show in Corollary 3.4.37 that certain bounded boundary triples naturally
induce ordinary boundary triples. For more results and references on ordinary
boundary triples, we refer to the recent review [BGP08], where also new results
on the absolute and singular continuous spectrum of the Dirichlet-to-Neumann
map and of self-adjoint restrictions of LH are proven.
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In Definition 3.4.31, we define the Dirichlet-to-Neumann operator �.z/
for values z … �.HD/ other than z D �1. In this case, (minus) the
Dirichlet-to-Neumann operator�.z/ is also called Krein’s Q-function, (operator-
valued) Weyl-Titchmarsh, Herglotz or Nevanlinna function in the context of
ordinary boundary triples.

3. Note that
k'k21=2 D k�1=2'k2G D h'; S�1S'iH 1 D k'k2

G 1=2 ;

i.e. the setting is compatible with our previously defined norm on the scale of
order 1=2 in Definition 3.4.8. Moreover, since the Dirichlet-to-Neumann operator
� is a pseudo-differential operator of order 1 in the PDE case, we do not use k=2
as exponent in the norm definition, in order to be consistent with the regularity
orders in the PDE case (see also Corollary 3.5.5).

The name “Dirichlet-to-Neumann operator” will be clear from the following
proposition:

Proposition 3.4.13. Assume that for ' 2 G 1=2, we have additionally h D S' 2
W 2, then �' D 
 0S', i.e. � maps the Dirichlet data onto the Neumann data of
the solution h.

Proof. By assumption, h 2 W 2, so we can apply Green’s formula (3.32b). In
particular,

l. ; '/ D hS ; hiH 1 D h.S ; h/C hS ; hiH D h ;
 0hiG

for all  2 G 1=2, using also Lemma 3.4.7 and the fact that . LH C 1/h D 0 in the
last equality. Since � is the operator associated with l, it follows that �' D 
 0h D

 0S'. ut

Let us now define the Dirichlet solution operator for general values z … �.HD/.
To simplify matters, we assume in the sequel that z 2 C n Œ0;1/ if not stated
otherwise. We start with the definition of weak solutions:

Definition 3.4.14. Set

N 1.z/ WD ˚
g 2 H 1

ˇ
ˇ h.f; g/ D zhf; gi 8f 2 H 1;D

�
:

We say that h is a (weak) solution of the Dirichlet problem with boundary data
' 2 G 1=2 if 
 h D ' and h 2 N 1.z/, or, equivalently, ��DN.H

N �z/h D 0 2 H �1;D.

The following lemma follows easily from the fact that hD is non-degenerative for
z 2 C n �.HD/:

Lemma 3.4.15. The space N 1.z/ is closed in H 1. Moreover, if z 2 C n �.HD/,
then8

8Here, H D H1
PC H2 means that H is the topological sum of H1 and H2, i.e. the sum is direct

(but not necessarily orthogonal), and H1, H2 are closed in H .
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H 1 D H 1;D PC N 1.z/:

If z < 0, then the sum is orthogonal.

Denote by9

RD.z/ WD .HD � z/�1 and RD WD RD.�1/

the resolvent of the Dirichlet operator in z … �.HD/ and in �1. We use a similar
notion for the resolvent of the Neumann operator. Note that we use the symbols
HN and RD.z/ also for the corresponding extensions as operators on the associated
scales of Hilbert spaces.

We will often need the following constant when dealing with norm resolvent
estimates:

Lemma 3.4.16. Let z;w 2 C n Œ0;1/, then

1 � C.z;w/ WD sup
��0

j� � wj
j�� zj < 1: (3.37)

Moreover, if H � 0, then

k.H � w/.H � z/�1k � C.z;w/

for z;w 2 C n RC.

Proof. The boundedness follows easily from the fact that the limit of j� � wj=j�� zj
is 1 as � ! 1, i.e. the fraction extends to a continuous function on Œ0;1� and
attains therefore its maximum (depending of course on z and w). The norm estimate
follows from the continuous functional calculus. ut

The operator S.z/W G 1=2 �! H 1 appearing in the next proposition is named
(weak) Dirichlet solution operator (in z). Recall that S W G 1=2 �! H 1 is the (weak)
Dirichlet solution operator of Definition 3.4.6 (in z D �1). Moreover, �DN is given
in (3.31).

Proposition 3.4.17. Let z 2 C n �.HD/ and ' 2 G 1=2, then the weak Dirichlet
solution h with boundary data ' is unique. Moreover, h D S.z/' with

S.z/ WD SD.z/ WD �
idH 1 ��DNR

D.z/��DN.H
N � z/

�
S W G 1=2 �! N 1.z/ � H 1

is the weak solution of the Dirichlet problem with boundary data '. Finally, the
operator S.z/W G 1=2 �! H 1 has norm bounded by

kS.z/k1=2!1 � 1C C.z;�1/C.�1; z/:

9We often omit the argument z if z D �1, i.e. we write RD D RD.�1/, S D S.�1/ etc.
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Proof. The uniqueness of the weak Dirichlet problem follows from the fact that
hD � z1 is a non-degenerated sesquilinear form on H 1;D if z … �.HD/. Moreover,
the operator S.z/ is properly defined on the corresponding scales of Hilbert spaces.
It is an easy calculation that h D S.z/' is the weak solution with boundary data '.
The norm bound follows from the fact that S is an isometry by definition and
that

kS.z/k1=2!1 � 1C �
�.HN C 1/1=2�DNR

D.z/��DN.H
N C 1/.RN/1=2

�
�
0!0

� 1C k.HD C 1/RD.z/kk.RD/1=2��DN.H
N C 1/1=2kkRN.HN � z/k

� 1C C.z;�1/C.�1; z/:

Note that we used .HN C 1/1=2�DN D .HD C 1/1=2 and k.RD/1=2��DN.H
N C 1/1=2k

D 1. ut
We call a weak solution h D S' with h 2 W 2 a strong solution of the Dirichlet

problem. This is justified, since

N 2.z/ WD ker. LH � z/ � N 1.z/;

as the next proposition shows:

Proposition 3.4.18. Let z 2 C n �.HD/.

1. If ' D 
g with g 2 W 2, then eS.z/' WD g �RD.z/. LH � z/g is well defined.
2. h WD eS.z/' 2 N 1.z/, i.e., h is the weak solution of the Dirichlet problem

(cf. Definition 3.4.14), andeS.z/' D S.z/'. Moreover, h is unique.
3. If10 h D S.z/' 2 W 2, then h is the strong solution of the Dirichlet problem with

boundary value ' D 
 h, i.e.,

. LH � z/h D 0; 
 h D ': (3.38)

In particular, 
 S.z/' D '.

Proof. (1) Assume that 
g1 D 
g2 and g1; g2 2 W 2, then g1 � g2 2 W 2;D �
domHD and RD.z/. LH � z/.g1 � g2/ D g1 � g2, henceeS.z/' is well-defined.

(2) Let g 2 W 2, then RD.z/��.HN � z/g D RD.z/. LH � z/g: Namely we have

hRD.z/��.HN � z/g; f i D h.HN � z/g; �RD.z/f i�1;1 D .h � z/.g;RD.z/f /

D h. LH � z/g;RD.z/f i D hRD.z/. LH � z/g; f i

10Note that h 2 W 2 iff g 2 W 2 is only true if ranRD.z/ D H 2;D � W 2. This is actually an
additional information, provided in the concept of elliptic boundary triples, see Definition 3.4.21.
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for f 2 H , where we used Green’s the third equality. The equality eS.z/' D
S.z/' 2 N 1.z/ now follows from Proposition 3.4.17. (3) follows similarly as in
Lemma 3.4.7. ut

We can now address the solution of the Neumann problem:

Definition 3.4.19. We say that h 2 W 2 is a (strong) solution of the Neumann
problem with boundary data  2 ran
 0 if h 2 N 2.z/ and 
 0h D  , or,
equivalently,

. LH � z/h D 0 and 
 0h D  :

As for the (strong) Dirichlet problem, we can show:

Proposition 3.4.20. Let z 2 C n �.HN/.

1. The solution of the Neumann problem is unique. If  D 
 0g with g 2 W 2, then
SN.z/ WD g � RN.z/. LH � z/g is well defined.

2. If h D SN.z/ 2 W 2 then h is the solution of the Neumann problem with
boundary value  D 
 0h. In particular, 
 0SN.z/ D  . Moreover, h is unique.

We call SN.z/W ran
 0 �! W 2 the Neumann solution operator. We will specify
ran
 0 in the next section.

3.4.2 Elliptic Boundary Triples

We now require more assumptions on the boundary triple in order to ensure that
the space W 2 is chosen large enough. In particular, we assume that the domains
of the Dirichlet and Neumann operator are subsets of W 2, which is actually the
core of elliptic regularity theory for partial differential operators on manifolds with
boundary. Guided by the example of the Laplacian on a manifold with boundary
(see Theorem 3.4.39), we also assume the following conditions on the regularity
order of the boundary maps.

Definition 3.4.21. We call the boundary triple .
; 
 0;G / associated with the
quadratic form h elliptic if the following conditions hold:

1. H 2;D D domHD � W 2 and H 2;N D domHN � W 2,
2. 
 W W 2 �! G 3=2 is bounded and surjective, and
3. 
 0W W 2 �! G 1=2 is bounded and surjective.

We call the last two items the regularity assumptions of the boundary maps.

For elliptic boundary triples, we actually have the natural interpretation of
ker
 \ W 2 DW W 2;D and ker
 0 DW W 2;N:

Proposition 3.4.22. Assume that the boundary triple is elliptic (actually, condi-
tion (1) of Definition 3.4.21 is enough). Then the domains of the Dirichlet and
Neumann operators are given by
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H 2;D D domHD D ˚
u 2 W 2

ˇ
ˇ
 u D 0

�
; (3.40a)

H 2;N D domHN D ˚
u 2 W 2

ˇ
ˇ
 0u D 0

�
(3.40b)

and VW 2 D H 2;D \ H 2;N. Moreover, W 2 is dense in H 1.

Proof. The assertions on the domains of the Dirichlet and Neumann operators
follow immediately from Proposition 3.4.5 and Definition 3.4.21 (1). For the last
assertion, note that H 2;N � W 2 � H 1. Since the operator domain H 2;N D
domHN is a form core for the corresponding quadratic form domain H 1 D dom h,
cf. [K66, Thm. VI.2.1], the assertion follows. ut

For elliptic boundary triples, we have the following bounded embeddings (recall
that we endow domHD D H 2;D with its graph norm given by the natural scale of
Hilbert spaces, and similarly for the Neumann operator):

Proposition 3.4.23. Let .
; 
 0;G / be an elliptic boundary triple then

�ell;DW H 2;D ,! W 2 and �ell;NW H 2;N ,! W 2

are bounded operators.

Proof. The embedding �ell;DW H 2;D ,! W 2;D is actually a bijection with bounded
inverse, since

kf k2;D D k.HD C 1/f k D k. LH C 1/f k � .k LHkW 2!H C k�W 2,!H k/kf kW 2

for f 2 H 2;D � W 2. By the closed graph theorem, it follows that �ell;D is also
bounded. The argument in the Neumann case is similar. ut

Let us give a condition assuring the ellipticity; the converse of Proposition 3.4.23.
Actually, we could use (3.41) as definition of ellipticity instead of the first condition
in Definition 3.4.21.

Proposition 3.4.24. Let .
; 
 0;G / be a boundary triple such that there exists a
constant C > 0 with

kf k2W 2 � C
�k LHf k2 C kf k2� (3.41)

for all f 2 W 2;D [ W 2;N. Then the boundary triple fulfils the first condition of
Definition 3.4.21, i.e., domHD � W 2 and domHN � W 2.

Proof. Note first, that for f 2 W 2;D WD W 2 \ domHD, we have LHf D HDf

(Proposition 3.4.5). Let LHD be the restriction of LH to W 2;D. If fn 2 W 2;D and
f; g 2 H with fn ! f and LHDfn ! g, then .fn/ is a Cauchy sequence in W 2;D

by (3.41). Moreover, W 2;D is closed in W 2, and therefore itself complete. Thus,
fn ! ef in W 2;D ,! H . Since fn ! f in H , we have f D ef . It is now easy
to see that LHDf D g, and therefore, LHD is closed. Moreover, LHD is non-negative.
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Since dom LHD � domHD and h LHDf ; gi D hD.f; g/ for all f 2 dom LHD and
g 2 domhD using Green’s formula, one sees that LHD D HD: Indeed, the equality
follows by the uniqueness of the operatorHD associated with the non-negative form
hD (cf. [K66, Thm. IV.2.1]).

The argument for the Neumann operator is similar. ut
Remark 3.4.25. The boundedness of the embeddings �ell;DW H 2;D ,! W 2 for the
Dirichlet domain and �ell;NW H 2;N ,! W 2 for the Neumann domain is basically
the core of elliptic (L2-)regularity theory in the case of PDEs: The boundedness
means that we can estimate the Sobolev norm on W 2 by the graph norm of HD,
i.e. that

kuk2W 2 � Ckuk22;D D Ck.HD C 1/uk2

for u 2 H 2;D, and similarly for the Neumann operator (as in the previous
proposition). Note that the constant C will depend on the concrete manifold or
on the open set in a complicated way, and it seems to be hopeless to control the
constant if the manifold depends on some shrinking parameter as in our case.
We therefore have to avoid this embedding in quantitative estimates. Nevertheless,
the boundedness is needed in qualitative statements, e.g., for the holomorphy of
certain families of resolvents in Sect. 3.6. We will sometimes refer to norms, which
can be expressed in terms of k
 k1!0 and of the resolvent parameter z only, as
naturally bounded. Note that k
 k1!0 can be controlled explicitly in our examples
(see e.g. Propositions 6.1.4 and 6.2.9).

Let us now analyse when a boundary triple with finite-dimensional boundary
space is elliptic. Note that such a boundary triple is bounded since� is bounded, cf.
Proposition 3.4.11).

Proposition 3.4.26. If the boundary space G of a boundary triple .
; 
 0;G / is
finite-dimensional, if 
 0.W 2/ D G and if (3.41) holds for f 2 W 2;D [ W 2;N, then
the boundary triple is elliptic.

Proof. We have 
 0.W 2/ D G D G 1=2 by assumption. Moreover, let ' 2 G .
Since ran
 D G (again by density of the range), there exists f 2 H 1 such that

f D '. Moreover, by Proposition 3.4.24, the first condition of Definition 3.4.21
is fulfilled, hence we can apply Proposition 3.4.22, and therefore, W 2 is dense in
H 1. In particular, there exist fn 2 W 2 such that fn ! f in H 1, and hence

fn ! 
f D ' in G . We therefore have shown that 
 .W 2/ is dense in G , hence

 .W 2/ D G . ut
Note that we cannot drop the assumption (3.41). An example is given by a half-
line model on H D L2.RC/ with G D C and K D 0 (see Sect. 3.5.1 and
Remark 3.4.4 (4)). If we choose W 2 too small, for example W 2 D H3.RC/, then
domHD D f f 2 H2.RC/ j f .0/ D 0 g is not a subset of W 2.

Let us now specify how the regularity assumptions of Definition 3.4.21 affect the
solution operators. For the rest of the section, we assume that z 2 C n Œ0;1/.
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Proposition 3.4.27. Let .
; 
 0;G / be an elliptic boundary triple. Then we have:

1. Let z … �.HD/, then the restriction of the weak Dirichlet solution operator
(cf. Proposition 3.4.17) to G 3=2 maps into W 2 and is bounded as operator

S.z/W G 3=2 �! W 2 (3.42a)

with right inverse 
 W W 2 �! G 3=2. Moreover, S.z/W G 3=2 �! N 2.z/ is a
topological isomorphism, and P 2;D.z/ WD S.z/
 W W 2 �! W 2 is the projection
onto N 2.z/ along H 2;D.

2. Let z … �.HN/, then the Neumann solution operator (cf. Proposition 3.4.20) is
bounded as operator

SN.z/W G 1=2 �! W 2 (3.42b)

with right inverse 
 0W W 2 �! G 1=2. Moreover, SN.z/W G 1=2 �! N 2.z/ is
a topological isomorphism, and P 2;N.z/ WD SN.z/
 0W W 2 �! W 2 is the
projection onto N 2.z/ along H 2;N.

Proof. (1) Let ' 2 G 3=2, then by Definition 3.4.21 (2) and Proposition 3.4.18, there
exist g 2 W 2 such that 
 ' D g and S.z/' D g � RD.z/. LH � z/g 2 W 2,
and finally, 
 S.z/' D '. Moreover, since ker.
 W W 2 �! G / D H 2;D by
Proposition 3.4.22, the operator 
 W N 2.z/ �! G 3=2 is injective, and bounded and
surjective by Definition 3.4.21, hence, by the closed graph theorem, its inverse S.z/
is also bounded. (2) The same arguments holds for the Neumann case. ut
In contrast to the case of ordinary boundary triples (where one can choose the graph
norm of LH on W 2, see [BGP08, Prp. 1.9]), it is not clear to us whether the norm on
W 2.z/ is in general equivalent to the norm on H .

The following is a useful way how to prove that a boundary is elliptic:

Proposition 3.4.28. Assume that .
; 
 0;G / is a boundary triple such that:

1. The elliptic estimate (3.41) holds (or, alternatively, we have domHD � W 2 and
domHN � W 2),

2. The boundary maps 
 W W 2 �! G 3=2 and 
 0W W 2 �! G 1=2 are bounded, and
that

3. The Dirichlet solution operator (in z D �1) fulfils S' 2 W 2 for all ' 2 G 3=2.

Then the boundary triple is elliptic.

Proof. The only point to check is the surjectivity of the boundary maps: For 
 this is
clear, since the Dirichlet solution operator is a right inverse for 
 , hence ' D 
 S'

for ' 2 G 3=2. For 
 0, we show that

eSN WD S��1W G 1=2 �! W 2

is indeed the Neumann solution operator: Let h WD eSN for  2 G 1=2. Then

h
f ; 
 0hi D .h C 1/.f; h/ D h
f ;�
 hi�1=2;1=2
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for f 2 N 1 using Green’s formula (3.32b), since h 2 W 2 and . LH � z0/h D 0. But
since �
 h D  , we have 
 0h D  . By the uniqueness of the Neumann solution,
we obtain eSN' D SN' (see Proposition 3.4.20). Hence, we have  D 
 0eSN for
 2 G 1=2, and the surjectivity of 
 0 follows. ut

Let us now describe the solution operator via its adjoint. The following operator
B.z/ will be useful in Krein’s resolvent formula of Theorem 3.4.44:

Lemma 3.4.29. Assume that the boundary triple .
; 
 0;G / is elliptic and that z 2
C n �.HD/. Then the operator

B.z/ WD �
 0�ell;DR
D.z/W H RD.z/�! H 2;D ,! W 2 
 0

�! G

is bounded. Moreover, for ' 2 G 1=2, we have

B.z/�' D S.z/'

and S.z/ extends to a bounded operator G ! H .

Proof. The boundedness of the operator B.z/ follows from Proposition 3.4.23 and
Definition 3.4.21 (3). Let ' 2 G 1=2, then h WD S.z/' 2 H 1. Moreover, for g 2
H 2;D we have

h.HD � z/g; hi D h.g; h/ � zhg; hi � h
 0g; 
 hiG D �h
 0g; 'iG

using Green’s formula and the fact that h is a weak solution. In particular, by the
definition of the adjoint map, .HD�z/g 2 domS.z/� and S.z/�.HD�z/g D �
 0g,
i.e.

S.z/� D �
 0RD.z/ D B.z/W H �! G :

Finally, S.z/ extends to a bounded operator S.z/�� D B.z/� from G into H since
B.z/ is bounded. ut

The Neumann solution operator SN.z/ is related to the adjoint of another
naturally defined operator:

Lemma 3.4.30. Assume that z 2 C n �.HN/, then the operator

A.z/ WD 
RN.z/W H RN.z/�! H 2;N ,! H 1 
�! G

is bounded. Moreover, for ' 2 G 1=2, we have

A.z/�' D SN.z/'

and the Neumann solution operator SN.z/ extends to a bounded operator G ! H .
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Proof. Let ' 2 G 1=2, then h WD SN.z/' 2 W 2 by Proposition 3.4.27 (2). Moreover,
for g 2 H 2;N we have

h.HN � z/g; hi D hg; .HN � z/hi C h
g; 
 0hiG D h
g; 'iG :

Here, we have used Green’s formula twice and the fact that h is a solution. In
particular, .HN � z/g 2 domSN.z/� and SN.z/�.HN � z/g D 
g, i.e.

SN.z/� D 
RN.z/ D A.z/W H �! G :

Finally, SN.z/ extends to a bounded operator SN.z/�� D A.z/� from G into H and
the result follows. ut

We can now define the Dirichlet-to-Neumann map for general z … �.HD/:

Definition 3.4.31. Let .
; 
 0;G / be an elliptic boundary triple. We call the
operator

�.z/ WD 
 0S.z/W G 3=2 S.z/�! W 2 
 0

�! G 1=2

the Dirichlet-to-Neumann operator in z 2 C n �.HD/.

Note that �.�1/' D �' for ' 2 G 3=2 (see Proposition 3.4.13), where � was
defined in (3.36)). We need the following relation of �.z/ with �:

Proposition 3.4.32. Assume that .
; 
 0;G / is an elliptic boundary triple, and that
z 2 C n �.HD/, then�.z/�� extends to a bounded operator (denoted by the same
symbol)

�.z/ �� D .z C 1/BB.z/�W G �! G :

Moreover, �.z/W G 1 �! G is bounded.

Proof. Let '; 2 G 3=2, then by ellipticity, f D S' and g D S.z/ are both in
W 2. Now, we have

0 D hf; . LH � z/gi � h. LH C 1/f ; gi
D h
 0f ; 
 giG � h
f ; 
 0giG � .z C 1/hf; gi
D h�'; iG � h';�.z/ iG � .z C 1/hS'; S.z/ i

using Green’s formula (3.32b) for the second equality, and the definition of � and
�.z/ in the third equality. By Lemma 3.4.29, S.z/ extends to a bounded operator
B.z/�W G �! H , and similarly for S DS.�1/, so that the boundedness of
�.z/ �� follows. Finally,
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k�.z/'kG � k�'kG C jz C 1jkBB.z/�'kG � k'kG 1 C jz C 1jkBkkB.z/kk'kG

and we are done. ut
The boundedness of �.z/W G 1 �! G can be interpreted by saying that �.z/ is an
operator of order 1.

Remark 3.4.33. Note that the difference �.z/ � � is not naturally bounded (see
Remark 3.4.25), since kSk D kBk � k
 0k2!0k�ell;Dk by Lemma 3.4.29 and
similarly for kS.z/k D kB.z/k, i.e. the norm contains estimates on 
 0 and the
elliptic embedding.

Proposition 3.4.34. Assume that z 2 C n RC, then the Dirichlet-to-Neumann map
�.z/W G 3=2 �! G 1=2 is bijective. Moreover, its inverse �.z/�1W G 1=2 �! G 3=2

extends to a bounded operator (denoted by the same symbol) �.z/�1W G �1=2 �!
G 1=2 given by

�.z/�1 D 
RN.z/
 �W G �1=2 
 �

�! H �1 RN.z/�! H 1 
�! G 1=2

and this operator is naturally bounded by

k�.z/�1k�1=2!1=2 D kA.z/k�1!1=2 � C.z;�1/: (3.43)

Proof. Consider A.z/ as operator

A.z/ D 
RN.z/W H �1 RN.z/�! H 1 
�! G 1=2:

Let ' 2 G 3=2. Since �.z/' 2 G 1=2, we have h D A.z/��.z/' D SN.z/�.z/'
by Lemma 3.4.30. Moreover, we have 
 h D ', so that ' D 
A.z/��.z/'. In
particular, we have shown that �.z/ is injective as operator G 3=2 ! G 1=2. By
definition and the regularity assumptions, �.z/ is also surjective, hence bijective.
Clearly, 
RN.z/
 � as operator G �1=2 ! G 1=2 extends the inverse as operator
G 1=2 ! G 3=2. The norm estimate follows from

k�.z/�1k�1=2!1=2 D k
A.z/�k�1=2!1=2 D kA.z/�k�1=2!1 D kA.z/k�1!1=2

D k
RN.z/k�1!1=2 D kRN.z/k�1!1 � C.z;�1/;

where C.z;�1/ is defined in (3.37) ut
Note that we have just shown the following relation between the Dirichlet and

Neumann solution operator

S.z/ D S.z/N�.z/W G 3=2 �! W 2 and SN.z/ D S.z/�.z/�1W G 1=2 �! W 2:

(3.44)
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3.4.3 Relation with Other Concepts of Boundary Triples
and Examples

In this subsection, we compare our notion of boundary triple with the one introduced
in [BL07, Def. 2.1] and with ordinary boundary triples. Moreover, we present
our two main examples, namely boundary triples associated with a manifold with
boundary and to a metric graph.

Definition 3.4.35. Let A be a closed operator in a Hilbert space H . We call
.
0; 
1;G / a quasi-boundary triple for A� if there is a dense subspace W 2

of domA� such that 
0; 
1W W 2 �! G are linear maps with the following
properties:

1. The joint boundary operator .
0; 
1/W W 2 �! G defined by .
0; 
1/f D 
0f ˚

1f has dense range;

2. AD WD A�ker
0 is self-adjoint;
3. Green’s formula (3.29) holds for f; g 2 W 2.

Proposition 3.4.36. Assume that .
; 
 0;G / is an elliptic boundary triple associ-
ated with the quadratic form h such that 
 0.H 2;D/ D G 1=2. Then .
 �W 2 ; 
 0;G /
is a quasi-boundary triple associated with VH�, where VH WD LH� VW 2 .

Proof. We set A WD VH . Note first that A is a closed operator as the intersection of
the two self-adjoint operators HD and HN and that A�ker
0 D HD is self-adjoint
(see Proposition 3.4.22), using the first assumption of ellipticity only. It is easy to
see from Green’s formula (3.32b) for the operator and quadratic form that Green’s
formula (3.29) for the operator holds. Moreover, W 2 is dense by assumption and
W 2 � domA� follows easily by (3.29), since the boundary terms vanish.

For the density condition on the joint boundary operator, let '; 2 G . Since
G 3=2 and G 1=2 are dense in G , we have sequences f'ngn � G 3=2 and f ngn � G 1=2

such that 'n ! ' and  n !  in G . Moreover,�'n 2 G 1=2 by Definition 3.4.10.
Now, by assumption, there is fn 2 H 2;D such that
 0fn D  n��'n. Finally, we set
hn WD S'nCfn, then 
 hn D 'n ! ' and 
 0hn D 
 0S'nC n��'n D  n !  ,
which shows the density. ut

In particular, we can use a characterisation of quasi-boundary triples for being
ordinary boundary triples (namely, we only have to replace “has dense range” by “is
surjective” in Definition 3.4.35 (1)), given in [BL07, Cor. 3.2]:

Corollary 3.4.37. Assume that .
; 
 0;G / is a bounded, elliptic boundary triple

associated with the quadratic form h such that 
 0.H 2;D/ D G . Then LH D VH� and

.
 �W 2 ; 
 0;G / is an ordinary boundary triple associated with VH�, where VH WD
LH� VW 2

.

Proof. Since .
 �W 2 ; 
 0;G / is a quasi-boundary triple by the previous proposition,
we only have to show that the joint boundary operator .
; 
 0/W W 2 �! G ˚ G
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is surjective (see [BL07, Cor. 3.2]): Let '; 2 G , then by assumption, there is
f 2 H 1;D such that 
 0f D  � �'. Set h WD S' C f , then h 2 W 2 since
the boundary triple is elliptic. Finally, we have 
 h D ' and 
 0h D  , and the
surjectivity follows. ut
Remark 3.4.38. The condition 
 0.H 2;D/ D G 1=2 (resp. 
 0.H 2;D/ D G ) in the
previous two results is an extra condition, which does not follow from our abstract
setting. For example, the condition follows from the existence of an “extension
operator”, a right inverseEW G 3=2 �! W 2 of 
 (i.e., 
E' D ') with the additional
property that u D E' fulfils 
 0u D 0 (see the proof of Theorem 3.4.39 (4) below).
In our main examples below, the existence of such a right inverse is assured.

The following theorem presents the main example from PDE theory, explaining
the notion “elliptic”. We call the boundary triple constructed below the boundary
triple associated with a manifold. For the notion of Sobolev spaces of order 1 and
other notation related to manifolds see Sect. 5.1.3. Sobolev spaces of higher order
on compact manifolds can be introduced via a covariant derivative (see e.g. [He96])
or locally via a partition of unity (see e.g. [Ros97, LPPV08]).

Theorem 3.4.39. Assume that X is a compact d -dimensional manifold (d � 2)
with smooth boundary @X . We set

H WD L2.X/; H 1 WD H1.X/ h.u/ WD kduk2;
G WD L2.@X/; 
 u WD u�@X ; 
 0u WD @nu�@X ;

where @nu is the outwards normal derivative on @X . Then the following assertions
hold:

1. .
; 
 0;G / is an elliptic boundary triple with W 2 D H2.X/ and LH is the
Laplacian on H2.X/ fulfilling no boundary condition.

2. HD and HN are the Laplacians on X with Dirichlet and Neumann bound-
ary conditions on @X , respectively. Moreover, �.z/ is the usual Dirichlet-to-
Neumann operator.

3. The scale of Hilbert spaces on the boundary space is given by G k D Hk.@X/.
4. We have 
 0.H 2;D/ D G 1=2 so that .
 �W 2 ; 
 0;G / is a quasi-boundary triple

associated with VH�, where VH is the minimal operator, the closure of the
Laplacian on smooth functions with support away from the boundary.

Proof. (1) Most of the assertions of a boundary triple are easily seen. For the
ellipticity, we recall that the a priori estimate (3.41) is fulfilled by standard elliptic
regularity theory (see e.g. [Ta96, Thm. 5.1.3]). The regularity assumptions on the
boundary maps, i.e., 
 .H2.X// D H3=2.@X/ and 
 0.H2.X// D H1=2.@X/ are also
standard facts, see e.g. [LM68, Gru68]. Therefore, the boundary triple is elliptic.

(2) follows from Proposition 3.4.22 and Definition 3.4.31. Moreover, (3) follows
from the fact that the Dirichlet-to-Neumann operator � is an elliptic pseudo-
differential operator of order 1, and hence k'kk D k�k'k defines a norm equivalent
to any norm on Hk.@X/.
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For the final assertion (4), consider an extension operator EW H3=2.@X/ �!
H2.X/, i.e., a right inverse of 
 (
E' D ') with the additional property that

 0E' D 0 (see Remark 3.4.38). Note that such an extension exists: in a collar
neighbourhood of @X choose u D E' to be constant in the normal direction.
Then G 3=2 � 
 .H 2;D/ follows: Let  2 G 3=2 and set h WD SN . By elliptic
regularity, we have h 2 H2.X/. Set u D h � E
 h. Then 
 u D 
 h � 
 h D 0 and

 0u D 
 0h � 0 D  , i.e.,  2 
 0.H 2;D/. The assertion on the quasi-boundary
triple follows from Proposition 3.4.36. ut

Let us now consider the case when we only consider a part Y of the entire
boundary @X as “boundary” in the sense of boundary triples. On the remaining
part Z WD @X n Y we assume a Neumann condition:

Theorem 3.4.40. Assume that X is a compact d -dimensional manifold (d � 2)
with piecewise smooth boundary @X such that Y ¨ @X is a smooth manifold with
boundary of dimension d � 1 (having possibly several components). We assume
that near Y , the manifold has a collar neighbourhood U isometric to a product
Œ0; `�� � Y .11 We set

H WD L2.X/; H 1 WD H1.X/ h.u/ WD kduk2;
G WD L2.Y /; 
 u WD u�Y ; 
 0u WD @nu�Y ;

where @nu is the outwards normal derivative on Y (in the collar coordinates .s; y/ 2
U , @nu D �@su). Then the following assertions hold:

1. .
; 
 0;G / is an elliptic boundary triple with

W 2 D f u 2 H2.X/ j @nu�Z D 0 g;

and LH is the Laplacian on W 2 fulfilling a Neumann condition on Z.
2. HD is the Laplacian onX with Dirichlet condition on Y and Neumann condition

on Z, andHN is the Laplacian onX with Neumann condition on @X . Moreover,
�.z/ is the usual Dirichlet-to-Neumann operator associating to the boundary
data ' on Y the normal derivative on Y of the Dirichlet solution h 2 W 2 with
Neumann condition on Z.

3. The scale of Hilbert spaces G k (defined as dom�k with norm k'kG k D
k�k'kG ) is equivalent with the scale of Hilbert spaces G k.�N

Y / associated with
the Neumann Laplacian on Y (with norm k'kG k.�N

Y /
D k.�N

Y C 1/k=2'kG ).

4. We have 
 0.H 2;D/ D G 1=2 so that .
 �W 2 ; 
 0;G / is a quasi-boundary triple

associated with VH�. Here, VH is the minimal operator, i.e., the Laplacian with
Neumann condition on @X and Dirichlet condition on Y .

11We assume the product structure near Y for simplicity only. Smooth deformations of this
situations still lead to the same result.
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Proof. The proof is very much the same as the one of Theorem 3.4.39. (1) For
the ellipticity, we recall that the a priori estimate (3.41) depends only on the local
structure of the boundary. We have assumed here the product structure of the collar
neighbourhood U , so that we can also use arguments as in Sect. 3.5, especially as
in Theorem 3.5.6 for the proof of ellipticity (including the regularity assumptions

 .W 2/ D G 3=2 and 
 0.W 2/ D G 1=2). For a discussion of a priori estimates for
domains with non-smooth boundary, we refer to [Grv85], e.g., Thm. 4.3.1.4 for
polygons, or to the recent survey [Da08]. (2) is obvious.

For (3), we again refer to the discussion in Sect. 3.5, especially to Corollary 3.5.5.
Note that the behaviour of the boundary maps depends only on the behaviour on U .
Moreover,� is an elliptic pseudo-differential operator of order 1.

The final assertion (4) can be seen as in Theorem 3.4.39. ut
Similarly, we consider the case where we assume a Dirichlet condition on

the on the remaining part Z D @X n Y . The proof is analogous to the one of
Theorem 3.4.40.

Theorem 3.4.41. Let X , Y � @X as in Theorem 3.4.40. We set

H WD L2.X/; H 1 WD H1.X;Z/ D f u 2 H1.X/ j u�Z D 0 g h.u/ WD kduk2;
G WD L2.Y /; 
 u WD u�Y ; 
 0u WD @nu�Y :

Then the following assertions hold:

1. .
; 
 0;G / is an elliptic boundary triple with

W 2 D f u 2 H2.X/ j u�Z D 0 g;

and LH is the Laplacian on W 2 fulfilling a Dirichlet condition on Z.
2. HD is the Laplacian on X with Dirichlet condition on @X , and HN is the

Laplacian on X with Neumann condition on Y and Dirichlet condition on Z.
Moreover, �.z/ is the usual Dirichlet-to-Neumann operator associating to the
boundary data ' on Y the normal derivative on Y of the Dirichlet solution
h 2 W 2 with Dirichlet condition on Z.

3. The scale of Hilbert spaces G k (defined as dom�k with norm k'kG k D
k�k'kG ) is equivalent with the scale of Hilbert spaces G k.�D

Y / associated with
the Dirichlet Laplacian on Y (with norm k'kG k.�N

Y /
D k.�D

Y C 1/k=2'kG ).

4. We have 
 0.H 2;D/ D G 1=2 so that .
 �W 2 ; 
 0;G / is a quasi-boundary triple

associated with VH�. Here, VH is the minimal operator, i.e., the Laplacian with
Dirichlet condition on @X and Neumann condition on Y .

Remark 3.4.42.

1. If @X is smooth, then the norm bound on 
 W H1.X/ �! L2.@X/ will depend on
the geometry near @X ,! X . Basically, we have the behaviour k
 k21!0 � C`�1� ,
where `� is the width of a collar neighbourhood @X � Œ0; `�� of @X . Moreover,
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the metric on the collar neighbourhood is of the form ds2 C hs , and C depends
on the behaviour of the metric hs on @X compared with h0. We will calculate
k
 k1!0 in an example in Proposition 6.2.9, an abstract version can be found in
Corollary A.2.7.

2. One can extend the above example of a boundary triple associated with a
manifoldX also to certain examples of non-compact manifoldsX with compact
boundary @X . Actually, the boundary map 
 W H1.X/ �! L2.@X/ and its derived
objects such as the Neumann and Dirichlet operator, the (weak) Dirichlet solution
operator and the Dirichlet-to-Neumann map are still defined for a general non-
compact manifold with compact boundary @X , but for further objects such as the
second order space W 2, it is not a priori clear what space to use.

For example, if we define the norm on H2.X/ locally via an atlas A , the
space H2.X/ D H2.X;A / depends on the choice of A , and may even differ
as vector space for different atlases (see e.g. [LPPV08, App.]). In Sects. 3.5–3.8
we present a concept of boundary triples which allows non-compact manifolds,
decomposing into a compact part and cylindrical ends. For such spaces, we can
control the H2-norm on the infinite ends (see Proposition 3.5.4).

Example 3.4.43. We constructed a boundary triple associated with a quantum graph
.G;V / with boundary @G � G in Sect. 2.2.3. It is shown in Proposition 2.2.18 that
this boundary triple is bounded, elliptic and associated with an ordinary boundary
triple in the sense of Corollary 3.4.37.

3.4.4 Krein’s Resolvent Formulas and Spectral Relations

Krein’s resolvent formula relate the resolvent of different self-adjoint extensions of
a symmetric operator. Here, we only compare the Dirichlet and Neumann operator.
Recall the definition of B.z/ and A.z/ in Lemmata 3.4.29 and 3.4.30. The main
result in this context is the following:

Theorem 3.4.44 (“Krein’s resolvent formula”). Assume that .
; 
 0;G / is an
elliptic boundary triple. Let z 2 Cn .�.HD/[�.HN//, then the resolvent difference
can be expressed by the chain of bounded operators

RN.z/� RD.z/ D A.z/�B.z/W H B.z/�! G
A.z/��! H

D B.z/��.z/�1B.z/W H B.z/�! G
�.z/�1�! G

B.z/��! H and (3.45a)

RN.z/� RD.z/ D S.z/�.z/�1B.z/W H B.z/�! G 1=2 �.z/
�1

�! G 3=2 S.z/�! W 2: (3.45b)

Moreover, the resolvent difference extends to a bounded operator

RN.z/� �DNR
D.z/��DN D S.z/�.z/�1S.z/�W H �1 S.z/��! G �1=2 �.z/�1�! G 1=2 S.z/�! H 1:

(3.45c)
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Proof. Set u D RN.z/eu and v D RD.z/ev. By the ellipticity, namely its first condi-
tion, u; v 2 W 2. Therefore, we can apply Green’s formula (3.32b) twice and obtain

heu; .RN.z/� RD.z//evi D hu;HDvi � hHNu; vi D h
 u;�
 0viG

D heu; A.z/�B.z/eui:

In particular,

RN.z/ �RD.z/ D A.z/�B.z/ D �

RN.z/

��
B.z/

D �


�
RD.z/CA.z/�B.z/

���
B.z/ D B.z/�

�

A.z/�

��
B.z/

since 
RD.z/ D 0. Moreover,


A.z/� D 
 SN.z/ D �.z/�1W G �! G

due to Lemma 3.4.30 and Proposition 3.4.34. In particular, (3.45a) follows.
Equation (3.45b) can be seen from the ellipticity of the boundary triple and Propo-
sition 3.4.34. Equation (3.45c) is a consequence of the fact that S.z/�W H �1 �!
G �1=2 extends B.z/ and that B.z/� restricts to S.z/ by Lemma 3.4.29. ut

Let us deduce some consequences of Krein’s resolvent formula (based on results
in [BGP08]):

Theorem 3.4.45. Assume that .
; 
 0;G / is an elliptic boundary triple. Then the
following assertions are true:

1. Let z … �.HD/, then

ker.HN � z/ D S.z/ ker�.z/; (3.46a)

where �.z/ D 
 0S.z/W G 3=2 �! G 1=2, and S.z/ is bijective as map between the
kernels.

2. For � … �.HD/, we have the spectral relation

� 2 �.HN/ , 0 2 �.�.�//: (3.46b)

Moreover, the multiplicity of an eigenspace is preserved.
3. Assume in addition that the boundary triple is bounded (i.e. that � is bounded)

and that 
 0.H 2;D/ D G , then the spectral relation (3.46b) remains true for the
spectral types pp, disc, ess, i.e. for the pure point (set of all eigenvalues), discrete
and essential spectrum.

4. Assume in addition to (3) that .a; b/ \ �.HD/ D ;, i.e. .a; b/ is a spectral gap
for HD. Moreover, assume that the Dirichlet-to-Neumann map has the special
form
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�.z/ D
«� �m.z/

n.z/
;

where «� is a bounded, self-adjoint operator on G and where m; n are functions
holomorphic on .C nR/[ .a; b/ and n.�/ ¤ 0 on .a; b/. Then for � 2 .a; b/ we
have

� 2 ��.HN/ , m.�/ 2 ��. «�/
for all spectral types, namely, � 2 f;; pp; disc; ess; ac; sc; pg, the entire, pure
point, discrete, essential, absolutely continuous, singular continuous and point
spectrum (�p.A/ D �pp.A/). Finally, the multiplicity of an eigenspace is
preserved.

Proof. (1) Assume that h 2 ker.HN � z/. By ellipticity, we have h 2 W 2 and ' WD

 h 2 G 3=2. By definition of the Dirichlet solution operator, we have h D S.z/', so
that

�.z/' D 
 0S.z/' D 
 0h D 0 (3.47)

using Proposition 3.4.22 for the characterisation of the Neumann operator domain.
For the opposite inclusion, let ' 2 ker�.z/. By definition, ' 2 G 3=2, so that
the regularity assumptions of the ellipticity imply h D S.z/' 2 W 2. It follows
from (3.47) and Proposition 3.4.5, that h 2 domHN and therefore h 2 ker.HN �z/.
In particular, (3.46a) is shown, as well as the surjectivity of S.z/ as map between
the kernels. The injectivity is clear, since S.z/ has a left inverse, namely 
 .

(2) Let 0 … �.�.z/�1/. By (3.45a), RN.z/ D RD.z/ C B.z/��.z/�1B.z/ is
bounded, and therefore z 2 Cn�.HN/. For the opposite inclusion, let z 2 Cn�.HN/.
By Proposition 3.4.34, the operator �.z/�1 D 
RN.z/
 � is bounded as operator
G �1=2 ! G 1=2, hence also as operator on G . In particular, 0 2 �.�.z/�1/.

(3) follows from the fact that a bounded elliptic boundary triple is naturally asso-
ciated with an ordinary boundary triple (Corollary 3.4.37) and [BGP08, Thm. 3.3].
Finally, (4) follows from [BGP08, Thm. 3.16]. Note that the special form of �.z/
already implies that � D �.�1/ is bounded, and therefore the boundary triple is
bounded. ut
Remark 3.4.46. We used the condition 
 0.H 2;D/ D G only to ensure that we have
an associated ordinary boundary triple, in order to apply the results of [BGP08]. It
is not clear to us whether this condition is really needed in this context. Moreover,
we are confident that one may prove a similar result for unbounded boundary triples
as in Theorem 3.4.45 (3) and (4) under suitable conditions. We want to treat these
questions in a future publication.

We end this section with the construction of an extended self-adjoint operator
associated with a boundary triple (for simplicity bounded), motivated by a similar
construction on quantum graphs (see Sect. 2.3):

Definition 3.4.47. Let .
; 
 0;G / be a bounded, elliptic boundary triple, and let L
be a bounded operator on G . The associated extended Hilbert space is given by

OH WD H ˚ G , and similarly, the extended quadratic form OhL is defined by
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OhL. Of / WD h.f /; Of D .f; F / 2 dom OhL WD OH 1
L ;

where
OH 1
L WD ˚

.f; F / 2 H 1 ˚ G
ˇ
ˇ
f D LF

�
: (3.48)

Proposition 3.4.48. Assume that .
; 
 0;G / is a bounded, elliptic boundary triple
such that 
 0.H 2;D/ D G , and L a self-adjoint bounded operator on G . Then the
extended quadratic form OhL is closed and non-negative. Moreover, the associated
self-adjoint operator is given by

OHL
Of D . LHf;L
 0f / for Of D .f; F / 2 dom OHL D OH 2

L ;

where
OH 2
L WD ˚

.f; F / 2 W 2 ˚ G
ˇ
ˇ
f D LF

�
:

Proof. The closeness of OhL follows from the fact that OH 1
L is a closed subspace of

H 1 ˚ G , since 
 and L are bounded. The statement on the associated operator
follows by an obvious calculation, using Green’s formula (3.32b). Moreover, from

Corollary 3.4.37 it follows that dom VH� D W 2, where VH D LH� VW 2 , so that in

particular, dom OHL � W 2 ˚ G . ut
We mention the special case L D 0:

Corollary 3.4.49. Assume that .
; 
 0;G / is a bounded, elliptic boundary triple
such that 
 0.H 2;D/ D G . Then the extended quadratic form Oh0 and the corre-
sponding extended operator OH0 associated with L D 0 are given by

Oh0 D hD ˚ 0 and OH0 D HD ˚ 0;

where 0 and 0 are the trivial form and operator on G , respectively.

Let us now relate the spectrum of OHL with the one of �.z/:

Theorem 3.4.50. Assume that .
; 
 0;G / is a bounded, elliptic boundary triple
such that 
 0.H 2;D/ D G . Then the following assertions are true:

1. For z … �.HD/, we have

ker. OHL � z/ D OS.z/ ker
�
L�.z/L � z

�
(3.49)

where OS.z/W G �! OH 2
L � W 2 ˚ G and OS.z/F WD .S.z/LF; F /. Moreover,

OS.z/ is an isomorphism between the above spaces.
2. Assume that � 2 R n �.HD/, then � is an eigenvalue of OHL iff ker.L�.z/L � z/

is non-trivial. Moreover, the multiplicity of the (eigen)spaces is preserved.
3. Assume that .a; b/\ �.HD/ D ;, i.e. .a; b/ is a spectral gap forHD. Moreover,

assume thatL D L0 idG for someL0 2 Rnf0g. Assume finally, that the Dirichlet-
to-Neumann map has the special form
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�.z/ D
«� �m.z/

n.z/
;

where «� is a bounded, self-adjoint operator on G and where m; n are functions
on .C n R/ [ .a; b/ such that n.�/ ¤ 0 for � 2 .a; b/. Then for � 2 .a; b/,

� is an eigenvalue of OHL , OmL0.�/ is an eigenvalue of «�;

where
OmL0.�/ D L�2

0 zn.�/Cm.�/:

Proof. (1) Note first, that OS.z/F D .S.z/LF; F / fulfils the coupling condition,
sinceLF D 
 S.z/LF . Let .f; F / 2 OH 2

L such that . OH�z/.f; F / D 0, then . LH�z/
f D 0, L
 0f D zF and 
f D LF . In particular, f D S.z/
f D S.z/LF , so
that OS.z/F D .f; F /. Moreover,L�.z/LF D L
 0S.z/LF D L
 0f D zF by the
definition of �.z/ (see Definition 3.4.31). In particular, the inclusion “�” follows.
The other inclusion can be seen similarly. In addition, OS.z/ is bijective on the given
spaces. (2) follows immediately from (1), as well as (3). ut
Remark 3.4.51.

1. For brevity, we do not provide a resolvent formula similar to the one given in
Theorem 3.4.44. Moreover, as in [BGP08] (see Theorem 3.4.45), one may prove
similar results for other spectral types.

2. Formally, the above extended operator converges to the Neumann operator HN

in H if L0 ! 1, and to the decoupled case of Corollary 3.4.49 if L0 ! 0. The
limits can be given a precise meaning. For example, the function OmL0.�/ tends
to m.�/ if L0 ! 1.

3.5 Half-Line Boundary Triples and Complex Dilation

In this subsection we present a simple example of a boundary triple associated with
a half-line. Roughly, the idea is to consider elliptic partial differential operators like
the Laplacian�X D �@ss C�Y on a cylinder X D RC � Y as an operator-valued
ordinary differential operator on RC D Œ0;1/, and express the conditions on the
transversal manifold Y and transversal operator K D �Y on G D L2.Y / only in
functional analytic terms. The construction given in Sect. 3.5.1 is closely related to
the setting of abstract fibred spaces in Sect. A.2, see also the book [GG91] for related
results and [BCh05] or [BBC08] for similar concepts for first order operators. The
half-line example shows in a simple and abstract way why we loose “half” of the
regularity when restricting a function on a manifold to its boundary. Moreover, we
obtain explicit formulas for the Dirichlet solution and the Dirichlet-to-Neumann
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operator. Finally, the abstract setting allows us to treat the metric graph and manifold
(and other) models at the same time.

Next, in Sect. 3.5.2, we introduce the so-called complex dilation, starting with
the usual dilation ˚
 WRC �! RC, ˚
.s/ WD e
 s for 
 2 R acting only on
the longitudinal half-line RC D Œ0;1/. The corresponding unitary action U 


acts in the obvious way on the Hilbert space H WD L2.RC/ ˝ G . The explicit
formulas for the unitarily equivalent operators like H
 WD U 
HU�
 , a priori
only defined for real 
 2 R, will serve as a definition for complex 
 in the strip
S# WD f 
 2 C j jIm 
 j < #=2 g for # 2 .0; �=2/. In the above example of the
Laplacian on a cylinder, the (Neumann-)LaplacianH D �e�2
@N

ss C �Y becomes
H
 D �e�2
@N

ss C �Y . In particular, using the latter expression as a definition for
complex 
 , the essential spectrum �ess.H/ D Œ0;1/ of the undilated operator turns
into the complex plane as �ess.H


/ D e�2 Im 
 Œ0;1/. Moreover, we can define a
dilated boundary triple .
 
 ;�
 0
 ;G /. It is an important fact that the associated
Dirichlet-to-Neumann map is independent of 
 , i.e., �
.z/ D �.z/.

We will see that in more complicated examples (given by coupled boundary
triples in Sects. 3.6–3.7), eigenvalues (of finite multiplicity) embedded in Œ0;1/

for the undilated operator H remain unchanged and therefore become discrete
eigenvalues of H
 .

We introduce the complex dilation in this simple half-line model first, in order
to illustrate the simple idea of complex dilation. The more complicated discussion
involving the domains for coupled boundary triples will be given in Sects. 3.6–3.7.

3.5.1 Half-Line Boundary Triples

We start with a Hilbert space G and a non-negative operator K with associated
quadratic form k. We assume that dom k is dense in G . We associate a boundary
triple to these data as follows: The Hilbert space is given by

H D L2.RC/˝ G Š L2.RC;G /; (3.50a)

where RC D Œ0;1/. Moreover, we define a non-negative quadratic form h by

h.f ˝ '/ D kf 0k2L2.RC

/k'k2G C kf k2L2.RC

/k.'/; (3.50b)

with dom h DW H 1 generated by all f ˝ ' with f 2 H1.RC/ and ' 2 dom k, i.e.
the closure of all linear combinations of such elementary tensors with respect to the
norm

kf ˝ 'k2H 1 WD kf ˝ 'k2h D kf 0k2k'k2 C kf k2k.'/C kf k2k'k2: (3.50c)



142 3 Scales of Hilbert Space and Boundary Triples

Next, we denote by W 2 the subspace of H 1 defined by the closure of all linear
combinations of elementary tensors f ˝ ' with respect to the norm

kf ˝ 'k2W 2 WD kf k2H2.R
C

/
k'k2G C kf 0k2L2.RC

/k.'/C kf k2L2.RC

/kK'k2G ;
(3.50d)

where f 2 H2.RC/ and ' 2 domK .

Proposition 3.5.1. Define


 W H 1 �! G ; 
 u WD u.0/ 2 G ; (3.51a)


 0W W 2 �! G ; 
 0u WD u0.0/ 2 G ; (3.51b)

then the operators 
 and 
 0 are bounded by
p
2. Moreover, .
;�
 0;G / is a

boundary triple with operator LH given by

LHu D �u00 CH?u; H? D id ˝K: (3.51c)

where u00 D .@ss˝ id/u is the second derivative with respect to the variable s 2 RC.

For the choice of the sign in 
 0 we refer to Remark 3.5.3 (1).

Proof. First, we note that H 1 � H1.RC/˝ G and W 2 � H2.RC/˝ G . Moreover,
the norm of both inclusions is bounded by 1, since

kf ˝ 'k2H1.R
C

/˝G D �kf k2 C kf 0k2�k'k2 � kf ˝ 'k2H 1 :

A similar assertion holds for W 2. In particular, we can apply the results of Sect. A.2
and Corollary A.2.8, and the boundedness of 
 and 
 0 follows (choosing s1 D 0,
s2 D 1, �1 D 1). The density of ker
 and ker
 0 in H is a known fact from
Sobolev space theory. In order to proof the density of ran
 , assume that u D f ˝'

with f 2 H1.RC/ and ' 2 dom k, then 
 u D f .0/'. Since dom k is dense in G by
assumption, the density of ran
 in G follows. Green’s formula and the form of LH
is easily seen by partial integration and the fact that

u0.s/ 2 G and u.s/ 2 domK (3.52)

for almost all s 2 RC and all u 2 W 2, using the definition of the norm on
W 2. Here, we consider u as element in L2.RC;G /. Moreover, the boundedness of
LH W W 2 �! H is easily seen. ut

Definition 3.5.2. We call the boundary triple .
;�
 0;G / associated with the
quadratic form k on G as constructed above in (3.50)–(3.51), a half-line boundary
triple. We call k resp. the associated operator K in G the transversal form resp.
transversal operator of the half-line boundary triple.
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Remark 3.5.3.

1. We prefer the minus sign inside the definition of 
 0 since then, continuity of
the “derivative” along the passage from the interior to the exterior part can be
expressed as 
 0

intu D 
 0
extu, see Proposition 3.6.2.

2. The basic example we have in mind is the PDE case where G D L2.Y / and
K D �Y . Then H D L2.X/ with X D RC � Y , H 1 D H1.X/ and
W 2 D H2.X/. Since this example is pretty simple, we use it as a toy model
in order to define the complex scaling, and separate the arguments of complex
scaling and coupled boundary triples. Moreover, in this example, the Dirichlet-
to-Neumann map can be calculated explicitly (see Corollary 3.5.5). The more
interesting coupled model will be introduced in Sect. 3.6.

Let us now give explicit formulas for the solution operator and the Dirichlet-to-
Neumann map. Denote by Gm.K/ D domKm=2 � G the Hilbert scale associated
with K . We assume that K has discrete spectrum �k D �k.K/ (note that the case
dim G < 1 is included):

Proposition 3.5.4. Assume that K has the spectral decomposition K'k D �k'k ,
where f'kg is an orthonormal basis of G , and where the eigenvalues �k form a
discrete set. Moreover, we assume that z … ˙# D f z 2 C j jarg zj � # g, where
# 2 .0; �=2/.

Then the Dirichlet solution operator S.z/W G �! H is given by

S.z/' D
X

k

h'k; 'ifk ˝ 'k;

where fk.s/ D ei
p

z��ks and
p

w is the complex root cut along the positive half-axis
RC. The convergence of the sum in H D L2.RC/˝G and S.z/ as operator from G
into H is bounded by 2�1=2.sin.#=2//�1=2d#.z/�1=4, where d#.z/ D dist.z;Cn˙#/
(see Fig. 3.1).

Moreover, S.z/' 2 Hm.RC/ ˝ G iff ' 2 G m�1=2.K/ for integer m � 0, and
the sum converges in Hm.RC/ ˝ G . In particular, S.z/' 2 H 1 iff ' 2 G 1=2.K/

and S.z/' 2 W 2 iff ' 2 G 3=2.K/, and the sum converges in H 1 resp. W 2. Finally,
S.z/W G 1=2.K/ �! H 1 and S.z/W G 3=2.K/ �! W 2 are bounded by a constant
depending only on # and d#.z/.

Proof. Note first that Im
p

z � �k > 0 and # < arg.z � �k/ < 2� � # . Moreover,

kfkk2 D
Z 1

0

e�2.Im p
z��k/sds D 1

2 Im
p

z � �k

� 1

2 sin.#=2/jz � �k j1=2 � 1

2 sin.#=2/d#.z/1=2
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Fig. 3.1 The complex plane z with cut along Œ�k;1/ and the complex half-plane of w Dp
z � �k . Here, ' D arg.z � �k/

for all k (see Fig. 3.1). Similarly, them-th derivative is f .m/

k D .i
p

z � �k/mfk , and
therefore we have

kf .m/

k
k2 � jz � �k jm�1=2

2 sin.#=2/
:

Set u WD S.z/'. Since ffk ˝ 'kgk is an orthogonal system, we have

kuk2 D
X

k

ˇ
ˇh'k; 'iˇˇ2kfkk2 � 1

2 sin.#=2/d#.z/
k'k2:

This shows the convergence in H of the sum and the norm bound. Similarly,

kuk2Hm.R
C

/˝G D
X

k

ˇ
ˇh'k; 'iˇˇ2

mX

iD0
kf .i/

k
k2k'k2

D
X

k

ˇ
ˇh'k; 'iˇˇ2

mX

iD0

jz � �k ji
2jIm p

z � �k j

�
� � .sin.#=2//�1

� 1

	

� 1
2

X

k

ˇ
ˇh'k; 'iˇˇ2

mX

iD0
jz � �kji�1=2;

and the latter expression is finite iff ' 2 Gm�1=2.K/. Since the coefficients of

.1 ˝ k/.u/ D
X

k

ˇ
ˇh'k; 'iˇˇ2kfkk2k.'/ D

X

k

ˇ
ˇh'k; 'iˇˇ2 �k

2jIm p
z � �k j

are of order �1=2k as k ! 1 and similarly, the coefficients of k.id ˝K/uk2 are of

order �3=2k , we have u 2 dom 1 ˝ k and u 2 dom id ˝K , respectively. In particular,
u 2 H 1 resp. u 2 W 2. The convergence of the sums in the appropriate norms
follow from the above estimates, as well as the boundedness of S.z/. ut
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Corollary 3.5.5. Assume that K has purely discrete spectrum K'k D �k'k . Then
the Dirichlet-to-Neumann operator�.z/ WD �
 0S.z/ is given by

�.z/' D �i
X

k

p
z � �kh'k; 'i'k DW �i

p
z �K'

with domain

dom�.z/ D
n
' 2 G

ˇ
ˇ
ˇ
X

k

.1C �k/
ˇ
ˇh'k; 'iˇˇ < 1

o
D domK1=2:

Moreover, �.z/2 D K � z, and �.z/�1 is compact. In particular, for z D �1, we
have

� D �.�1/ D
X

k

p
1C �kh'k; �i'k D .K C 1/1=2:

Finally, the scales of Hilbert spaces Gm.K/ and G m (see Definition 3.4.10) agree
and have equal norms

k'kGm.K/ WD k.K C 1/m=2k D k�mk' DW k'kGm:

Proof. Since for ' 2 G 3=2.K/, the expansion of u D S.z/' converges in W 2 by the
previous lemma, we can interchange the sum and 
 0 in the expansion of �.z/' D

 0u, and obtain the desired expression for�.z/'. The other assertions follow easily.

ut
Theorem 3.5.6. Let .
;�
 0;G / be the half-line boundary triple associated with
k on G . If the associated operatorK has purely discrete spectrum, then the boundary
triple is elliptic.

Proof. We check the assumptions of Proposition 3.4.28. The Dirichlet and Neu-
mann operatorHD and HN associated with the boundary triple are given by

HD=N D �@D=N
ss C id ˝K D LCH?;

where L WD �@D=N
ss denotes the Laplacian on RC with Dirichlet resp. Neumann

boundary condition at 0. By Proposition 3.4.24, we have to show that the W 2-norm
can be estimated by the graph norm of the Dirichlet resp. Neumann operator. In
particular, for the Dirichlet operator we have

kuk2W 2 D kuk2 C ku0k2 C ku00k2 C k.H?/1=2u0k2 C kH?uk2

D kuk2 C hu; Lui C kLuk2 C hLu;H?ui C kH?uk2
CY� 2

�kuk2 C kLuk2 C kH?uk2�
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for u 2 W 2 with u.0/ D 0 resp. u0.0/ D 0, since L and H? commute. By the same
reason, the spectral calculus applies and we have

kLuk2 C kH?uk2 D ˝
u; .L2 C .H?/2/u

˛ � ˝
u; .LCH?/2/u

˛ D kHD=Nuk2;

hence we have shown (3.41).
Next, we show that 
 W W 2 �! G 3=2 is bounded: For u 2 W 2, let ˚.s/ WD

kK3=4u.s/k2. It can be seen that ˚.s/ exists and is derivable for almost all s 2 RC,
that ˚.s/ ! 0 as s ! 1 and that ˚ 0.s/ D 2RehKu.s/;K1=2u0.s/i. Then we have

k
 uk2
G 3=2 D ˚.0/ D �

Z 1

0

˚.s/ds
CY�
Z 1

0

�kKu.s/k2CkK1=2u0.s/k2�ds � kuk2W 2

using the fact that G m is the scale of orderm associated withK (see Corollary 3.5.5).
Therefore, the boundedness with norm bound 1 is shown.

For 
 0W W 2 �! G 1=2 we argue similarly, now with �.s/ WD kK1=4u0.s/k2.
Here, we have � 0.s/ D 2Reh�u00.s/;K1=2u.s/i and k
 0uk2

G 1=2 D �.0/ � kuk2
W 2

similarly as before.
It remains to show that S.G 3=2/ � W 2, but this was shown in Proposition 3.5.4.

ut

3.5.2 Complex Dilation

Let us now define the one-parameter unitary group of dilations. Such unitary groups
will be used later on in order to define resonances. For a self-adjoint restriction
H of LH , we define the dilated operator H
 D U 
HU�
 for real parameters 
 ,
and use the explicit form of H
 later on as definition for complex values of 
 .
A discrete eigenvalue of H
 will be called a resonance; and it can be shown that
the definition does not depend on 
 provided Im 
 is large enough. Note that such
eigenvalues only occur for coupled systems. In the half-line model here, there will
be no resonance (e.g., the spectrum ofH
;D – the dilated Dirichlet operatorHD/ – is
purely essential, see Proposition 3.5.14). Nevertheless, we think that it is helpful to
treat first the complex dilation in this section, and then coupled systems in Sects. 3.6
and 3.7.

Definition 3.5.7. For 
 2 R we define U 
 W H �! H by

U
.f ˝ '/ WD . OU 
f /˝ ';

where OU
 is the unitary dilation operator in L2.RC/ given by

. OU 
f /.s/ WD e
=2f .e
 s/:
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A simple calculation shows that U 
 is unitary. Let us now define the unitarily
transformed quadratic form h
 :

Definition 3.5.8. The dilated quadratic form associated with h is defined as

h
 .u/ WD h.U�
u/; domh
 WD U 
.domh/:

Note that h0 D h is the original form. If H is the operator associated with h (the
Neumann operator), then

H
 D U 
HU�
 :

Denote by h? the form defined by h?.f ˝'/ D kf k2k.'/, i.e. the form associated
with H? D id ˝K .

Lemma 3.5.9. Let 
 2 R, then the dilated quadratic form h
 is given by

h
 .u/ D e�2
ku0k2 C h?.u/ (3.53)

for u 2 dom h
 D dom h D H 1.

Proof. By the definition of U 
 , we have h
 .u/ D h.U�
u/. Moreover,

h.U�
u/ D
Z 1

0

k.U�
u/0.s/k2G ds C h?.u/

since h?.U�
 .f ˝ '// D h?. OU�
f ˝ '/ D k OU�
 f k2k.'/ D kf k2k.'/ D
h?.f ˝ '/ by (3.50b). The integral equals

Z 1

0

k.U�
u/0.s/k2G ds D e�2

Z 1

0

ku0.e�
 s/k2G e�
ds

and the formula for h
 follows by substitutinges D e�
 s. ut
We can now define a dilated boundary triple .
 
 ;�
 0
 ;G / with


 
 WD e�
=2
 and 
 0
 WD e�3
=2
 0: (3.54)

The following result is now a simple consequence. The ellipticity follows as in
Theorem 3.5.6:

Proposition 3.5.10. If 
 2 R, then .
 
 ;�
 0
 ;G / is a boundary triple for h
 . The
operator LH
 is defined on W 2 and acts as

LH
 D �e�2
@ss ˝ id C id ˝K (3.55a)

where @ss denotes the second derivative operator in L2.RC/, and where K is the
non-negative operator in G associated with k.
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Assume in addition, that K has purely discrete spectrum, then the dilated
Dirichlet solution operator is given by

S
.z/' D
X

k

h'k; 'if 

k ˝ 'k; where f 


k .s/ D e
=2Cie

p

z��ks: (3.55b)

Moreover, the same convergence assertions as in Proposition 3.5.4 hold.
The dilated Dirichlet-to-Neumann operator, defined by �
.z/ WD �
 0
S
 .z/, is

independent of 
 , i.e., �
.z/ D �.z/, where �.z/ D �
 0S.z/ is the Dirichlet-to-
Neumann operator associated with the undilated boundary triple .
;�
 0;G /. In
particular, the Hilbert spaces G k associated with the Dirichlet-to-Neumann are the
same for all 
 .

Finally, the boundary triple is elliptic.

We will now use the above formulas (3.53)–(3.55a) as definition for complex
values of 
 . Let # 2 Œ0; �=2/12 and denote by

S# WD ˚

 2 C

ˇ
ˇ jIm 
 j � #=2

�
(3.56)

the horizontal strip of thickness # centred around the real axis.

Definition 3.5.11. Let 
 2 S# . We say that the boundary triple .
 
 ;�
 0
 ;G /
associated with h
 with operator LH
 as given in (3.53)–(3.55a) is obtained from
the half-line boundary triple .
;�
 0;G / associated with h by complex dilation. We
also call .
 
 ;�
 0
 ;G / the complexly dilated boundary triple.

Formally, .
 
 ;�
 0
 ;G / is a boundary triple associated with the sectorial
quadratic form h
 in the sense of Definition 3.4.3, with the corresponding dilated
operator LH
 given in (3.55a) for 
 2 S# . For example, Green’s formula in the
complexly dilated case reads as

hu; LH
viH D h
 .u; v/C h
 
u; 
 0
viG : (3.57)

We also extend the notion of “ellipticity” to the case treated here. In particular, we
call the complexly dilated boundary triple .
 
 ;�
 0
 ;G / elliptic, if the conditions
of Definition 3.4.21 are fulfilled.

Since the spaces W 2, H k;D D domH
;D and H k;N D domH
;N are
independent of 
 , and since the dilated and undilated boundary maps differ only
by a factor, the ellipticity of the complexly dilated boundary triple can be seen as in
Theorem 3.5.6.

We do not provide a general theory of boundary triples associated with sectorial
quadratic forms and operators here, for this purpose see e.g. [Ar00].

Note that the domain of the Neumann operator H
;N for a coupled dilated
boundary triples as defined in Sect. 3.6.2, which plays the role of the coupled

12We restrict # to Œ0; �=2/ in order to obtain sectorial operators like H
;D of Proposition 3.5.14
having its spectrum lying in a sector strictly contained in the right half-plane. Some results remain
true also for �=2 	 # < � .
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operator will depend on 
 , causing some technical trouble when showing the
holomorphic dependence on 
 in Sect. 3.7.

For the rest of this section we assume that 0 � # < #0 < �=2,


 2 S# D ˚

 2 C

ˇ
ˇ jIm 
 j � #=2

�
and z 2 C n˙#0 D ˚

z 2 C
ˇ
ˇ jarg zj > #0

�
;

where ˙#0 WD ˚
z 2 C

ˇ
ˇ jarg zj � #0

�
; (3.58)

if not otherwise stated. Then the sum in the dilated Dirichlet solution operator
given in (3.55b) converges in W 2 (resp. in Hm.RC/ ˝ G ), as in the proof of
Proposition 3.5.4.

Remark 3.5.12. Note that we need to restrict z to C n ˙#0 � C n ˙# in order that
the dilated Dirichlet solution operator converges as in Proposition 3.5.4 (replacing
# by #0 � #).

Let us now look at the holomorphic dependence on 
 and give some precise
bounds on certain operators associated with the complexly dilated boundary triple.
We first need the following extension of Lemma 3.4.16 for the dilated case:

Lemma 3.5.13. For z;w 2 C n˙# and 
 2 S# set

C
.z;w/ WD sup
�;��0

j�C � � wj
je�2
�C � � zj ; (3.59a)

C
.z;w/ WD sup
�;��0

je�2
�C � � wj
j�C � � zj : (3.59b)

Then C
.z;w/ and C
.z;w/ fulfil

1 � C
.z;w/; C

.z;w/ < 1: (3.59c)

Both constants depend only on Im 
 and the dependence is continuous. In particular,
the constants

C	#.z;w/ WD sup

2S#

C
 .z;w/ and C	#.z;w/ WD sup

2S#

C 
.z;w/ (3.59d)

are monotonous in # and fulfil the bounds

1 � C	#.z;w/; C	#.z;w/ < 1: (3.59e)

Proof. In order to see the boundedness note that

e�2jRe 
j � lim inf
�;�!1

j�C � � wj
je�2
�C � � zj � 1 � lim sup

�;�!1
j�C � � wj

je�2
�C � � zj � e2jRe 
 j :
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In particular, C
.z;w/ fulfils the bounds (3.59c). Moreover, replacing � by �0 D
e�2Re 
 one can see thatC
.z;w/ D Ci Im 
 .z;w/, and the latter depends continuously
on Im 
 . In particular, C	#.z;w/ fulfils the same bounds and is monotonous. The
assertions for C
.z;w/ follow similarly. ut

We collect some obvious facts about the Dirichlet operator. Similar assertions
hold for the Neumann operatorH
;N:

Proposition 3.5.14.

1. Let H
;D be the Dirichlet operator associated with the dilated boundary triple
.
 
 ;�
 0
 ;G /, then H
;D is given by

H
;D D �e�2
@D
ss ˝ id C id ˝K; (3.60a)

where �@D
ss is the Laplacian on RC with Dirichlet condition at 0. Moreover, the

domain domH
;D D domHD is independent of 
 .
2. The operatorH
;D is normal, i.e. commutes with its adjoint.
3. The operatorH
;D commutes with the undilated operatorHD D H0;D.
4. The family fH
;Dg
 is self-adjoint, i.e. .H
;D/� D H
;D.
5. The family fH
;Dg
 depends holomorphically on 
 2 S# , 0 < # < �=2, i.e. the

family is of type A (see [K66, Sect. VII.2]).
6. The spectrum of H
;D is purely essential and given by

�.H
;D/ D �.K/C e�2 Im 
 Œ0;1/ D f � C e�2 Im 
� j � 2 �.K/; � � 0 g;

and is contained in the sector ˙# . Moreover, the resolvent R
;D.z/ D
.H
;D � z/�1 fulfils the norm estimate

kR
;D.z/k � 1

dist.z;C n˙#/
DW �D

# .z/; i.e. H
;D 2 R.�D
# ;C n˙#/

(see Definition 3.3.3).
7. The resolvent as operator

R
;D.z/W H k;D �! H kC2;D

is bounded by C	#.z;�1/ for z … ˙# and 
 2 S# (see Lemma 3.5.13), where
H k;D is the scale of Hilbert spaces associated with HD D H0;D. In particular,

kR
;D.z/k�1!1 � C	#.z;�1/ DW �D;1
# .z/; i.e. H
;D 2 R1.�

D;1
# ;C n˙#/

(see Definition 3.3.10).

Proof. The assertions are easily seen. For example, the explicit expression of
H
;D in (3.60a) guarantees the holomorphy as well as the commuting properties.
Moreover,
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�.H
;D/ � ˚
e�2
�C �

ˇ
ˇ�; � � 0

� � ˙#:

The boundedness of the resolvent in (7) follows from

kR
;D.z/kk!kC2 D k.HD C 1/R
;D.z/k � C
.z;�1/;

where we also used (3). ut
Due to (3), we can use the scale of Hilbert spaces associated withHD. In particular,
we do not need a compatibility operator as in Sect. 3.3, since the domain ofH
;D D
H 1;D is independent of 
 .

The dilated Dirichlet solution operator S
.z/ maps G 1=2 into

N 1;
 .z/ WD ˚
v 2 H 1

ˇ
ˇ h
 .u; v/ D zhu; vi 8 u 2 H 1;D

�
; (3.61)

the weak solution space.
We have an expression for the solution operator as in Proposition 3.4.17:

Lemma 3.5.15. The Dirichlet solution operator S
.z/W G 1=2 �! H 1 can be
expressed as

S
.z/ D e
=2
�
idH 1 ��DNR


;D.z/��DN.H

;N � z/

�
S; (3.62)

where S is the Dirichlet solution operator in z D �1 for the undilated boundary
triple (see Definition 3.4.6), and where �DNW H 1;D �! H 1 is the natural
embedding.

Moreover, the above chain of operators is bounded by

kS
.z/k1=2!1 � eRe 
=2�1C C	#.z;�1/C	#.�1; z/�:

Here, G 1=2 carries the norm of the undilated boundary triple (see Lemma 3.5.13 for
the definition of the constants).

Let us now summarise the assertions on holomorphic dependency on 
 and
boundedness of certain dilated operators as follows:

Proposition 3.5.16. Assume that the transversal operator K has purely discrete
spectrum. Then the adjoint of

B
.z/ D e�3
=2
 0�ell;DR

;D.z/W H �! G

extends the Dirichlet solution operator S
.z/W G 1=2 �! H 1. Moreover, the adjoint
of the Dirichlet solution operator S
.z/W G 1=2 �! H 1 extends B
.z/. In addition,
the following operators are bounded and depend holomorphically on 
 2 S# as
operators
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B
.z/W H �! G ; B
.z/�W G �! H ;

B
.z/W H �! G 1=2; S
 .z/W G 3=2 �! W 2;

S
 .z/�W H �1 �! G �1=2; S
 .z/W G 1=2 �! H 1:

Proof. The boundedness and holomorphic dependence ofB
.z/W H �! G follows
by ellipticity of the boundary triple. Moreover, that the adjoint of B
.z/ extends
the Dirichlet solution operator follows similarly as in Lemma 3.4.29, namely if
' 2 G 1=2, then

B
.z/�' D S
.z/':

In particular, the operators in the first line of the second displayed formula are
bounded. The boundedness of the operators in the second line is ensured by the
ellipticity. The holomorphic dependence of the operators in the second line follows
from the holomorphic dependence of the operators in the first line and the fact that
an operator-valued function is holomorphic w.r.t. the operator topology iff it is holo-
morphic w.r.t. the weak topology (see e.g. [K66, Thm. III.3.12]). Indeed, it suffices
to consider the weak holomorphy only on a dense subset in the Hilbert space, since
the operators depend continuously on 
 , and therefore are locally bounded (cf. the
remark after Thm. III.3.12 in [K66]): Denote by A the strictly positive operator
associated with the 1-densely embedded space W 2 into H (see Lemma 3.1.6). Then

hu; S
.z/'iW 2 D hAu; S
 .z/'iH D hB
.z/Au; 'iH

for u 2 domA � W 2 and ' 2 G 3=2. But the latter depends holomorphically on 

by the explicit expression for B
.z/ and Proposition 3.5.14. Moreover, since A is
strictly positive, ranA D H and therefore S
.z/W G 3=2 �! W 2 is holomorphic.
The holomorphy of B
.z/W H �! G 1=2 follows similarly.

Finally, the boundedness in the third line follow from Lemma 3.5.15, and the
holomorphic dependence can be seen similarly as below. ut

We will need similar properties as above for the scale of Hilbert spaces on G
associated with a coupled Dirichlet-to-Neumann map as defined in the following
section.

3.6 Coupled Boundary Triples and Dilation

In this section we define a new boundary triple by coupling two boundary triples
having the same boundary space G . If one of the boundary triples is a half-line
model, we can define the associated dilated, coupled boundary triple. The associated
Neumann operator H
 fulfils jump conditions at the passage from one boundary
triple to the other depending on a (in this section) real parameter 
 .
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3.6.1 Coupled Boundary Triples

We first define a coupled boundary triple associated with a coupled quadratic
form. Note that the construction for ordinary boundary triples is well-known, see
for example [DHMS00, Sect. 5] and the references therein. Let .
int; 


0
int;G / be a

boundary triple associated with a quadratic form hint � 0 on Hint with operator LHint

as in Sect. 3.4, the interior boundary triple. Moreover, let .
ext;�
 0
ext;G / be a half-

line boundary triple associated with the transversal quadratic form k as in Sect. 3.5
having the same boundary space G as the interior boundary triple. The underlying
Hilbert space is Hext D L2.RC/˝G . We call .
ext;�
 0

ext;G / the exterior boundary
triple. We assume thatK has purely discrete spectrum. The results of this subsection
also hold for more general boundary triples .
ext;�
 0

ext;G / (see Example 3.9.6).

Remark 3.6.1. We use the subscripts .�/int or .�/ext for the corresponding objects
of the interior and exterior boundary triple. If it is clear from the context which
boundary triple is meant, we often omit the subscripts. For example, we write 
 0

intu
instead of 
 0

intuint etc.

The aim of the following section is to define a so-called coupled boundary triple
.
; 
 0;G / associated with a coupled quadratic form h. The Hilbert space of the
coupled boundary triple is defined by

H WD Hint ˚ Hext: (3.63a)

For further references, we also define the decoupled spaces

H 1;dec WD H 1
int ˚ H 1

ext and W 2;dec WD W 2
int ˚ W 2

ext: (3.63b)

Moreover, we denote by HD� and HN� the corresponding parts � D int; ext (see
Definition 3.4.2) and the associated Hilbert scales by H k;D� and H k;N� , respectively.
The corresponding spaces

H k;D WD H k;D
int ˚ H k;D

ext and H k;N WD H k;N
int ˚ H k;N

ext (3.63c)

are decoupled. Note that H 1;N D H 1;dec.
The coupled quadratic form h is defined by

h.u/ WD hint.u/C hext.u/

for u 2 dom h WD H 1 and

H 1 WD ˚
u 2 H 1;dec

ˇ
ˇ
intu D 
extu

�
: (3.63d)

On H 1, we define the boundary map
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 W H 1 �! G ; 
 u D 
intu D 
extu;

since the latter are equal. The operator LH is defined on

W 2 WD ˚
u 2 W 2;dec

ˇ
ˇ
intu D 
extu

�
(3.63e)

and given by LHu D LHintu ˚ LHextu. Finally,


 0W W 2 �! G ; 
 0u WD 
 0
intu � 
 0

extu: (3.63f)

Proposition 3.6.2. Assume that .
int; 

0

int;G / and .
ext;�
 0
ext;G / are the two

boundary triples associated with hint and hext, and that .
; 
 0;G / with the asso-
ciated objects are defined as in (3.63).

1. The coupled space H 1 is closed in H 1;dec. In particular, the quadratic form
h D .hint ˚ hext/�H 1 is closed.

2. Assume that
G 1=2 WD ran
int \ ran
ext (3.64a)

is dense in G , then .
; 
 0;G / is a boundary triple associated with h, called
coupled boundary triple.

3. The associated Dirichlet operator HD D HD
int ˚ HD

ext is decoupled. Moreover,
the associated Neumann operatorH D HN has

W 2;N WD ˚
u 2 W 2;dec

ˇ
ˇ
extu D 
intu; 
 0

extu D 
 0
intu

�

in its domain, i.e., W 2;N � H 2 WD H 2;N WD domHN.
4. The associated Dirichlet solution operator is given by

S.z/' D Sint.z/' ˚ Sext.z/' (3.64b)

for ' 2 G 1=2.
5. The associated Dirichlet-to-Neumann operator is given by

� D �int C�ext; (3.64c)

where S�.z/ and �� are the Dirichlet solution and Dirichlet-to-Neumann
operators associated with the interior and exterior boundary triple, respectively.
In particular, if the transversal operator K of the exterior boundary triple has
purely discrete spectrum, then �.z/ D �int.z/� i

p
z �K by Corollary 3.5.5.

6. The coupled boundary triple is bounded iff the interior and exterior boundary
triples are bounded.

Proof. (1) The operators 
�W H 1� �! G are bounded so H 1 is a closed subspace
of H 1;dec and therefore h a closed form. Recall that h� is assumed to be a closed
form on H 1� , i.e. H 1� with its natural quadratic form norm is a Hilbert space.
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(2) The boundary operator 
 0W W 2 �! G is bounded, since 
 0
int and 
 0

ext are.
Moreover, we have

h.u; v/ D hint.u; v/C hext.u; v/

D hu; LHintviint C hu; LHextviext C h
 u; 
 0
intv � 
 0

extviG

D hu; LHintviint C hu; LHextviext C h
 u; 
 0viG

for u 2 domh and v 2 W 2 using Green’s formula (3.32b) for the individual
boundary triples, so that Green’s formula for the coupled triple holds. Next, ran
 D
ran
int \ ran
ext is dense in G , as well as

ker
 D ker
int ˚ ker
ext and ker
 0 � VW 2
int ˚ VW 2

ext

are dense in H , since the corresponding property is true for the interior and exterior
triple. Finally, it is easily seen that LH W W 2 �! H is bounded, since LH�W W 2� �!
H� are bounded.

(3) The assertion on the Dirichlet operator is clear. The assertion on the Neumann
operator domain is obvious from Proposition 3.4.5, since W 2;N D ker
 0.

(4)–(5) The formula for the Dirichlet solution operator is easily seen. In
particular, S�1u D S�1

int u C S�1
extu for u 2 H 1, and therefore (3.64c) follows.

(6) Finally, � is bounded iff �int and �ext are bounded, and by Proposi-
tion 3.4.11, the same is true for the boundary triples. ut

Denote by G k� and G k the scale of Hilbert spaces associated with �� and � D
�int C �ext, respectively, where � D int; ext. Let us relate the different scales of
Hilbert spaces on G :

Lemma 3.6.3. We have

k'k2
G 1=2 D kS'k2H 1 D k'k2

G
1=2
int

C k'k2
G
1=2
ext

� k'k2
G
1=2
�

; (3.65)

and in particular, the natural embeddings

G 1=2
� � G �� G �1=2

G
1=2
�
�

\

� � G

wwwwwwwwww

�� G
�1=2
�

��

are bounded by 1.

Proof. The result follows from

k'k2
G 1=2 D kS'k2H 1 D kSint'k2

H 1
int

C kSext'k2
H 1

ext
D k'k2

G
1=2
int

C k'k2
G
1=2
ext
;
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using the definition of the norm on G 1=2 (Definition 3.4.8). ut
Remark 3.6.4.

1. In general, we can not expect to have other relations between the different scales
G m and G m� than the one form D 1=2 in the above lemma. Note that .0 �/�� �
� does not in general imply that �k� � �k for k > 1, i.e.

k'k2
G
k=2
�

D h';�k�'i � h';�k'i D k'k2
G k=2 ;

since .�/k is not operator monotone. On the other hand, the function .�/k is
operator monotone for 0 < k � 1, and therefore, we have a similar diagram
with 1=2 replaced by 0 < m D k=2 � 1=2.

2. Note that ellipticity for the individual boundary triples does not imply in general
the ellipticity for the coupled boundary triple, since the scales of Hilbert spaces
on G associated with �int, �ext and � D �int C �ext may be different, as we
have seen above, and there is (in general) no relation between the scales of order
jmj > 1=2.

But if we know that a priori that (3.66a) holds for some constants 0 < c � C ,
then we can conclude by operator monotonicity that the scale G m associated
with the coupled Dirichlet-to-Neumann operator � agrees with the scale G m�
associated with �� for jmj � 3=2, moreover, the m-norms are equivalent. Note
that then also condition (3.64a) is fulfilled since G 1=2 D G 1=2

� D ran
�.

In order to assure the ellipticity for the coupled boundary triple (see Defini-
tion 3.4.21), we therefore have to assure that the scales of Hilbert spaces Gm� and
G m agree form D 3=2 and therefore for all jmj � 3=2.

Theorem 3.6.5. Assume that .
int; 

0

int;G / is an elliptic boundary triple and
that K has purely discrete spectrum (so that .
ext;�
 0

ext;G / is also elliptic by
Theorem 3.5.6). If

.c�/3 � �3� � .C�/3 (3.66a)

holds for some constants 0 < c � C , and if in addition, the domain of the coupled
operatorH (the Neumann operator for the coupled triple) fulfils

H 2;N D domH � W 2; (3.66b)

then the coupled boundary triple is elliptic. Moreover, for z 2 C n RC, the coupled
(strong) Dirichlet solution operator is given by

S.z/W G 3=2 �! W 2; S.z/' D Sint.z/' ˚ Sext.z/' (3.66c)

for ' 2 G 3=2, the coupled Neumann solution operator reads as
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SN.z/W G 1=2 �! W 2; SN.z/ D SN
int.z/�int�

�1 ˚ SN
ext.z/�ext�

�1 

D Sint.z/�
�1 ˚ Sext.z/�

�1 (3.66d)

for  2 G 1=2 and the coupled Dirichlet-to-Neumann operator is

�.z/ D �int.z/C�ext.z/W G 3=2 �! G 1=2: (3.66e)

Moreover, all these operators are bounded.

Proof. For the ellipticity, we check the assumptions of Proposition 3.4.28: First, we
have to ensure that the domains of the Dirichlet and Neumann operators are actually
subsets of W 2. Since domHD D domHD

int ˚ domHD
ext, and since both boundary

triples are elliptic, we have

domHD D .W 2
int \ ker
int/˚ .W 2

ext \ ker
ext/ D W 2 \ ker
 � W 2:

The corresponding assertion for the Neumann operator is part of our assumption.
Moreover,

k
 ukG 3=2 � c�3=2k
extuk
G
3=2
ext

� c�3=2kukW 2
ext

� c�3=2kukW 2

(see the proof of Theorem 3.5.6 for the second inequality), and similarly

k
 0ukG 1=2 � c�1=2�k
 0
intuk

G
1=2
int

C k
 0
extuk

G
1=2
ext

�

� c�1=2.k
 0
intk2!1=2 C 1/

�kukW 2
int

C kukW 2
ext

�

� c�1=2p2.k
 0
intk2!1=2 C 1/kukW 2 :

Finally, let ' 2 G 3=2. It follows from (3.66a) that ' 2 G
3=2
int \ G

3=2
ext . Moreover, by

the ellipticity of the individual boundary triples, Sint' 2 W 2
int and Sext' 2 W 2

ext. In
particular, we have S' D Sint' ˚ Sext' 2 W 2. The ellipticity now follows from
Proposition 3.4.28. ut
Remark 3.6.6. We would like to conclude the coupled ellipticity only from the
individual ellipticity and the compatibility condition (3.66a), i.e., we would like to
drop the condition (3.66b). By a slightly different approach to boundary triples we
can prove Krein’s resolvent formulaRN D RD CS��1BW H �! H (see (3.45a))
without using ellipticity (namely domHN � W 2; note that the proof of (3.45a) uses
this assumption in a slightly hidden way: we assumed there that v D RN.z/ev 2 W 2

in order to apply Green’s formula). Then we have

domHN D ranRN � ranRD C ranS��1S�



158 3 Scales of Hilbert Space and Boundary Triples

for the coupled operators, and the ellipticity of the individual boundary triples
ensures that the latter space is included in W 2, since

S�f D �
 0
int�int;ell;DR

D
intfint C 
 0

ext�ext;ell;DR
D
extfext 2 G 1=2 ��1

�! G 3=2

for f 2 H and S.G 3=2/ � W 2 by (3.66c). We will treat this approach in a
future publication. In any case, the domain condition (3.66b) is fulfilled in our main
examples, see Propositions 3.6.11 and 3.6.13.

Corollary 3.6.7. Assume that .
int; 

0

int;G / and .
ext;�
 0
ext;G / are bounded ellip-

tic boundary triples and that domH D H 2;N � W 2, then the coupled boundary
triple is elliptic.

Proof. We only have to check (3.66a) from Theorem 3.6.5. But this is obvious
since all Dirichlet-to-Neumann operators�, �int and �ext are bounded by Proposi-
tion 3.4.11 (3). ut

3.6.2 Dilated Coupled Boundary Triples

Let us now define the dilated coupled boundary triple, first for dilations with real
parameter 
 . The main observation for dilated coupled boundary triples is, that the
Dirichlet-to-Neumann operators associated with the dilated and undilated boundary
triple agree.

The one-parameter unitary group of dilations on the coupled system defined by

U 
 W H �! H ; U 
u D idint ˚U 

ext; (3.67)

for 
 2 R, where U 

ext D OU 
 ˝ idG was defined in Definition 3.5.7.

The unitarily transformed coupled or dilated form h
 is given by

h
 .u/ WD h.U�
u/; dom h
 WD U 
.domh/: (3.68)

Note that h0 D h is the original form. The proof of the following proposition is now
straightforward:

Proposition 3.6.8. Let 
 2 R, then the dilated quadratic form h
 is closed and
given by

h
 .u/ D hint.u/C h
ext.u/; h
ext.u/ D e�2
ku0k2 C h?
ext.u/ (3.69a)

for u 2 dom h
 D H 1;
 , where

H 1;
 D ˚
u 2 H 1;dec

ˇ
ˇ
extu D e
=2
intu

�
: (3.69b)



3.6 Coupled Boundary Triples and Dilation 159

The associated operator is H
 D U 
HU�
 � 0 and acts as

H
u D LHintu ˚ LH

extu; where LH


ext D �e�2
@ss C id ˝K; (3.69c)

and K is the transversal operator associated with the half-line boundary triple,.
Moreover,

domH
 � W 2;
;N WD
˚

u 2 W 2;dec
ˇ
ˇ
extu D e
=2
intu; 
 0

extu D e3
=2
 0
intu

�
: (3.69d)

We can now define the associated dilated coupled boundary triple as follows:

Definition 3.6.9. Let 
 2 R. The dilated coupled (or 
-coupled) boundary triple
.
 
 ; 
 0
 ;G / associated with the quadratic form h
 is defined by


 
u WD 
intu D 
 

extu D e�
=2
extu; u 2 H 1;
 ; (3.70a)


 0
u WD 
 0
intu � 
 0


extu D 
 0
intu � e�3
=2
 0

extu; u 2 W 2;
 : (3.70b)

The operator LH
 is given by

LH
u D LHintu ˚ LH

extu D LHintuint ˚ .�e�2
u00

ext C .id ˝K/uext/ (3.70c)

for u 2 W 2;
 , where

W 2;
 WD ˚
u 2 W 2;dec

ˇ
ˇ
extu D e
=2
intu

�

with norm as on W 2;dec.

The dilated coupled boundary triple is indeed a boundary triple:

Proposition 3.6.10. Let 
 2 R and assume that ran
int \ ran
ext D ran
 is
dense in G (see (3.64a)). Then the triple .
 
 ; 
 0
 ;G / associated with the (closed)
quadratic form h
 is a boundary triple.

Moreover, the associated Dirichlet operator H
;D D HD
int ˚H


;D
ext is decoupled.

The corresponding (weak) Dirichlet solution operator is given by

S
.z/' D Sint.z/' ˚ S
ext.z/' (3.71a)

for ' 2 G 1=2 and z 2 C n RC. The associated Dirichlet-to-Neumann operator is
given by

�
.z/ D �.z/ D �int.z/C�ext.z/; (3.71b)
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where ��.z/ are the Dirichlet-to-Neumann operators associated with the interior
and exterior boundary triple. In particular, the Dirichlet-to-Neumann operator is
independent of 
 .

Finally, the dilated coupled boundary triple is elliptic if the (undilated, i.e.,

 D 0) coupled boundary triple is elliptic. In particular, domH
 D W 2;
;N

(see (3.69d)).

Proof. The assertions follow from the fact that U 
 is unitary and that U 
 maps the
undilated spaces onto the dilated ones. This is in particular true for the condition
domH
 � W 2;
 of the ellipticity. Moreover, the associated undilated and dilated
Dirichlet-to-Neumann operators � and �
 are equal (see Proposition 3.5.10), so
that the corresponding scales of Hilbert spaces agree. ut

Note that the assumptions of the above theorem are fulfilled in our main
examples: the PDE case (for the notion X D Xint �[ Xext see Sect. 5.1.2) and the
metric graph case.

Proposition 3.6.11. Assume that X D Xint �[ Xext is a manifold with finitely many
cylindrical ends Xext D RC � Y and compact interior part Xint with piecewise
smooth boundary @Xint such that the common boundary of the interior and exterior
part Y D Xint \Xext is smooth and compact. In addition, we assume that the metric
on Xext has product structure ds2 C h, where h is the metric on Y . Moreover, we set

H� WD L2.X�/; H 1� WD H1.X�/; W 2� WD H2.X�/; h�.u/ WD kduk2�
G WD L2.Y / 
�u WD u��Y ; 
 0�u WD u0��Y ; LH� WD �X

�

;

where � D int; ext and u0 is the derivative in outgoing direction on the cylinder.
Then the dilated coupled boundary triple .
 
 ; 
 0
 ;G / on H D L2.X/ is given by

H 1;
 D ˚
u 2 H1.Xint/˚ H1.Xext/

ˇ
ˇ uint�Y D e�
=2uext�Y

�
;

h
 .u/ D kduk2int C e�2
ku0k2ext C kdY uk2ext;


 
u WD uint�Y D e�
=2uext�Y ; 
 0
u WD u0
int�Y � e�3
=2u0

ext�Y :

Moreover, the dilated coupled boundary triple is bounded and elliptic. The transver-
sal operator is given by the (Neumann) Laplacian on Y , i.e, K D �Y , and the
Dirichlet-to-Neumann operator is independent of 
 , namely

�
.z/ D �.z/ D �int.z/ � i
p

z ��Y :

Proof. The individual (undilated) boundary triples are elliptic by Theorems 3.4.39
and 3.4.40. Note that we can always assume the situation of Theorem 3.4.40, namely
the existence of a collar neighbourhood U Š Œ0; `�� � Y near Y in Xint by cutting
the entire manifold on the cylindrical end. Since �� and � are elliptic pseudo-
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differential operators of order 1, the norms on the associated scales of order m are
all equivalent as in Theorem 3.4.40 (3). In particular, (3.66a) is fulfilled.

For (3.66b), we use the ellipticity of the coupled operator, which is just the
Laplacian H D �X on X . In particular, the ellipticity ensures that dom�X �
W 2 D H2.X/. The ellipticity now follows from Theorem 3.6.5. ut

We have a similar result for Dirichlet boundary conditions on @X as in The-
orem 3.4.41. In this case, the transversal operator K is the Dirichlet Laplacian
�D
Y on Y .
The (dilated or undilated) coupled Dirichlet-to-Neumann operator�.z/ D �
.z/

of the above example is indeed the Dirichlet-to-Neumann operator of the manifold
in the sense that given a smooth function ' 2 L2.Y / on the common boundary,
then �' is given by the jump of the normal derivative of the Dirichlet solution, i.e.
�' D .u0

int � u0
ext/�Y , where u is the solution of .� � z/u D 0 and u�Y D '.

Let us now present the second main example: Let G be a metric graph with
a finite number of exterior edges. We decompose the graph into its interior and
exterior part G D Gint �[ Gext. Here, Gint consists of all edges of finite lengths,
whereas Gext contains the exterior edges. Gext may be disconnected. This happens
if exterior edges are attached to different vertices. In particular, Y WD Gint \ Gext

consists of finitely many vertices only.
We assume that .G�;V�/ are quantum graphs with standard weighted vertex

space V� D L
v V�;v. For the notion of a quantum graph we refer to Definition 2.2.5.

In particular, V�;v D Cp�.v/ (see (2.13)) with weights p�;e.v/ ¤ 0 for � D int; ext.
Moreover, we write

f �.v/ D ff�;e.v/ge2E
�;v D f�.v/p�.v/ 2 Vv;�;

where f�.v/ D f�;e.v/=p�;e.v/ 2 C is independent of e 2 E�;v. As vertex space
on the entire graph at the boundary, we choose the standard weighted vertex space
Vv WD Cp.v/ with p.v/ D fpe.v/ge2Ev D .pint.v/; pext.v//.

We define a boundary triple associated with the quantum graphs .G�;V�/ with
respect to the boundaryY in a slightly different way than in Sect. 2.2.3. In particular,
we set

H� WD L2.G�/; H 1� WD H1
V

�

.G�/; W 2� WD H2
V

�

.G�/;

h�.f / WD kf 0k2L2.G�

/ G WD C
Y ;

.
�f /.v/ WD f�.v/; .
 0�f /.v/ WD
X

e2E
�;v

p�;e.v/
Õ
f

0
e
.v/; . LH�f /e WD �f 00

e

(for the notation of the Sobolev spaces see Sect. 2.2.2). The difference with the
setting in Sect. 2.2.3 is that we use an unweighted boundary space here (i.e., CY D
`2.Y / instead of `2.Y; jpj2/). It is now an easy exercise to check that .
�; 
 0� ;G /
is a boundary triple associated with h� for � D int; ext (provided we have a global
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positive lower bound on the edge lengths if Gint is non-compact). Moreover, this
boundary triple is elliptic and associated with an ordinary boundary triple. This can
be seen similarly as in Proposition 2.2.18.

Remark 3.6.12. The relation of the boundary triple .
int; 

0

int;G / with the boundary
triple with weighted space NG D `2.Y; jpintj2/ is as follows: Let us denote the objects
associated with the weighted space by a bar N�. Then 
int D N
int, 
 0

int D jpintj2 N
 0
int

and�int.z/ D jpintj2 N�int.z/. Here, jpintj2 denotes the multiplication with the number
jpint.v/j2 on each component F.v/ of F D fF.v/gv2V .

Proposition 3.6.13. Assume that G D Gint �[ Gext is a metric graph with finitely
many exterior edges and a positive lower bound on the edge lengths infe2Eint `e > 0,
together with the associated boundary triples .
�; 
 0� ;G / as explained above. Then
the dilated coupled boundary triple .
 
 ; 
 0
 ;G / on H D L2.G/ is given by

H 1;
 D ˚
f 2 H1

Vint
.Gint/˚ H1

Vext
.Gext/

ˇ
ˇfint.v/ D e�
=2fext.v/ 8v 2 Y �;

h
 .f / D kf 0k2int C e�2
kf 0k2ext;

.
 
f /.v/ D fint.v/ D e�
=2fext;v.0/ and

.
 0
f /.v/ D
X

e2Eint;v

pint;e.v/
Õ
f

0
e
.v/� e�3
=2 X

e2Eext;v

pext;e.v/f
0

ext;e.0/:

Moreover, the dilated coupled boundary triple is elliptic. The transversal operator
is K D 0, and we have

�
.z/ D �.z/ D �int.z/C�ext.z/ D �int.z/ � i
p

zjpextj2:

Proof. The proof follows from an application of Proposition 3.6.10 and the fact
that the undilated coupled boundary triple associated with the metric graph G is
elliptic: To see this, we use Corollary 3.6.7. It is actually shown in Sect. 2.2 that
the individual boundary triples are bounded, elliptic and that domHN � W 2 D
H2

V .G//. Moreover, it is easily seen that .�ext.z/F /.v/ D �i
p

zjpext.v/j2F.v/. ut
Let us present a particularly simple example, where we calculate the Dirichlet-

to-Neumann map explicitly:

Example 3.6.14. If there is at least one edge in the interior metric graph and if all
these edges have length 1, if all weights are equal, say, pe.v/ D 1, and if all vertices
of Gint are connected with an exterior edge, i.e., Y D Vint D V , then

�int.z/ D
p

z

sin
p

z
degint


 «�int � .1 � cos
p

z/
�

D
p

z

sin
p

z


 «�comb
int � degint.1 � cos

p
z/
�
; (3.72)
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where degint denotes the multiplication with the degree degint.v/ of the vertex v 2
Vint w.r.t. the interior graph Gint (i.e., the number of adjacent edges). Moreover, «�int
is the normalised discrete Laplacian (see (2.7)) acting on `2.V; degint/, namely

. «�intF /.v/ D 1

degint.v/

X

e2Eint;v

.F.v/ � F.ve//;

where ve is the vertex on e opposite to v. Moreover, «�comb
int denotes the combinatorial

(discrete) Laplacian acting on `2.V /, defined by

. «�comb
int F /.v/ D

X

e2Eint;v

.F.v/� F.ve//:

These facts follow from Proposition 2.2.19 and Remark 3.6.12.
In particular, the coupled Dirichlet-to-Neumann operator is given by

�.z/ D
p

z

sin
p

z

� «�comb
int � degint.1 � cos

p
z/ � i.sin

p
z/ degext

�
: (3.73)

We can now state the analogue of Theorem 3.4.44 for the 
-coupled case. Note
that the Dirichlet-to-Neumann operator in Krein’s resolvent formulas below is the
undilated Dirichlet-to-Neumann operator. We write 
 although 
 is real here for
consistency with the next section, in which 
 is allowed to be also complex-valued.

Theorem 3.6.15. Assume that 
 2 R and z 2 C n Œ0;1/. Assume in addition that
the coupled boundary triple .
; 
 0;G / is elliptic. Then the resolvent difference can
be expressed by the bounded operators

R
.z/ �R
;D.z/ D W 
.z/ W H �! H (3.74a)

R
.z/ � �ellR

;D.z/ D W 
;0!2.z/ W H �! W 2;
 ; (3.74b)

R
.z/ � �D;
R
;D.z/��D;
 D W 
;�1!1.z/ W H �1;
 �! H 1;
 ; (3.74c)

where

W 
.z/ WD .B
.z//��.z/�1B
.z/W H B
 .z/�! G
�.z/�1�! G

.B
 .z//��! H ;

W 
;0!2.z/ WD S
.z/�.z/�1B
.z/W H B
 .z/�! G 1=2 �.z/
�1

�! G 3=2 S

 .z/�! W 2;
 ;

W 
;�1!1.z/ WD S
.z/�.z/�1.S
 .z//�W H �1;
 .S
 .z//��! G �1=2 �.z/�1�! G 1=2 S

 .z/�! H 1;


are bounded and the operators W 
.z/ and W 
;0!2.z/ agree up to the target space,
and the operatorW 
;�1!1.z/ extendsW 
.z/.
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Proof. The operator equalities (3.74a) and (3.74c) follow from Theorem 3.4.44
for the dilated coupled boundary triple .
 
 ; 


0
 ;G /, which is elliptic by Propo-
sition 3.6.10. Moreover, the boundedness of the operators follows from Propo-
sition 3.5.16 for the exterior boundary triple, and from Lemma 3.4.29 and the
ellipticity for the interior boundary triple. ut

3.7 Complexly Dilated Coupled Operators

In this section, we extend the previously defined dilated coupled operator H
 to
complex values of 
 2 S# . Since this section is somewhat technical, we give a short
outline first. The basic ideas can already be found in [CDKS87] for a concrete PDE
example, but not formulated in the language of boundary triples. This conceptual
language allows us to treat the metric graph and manifold case simultaneously.
Moreover, our results may be applied to many other similar situations in an easy
way, once the problem is formulated in terms of boundary triples.

The proof thatH
 depends holomorphically on 
 (in the sense that .H
 �z/�1 is
holomorphic in 
 for suitable z) needs some effort: We will first extend the definition
ofH
 (a priori only defined for 
 2 R) to a non-self-adjoint operatorH
 via Krein’s
resolvent formula

R
.z/ D R
;D.z/CW 
.z/

as in Theorem 3.6.15, but now for non-real 
 . It is easily seen that the RHS is
holomorphic in 
 (as we show in Sect. 3.7.1). In Sect. 3.7.2, we show that R
.z/ is
the resolvent of a closed operator eH
 such that

dom eH
 D W 2;
;N; where (3.75a)

W 2;
;N WD ˚
u 2 W 2;dec

ˇ
ˇ
extu D e
=2
intu; 
 0

extu D e3
=2
 0
intu

�
; (3.75b)

and

eH
u D LHintu ˚ LH

ext D LHintuint ˚ �e�2
u00

ext C .id ˝K/uext (3.75c)

for u 2 dom eH
 . In particular, eH
 D H
 for real 
 (and hence, we also use the
notation H
 for complex values 
 2 S# ). Note that H
 is formally the Neumann
operator of the complexly dilated coupled boundary triple. In Sect. 3.7.3 we extend
the operatorH
 onto suitable first order spaces H 1;
 ! H �1;
 .

Note that the operator domain ofH
 and even the quadratic form domain depend
on 
 already for real 
 (due to the “jump” condition 
intu D e�
=2
extu), so that
fH
g
 is neither a holomorphic family of type A nor of type B in the sense of Kato
(see [K66, Sect. VII.2]).

Throughout this section we assume that the (undilated) coupled boundary
triple .
; 
 0;G / is elliptic. Note that the dilated boundary triple .
 
 ; 
 0
 ;G /
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(see Definition 3.6.9) for real 
 is elliptic iff the undilated (
 D 0) coupled
boundary triple .
; 
 0;G / is. For conditions assuring the ellipticity of the latter,
see Theorem 3.6.5.

3.7.1 Holomorphic Dependency

We start with the holomorphy and other properties of the decoupled operatorH
;D.
The proof follows straightforward from Proposition 3.5.14.

Proposition 3.7.1. Assume that assume that 0 � # < �=2, 
 2 S# and z 2 Cn˙# .
Then the following assertions hold:

1. The operator
H
;D D HD

int ˚ .�e�2
@D
ss C id ˝K/

is the Dirichlet operator associated with the complexly dilated boundary triple
.
 
 ; 
 0
 ;G / formally defined as in Definition 3.6.9 for complex values of 

(recall that �@D

ss denotes the Laplacian on RC with Dirichlet condition at 0).
Moreover, the domain domH
;D is independent of 
 .

2. The operatorH
;D is normal, i.e. commutes with its adjoint.
3. The operatorH
;D commutes with the undilated operatorHD D H0;D.
4. The family fH
;Dg
 is self-adjoint, i.e. .H
;D/� D H
;D.
5. The family fH
;Dg
 depends holomorphically on 
 2 S# , i.e. the family is of

type A (see [K66, Sect. VII.2]).
6. The spectrum of H
;D is given by

�.H
;D/ D �.HD
int/ [ �

�.K/C e�2 Im 
 Œ0;1/
�

D �.HD
int/ [ f � C e�2 Im 
� j � 2 �.K/; � � 0 g;

and is contained in the sector ˙# . Moreover, the resolvent

R
;D.z/ D .H
;D � z/�1 D .HD
int � z/�1 ˚ .H
;D

ext � z/�1

fulfils the norm estimate

kR
;D.z/k � 1

dist.z;C n˙#/
DW �D

# .z/; i.e. H
;D 2 R.�D
# ;C n˙#/

(see Definition 3.3.3).
7. The resolvent as operator

R
;D.z/W H k;D �! H kC2;D
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is bounded by C	#.z;�1/ for z 2 Cn˙# and 
 2 S# (see Lemma 3.5.13), where
H k;D is the scale of Hilbert spaces associated with HD D H0;D. In particular,

kR
;D.z/k�1!1 � C	#.z;�1/ DW �D;1
#
.z/; i.e. H
;D 2 R1.�

D;1
#
;C n˙#/

(see Definition 3.3.10).

Let us now define the operator W 
.z/ appearing in Krein’s resolvent for-
mula in Theorem 3.6.15 on different scales for complex values of 
 2 S# D
f 
 2 C j jIm 
 j � #=2 g. We start with the dilated coupled Dirichlet solution
operator, given by

S
.z/W G �! H ; S
 .z/' WD Sint.z/' ˚ S
ext.z/': (3.77)

Let us summarise some facts on the coupled, dilated solution operator S
.z/ and
its adjoint B
.z/W H �! G defined by

B
.z/u WD �
 0
R
;D.z/u D Bint.z/uint C B

ext.z/uext

D �
 0
intR

D
int.z/uint C e�3
=2
 0

extR

;D
ext .z/uext: (3.78)

for 
 2 S# and z 2 C n˙#0 ) from the previous sections (see Remark 3.5.12 for the
need of the two variables # < #0). Note that R
;D.z/u 2 W 2 since the (undilated)
boundary triple is elliptic, and in particular, domH
;D D domH0;D � W 2.

We show the boundedness and holomorphy of these operators on different scales
of Hilbert spaces:

Proposition 3.7.2. Assume that 0 � # < #0 < �=2, 
 2 S# and z 2 C n ˙#0 .
Then the adjoint of B
.z/W H �! G extends the Dirichlet solution operator
S
.z/W G 1=2 �! H 1;
 . Moreover, the adjoint of S
.z/W G 1=2 �! H 1;
 extends
B
.z/. In addition, the following operators are bounded as maps

B
.z/W H �! G ; B
.z/�W G �! H ; (3.79a)

B
.z/W H �! G 1=2; S
 .z/W G 3=2 �! W 2;
 ; (3.79b)

where G k is the scale associated with the undilated coupled Dirichlet-to-Neumann
operator � D S�1S . Finally, for z 2 C n ˙#0 , the corresponding operator-valued
functions

S# ! L .H ;G /; L .H ;G 1=2/; 
 7! B
.z/; B
 .z/;

S# ! L .G ;H /; L .G 3=2;W 2;dec/; 
 7! B
.z/�; S
 .z/

are holomorphic.
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Proof. The assertions on the extension by adjoints follow as in Lemma 3.4.29,
and the boundedness and holomorphic dependence of the operators in (3.79a) as
in Proposition 3.5.16. The boundedness of the operators in (3.79b) is a consequence
of the ellipticity. For the holomorphy, we argue as in the proof of Proposition 3.5.16;
here, we embed the 
-dependent space W 2;
 into W 2;dec D W 2

int ˚ W 2
ext � H . ut

Denote by �.z/ the Dirichlet-to-Neumann operator associated with the coupled
undilated boundary triple; see Proposition 3.6.2 for an explicit expression. Combin-
ing the various results on holomorphic dependency, we obtain:

Proposition 3.7.3. Assume that 0 � # < #0 < �=2, 
 2 S# and z 2 Cn˙#0 . Then
the operators

W 
.z/ WD .B
.z//��.z/�1B
.z/W H B
 .z/�! G
�.z/�1�! G

.B
 .z//��! H ;

W 
;0!2.z/ WD S
.z/�.z/�1B
.z/W H B
 .z/�! G 1=2 �.z/
�1

�! G 3=2 S

 .z/�! W 2;


are bounded and the operators W 
.z/ and W 
;0!2.z/ agree up to the target space.
In addition, the operator-valued functions

S# ! L .H /; 
 7! W 
.z/ and S# ! L .H ;W 2;dec/; 
 7! W 
;0!2.z/

are holomorphic.

Proof. The assertions follow from Proposition 3.7.2 for the maps S
.z/ and B
.z/,
and from Proposition 3.4.34 and Definition 3.4.31 (applied to the undilated coupled
boundary triple) for�.z/. ut

3.7.2 The Complexly Dilated Coupled Operator

In this subsection, we want to extend H
 defined a priori only for real 
 also for
complex 
 in the strip S# . Actually, we start defining an operator family fR
.z/g
;z
via Krein’s resolvent formula, and then show that R
.z/ is the resolvent of a closed
operator eH
 given as in (3.75), which agrees with H
 for real 
 .

We set
R
.z/ WD W 
.z/CR
;D.z/W H �! H (3.80)

for 
 2 S# and z 2 C n˙#0 (recall that 0 � # < #0 < �=2). Let us first check that
R
.z/ is indeed the resolvent of a closed operator:

Proposition 3.7.4.

1. For z 2 C n˙#0 , the family of fR
.z/g
 is holomorphic in 
 2 S# .
2. The operators R
.z/ satisfy the resolvent equation
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R
.z/ �R
.w/ D .z � w/R
.z/R
.w/

for w; z 2 C n˙#0 .
3. The kernel of R
.z/ is trivial.

In particular, R
.z/ is the resolvent of a closed operator

eH
u WD .R
/�1u � u; u 2 dom eH
 WD R
.H / (3.81)

where R
 WD R
.�1/ and the family feH
g
 is self-adjoint (i.e. .eH
/� D eH
 ) with
spectrum contained in the sector˙#0 .

Proof. (1) The first assertion follows immediately from Propositions 3.7.1
and 3.7.3.

(2) The resolvent equation is fulfilled for real 
 , since then, the operator is the
resolvent of a (self-adjoint) operator by Theorem 3.6.15. Due to holomorphy, the
resolvent equation remains true for all 
 2 S# . (3) To prove the third assertion, we
claim that ˝

.H
;D � z/u;W 
.z/v
˛ D 0 (3.82)

for all u 2 VW 2, for all v 2 H , all z 2 C n ˙#0 and all 
 2 S# , where VW 2 WD
VW 2
int ˚ VW 2

ext and VW 2� D ker
� \ ker
 0� , see (3.32c). This claim can easily be seen
from

˝
.H
;D � z/u;W 
 .z/v

˛
H

D ˝
B
.z/.H
;D � z/u; �.z/�1B
.z/v

˛
G

using the definition of W 
.z/ in Proposition 3.7.3 for complex 
 . Now the left-
hand side of the last inner product vanishes since B
.z/.H
;D � z/u D .�
 0

int C
e�3
=2
 0

ext/u D 0 for u 2 VW 2 and therefore, (3.82) is fulfilled.
Suppose now, that R
.z/v D 0. Then we have

0 D ˝
.H
;D � z/u; R
.z/v

˛ D ˝
.H
;D � z/u; R
;D.z/v

˛ D hu; vi

for u 2 VW 2 due to (3.82). Since VW 2� is dense in H� by assumption (see

Definition 3.4.3), VW 2 is dense in H , hence v D 0.
To conclude, we observe that (2) and (3) imply that R
.z/ is a resolvent of

a closed operator eH
 (cf. [K66, p. 428]) for all z 2 C n ˙#0 , and therefore
�.eH
/ � ˙#0 . In addition, the family feH
 g
 is self-adjoint since .W 
/� D W 


and .R
;D/� D R
;D. ut
We finally show that eH
 actually acts as the Neumann operator H
 associated
with the dilated coupled boundary triple (see Definition 3.6.9) also for complex
values of 
 :
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Proposition 3.7.5. The operator eH
 defined in the previous proposition fulfils the
assertions in (3.75), i.e., dom eH
 D W 2;
;N and eH
 acts as in (3.75c). In particular,
for 
 2 R, we have eH
 D H
 .

Proof. Let v D R
ev 2 dom eH
 D ranR
 (i.e., we fix z D �1 here). Then we have

˝
eH
u; v

˛ D ˝
.eH
 C 1/u; v

˛ � hu; vi
D ˝
.eH
;D C 1/u; R
;Dev

˛ � hu; vi D hu;ev � vi D hu; eH
vi

for all u 2 VW 2 using (3.82) in the second and (3.81) in the last equation. On the
other hand, v 2 ranR
 implies v 2 W 2;
 by the definition (3.80) of R
 , using
Proposition 3.7.3 and ranR
;D D domHD

int ˚ domH0
ext � W 2;
 (by ellipticity).

In particular, we can apply Green’s formula (3.32b) for the interior and exterior
boundary triple, so that

˝
eH
u; v

˛ D hu; LHintviint C hu;�e�2
v00 C .id ˝K/viext

for u 2 VW 2 using eH
u D H
;Du D Hintu ˚ .�e�2
u00
ext C .id ˝K/uext

(Proposition 3.7.1 (1)). Hence, we have shown that eH
 acts as in (3.75c).
In order to show that dom eH
 D ranR
 � W 2;
;N we first note that

ranW 
;0!2 � W 2;
 from Proposition 3.7.3, and the definition (3.80) implies that
the first condition 
extv D e
=2
intv of W 2;
;N is fulfilled for v 2 ranR
 .

For the second condition of W 2;
;N, we recall from Proposition 3.7.3 that
�ell;DR


;D C W 
;0!2 is bounded as map from H into W 2;dec and depends holo-
morphically on 
 . Moreover, �ell;DR


;D C W 
;0!2 agrees with R
 for real 
 . By
holomorphy, the operators agree for all 
 2 S# . Finally, since �ell;DR


;D CW 
;0!2

is bounded (as operator from H into W 2;dec), the same is true for R
 . To finish the
argument, we note that


 0
R
 W H �! W 2;dec �! H

is also bounded and analytic in 
 , where


 0
u WD 
 0
intu � 
 0


extu D 
 0
intu � e�3
=2
 0

extu (3.83)

for u 2 W 2;
 . In addition, the latter operator vanishes for real 
 due to domH
 D
W 2;
;N and the ellipticity in this case, and therefore for all 
 2 S# again due to
holomorphy. Finally, we have shown that if u 2 dom eH
 D ranR
 , then u 2
W 2;
;N.

For the opposite inclusion, we have to check that a function u 2 W 2;
;N is of
the form u D R
v. A straightforward calculation (using similar arguments as in
Theorem 3.6.15) shows that
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v WD � LHintuint ˚ LHextuext
�C u

is the right candidate. ut
Definition 3.7.6. We call the operator eH
 defined above (see (3.75)) the complexly
dilated coupled operator associated with the coupled boundary triple .
; 
 0;G /.
For simplicity, we also write H
 for the operator eH
 for 
 2 S# (i.e., we omit the
tilde e�). We denote the domain by H 2;
 WD domH
 (DW 2;
;N by Proposi-
tion 3.7.5).

Let us finally proof that the complexly dilated boundary maps and the Dirichlet
solution operator fit well together with the Dirichlet-to-Neumann operator:

Proposition 3.7.7. The Dirichlet-to-Neumann operator is naturally related with the
boundary maps and the solution operator of the complexly dilated boundary triple,
i.e.,


 0
S
.z/ D �.z/W G 3=2 �! G 1=2;

and the operator is bounded.

Proof. We have


 0
S
 .z/' D 
 0
intSint.z/' � 
 0


extS


ext.z/' D �int.z/' C�ext.z/' D �.z/'

for ' 2 G 3=2 by (3.77) and (3.70b). ut

3.7.3 The Complexly Dilated Coupled Operator on the First
Order Spaces

In this section, we want to define a suitable sesquilinear form associated with the
H
 . Let us start with a remark:

Remark 3.7.8. If we proceed in the naive way, we could define a quadratic form
(and a corresponding sesquilinear form with symmetric domain) associated withH


by
q
 .u/ WD hu;H
ui D h
 .u; u/� .1 � ei Im 
 /h
intu; 


0
intui

for u 2 H 2;
 using Green’s formula individually on the interior and exterior
part. Note that the boundary term occurs for Im 
 ¤ 0, since we have to respect
the sesquilinearity of the inner products. There has been some confusion on the
quadratic form q
 due to the anti-linearity of a sesquilinear form in its first
argument, and the boundary term seems to have been overlooked in [GY83, (2.14)]
(cf. the Mathematical Reviews entry).

For non-real 
 , it is not clear to us, whether this form is closable and that the
closure is defined on

H 1;
 D ˚
u 2 H 1;dec

ˇ
ˇ
extu D e
=2
intu

�
:
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Moreover, it is difficult to use such expressions as upper estimates. In addition, this
quadratic form is not related to an operatorH
 defined from the Hilbert space H 1;


into H �1;
 D .H 1;
 /�. These are basically the reasons why we introduced the
scale of order 1 and sesquilinear forms with non-symmetric domains in Sect. 3.3.2.

The above remark explains why we cannot proceed as in [K66] (see Sect. 3.1):
the natural candidate for a sesquilinear form associated withH
 acts on h
 W H 1;
 �
H 1;
 �! C (in order to preserve holomorphy in the first argument). In particular,
h
 has a non-symmetric domain.

Let us therefore proceed as in Sect. 3.3.2, and define the relevant data in order to
endow the first order space H 1;
 with a suitable norm, serving later on as first order
space H 1.H
/ associated with H
 :

Definition 3.7.9. For 
 2 S# , we define an operator

T 
 W H �! H ; T 
u WD uint ˚ e�
=2uext:

Moreover, we define a norm on H 1;
 by

kuk21;
 WD kuk2
1;H
 WD kT 
uk21 D kuintk21 C e� Re 
kuextk21: (3.84)

The dual is defined by H �1;
 D .H 1;
 /� with its natural norm (see Defini-
tion 3.1.8).

The following facts follow immediately from the definition:

Lemma 3.7.10.

1. The above defined operator T 
 is bounded and invertible. Moreover,

.T 
 /� D T 
 ; .T 
 /�1 D T �
 and kT 
k; kT �
k � ejRe 
j=2:

2. Let � WD H0 and H 1 D dom�1=2 be the corresponding first order space, then

T 
 .domH
/ � H 1:

Moreover, denoting by T 1;
 the restriction of T 
 to H 1;
 , then

T 1;
 W H 1;
 �! H 1

is unitary.
3. The closed operatorH
 is compatible with� D H0 with compatibility operator
T 
 , see Definition 3.3.8.

4. The canonical maps

H 1;D
�D;

,! H 1;
 ,! H � H �1;
 ��

D;
� H �1;D (3.85)

are bounded by ejRe 
 j=2.
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Proof. We only show the norm bounds of the canonical maps (3.85): The second
embedding is bounded since

kuk2 � kuk2int C eRe 
kuk2ext � maxf1; eRe
gkT 
uk2

� maxf1; eRe
gkT 
uk21 � ejRe 
 jkuk21;

for u 2 H 1;
 . Similarly, we have kuk21;
 � maxf1; e� Re 
 gkuk21 for u 2 H 1;D. ut

Let us now extend Krein’s resolvent formula also for complex values of 
 . In
particular, we need the following facts on the Dirichlet solution operator:

Proposition 3.7.11. Assume that 0 � # < #0 < �=2, 
 2 S# and z 2 C n ˙#0 .
Then the operators

S
.z/�W H �1;
 �! G �1=2; S
 .z/W G 1=2 �! H 1;
 (3.86a)

have norm bounded by

kS
.z/k1=2!1;
 � 1C C	#.z;�1/C	#.�1; z/ DW C#
1 .z/: (3.86b)

Moreover S
.z/� is an extension of B
.z/W H �! G of Proposition 3.7.2. Finally,
for z 2 C n˙#0 , the operator-valued functions

S# ! L .H �1;N;G �1=2/; 
 7! S
.z/� and S# ! L .G 1=2;H 1;dec/; 
 7! S
.z/

are holomorphic.

Proof. The boundedness of the Dirichlet solution operators in (3.86a) follows from
Proposition 3.4.17 and Lemma 3.5.15: Note that a priori, the operator Sint.z/ is
bounded as operator G 1=2

int ! H 1
int, but the embedding of the coupled space G 1=2

into G 1=2
int is bounded by 1, see Lemma 3.6.3. In particular, the norm of Sint.z/ as

operator G 1=2 ! H 1 is the same as the one given in Proposition 3.4.17. A similar
remark holds for the exterior part. Therefore, the norm bound (3.86b) follows. Note
that the extra factor e
=2 in S
ext.z/ (see (3.62)) cancels due to the definition of the
norm kuk1;
 D kT 
uk1.

For the holomorphic dependence, we use Proposition 3.5.16. The embedding
H 1;
 ,! H 1;dec D H 1

int ˚ H 1
ext allows us to get rid of the 
-dependence in the

space. ut
The proof of the following assertion follows from the previous proposition and

the fact that the inverse of the Dirichlet-to-Neumann operator �.z/�1W G �1=2 �!
G 1=2 is bounded by Proposition 3.4.34:

Proposition 3.7.12. Assume that the (undilated) coupled boundary triple
.
; 
 0;G / is elliptic. Assume in addition that 0 � # < #0 < �=2, 
 2 S#
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and z 2 C n˙#0 . Then the operator

W 
;�1!1.z/ WD S
.z/�.z/�1.S
 .z//�W H �1;
 .S
 .z//��! G �1=2 �.z/�1�! G 1=2 S

 .z/�! H 1;


is bounded, and the operator W 
;�1!1.z/ extends W 
.z/ of Proposition 3.7.3. In
addition, the operator-valued function

S# ! L .H �1;dec;H 1;dec/; 
 7! W 
;�1!1.z/

is holomorphic. Finally, we have the norm bounds

kW 
;�1!1.z/k�1;
!1;
 � �
C#
1 .z/

�2
C.z;�1/ and

kW 
.z/k0!0 � ejRe 
 j�C#
1 .z/

�2
C.z;�1/:

Definition 3.7.13. Let 
 2 S# for 0 � # < �=2. The complexly dilated coupled
sesquilinear form

h
 W H 1;
 � H 1;
 �! C

associated with h D h0 is defined by

h
 .u; v/ D hint.u; v/C h
ext.u; v/

D hint.u; v/C e�2
 hu0; v0iext C h?
ext.u; v/;

where H 1;
 is defined in (3.69b), but now also for complex 
 2 S# .

Recall that C#
1 .z/ defined in (3.86b) depends only on # and z, and similarly for

C	#.z;�1/ and C.z;�1/ D C0.z;�1/ (see Lemma 3.5.13 for the definition). Let us
now present the main result of this section:

Theorem 3.7.14. Assume that the coupled boundary triple .
; 
 0;G / is elliptic
(see Theorem 3.6.5 for conditions assuring this). Assume in addition that 0 � # <

#0 < �=2, 
 2 S# and z 2 C n˙#0 . Then we have the following assertions:

1. The complexly dilated coupled operator H
 given in Definition 3.7.6 has
spectrum in the sector ˙#0 D f z 2 C j jarg zj � # g, and the family fH
g
2S# is
a self-adjoint, holomorphic family of operators.

2. We have the unitary equivalence

H
1C
2 D U 
1H
2U�
1 (3.87)

for real 
1 and complex 
2 2 S# .
3. The complexly dilated coupled operatorH
 has the resolvent norm profile
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kR
.z/k0!0 � 1

dist.z;C n˙#0/
C ejRe 
 j�C#

1 .z/
�2
C.z;�1/ DW �.z/;

i.e. H
 2 R.�;C n˙#0/.
4. We have the resolvent norm profile of order one

kR
.z/k�1;
!1;
 � �
ejRe 
j C �

C#
1 .z/

�2�
C	#.z;�1/ DW �1.z/

and in particular,H
 2 R1.�
1;C n˙#0/.

5. The complexly dilated coupled sesquilinear form h
 is bounded by ejRe 
 j .
Moreover, h
 is associated with H
 .

Proof. (1) follows from Propositions 3.7.4 and 3.7.5. (2) The unitary equivalence
holds a priori only for real 
1 and 
2. But since both sides are holomorphic in 
2,
equality (3.87) extends therefore to complex 
2 2 S# .

(3) We haveR
.z/ D R
;D.z/CW 
.z/W H �! H by the definition (3.80). The
norm estimate follows from Proposition 3.7.1 (6) and Proposition 3.7.12.

(4) The operator

R
.z/ D �D;
R

;D.z/��

D;

CW 
.z/W H �1;
 �! H 1;


is bounded a priori only for real 
 , but the equality holds on the dense subset
H � H �1;
 also for complex 
 by (3.80), and the RHS is bounded. Therefore,
the operator is bounded for complex 
 . The norm estimate follows from Proposi-
tion 3.7.1 (7), (3.85) and Proposition 3.7.12. (5) The estimate on h
 follows from

jh
 .f; g/j � e�2Re 
 jhf 0; g0iextj C jh?
ext.f; g/j C jhint.f; g/j

CS� ejRe 
 j�h.T 
f /h.T 
g/
�1=2 � ejRe 
 jkf k1;
kgk1;
 :

for f 2 H 1;
 and g 2 H 1;
 . Moreover, that h
 is associated with H
 in
the sense of Definition 3.3.16 follows easily from Green’s formula. Note that we
can consider H
 as the Neumann operator associated with the complexly dilated
coupled boundary triple defined formally as in Definition 3.6.9 for complex values
of 
 , i.e. 
 0
u D 0 for u 2 domH
 D H 2;
 (see also (3.83)). ut

3.8 Resonances

Let us now define resonances as the eigenvalues of the dilated operators H
 .
Throughout this section, we use the notation of Sects. 3.6 and 3.7. In particular, we
assume that the coupled boundary triple is elliptic (see Theorem 3.6.5 for conditions
assuring this).
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First, we make some general observations on the spectrum of H
 : We assume
that the transversal operatorK has discrete spectrum denoted here by f�k.K/gk. We
do not exclude the case that the sequence is finite, i.e. that G is finite-dimensional.
This case occurs e.g. on a metric graph with finitely many exterior edgesEext, where
K D 0 and G D C

Eext . A typical example of an infinite sequence is the manifold
case, where K D �Y on G D L2.Y / D L

e2Eext
L2.Ye/, and where each Ye is a

compact manifold.

Proposition 3.8.1. Assume that K has discrete spectrum. Then the coupled
Dirichlet-to-Neumann operator � has discrete spectrum. Moreover, the essential
spectrum of the coupled dilated operator H
 is given by

�ess.H

/ D


[

k

�k.K/C e�2
 Œ0;1/
�

[ �ess.H
D
int/

(see Fig. 3.2). If, in addition,HD
int in Hint also has discrete spectrum, then

�ess.H

/ D

[

k2N
�k.K/C e�2
 Œ0;1/:

Proof. By Corollary 3.5.5, we have�2
ext D KC1, hence��1

ext is compact. Moreover,
� D �int C �ext � �ext � 0 (Proposition 3.6.2), so that 0 � ��1 � ��1

ext , and in
particular,��1 is also compact.

For the assertion on the essential spectrum, we argue as follows: By definition of
the resolvent in (3.80), we haveR
 �R
;D D W 
 , and the latter operator is compact
since ��1 is compact and W 
 D S
��1B
 . In particular,

�ess.H

/ D �ess.H


;D/ D �ess.H
D
int/ [ �ess.H

D
ext/:

Now the latter spectrum is �ess.H
D
ext/ D S

k �k.K/ C e�2
 Œ0;1/ due to Proposi-
tion 3.5.14 and the first assertion follows. The second assertion is obvious. ut

Theorem 3.8.2. Assume that the coupled boundary triple .
; 
 0;G / is elliptic (see
Theorem 3.6.5 for conditions assuring this). Assume in addition that K and HD

int
have purely discrete spectrum:

1. The spectrum �.H
/ depends only on Im 
 and �.H
/ D �.H
/ (complex
conjugation).

2. The discrete spectrum �disc.H

/ is locally constant in 
 . Moreover, if 0 <

Im 
1 � Im 
2 < #=2 then �disc.H

1/ � �disc.H


2/.
3. For 
 … R we have �.H
/ \ Œ0;1/ D �p.H/, where �p.H/ denotes the set of

eigenvalues ofH , i.e. the eigenvalues ofH embedded in the continuous spectrum
are unveiled (see Fig. 3.2).

4. The singular continuous spectrum of H is empty.
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Fig. 3.2 The spectrum of the complexly dilated operator H
 , the spectrum of the transversal
operator K (black circles) the unveiled point spectrum (outlined circles) and resonances with non-
vanishing imaginary part (outlined squares)

5. There is a subspace A satisfying (3.88) such that �f .z/ WD hf; .H � z/�1f i
has a meromorphic continuation onto the Riemann surface defined by w !p

w � �k.K/.
6. � 2 ˙#0 is a discrete eigenvalue of H
 iff there exists f 2 H such that the

meromorphic continuation of �f has a pole in �.

Proof. The proof follows closely the proof of [RS80, Thm. XIII.36], so we
only comment on the differences. The basic ingredient in the proof is first, the
holomorphy of the family fH
g
 in the sense that the resolvents are holomorphic
in 
 (see Theorem 3.7.14 (1)). From the unitary equivalence of Theorem 3.7.14 (2)
and the fact that fH
 g
 is a self-adjoint family, (1) follows immediately.

In a similar way, (2) follows from the fact that an eigenvalue of H
 depends
holomorphically on 
 since .H
 C 1/�1 depends holomorphically on 
 (cf. [K66,
Thm. VII.1.8]). In order to prove (3) and (4) as in [RS80], we need the notion of
analytic vectors with respect to the unitary group U 
 . Note that A WD idHint ˚Aext

with Aext WD .s@s C @ss/i=2˝ id is the self-adjoint generator of the unitary group

 7! U 
 . The subspace of analytic vectors is defined by

A WD
n
f 2

\

k2N
domAk

ˇ
ˇ
ˇ
X

n

�n

nŠ
kAnf k < 1

o

for some � � #=2 (see e.g. [RS80, Sect. X.6] or [GG91, Sect. 2.5]). It follows that

(
U 
.A / is dense in H and


 7! U
f extends holomorphically to a map S# ! H
(3.88)

for all f 2 A using (3.87). The holomorphic extension is then given by

f 
 WD U 
f D
X

n


n

nŠ
.iA/nf:
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To prove (5) we just note that a meromorphic continuation of �f is given by

�

f .z/ D hf 
 ; .H
 � z/�1f 
 i

since we have �0
f
.z/ D �


f
.z/ a priori only for real 
 but by holomorphy also for


 2 S# . For (6) we argue as follows: If g is an eigenvector of H
 with eigenvalue
� then let f WD U�
g. Again, by holomorphy, we have U 
f D g not only for
real, but also for complex 
 . In particular, �f has a pole at �. On the other side,
if �f D �


f has a pole at �, then hf 
 ;�f�gf 
 i ¤ 0 and in particular, f 
 is an

eigenvector of H
 . ut
Motivated by Theorem 3.8.2 (2) and (3), we make the following definition.

Definition 3.8.3. A resonance of H is a discrete eigenvalue of the dilated operator
H
 for some 
 2 S# and 0 < # < �=2.

Strictly speaking, a resonance is only a non-real eigenvalue ofH
 . In order to avoid
notation like “the embedded eigenvalues and the resonances” we use the convention
to call the embedded (real) eigenvalues also resonances.

Let us now prove a theorem analogous to Theorem 3.4.45:

Theorem 3.8.4. Assume thatK andHD
int have purely discrete spectrum. Assume in

addition that the coupled boundary triple .
; 
 0;G / is elliptic (see Theorem 3.6.5
for conditions assuring this). Then the following assertions are true:

1. Let z 2 C n �.HD;
 /, then

ker.H
 � z/ D S
.z/ ker�.z/; (3.89a)

where �.z/W G 3=2 �! G 1=2 is the (undilated) Dirichlet-to-Neumann operator,
and the S
.z/ is bijective as map between the kernels.

2. For � 2 C n �.HD;
 /, we have the spectral relation

z is a resonance of H , 0 2 �.�.z//: (3.89b)

Moreover, the multiplicity of a resonance z is given by dim ker�.z/.
3. Assume that we have the natural embedding domHD

int ,! domH0 given by
extending a function fint trivially by 0 (such functions are in general not in the
domain of domH0), then all eigenvalues of HD

int are (real-valued) resonances,
i.e., �.HD

int/ belongs to the set of resonances of H .

Proof. (1) For the inclusion “�”, let h 2 ker.H
 � z/ � W 2;
 and set ' WD 
 
h.
Note that ' 2 G 3=2: Leteh D hint˚S0ext.z/
inth, then 
 0eh 2 G 3=2 since the undilated
boundary triple is elliptic. Moreover, 
 0eh D 
 
h D ', hence ' 2 G 3=2. Now, by
Proposition 3.7.7, we have

�.z/' D 
 0
S
' D 
 0
 h D 0 (3.90)

since h 2 domH
 (Proposition 3.7.5).
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For the opposite inclusion “�”, let ' 2 ker�.z/. By definition, ' 2 G 3=2, so
that h D S
.z/' 2 W 2;
 by Proposition 3.7.2. It follows from (3.90) and again
Proposition 3.7.5, that h 2 domH
 and therefore h 2 ker.H
 � z/. The set equality
now shows the surjectivity of S
.z/ as map between the kernels. The injectivity is
clear, since S
.z/ has a left inverse, namely 
 
 .

(2) Let z be a resonance ofH , i.e., there is a 
 with jIm 
 j large enough such that
ker.H
 � z/ ¤ f0g. By (1), this is equivalent to ker�.z/ ¤ f0g.

(3) This is a trivial observation, since an eigenfunction fint of HD
int can be

extended to an eigenfunction f D fint ˚0 2 domH0. Note that 
 0
intf D 
 0

extf D 0

so that we also have f 2 domH
 . ut
Remark 3.8.5. Let us comment on the Dirichlet eigenvalues: The situation of
Theorem 3.8.4 (3) actually happens for quantum graphs with Kirchhoff conditions,
as it can easily be seen (cf. the loop graph example below. This fact is usually
related to the violation of the unique continuation principle, stating that a solution
of the equation .H � z/u D 0 which vanishes on an open set, is identically 0. Since
the unique continuation principle is true for elliptic partial differential operators,
the situation of Theorem 3.8.4 (3) can never appear on a manifold.

Nevertheless, we have the phenomena of a Helmholtz resonator as explained
in Remark 1.4.6: If the manifold problem converges to a decoupled problem, the
Dirichlet eigenvalues of the limit problem are seen on the manifold as resonances
close to the Dirichlet eigenvalues (see also Corollaries 7.2.8 and 7.2.13).

Theorem 3.8.4 (2) actually gives a simple way to calculate resonances on quantum
graphs with standard (“Kirchhoff”) vertex conditions:

Example 3.8.6. Let us present here a simple example of a metric graph with
resonances. LetGint be a loop graph, i.e., the graph with one vertex v and one edge e0
such that @�e0 D @Ce0 D v and `e0 D 1. Moreover, we attachm D degext v exterior
edges to v, so that Gext is a star graph consisting of one vertex v and m half-lines
attached to v (see Fig. 1.4 for the case m D 1). The corresponding combinatorial
Laplacian of the interior graph is «�comb

int D 0 on G D C (see Example 3.6.14
for the definition of «�comb

int ). We assume a standard vertex condition at v, i.e.,
Vv D C.1; : : : ; 1/. The corresponding quantum graph Laplacian on the coupled
graphG D Gint �[ Gext with Gint \Gext D fvg is the Kirchhoff Laplacian�G acting
as .�Gf /e D �f 00

e for functions f D ffege with fe 2 H2.RC/ for e 2 Eext resp.
fe0 2 H2.0; 1/ on the loop. Moreover,

fe.0/ D fe0 .0/ D fe0.1/ and f 0
e0
.1/ � f 0

e0
.0/ D

X

e2Eext

f 0
e .0/:

From (3.73) for the Dirichlet-to-Neumann map of the coupled boundary triple we
obtain

�.z/ D �
p

z

sin
p

z



1 � cos

p
z C i.sin

p
z/m

�
:



3.8 Resonances 179

According to Theorem 3.8.4 (2), we have a resonance z … �.H/D D Œ0;1/ iff

1 � cos
p

z C i.sin
p

z/m , .1 �m=2/w2 � 2w C .1Cm=2/ D 0

, w D 1 or w D �mC 2

m � 2 ;

where w D eiz (the latter fraction is a solution only for m ¤ 2). Note that w D 1

leads to the (formal) solutions z D .2�k/2, k D 1; 2; : : : , corresponding to the
Dirichlet spectrum of the interior loop graph. By Theorem 3.8.4 (3), they are actually
real-valued resonances, since we can extend a Dirichlet eigenfunction on the loop
graph by 0 to an eigenfunction of the entire graph.

The other solution corresponds to

z D .2�k�i log 3/2 form D 1 resp. z D


.2kC1/��i log

mC 2

m� 2

�2
form � 3,

where k 2 Z. In particular, the graph with m D 1 and m � 3 exterior ends has
non-real resonances of multiplicity 1, whereas the graph with m D 2 exterior
edges (a line with a loop attached) has no non-real resonance. The appearance or
non-appearance of resonances has been discussed in [DEL10] (see also references
therein). Note that we considered the case m D 1 already in Sect. 1.4.2.

Let us finally comment on the independence of the definition of resonances of
various model settings (for the notion X D Xint �[ Xext see Sect. 5.1.2). If H D
L2.X/ and X D Xint �[ Xext is a manifold (up to a discrete set of points, like the
vertices in a metric graph) having a cylindrical end Xext D RC � Y , we can view
the dilation U 
 as induced by the flow

˚
 .x/ D
(
x if x 2 Xint;

.e
 s; y/ if x D .s; y/ 2 Xext,

i.e. U 
u D detD˚
 � .u ı ˚
/ or

.U 
u/.x/ D
(

u.x/ if x 2 Xint;

e
=2.e
 s; y/ if x D .s; y/ 2 Xext.

Here, f˚
g
2R is a non-smooth flow, i.e. ˚
 is continuous and

˚
1C
2 D ˚
1 ı˚
2 and ˚0 D idR
C

: (3.91)

We say that a unitary group fU 
g
2R is generated by a flow f˚
g
2R if

U 
u WD uint ˚ ..s; y/ 7! ˇ
ˇ.˚
 /0.s/

ˇ
ˇ1=2 � u.˚
.s/; y/:
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The non-smoothness comes from the fact that at the boundary between the
interior and exterior part, we have a jump in the derivative. Another example of
a non-smooth flow ˚s0 is given by

˚

s0
.s/ D

(
s; if 0 � s < s0,

e
 .s � s0/s; if s0 � s,

i.e. we use a cut into an interior and exterior part at s0 � 0.

Remark 3.8.7. We can as well allow smooth flows, as done for example in [HiS89].
We call the flow smooth if ˚ is smooth on .0;1/ and if .˚
 /.k/.0/ D 0 for all
k 2 N0. The advantage is a somehow simpler operator domain: The dilated operator
and the undilated operator have the same (
-independent!) domain, but the price is
a less natural operator. For example, on a metric graph, the jump condition can be
implemented into the vertex condition. Similar as in the following proposition, it
can be seen that the definition of a resonance is independent of the concrete flow
implementation also for smooth flows, see [HM87].

We can now assure that our definition of resonances does not depend on what
(non-smooth) flow f˚


s0
g
 we use:

Proposition 3.8.8. Assume that the dilation operator U 

s0

is generated by the non-
smooth flow ˚s0 with cut into an interior and exterior part at s0 � 0. Then the
definition of resonances (as discrete eigenvalues of the dilated operator H


s0
D

U 

s0
HU�


s0
) is independent of s0.

Proof. Denote by U 
 the exterior dilation operators associated with the flows ˚


and ˚

s0

defined above, respectively. The main point is to show that there exists a
subspace A which satisfies (3.88) for both U 
 and U 


s0
. Note that As0;ext D ..s �

s0/@s C@s.s�s0//i=2 D Aext � is0@s for the generator; in particular, we let A be the
space of analytic functions on RC with exponential decay; this space fulfils (3.88)
for the generatorsAs0 WD 0˚Aext andA0 D 0˚�i@s . Moreover, an eigenvalue of the
dilated operator with respect to U 
 or U 


s0
is a pole of the meromorphic continuation

of �f .z/ D hf; .H � z/�1f i for some f 2 A , and the latter definition is clearly
independent of s0. ut

3.9 Boundary Maps and Triples Coupled via Graphs

Assume thatGD .V;E; @/ is a graph without exterior edges (for the notation related
to a graph, we refer to Sect. 2.1.1, especially to Definitions 2.1.1 and 2.1.2; as usual,
the graph is locally finite, i.e. deg v D jEvj < 1 for all v 2 V ). We start with
the definition of a coupled system via boundary maps. Assume that for each v 2 V
there is a boundary map 
vW H 1

v �! Gv associated with the non-negative quadratic
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Fig. 3.3 The coupled boundary map 
 W H 1 �! G obtained from the boundary maps

vW H 1

v �! Gv and 
wW H 1
w �! Gw . Here, the boundary space at the vertex v consists of the

three boundary spaces at the end-points, i.e. Gv D Ge1 ˚ Ge2 ˚ Ge3

form hv in the Hilbert space Hv (see Definition 3.4.1). We assure the following
compatibility with the graph structure:

Definition 3.9.1. We say that the family of boundary maps f
vW H 1
v �! Gvgv2V is

compatible with the graph G D .V;E; @/ if for each e 2 E, there is a Hilbert space
Ge, such that

Gv D
M

e2Ev

Ge

and that the boundary map decomposes as


vf D
M

e2Ev


v;ef

for f 2 H 1
v , where 
v;eW H 1

v �! Ge .

For an illustration of the above situation see Fig. 3.3.
Let us now define a boundary map coupled via the graph G as follows: Set

H WD
M

v2V
Hv; H 1;dec WD

M

v2V
H 1

v and G WD
M

e2E
Ge: (3.92a)

The graph-coupled space of order 1 is defined as

H 1 WD ˚
f 2 H 1;dec

ˇ
ˇ
@

�

e;ef D 
@
C

e;ef 8e 2 E �: (3.92b)

The graph-coupled quadratic form h is defined as the restriction of
L

v hv onto H 1.
Moreover, we define


 W H 1 �! G ; .
f /e D 
@
˙

e;ef (3.92c)

for f 2 H 1.
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We denote by

H 1
v;e WD f f 2 H 1

v j
v;e0f D 0 8e0 2 Ev n feg g (3.92d)

the space of functions in H 1
v with vanishing boundary values
v;e0 for all e0 except e.

Finally, we define a natural inclusion of the boundary space G into the decoupled
boundary space G dec by

�W G D
M

e2E
Ge �! G dec WD

M

v2V
Gv; .�'/v WD 'v; (3.92e)

where 'v D f'ege2Ev .

Proposition 3.9.2. Assume that f
vW H 1
v �! Gvgv2V is compatible with the graph

G D .V;E; @/, that
sup
v2V

k
vk21!0 < 1 (3.93a)

and that

G 1=2
e WD

\

v2@e

v;e.H

1
v;e / D 
@

�

e;e.H
1
@

�

e;e/ \ 
@
C

e;e.H
1
@

C

e;e/ (3.93b)

is dense in Ge for all e 2 E. Then the following assertions hold:

1. The space H 1 is closed in H 1;dec, hence h is a closed non-negative quadratic
form in H .

2. The operator 
 W H 1 �! G constructed as above, is a boundary map in the
sense of Definition 3.4.1, called the boundary map coupled via the graphG from
the boundary maps 
v .

3. The associated Dirichlet operator is decoupled and given by HD D L
v2V HD

v .
4. For z … �.HD/ D S

v �.H
D
v /, the associated Dirichlet solution operator S.z/

is given by S.z/ D Sdec.z/�, where Sdec.z/ WD L
v Sv.z/ and where Sv.z/ is the

Dirichlet solution operator associated with 
v, i.e.,

S.z/' D
M

v2V
Sv.z/'v; 'v D f'ege2Ev :

5. The associated Dirichlet-to-Neumann operator � is given by ���dec�, where
�dec WD L

v �v, and where �v is the Dirichlet-to-Neumann associated with 
v,
i.e.,

.�'/e D
X

v2@e
.�v'v/e:

where . /e denotes the e-th component of  2 Gv.



3.9 Boundary Maps and Triples Coupled via Graphs 183

Proof. (1) Consider the decoupled operator 
 dec WD L
v 
vW H 1;dec �! G dec. By

the uniform upper bound (3.93a), 
 dec is bounded. Moreover, H 1 is the preimage
of the closed subspace �G � G dec under 
 dec, hence itself closed in H 1;dec.

(2)–(3) We first check that 
 is a boundary map: The operator 
 is bounded
since

k
f k2 D
X

e2E
k
@

˙

e;ef k2 D 1

2

X

e2E

X

v2@e
k
v;ef k2

D 1

2

X

v2V

X

e2Ev

k
v;ef k2 D 1

2

X

v2V
k
vf k2;

using (2.1), and the latter is bounded by .1=2/ supv k
vk21!0kf k2
H 1 . Moreover,

H 1;D WD ker
 D ˚
f 2 H 1;dec

ˇ
ˇ
v;ef D 0 8e 2 Ev 8v 2 V � D

M

v2V
H 1;D

v ;

and the latter space is dense in H since each H 1;D
v is. Moreover, the space is a direct

sum, showing assertion (3). Finally, for the density of ran
 , let ' D f'ege2E 2 G .
By the density assumption, there exists 'e;n 2 G 1=2

e such that 'e;n ! 'e in Ge. By
definition of H 1=2

e , there exist fv;e;n 2 G 1
v;e such that 
v;efv;e;n D 'e;n. Set fv;n WD

P
e02Ev

fv;e0;n, then by definition of H 1
v;e , we have 
v;efv;n D 'e;n independently of

v D @˙e. In particular, fn WD ffv;ngv 2 H 1 and 
fn D f'e;nge DW 'n 2 
 .H 1/.
Since 'n converges componentwise, we have 'n ! ', and the density of 
 .H 1/

in G is shown.
(4) Let h WD Sdec.z/�'. Clearly, 
 h D ', and h is a weak solution, since it is a

weak solution on each component.
(5) It is easily seen that the adjoint of � is given by .�� /e D P

v2@e  v;e for  2
G dec. The assertion on � follows then by Proposition 3.4.11, namely � D S�1S
and a similar assertion for �dec. ut

For completeness, we also explain the concept of boundary triples coupled via
graphs: This actually allows us to give an interpretation of the associated Neumann
operator in terms of the boundary map 
 0.

Definition 3.9.3. Assume that f
vW H 1
v �! Gvgv2V is compatible with the graph

G D .V;E; @/ and that .
v; 

0

v ;Gv/ is a boundary triple associated with hv on Hv.
We say that the family of boundary triples .
v; 


0
v ;Gv/v2V is compatible with the

graph G D .V;E; @/ if the boundary maps 
 0
v W W 2

v �! Gv decompose as


 0
vf D

M

e2Ev


 0
v;ef

for f 2 W 2
v , where 
 0

v;eW W 2
v �! Ge.
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We now define a boundary triple coupled via a graph as follows: Set

W 2 WD W 2;dec \ H 1; where W 2;dec WD
M

v2V
W 2

v ; (3.94a)

and


 0W W 2 �! G ; .
 0f /e D
X

v2@e

 0

v;ef D 
 0
@

�

e;ef C 
 0
@

C

e;ef (3.94b)

for f 2 W 2.
The next proposition shows that .
; 
 0;G / is indeed a boundary triple, called the

boundary triple coupled via the graph G from the boundary triples .
v; 

0

v ;Gv/ .

Proposition 3.9.4. Assume that .
v; 

0

v ;Gv/v2V is compatible with the graph G D
.V;E; @/ and that, in addition, (3.93a), (3.93b),

sup
v2V

k
 0
v k2W 2

v !Gv
< 1 and sup

v2V
k LHvk2W 2

v !Gv
< 1 (3.95a)

are fulfilled. Then the following assertions hold:

1. .
; 
 0;G /, as constructed above, is a boundary triple with LH being the
restriction of LH dec WD L

v
LHv to W 2.

2. The associated Neumann operator, denoted by H D HN, has

W 2;N WD ˚
f 2 W 2

ˇ
ˇ
@

�

e;ef D 
@
C

e;ef; 
 0
@

�

e;ef C 
 0
@

C

e;ef D 0 8e 2 E �
(3.95b)

in its domain, i.e., W 2;N � domH . Moreover, Hf D L
v

LHvf for f 2 W 2;N.
In particular, the Neumann operator is coupled, i.e, HN cannot be written as
direct sum of the individual Neumann operators.

3. Assume that .
; 
 0;G / is an elliptic boundary triple, and let z 2 C n �.HD/.
Then the associated Dirichlet-to-Neumann operator�.z/W G 3=2 �! G 1=2 can be
written as

.�.z/'/e D
X

v2@e
.�v.z/'v/e:

Proof. (1) A similar argument as for Proposition 3.9.2 (1) shows that W 2 is closed
in W 2;dec (using the fact that kf kW 2 � kf kH 1), hence itself a Hilbert space.
Moreover, 
 0W W 2 �! G is bounded, since

k
 0f k2 � 2
X

e2E

X

v2@e
k
 0

v;ef k2 D 2
X

v2V

X

e2Ev

k
 0
v;ef k2 D 2

X

v2V
k
 0

v f k2;

using (2.1), and the latter is bounded by 2 supv k
 0
v k2

W 2
v !Gv

kf k2
W 2 . The second

assumption of (3.95a) assures that LH is bounded as operator W 2 ! H . Green’s
formula follows from
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hf; LHgi D
X

v2V
hf; LHgiv D

X

v2V

�
hv.f; g/ � h
vf ; 


0
vgiGv

�

D h.f; g/ �
X

v2V

X

e2Ev

h
v;ef ; 

0

v;egiGe

D h.f; g/ �
X

e2E

D

@

˙

e;ef ;
X

v2@e

 0

v;eg
E

Ge

D h.f; g/ � h
f ; 
 0giG

for all f 2 H 1 and g 2 W 2, where we used Green’s formula for each v in
the second equality, the reordering (2.1) in the third and the fact that 
@

�

e;ef D

@

C

e;ef in the fourth equation. Since VW 2
v is dense in Hv and since

L
v2V VW 2

v �
VW 2 D ker
 \ ker
 0, the density of VW 2 in H follows.

(2) follows from Proposition 3.4.5.
(3) From the ellipticity of .
; 
 0;G / it follows that h D S.z/' 2 W 2 and also

hv 2 W 2
v by Proposition 3.9.2 (4). Now we have

.�.z/'/e D .
 0S.z/'/e D
X

v2@e

 0

v;eSv.z/'e D
X

v2@e
.�v.z/'v/e

by Proposition 3.4.13. The ellipticity of .
; 
 0;G / ensures that �.z/ is bounded as
operator G 3=2 ! G 1=2. ut
Remark 3.9.5.

1. We do not provide general criteria assuring the ellipticity of the coupled boundary
triple from assumptions on the boundary triples .
v; 


0
v ;Gv). We will treat such

questions in a forthcoming publication. Note that we used the ellipticity of
.
; 
 0;G / in Proposition 3.9.4 (3) only for the fact that the Dirichlet solution
h D S.z/' is in W 2, and that�.z/W G 3=2 �! G 1=2. For the formula for�.z/, the
fact h 2 W 2 is sufficient.

2. Actually, we only need the coupling of boundary maps and not of boundary
triples, as for example in Sect. 4.8 and in Chap. 7. In particular, the coupling
is only used in order to pass from the estimates of quadratic forms on star-shaped
graph and its corresponding manifold to a general graph and its corresponding
graph-like manifold.

Example 3.9.6. Let us illustrate the previous result on a simple example. Denote by
G the graph consisting of one edge e and its two boundary vertices v˙ D @˙e only.
Then G D G� ˚ GC, where .
˙; 
 0̇ ;G˙/ denote the boundary triples associated
with the vertex v˙, and by assumption, G˙ D Ge . This is precisely the situation of
an “interior” and “exterior” boundary triple coupled as in Sect. 3.6.1. In particular,
�W Ge �! Ge ˚ Ge is the diagonal map �' D ' ˚ ' with adjoint ��. 1 ˚  2/ D
 1 C  2. Therefore, the Dirichlet-to-Neumann map is given by � D �� C�C, as
we have already seen in Proposition 3.6.2.
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Chapter 4
The Functional Analytic Part: Two Operators
in Different Hilbert Spaces

In this chapter, we develop a general framework in order to deal with operators act-
ing in different Hilbert spaces, but being “close” to each other (in a sense to be made
precise). In particular, we generalise the concept of norm resolvent convergence.
The considerations are quite general, since we have further applications in mind
(not all of them included in this work). To our knowledge, such a theory of norm
convergence of (functions of) operators acting in different Hilbert spaces is new.

In Sect. 4.1, we start our analysis of operators in different spaces with some
results on identification operators, generalising quantitatively the notion of unitarity.
In particular, we introduce the notion “ı-quasi-unitary” (resp. the notion “ı-partial
isometric” implying the former) for operators J W H �! fH and J 0W fH �! H ,
“identifying” the Hilbert spaces H and fH in the sense that, for ı D 0, J and
J 0 are unitary. The notion of “ı-quasi-unitarity” and “ı-partial isometry” is usually
related to scales of Hilbert spaces H k.�/ and H k.e�/ associated with operators�
and e� on H and on fH , respectively. Note that for ı > 0, J and J 0 need not to be
bijective, as in many of our examples.

In Sect. 4.2, we analyse non-negative operators� � 0 and e� � 0 on H and fH .
For the “untilded” objects, the reader should have a quantum graph .G;V / with
H D L2.G/ and � D �.G;V / in mind (see Sect. 2.2), the “tilded” objects are

associated with a corresponding graph-like manifold X" with fH D L2.X"/ and
Laplacian e� D �X"

(see Sect. 5.1). The above mentioned identification operators
allow us to define the notion “ı-quasi-unitary equivalence” of� and e�, generalising
at the same time the notion of “unitary equivalent” (if ı D 0) and the notion of
“norm resolvent convergence” k.�C 1/�1 � .e�C 1/�1k ! 0 if ı ! 0 in the case
that H D fH , J D id, J 0 D id and that e� depends on ı. From this notion, we can
deduce norm estimates on the difference of '.�/ and '.e�/, e.g. of the heat operators
('t.�/ D e�t�, Theorem 4.2.9), of spectral projectors (' D �I , Theorem 4.2.10) or
of the unitary evolutions ('t.�/ D eit� Theorem 4.2.15).

In Sect. 4.3 we conclude the convergence of the spectrum, namely the discrete,
essential and entire spectrum and of related eigenfunctions, for operators� and�n

being ın-quasi-unitarily equivalent with ın ! 0. Sect. 4.4 extends the convergence

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 4, © Springer-Verlag Berlin Heidelberg 2012

187



188 4 Two Operators in Different Hilbert Spaces

of non-negative operators to their associated quadratic forms d and ed. Do to so,
we need also identification operators “of order 1”, respecting the quadratic form
domains H 1 and fH 1.

Sects. 4.5–4.7 contain the corresponding theory of generalised norm resolvent
convergence, spectral convergence and convergence of sesquilinear forms for closed
and, in general, non-self-adjoint operators. Since for such operatorsH , there is usu-
ally no easily expressed upper estimate on the norm of the resolvent k.H � z/�1k
like k.� � z/�1k D dist.z; �.�//�1 for a self-adjoint operator �, we assume such
an estimate here as in input (called resolvent norm profile, see Sect. 3.3).

The general closed operators we have in mind here, arise from the complex
dilation method (see Sects. 3.6–3.8). The analysis is more complicated than for non-
negative operators, and the results are less strong (e.g. we only show convergence
of the discrete spectrum). Indeed, this is enough for our main application, since we
are interested in the convergence of resonances, defined as discrete eigenvalues of
a complexly dilated operator, shown in Sect. 4.9. For the special case of sectorial
operators, we developed a convergence theory of sectorial operators acting in
different Hilbert spaces, in [MNP10].

Finally, in Sect. 4.8 we provide results how to pass from local estimates to global
estimates using the concept of boundary maps coupled via a graph (see Sect. 3.9).
This is used in our analysis of graph-like spaces from the passage of star-shaped
graphs and their graph-like manifolds to general graphs and their associated graph-
like manifolds.

Note that our abstract convergence of operators in different Hilbert spaces also
applies to other situations, where the underlying space is perturbed. For example, we
can remove small balls or other submanifolds from a given manifolds and compare
the original Laplacian on a manifold with the Dirichlet or Neumann Laplacian on
the perturbed manifold. Moreover, we can add small handles to the manifold and
again compare the two Laplacians. Such problems have been treated e.g. in [RT75,
CF78, CF81, A87]. Moreover, we can treat conformal perturbations of the manifold
(see e.g. [CdV86, P03b]). For more details, we refer to Sect. 1.6.1.

The reader only interested in the applications to graph-like spaces may just
consult Proposition 4.4.13 which contains a summary of the assumptions for
“ı-partial isometry” for non-negative quadratic forms. This notion implies the
convergence of the spectrum and functions of the operators. In particular, in most of
the results of Chaps. 6 and 7, we prove the ı-partial isometry of the quadratic forms
associated with a metric graph and a graph-like space.

4.1 Quasi-Unitary Identification Operators

The aim of the present section is to give a quantitative generalisation of unitary
operators. The deviation of being unitary is measured by a constant ı � 0; the case
ı D 0 leads to the unitary case (see Lemma 4.1.4). We often refer to the constant ı
itself as error or deviation.
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In order to compare two spaces and operators, we need the following
identification operators. Recall the definition of “C -densely embedded” in
Definition 3.1.4.

Definition 4.1.1. Let ı � 0, C > 0 and let

J W H �! fH ; J 0W fH �! H

be two bounded operators, sometimes called identification operators, and assume
that D � H , eD � fH are C -densely embedded subspaces.

1. We say that J and J 0 are ı-quasi-unitary with respect to D and eD , if the
following estimates are fulfilled:1

kJ k � 2; (4.1a)

kJ � J 0�k � ı; (4.1b)

kid �J 0J kD!H � ı and keid � JJ 0keD!eH � ı: (4.1c)

2. We say that J is ı-partial isometric with respect to D and eD , if

J �J D id and keid � JJ �keD!eH � ı: (4.1d)

3. If D D H k.H/ and eD D H k.eH/ for some 0 � k � 2 (see Sect. 3.3), we also
say that J is ı-quasi-unitary (ı-partial isometric) of order k with respect to H
and eH (or w.r.t. the sesquilinear forms h andeh if k D 1).

4. If D D H k and eD D fH k for some k � 0 are the scales of order k associated
with the non-negative operators� and e� (or w.r.t. the quadratic forms d anded if
k D 1, see Sect. 3.2), then we say that J is ı-quasi-unitary (ı-partial isometric)
of order k, without referring explicitly to � and e�.

Remark 4.1.2.

1. kAkD!H refers to the operator norm of the operator AW D �! H . For
example, if D D H 2.H/, then we can express the norm as

kAk2;H!0 D kARk; (4.2a)

where R D R.z0/ is the resolvent of H in z0, and if D D H 1.H/, then

kAk1;H!0 D kAT �1.�C 1/�1=2k (4.2b)

1Here and in the sequel, id refers to the identity on H as well as the embedding �W D ,! H , and
similarly foreid.
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and similarly on fH . If D D H k is the scale associated with � � 0,
then

kAkk!0 D kA.�C 1/�k=2k: (4.2c)

2. Any other constant larger than 1 as estimate in (4.1a) would do the same,
but for simplicity we choose 2. In most applications, we can show that
kJ k � 1 C O.

p
ı/, or even kJ k D 1, e.g. if J is ı-partial isometric, as we

will see below.
3. We mostly omit the dependence on C in the notation, especially if C D 1 as in

the case of non-negative operators.

We deduce the following simple estimates:

Lemma 4.1.3.

1. Assume that J and J 0 are ı-quasi-unitary, then

kJ 0k � kJ k C ı � 2C ı; (4.3a)
ˇ
ˇkJf k � kf kˇˇ � .2C C 1/ıkf kD ; (4.3b)
ˇ
ˇkJ 0uk � kukˇˇ � .2C C 1/ıkukeD ; (4.3c)

keid � J 0�J �keD!eH � �
1C 2.2C ı/C

�
ı (4.3d)

2. If J is ı-partial isometric, then

kJf k D kf k and
ˇ
ˇkJ �uk � kukˇˇ � ıkukeD : (4.3e)

Proof. For the estimate on J 0 note that

kJ 0k � kJ 0 � J �k C kJ �k � ı C kJ k

and we are done. Moreover, we have

ˇ
ˇkJf k2 � kf k2ˇˇ D ˇ

ˇh.J �J � id/f ; f iˇˇ

� ˇ
ˇh.J � � J 0/Jf ; f iˇˇ C ˇ

ˇh.J 0J � id/f ; f iˇˇ

� kJ � � J 0kkJf kkf k C kJ 0J � idkD!H kf kDkf k
� �

2Cı C ı
�kf kDkf k:

If f ¤ 0, then

ˇ
ˇkJf k � kf kˇˇ D

ˇ
ˇkJf k2 � kf k2ˇˇ

kJf k C kf k �
ˇ
ˇkJf k2 � kf k2ˇˇ

kf k � .2C C 1/ıkf kD :
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Estimate (4.3c) follows similarly. For (4.3d) we use

ku � J 0�J �uk � ku � JJ 0uk C k.J � J 0�/J 0uk C kJ 0�.J 0 � J �/uk
� ı

�kukeD C 2kJ 0kkuk� � ı
�
1C 2.2C ı/C

�kukeD :

If J is a ı-partial isometry, then

kJf k2 D hf; J �Jf i D kf k2;

and the second estimate can be seen as before.
ut

We have the following simple consequences, justifying the names:

Lemma 4.1.4.

1. If J and J 0 are 0-quasi-unitary, then J 0 D J �, and J resp. J 0 are unitary
operators.

2. If J is ı-partial isometric, then eP D JJ � is an orthogonal projection in fH , H
is isometrically embedded into fH via J , and J , J � are ı-quasi-unitary.

3. If J is ı-partial isometric, then an orthonormal basis ffngn of H is an
orthonormal basis of J.H / D ranJ D raneP � fH .

Proof. For the first assertion, note that J D J 0�, id D J 0J and eid D JJ 0. The
second assertion follows from

eP2 D JJ �JJ � D JJ � D eP and eP � D eP :

Moreover, kJf k D kf k implies kJ k D 1 and therefore also kJ �k D 1. The last
assertion is easily seen. ut

Let us comment on the convergence of orthogonal projections. In our applica-
tions, the projections will be spectral projections on bounded intervals or domains.

Theorem 4.1.5. Let ˛ � 0, ı � 0 and C > 0. Assume that D and eD are C -densely
embedded in H and fH , and that P; eP are projections in H and fH , respectively,
such that

kJP � ePJ k � ˛ı:

1. Assume in addition that kid �J 0J kD!H � ı and thatP W H �! D is bounded.
Then2

dim ranP � dim raneP

provided 0 < ı < ı0, where

2The case dim ranP D 1 is included.
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ı0 WD �
.2C C 1/kP kH !D C ˛

��1
:

Moreover, we have

kePJf k �
�
1 � ı

ı0

�
kf k (4.4)

for all f 2 ranP .
2. Assume that J and J 0 are ı-quasi-unitary w.r.t. D and eD and that

P W H �! D and eP W fH �! eD

are bounded. Then
dim ranP D dim raneP

provided 0 < ı < ı0, where

ı0 WD �
.2C C 1/maxfkP kH !D ; keP keH !eDg C ˛

��1
:

3. If, in addition to (2), ranP D C with k k D 1, then there exists a normalised
vector e 2 fH generating raneP such that

kJ � e k � C1ı and kJ 0e �  k � eC1ı;

where

C1 WD 2˛ C .2C C 1/kP kH !D and eC1 D 3C1 C kP kH !D

provided ı � 1 for the second estimate.

Proof. (1) Let us first show the inequality dim ranP � dim raneP : Suppose f 2
ranP D P.H /. Then

kf k�kJf k � .2CC1/ıkf kD D .2CC1/ıkPf kD � .2CC1/ıkP kH !Dkf k

by Lemma 4.1.3, f D Pf and the assumption. Therefore, we have

kePJf k � kJPf k � k.ePJ � JP /f k
� kJf k � ˛ıkf k � �

1 � ..2C C 1/kP kH !D C ˛/ı
�kf k

D .1 � ı=ı0/kf k

using the assumption. In particular, if 0 < ı < ı0, then ePJ�P.H / is injective.
Moreover, if f1; : : : ; fd are linear independent in P.H /, the same is true for
ePJf1; : : : ;ePJfd in eP .fH /. If P.H / is infinite-dimensional so is eP .fH /.
Thus we have shown dim ranP � dim raneP .
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(2) The remaining point to show is the opposite inequality on the dimension of the
projection ranges. The same argument as in (1) with J replaced by J 0 and P ,
eP interchanged leads to the result.

(3) For the convergence of the ranges in the one-dimensional case note that

e D 1

kePJ k
ePJ 

since eP is a one-dimensional projection and since kePJ k > 0 for 0 < ı < ı0
by (4.4). Now we have

kJ � e k D
�
�
�JP � 1

kePJ k
ePJ 

�
�
�

� k.JP � ePJ / k C
ˇ
ˇ
ˇ1 � 1

kePJ k
ˇ
ˇ
ˇkePJ k

D k.JP � ePJ / k C ˇ
ˇkePJ k � 1ˇˇ

� 2k.JP � ePJ / k C ˇ
ˇkJP k � 1

ˇ
ˇ

D 2k.JP � ePJ / k C ˇ
ˇkJ k � k kˇˇ

� �
2˛ C .2C C 1/kP kH !D

�
ı DW C1ı

since  D P and k k D 1 and using (4.3b). The second estimate follows
immediately from

kJ 0e �  k � kJ 0.e � J /k C k.id �J 0J / k � ..2C ı/C1 C kP kH !D/ı

using (4.1c) and (4.3a). ut
For simplicity, we only considered the case of a one-dimensional projection. In

principle, one can also formulate the convergence of the projection ranges for higher
dimensions, cf. [K66, G08a] for the convergence of linear subspaces.

Let us finally derive some simple relations between different orders. We start
with the scales of � and e�:

Lemma 4.1.6. Assume that J is ı-quasi-unitary (ı-partial isometric) of order
k � 0, then J is also ı-quasi-unitary (ı-partial isometric) of order m � k.

Proof. The assertion follows from the estimate kf kk � kf km and similarly on fH .
ut

Recall the definition of C -compatibility of order 1 in Definition 3.3.10 (i.e.
H; eH 2 R1.C; z0/):



194 4 Two Operators in Different Hilbert Spaces

Lemma 4.1.7. Assume that H; eH 2 R1.C; z0/ and that J is ı-quasi-unitary (ı-
partial isometric) of order 1 w.r.t. H and eH , then J is C2ı-quasi-unitary (C2ı-
partial isometric) of order 2 w.r.t. H and eH .

Proof. The assertion follows from kf k1;H � C2kf k2;H (see Lemma 3.3.13) and
similarly on fH . ut

Usually, in the applications we have in mind, it is easier to establish the existence
of quasi-unitary maps J and J 0 for the scale of Hilbert spaces associated with the
non-negative operators � and e�. For the notion of compatibility operators, see
Definition 3.3.8. The following result shows how to obtain the quasi-unitarity of
J and J 0 for the operatorsH and eH (and vice versa):

Lemma 4.1.8. Assume that H; eH 2 R1.C; z0/ and that J and J 0 intertwine the
corresponding compatibility operators T and eT , i.e.

JT D eT J and J 0eT D TJ 0: (4.5)

1. If J and J 0 are ı-quasi-unitary (ı-partial isometric) of order 1 (with respect to
� and e�), then J and J 0 are Cı-quasi-unitary (Cı-partial isometric) of order 1
with respect to H and eH .

2. Similarly, if J and J 0 are ı-quasi-unitary (ı-partial isometric) of order 1 with
respect toH and eH , then J and J 0 are Cı-quasi-unitary (Cı-partial isometric)
of order 1 (with respect to � and e�).

Proof. The only conditions to be verified are

kid �J 0J k1;H!0 D k.id �J 0J /T �1k1!0 D kT �1.id �J 0J /k1!0

� kT �1kkid �J 0J k1!0 � Cı

and the corresponding statement on fH . Here, we used the intertwining property of
T and eT for the second equality. The second part follows similarly. ut

Combining the last two lemmata, we obtain:

Corollary 4.1.9. Assume that H; eH 2 R1.C; z0/ and that J and J 0 intertwine the
corresponding compatibility operators T and eT , If J and J 0 are ı-quasi-unitary
(ı-partial isometric) of order 1 (with respect to � and e�), then J and J 0 are C3ı-
quasi-unitary (C 3ı-partial isometric) of order 2 w.r.t. H and eH .

4.2 Convergence of Self-Adjoint Operators
in Different Hilbert Spaces

Assume that we have two Hilbert spaces H and fH , each endowed with a non-
negative operator � and e�. We denote the associated scales of Hilbert spaces by
H k and fH k , respectively (see Sect. 3.2). For example, the norm of an operator



4.2 Convergence of Self-Adjoint Operators in Different Hilbert Spaces 195

AW H k �! fH �m is

kAkk!�m WD sup
u2H k

kAuk�m
kukk D keRm=2ARk=2k0!0;

where

R WD .�C 1/�1 and eR WD .e�C 1/�1:

By A� we denote the adjoint of A with respect to the (extended) inner product on
H , i.e. A�W fH m �! H �k with norm

kA�km!�k D kAkk!�m:

In order to compare the two spaces and operators � and e�, we need an
identification operator J W H �! fH of order 0:

Definition 4.2.1. Let ı � 0.

1. We say that � and e� are ı-close (of order 0) with identification operator J if

ke�J � J�k2!�2 D keRJ � JRk0!0 � ı: (4.6a)

2. We say that� and e� are ı-close of orderm � 0 with identification operator J if

ke�J � J�k2Cm!�2 D keRJ � JRkm!0 D k.eRJ � JR/Rm=2k � ı:

(4.6b)

Remark 4.2.2.

1. Note that estimate (4.6b) is equivalent with

ˇ
ˇhJf ;e�ui � hJ�f ; uiˇˇ

� ıkf k2Cmkuk2 D ık.�C 1/1Cm=2f kk.e�C 1/uk (4.6b’)

for all f 2 H 2Cm and u 2 fH 2.
2. The notion of ı-closeness alone does not say a lot about the operators � and
e�, e.g., if J D 0, then trivially, any pair of operators � and e� is 0-close. The
important additional information is the ı-quasi-unitarity of J . Nevertheless it is
sometimes useful to have this weaker notion.

3. Note that the operators are � and e� are 0-close (of order m) w.r.t. J iff J
intertwines R and eR, i.e. JR D eRJ .

Next we define when two operators are “unitarily equivalent” up to an
error:
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Definition 4.2.3. Let ı � 0.

1. We say that � and e� are ı-quasi-unitarily equivalent (of order m � 0) if there
are ı-quasi-unitary operators J and J 0 of order k � 2 for which � and e� are
ı-close (of orderm).

2. We say that � and e� are ı-partial isometrically equivalent (of order m � 0) if
there is a ı-partial isometric operator J of order k � 2 for which � and e� are
ı-close (of orderm).

The next lemma shows that we indeed generalised the usual notion of “unitary
equivalence”. Note that the notion “partial isometric equivalent” may be a bit
misleading, since � and e� are only ı-close and not 0-close. In the latter case, we
can say more (see also Proposition 4.9.10 for a special case):

Proposition 4.2.4.

1. The operators �, e� are 0-quasi-unitarily equivalent iff � and e� are unitarily
equivalent.

2. Assume that � and e� are ı-partial isometrically equivalent and 0-close with
respect to the same identification operator J (i.e. J �J D id, k.eid � JJ �/eRk � ı

and eRJ DJR), then� is unitarily equivalent with ePe�De�eP , where eP DJJ �.
In particular, the operators� and e�eP have the same spectral properties.

Proof. The first assertion is obvious (see Lemma 4.1.4 (1)). For the second
assertion, we have already seen in Lemma 4.1.4 (2) that eP D JJ � is an orthogonal
projection in fH and J W H �! raneP is unitary. Moreover, since eRJ D JR, the
projection eP commutes with eR and the result follows. ut

Let us now show the transitivity of ı-quasi-unitary resp. ı-partial isometric
equivalence of non-negative operators as follows. Assume that H , fH and cH
are three Hilbert spaces with non-negative operators �, e� and b�, respectively.
Moreover, assume that

J W H �! fH ; eJ W fH �! cH ; eJ 0W cH �! fH and J 0W fH �! H (4.7)

are bounded operators. We define

OJ WD eJJ W H �! cH and OJ 0 WD J 0eJ 0W cH �! H : (4.8)

For the next proposition, let us replace condition (4.1a) in the definition of ı-quasi-
unitarity by

kJ k � 1C ı resp. keJ k � 1Ceı: (4.9)

Note that then kJ 0k � 1C 2ı and keJ 0k � 1C 2eı by (4.3a).

Proposition 4.2.5. Assume that 0 � ı;eı � 1.

1. Assume that � and e� are ı-quasi-unitarily equivalent with identification oper-
ators J and J 0, and that e� and b� are eı-quasi-unitarily equivalent with
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identification operators eJ and eJ 0 (both of order 0). Then � and b� are Oı-quasi-
unitarily equivalent with identification operators OJ and OJ 0 of order 0, where
Oı D 22ıC 43eı.

2. Assume that � and e� are ı-partial isometrically equivalent with identification
operator J , and that e� and b� are eı-partial isometrically equivalent with
identification operator eJ . Then � and b� are .ı C 3eı/-partial isometrically
equivalent with identification operator OJ .

The asymmetry in ı andeı is due to the fact that the assumptions of quasi-unitarity
are not symmetric.

Proof. Let us first show that OJ and OJ 0 are ı-quasi-unitary of order 2 (see Defini-
tion 4.1.1 (1) and (4)). Obviously, k OJ k � keJ kkJ k � .1Ceı/.1Cı/ � 1C2.ıCeı/.
Moreover,

k OJ � OJ 0�k � k.eJ �eJ 0�/J k C keJ 0�.J � J 0�/k � 2eı C 3ı:

since ı;eı � 1. In addition,

kid � OJ 0 OJ k2!0 D k.id �J 0eJ 0eJJ /Rk
D �
�.id �J 0J /RC J 0.eid �eJ 0eJ /

�
eRJ C .JR � eRJ/

��
�

� k.id �J 0J /Rk
C kJ 0k�k.eid �eJ 0eJ /eRkkJ k C .1C keJ 0kkeJ k/kJR � eRJ k�

� ı C 3.2eı C 7ı/ D 22ıC 6eı;

using (4.6a), whereR D .�C1/�1, eR D .e�C1/�1 andbR D .b�C1/�1. Similarly,
we have

kbid � OJ OJ 0k2!0 D k.bid �eJJJ 0eJ 0/bRk �eı C 2.3ı C 7 � 3eı/ D 6ıC 43eı

using
keJ 0bR � eReJ 0k � keJ 0k.kbRk C keRk/C keJ �bR � eReJ �k � 3eı:

In particular, we have shown that OJ and OJ 0 are Oı-quasi-unitary of order 2. Finally,
we have

kbR OJ � OJRk � k.bReJ �eJR/J k C keJ .eRJ � JR/k � 2eı C 2ı

and the Oı-quasi-unitary equivalence of � and b� follows.
The .ıC 3eı/-partial isometric equivalence follows similarly: Obviously, OJ � OJ D

eJ �J �JeJ D id, since J �J D id and eJ �eJ D eid. Moreover, we can show as before
that

kbid � OJ OJ �k2!0 D k.bid �eJJJ �eJ �/bRk �eı C .ı C 2eı/ D ı C 3eı
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using now kJ k D kJ k� D 1 etc. Finally, kbR OJ � OJRk �eı C ı, and the assertion
follows. ut

Let us now define the notion of convergence of non-negative operators acting in
different Hilbert spaces:

Definition 4.2.6. Let�n and� be non-negative operators in the Hilbert spaces Hn

and H , respectively. We say that �n converges to � (of order m � 0) (in the
generalised norm resolvent sense) (�n ! �) if there is a sequence ın ! 0 such
that �n and � are ın-quasi-unitarily equivalent (of order m � 0). We call ın the
convergence speed of �n ! �.

Again, we have some simple consequences, showing that we generalised existing
concepts of convergence of self-adjoint operators:

Lemma 4.2.7.

1. If H D fH and J D J 0 D id, then the ı-closeness of � and e� is equivalent
with the fact that kR � eRk � ı. In particular, the norm resolvent convergence
kRn � Rk ! 0 is equivalent to the convergence �n ! � in the generalised
norm resolvent sense (of order 0).

2. More generally, assume that H is a closed subspace of fH . If � is a non-
negative operator in H and�n are non-negative operators in fH , we can define
a convergence by3

�
�.�n C 1/�1 � .�C 1/�1 ˚ 0

�
� ! 0; (4.10)

also called generalised norm resolvent convergence. Setting Jf WD f ˚ 0 and
J 0 WD J �, then �n converges to � in the generalised norm resolvent sense iff
�n ! � in the sense of Definition 4.2.6.

Proof. The first assertion is obvious. For the second assertion, it is clear that id D
J 0J and JJ 0 D eP , where eP is the projection onto H in fH . Note that�n converges
to � in the sense of (4.10) iff all three norms

keP .�n C 1/�1eP � .�C 1/�1k; keP?.�n C 1/�1eP k; keP?.�n C 1/�1eP?k

converge to 0, where eP? WD 1 � eP . ut
Let us now derive some consequences of the fact that the operators � and e� are
ı-close of orderm:

Lemma 4.2.8. Assume that� and e� are ı-close of orderm � 0 with identification
operator J , then

3 The operator .�C1/�1˚0 is the quasi-inverse of�C1 viewed as non-densely defined operator
in eH (see e.g. [W84]). We can think of � C 1 being 1 on H ? � eH , so that its inverse is 0
there.
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keRjJ � JRjkm!0 D k.eRjJ � JRj /Rm=2k � jı (4.11)

for all j 2 N.

Proof. We use the resolvent identity

eRjJ � JRj D
j�1X

iD0
eRj�1�i .eRJ � JR/Ri ;

and conclude

k.eRj J � JRj /Rm=2k �
j�1X

iD0
keRj�1�ikk.eRJ � JR/Rm=2kkRik � jı

using the estimate for j D 1 and kRk; keRk � 1. ut
We want to extend our results to more general functions '.�/ of the operator�

and similarly for e�. Here, we essentially use the fact that we have the functional
calculus for self-adjoint operators. We start with continuous functions on RC WD
Œ0;1/ such that lim�!1 '.�/ exist, i.e. with functions continuous on RC WD
Œ0;1�. We denote this space by C.RC/.

Theorem 4.2.9. Let ı � 0 and assume that � and e� are ı-close of order m � 0

with identification operator J and that kJ k � 2, then

k'.e�/J � J'.�/km!0 � C'ı (4.12)

for all ' 2 C.RC/, where C' > 0 depends only on ' and kJ k.

Proof. Let ' 2 C.RC/. By the Stone-Weierstrass theorem there exists a “polyno-
mial”

p.�/ WD
nX

kD0
ak.�C 1/�k

in .�C 1/�1 such that kp � 'k1 � ı. Then we have

k'.e�/J � J'.�/km!0 � k.' � p/.e�/kkJRm=2k C kJ kk.' � p/.�/Rm=2k

C
nX

kD0
jak jk.eRkJ � JRk/Rm=2k

� 4k' � pk1 C
nX

kD0
jakjkı

�
�
4C

nX

kD0
jak jk

�
ı DW C'ı
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using the assumptions, Lemma 4.2.8 and the functional calculus, where k'k1
denotes the supremum norm of '. ut

In a second step we extend the previous result to certain bounded measurable
functions  WRC �! C. We start with the easier case m D 0:

Theorem 4.2.10. Suppose that U � RC is open and that  WRC �! C is a
measurable, bounded function, continuous on U such that lim�!1  .�/ exists.
Then there exists a constant C > 0 depending only on  such that

k .e�/J � J .�/k � C ı (4.13)

for all operators � and e� being ı-close with identification operator J such that
kJ k � 2, provided

�.�/ � U or �.e�/ � U:

Proof. Let �1 be a continuous function on RC satisfying 0 � �1 � 1, �1 D 1 on
�.�/ [ f1g (resp. �1 D 1 on �.e�/ [ f1g if U is a neighbourhood of �.e�/) and
supp�1 � U . Then �1 and �2 D 1 � �1 are continuous functions on RC and

k .e�/J � J .�/k � k.�1 /.e�/J � J.�1 /.�/k
C k.�2 /.e�/J � J.�2 /.�/k:

If U is a neighbourhood of �.�/ we can estimate the norm with �2 by

k k1k�2.e�/J � J�2.�/k

using the fact that .�2 /.�/ D �2.�/ D 0 since �2 D 0 on �.�/. If U is a
neighbourhood of �.e�/ then we use

k .e�/J � J .�/k D k .�/J � � J � .e�/k;

and we argue as in the case where �.�/ � U with the roles of � and e�
interchanged.

Applying the preceding theorem twice (in each of the above cases), we obtain
the error estimate C WD C�1 C k k1C�2 , where C' denotes the constant for the
continuous function '. ut

If m � 1, then we can still prove the following result, under the stronger
assumption of ı-quasi-unitarity:

Theorem 4.2.11. Suppose thatm � 1, thatU � RC is open and that WRC �! C

is a measurable, bounded function, continuous on U such that lim�!1  .�/ exists.
Then there exists a constant C depending only on  such that

k .e�/J � J .�/km!0 � C ı (4.14)
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for all operators � and e� being ı-close with the ı-quasi-unitary identification
operators J and J 0 of order k � m w.r.t.� and e�, provided

�.�/ � U or �.e�/ � U

and 0 < ı � 1.

Proof. As in the previous proof, we have

k .e�/J � J .�/km!0

� k.�1 /.e�/J � J.�1 /.�/km!0 C k.�2 /.e�/J � J.�2 /.�/km!0:

If U is a neighbourhood of �.�/ we estimate the norm with �2 by

k k1k�2.e�/J � J�2.�/km!0

again using the fact that .�2 /.�/ D �2.�/ D 0 since �2 D 0 on �.�/. If U is a
neighbourhood of �.e�/ then we estimate the norm with �2 by

kJ.�2 /.�/km!0 � kJ kk.�2 /.�/km!0 � 2k k1k�2.�/km!0

again using the fact that .�2 /.e�/ D �2.e�/ D 0 since �2 D 0 on �.e�/. Now

k�2.�/km!0 � kid �J 0J kk!0k�2.�/km!k C kJ 0kkJ�2.�/� �2.e�/J km!0:

Note that k�2.�/km!k � 1 since m � k. Applying Theorem 4.2.9 twice (in each
of the above cases), we have the error estimate

C�1 C 2k k1
�
1C .1C 2ı/C�2

� � C�1 C 2k k1.1C 3C�2/ DW C 
using the fact that ı � 1. ut

Denote by @CI D I \ RC n I the boundary of I in the relative topology RC D
Œ0;1/. For example, @Œ0; �� D f�g. As a consequence of the preceding theorem, we
can ensure the convergence of the spectral projections:

Corollary 4.2.12. Assume that I is an interval in RC. Then the spectral projections
satisfy

k�I .e�/J � J�I .�/km!0 � C�I ı (4.15)

provided @CI \ �.�/ D ; or @CI \ �.e�/ D ;.

Proof. We apply either Theorem 4.2.10 if m D 0 or Theorem 4.2.11 if m > 0 with
 D �I , the indicator function of I with the corresponding hypothesises. Note that
�I is continuous on U D RC n @CI and that lim�!1 �I .�/ 2 f0; 1g exists. ut
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The error estimate is not quite explicit. Namely, it is difficult to control the constant
C�I in terms of � (or �) for I D .� � �; �C �/. For this purpose, the holomorphic
calculus is more adopted (see Corollary 4.5.15).

Combining the above estimates with a ı-unitary map, we obtain:

Lemma 4.2.13. Assume that J is ı-quasi-unitary of order k w.r.t. � and e� and
that

k'.e�/J � J'.�/km!0 D �

for some function ', m � 0 and some constant � > 0. Then we have

k'.�/J 0 � J 0'.e�/k0!�m � 2k'k1ı C �; (4.16a)

k'.�/ � J 0'.e�/J km!0 � kb'k�mk1ı C .2C ı/�; (4.16b)

k'.e�/� J'.�/J 0k0!0 � 5kb'kk1ı C 2�; (4.16c)

whereb'k.�/ D .1C �/k=2'.�/. For the last estimate, we have to assume m D 0.
If J is ı-partial isometric and m D 0, then

k'.�/J � � J �'.e�/k D k'.�/ � J �'.e�/J k D �: (4.16d)

Proof. The first estimate follows from

k'.�/J 0 � J 0'.e�/k0!�m � 2k'k1kJ 0 � J �k C k'.�/J � � J �'.e�/k0!�mI

the second from

k'.�/� J 0'.e�/J km!0 � kid �J 0Jkk!0k'.�/km!k

C kJ 0kkJ'.�/ � '.e�/J km!0

and the third from

k'.e�/ � J'.�/J 0k � keid � JJ 0kk!0k'.e�/k0!k C kJ kkJ 0'.e�/� '.�/J 0k

together with (4.16a). ut
We immediately obtain:

Theorem 4.2.14. Assume that � and e� are ı-quasi-unitarily equivalent of order
m � 0, and that ' 2 C.RC/ with '.�/ D O..�C 1/�1/ as � ! 1 then

k'.�/J 0 � J 0'.e�/k0!�m � C1ı; (4.17a)

k'.�/� J 0'.e�/J km!0 � C2ı; (4.17b)

k'.e�/� J'.�/J 0k0!0 � C3ı; (4.17c)
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where Ci depend only on ' and m. Again we have to assume m D 0 for the last
estimate.

Note that we cannot apply the previous functional calculus to 't.�/ D eit� since
lim�!1 't.�/ does not exist for t > 0. Nevertheless we have the following result
comparing the time evolution eit� with eite�:

Theorem 4.2.15. Suppose that � and e� are ı-close of order m with identification
operator J , then

keite�J � J eit�k2Cm!�2 � tı: (4.18)

In particular, if t D O.ı�	 /, 0 < 	 < 1, then the norm of eite�J � J eit� as bounded
operator from H2Cm to fH �2 is of order ı1�	 .

Proof. We have

eite�J e�it� � J D i
Z t

0

ei
e�.e�J � J�/e�i
�d


where e�J � J� is a bounded operator from H2Cm to fH �2. Multiplying this
equality from the left by eR and on the right by eit�R D R eit� yields

eR.eite�J � J eit�/R D i
Z t

0

ei
e�eR.e�J � J�/R ei.t�
/�d
:

Therefore,

k.eite�J � J eit�/k2Cm!�2 D keR.eite�J � J eit�/Rkm!0

�
Z t

0

keR.e�J � J�/Rkm!0d
 D tke�J � J�k2Cm!�2 � tı

using keit�km!m D 1 and the closeness of orderm, see (4.6b). ut
We also obtain the convergence in the usual operator norm 0 ! 0 if we use

an energy cut at �0 > 0, i.e. if we restrict the functions to the spectral interval
I D Œ0; �0�:

Theorem 4.2.16. Let �0 > 0 not belong to the spectrum of �. Assume in addition
that � and e� are ı-close with identification operator J , then

k.eite�J � J eit�/P k � �
.�0 C 1/2t C 2C�I

�
ı; (4.19a)

where P D �I .�/. If � and e� are ı-quasi-unitarily equivalent, i.e. if in addition,
J and J 0 are ı-quasi-unitary (of order 2), then

k.eite� � J eit�J 0/eP k � �
2.�0 C 1/2t C 12C�I C �0 C 9

�
ı; (4.19b)
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where eP D �I .e�/. In particular, if t D O.ı�	 /, 0 < 	 < 1, then the operator
norms in (4.19a)–(4.19b) are of order ı1�	 .

Proof. Denote by eP WD �I .e�/ the corresponding spectral projection of e� and set
eP? WD eid � eP . Then we have

k.eite�J � J eit�/P k � keP .eite�J � J eit�/P k C keP?.eite�J � J eit�/P k
� keP .e�C 1/kkeite�J � J eit�/P k2!�2kP.�C 1/k

C 2keP?JP k

using the fact that eit� and P commute and similarly for e�. The first summand
can be estimated by .�0 C 1/2ıt by the continuous functional calculus and
Theorem 4.2.15. For the second summand, note that

keP?JP k � keP?ePJ k C keP?.JP � ePJ /k � 0C C�I ı

using Theorem 4.2.10 and the assumption �0 … �.�/.
For the second assertion, we have

k.eite� � J eit�J 0/eP k � k.eite�.eid � JJ 0/eP k C keite�J.J 0eP � PJ 0/k
C k.eite�J � J eit�/PJ 0k C kJ eit�.PJ 0 � J 0eP/k:

The second and forth term can be estimated by 2.2 C C�I /ı using Lemma 4.2.13
and Theorem 4.2.10. The first term is bounded by .�0 C 1/ı by the ı-quasi-
unitarity. Finally, the third term can be estimated by twice the bound obtained
in (4.19a). ut

4.3 Spectral Convergence for Non-negative Operators

In this section, we show the convergence of the discrete and essential spectra
provided �n converges to � in the generalised norm resolvent sense (see Defini-
tion 4.2.6). Recall that @CI D I \ RC n I is the boundary of I in the relative
topology on RC D Œ0;1/.

Proposition 4.3.1. Let I � RC be a bounded measurable set and assume that �,
e� are ı-quasi-unitarily equivalent (of order 0) such that

�.�/ \ @CI D ; or �.e�/\ @CI D ;:

Then
dim ran�I .�/ D dim ran�I .e�/
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provided 0 < ı < ı0, where

ı0 WD �
3CC

2;I C C�I
��1

and CC
k;I WD sup

�2I
.1C �/k=2:

If, in addition, � 2 I is a simple eigenvalue with normalised eigenvector  , then
there exists a normalised eigenvector e 2 fH generating raneP such that

kJ � e k � C1ı and kJ 0e �  k � eC1ı;

where C1 WD 2C�I C 3.� C 1/ and eC1 D 3C1 C .� C 1/ provided ı � 1 for the
second estimate.

Proof. We apply Theorem 4.1.5 with C D 1 and D D H 2, so that kP kH !D �
CC
2;I by the spectral calculus Theorem 3.2.2, and similarly on fH . The convergence

of the projections P D �I .�/ and eP D �I .e�/ is ensured by Theorem 4.2.10
and the assumption that either the spectrum of � or e� is disjoint from @CI , the
discontinuity points of �I and we have ˛ D C�I . ut

If� and e� are only ı-quasi-unitarily equivalent of orderm � 1, we have to work
a little bit more due to the asymmetry in the norm kePJ � JP km!0:

Proposition 4.3.2. Let I � RC be a bounded measurable set and assume that �,
e� are ı-quasi-unitarily equivalent of orderm � 1 such that

�.�/ \ @CI D ; or �.e�/\ @CI D ;:

Then
dim ran�I .�/ D dim ran�I .e�/

provided 0 < ı < ı0 for some ı0 D ı0.m; I / > 0. If, in addition, � 2 I is a
simple eigenvalue with normalised eigenvector  , then there exists a normalised
eigenvector e 2 fH generating raneP such that

kJ � e k � C1ı and kJ 0e �  k � eC1ı;

where C1 WD 2C�I .�C 1/m=2 C 3.�C 1/ and eC1 D 3C1 C .�C 1/ provided ı � 1

for the second estimate.

Proof. As before, denote by P D �I .�/ the spectral projection on I and similarly
for eP . For the inequality dim ranP � dim raneP , we can argue as in the previous
proposition, but with D D H mC2.

The opposite inequality is more difficult due to the asymmetry in the norm
k�km!0. Suppose that u 2 raneP . In addition, let �1; �2 2 C.RC/ with �1C�2 D �,
supp�1 compact and supp�2 \ I D ;. Then

k�1.�/f k�m D kRm=2�1.�/f k � kRm=2�I .�/f k � C�
m;Ikf k
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by the functional calculus, where

C�
m;I WD inf

�2I.1C �/�m=2 > 0

since I is bounded. Hence, we have the estimate (with f D J 0u)

kPJ �uk�m � kJ �eP uk�m � k.ePJ � � J �eP /uk�m

� k�1.�/J �uk�m � k�2.�/J �uk�m � kePJ � JP km!0kuk
� C�

m;IkJ �uk � k.�2.�/J � � J ��2.e�//uk�m � ıC�I kuk
� C�

m;IkJ �uk � ı.C�2 C C�I /kuk

by Theorems 4.2.9 and 4.2.11, using the fact that

�2.e�/u D �2.e�/eP u D .�2�I /.e�/u D 0

in the third line since the supports of �2 and I are disjoint. Moreover,

kJ �uk � kJ 0uk � k.J � � J 0/uk � .1� ı/kuk � 3ıkuk2 � �
1� ı.1C 3CC

2;I /
�kuk

by Lemma 4.1.3 and (4.1b). Finally, we have shown that

kPJ �uk�m �
�
C�
m;I

�
1 � ı.1C 3CC

2;I /
� � ı.C�2 C ��I /

�
kuk:

In particular, if

0 < ı <
�
1C 3CC

2;I C C�2 C C�I

C�
m;I

��1 DW ı0;

then PJ � restricted to raneP is injective, and dim ranP � dim raneP follows as in
Theorem 4.1.5.

The assertion on the convergence of the eigenvectors follows by a similar
reasoning as in Theorem 4.1.5, noting that now  has to be estimated in the norm
k km D .�C 1/m=2. ut

We will now show that the spectrum of the non-negative operators � and e� are
close in the Hausdorff distance. Since we cannot control all energies � 2 Œ0;1/

uniformly, we introduce the weighted distance

d.a; b/ WD j'.a/ � '.b/j; '.�/ WD 1

1C �
: (4.20)

It is easy to see that d is a metric on Œ0;1/. Moreover, extending the metric onto the
space Œ0;1� by setting '.1/ WD 0 we obtain a compact metric space. Note that '
is a homeomorphism from Œ0;1� onto Œ0; 1�. Since our operators are unbounded, 1
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is always an accumulation point of the spectrum, and we consider it as belonging to
the spectrum. In this sense, the spectrum of an unbounded operator is also compact
in the metric space .Œ0;1�; d /. Denote the open ball around � with radius � > 0

w.r.t. the metric d by B�.�/.
For subsets A;B � Œ0;1�, denote by d˙.A;B/ and d.A;B/ the maximal

outside/inside and Hausdorff distance with respect to the metric d on Œ0;1�, see
Definition A.1.1 in Sect. A.1. We sometimes call this (Hausdorff) distance also
weighted. We need the weighted distance in order to compactify the space Œ0;1/.

Let us formulate the continuous dependence of the spectrum for non-negative
operators. For the notion of convergence of non-negative operators, see Defini-
tion 4.2.6 and for the convergence of sets, we refer to Definition A.1.4.

Theorem 4.3.3. Assume that �n ! � of orderm � 0, then �.�n/ ! �.�/ in the
weighted Hausdorff distance, i.e. d.�.�n/; �.�// ! 0.

Proof. We use the element-wise characterisation of set convergence in Proposi-
tion A.1.6. We start with the convergence from outside �.�n/ & �.�/: Let
� … �.�/. Since �.�/ is closed, there exists � > 0 such that B�.�/ \ �.�/ D ;.
By Proposition 4.3.1,

0 D dim ran�B�.�/.�/ D dim ran�B�.�/.�n/

provided n is large enough (such that ın � ı0 D ı0.�; �/). In particular, B�.�/ \
�.�n/ D ; eventually.

In order to show the convergence from inside �.�n/ % �.�/, let � 2 �.�/ and
� > 0. We have two cases:
Case A: If there exists an open interval I � B�.�/ with � 2 I such that the
boundary points of I are not in �.�/, then again by Proposition 4.3.1,

0 < dim ran�I .�/ D dim ran�I .�n/

eventually, and in particular, there exists �n 2 �.�n/ with d.�n; �/ � �.
Case B: If no such interval exists, then B�.�/ � �.�/. If in this case, B�.�/ \
�.�n/ D ; eventually, we apply once more Proposition 4.3.1, but with the roles
of � and �n interchanged, using the fact that @CB�.�/ \ �.�n/ D ;. As a result,
B�.�/ \ �.�/ D ;, a contradiction. In particular, we can find �n 2 �.�n/ with
d.�n; �/ � �. ut

For the essential spectrum, we also have continuity:

Theorem 4.3.4. Assume that �n ! � of orderm � 0, then �ess.�n/ ! �ess.�/.

Proof. We use again the characterisation Proposition A.1.6. In order to show the
convergence from outside �ess.�n/ & �ess.�/, let � … �ess.�/. The essential
spectrum is closed, therefore there exists � > 0 such that B�.�/ has no point in
common with the essential spectrum. Since B�.�/ contains at most countably many
points from the discrete spectrum of�, there exists an open interval I � B�.�/with
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@CI \ �.�/ D ;. Applying now Proposition 4.3.1 ifm D 0 resp. Proposition 4.3.2
if m > 0 we conclude that

1 > dim ran�B�.�/.�/ D dim ran�B�.�/.�n/

so that I \ �ess.�n/ D ; eventually.
For the convergence from inside, note that Case A of the preceding proof (@CI \

�.�/ D ;) is literally the same, using

1 D dim ran�I .�/ D dim ran�I .�n/

eventually. Case B is treated similarly: If no such interval exists, then B�.�/ �
�ess.�/. If in this case, B�.�/ \ �ess.�n/ D ; eventually, we can find an open
bounded interval I � B�.�/ containing � such that @CI \ �.�n/ D ; for all n,
since the discrete spectrum of �.�n/ inside B�.�/ is at most countable. Applying
Proposition 4.3.1 once more with the roles of � and �n interchanged, we obtain

1 > dim ran�I .�n/ D dim ran�I .�/

eventually, a contradiction to the fact that � 2 �ess.�/ and � 2 I . ut
We can only show the lower semi-continuity of the discrete spectrum :

Theorem 4.3.5. Assume that �n ! �, then �disc.�n/ % �disc.�/. Moreover, the
multiplicity is preserved, i.e. if � is of multiplicity �, then there exist � eigenvalues
�j;n, j D 1; : : : ; �, (not necessarily mutually distinct) such that �j;n ! � as
n ! 1.

If, in addition, � D 1, i.e. if there exists a simple eigenvalue � 2 �disc.�/ with
normalised eigenvector  , then there exists a sequence of normalised eigenvectors
 n 2 Hn of �n such that

kJn �  nk ! 0 and kJ 0
n n �  k ! 0;

where Jn and J 0
n are the associated identification operators.

Proof. The proof is similar to the proof of the second part of Theorem 4.3.3: Let � 2
�disc.�/. Then by definition of the discrete spectrum, there exists � > 0 such that
B�.�/ \ �disc.�/ D f�g. In particular, by Proposition 4.3.1 resp. Proposition 4.3.2,

0 < � WD dim ran�B�.�/.�/ D dim ran�B�.�/.�n/ < 1

eventually, showing the existence of� sequences f�j;ngn converging to �. Moreover,
Case B cannot occur here. ut
Remark 4.3.6. Note that we cannot expect the upper semi-continuity of �disc.�/ as
the following simple example shows: Let T be a bounded operator in H with purely
discrete spectrum spectrum and set Tn WD n�1T . Then Tn ! 0. Moreover, 0 is in



4.4 Convergence of Quadratic Forms in Different Hilbert Spaces 209

the essential spectrum of the limit operator, but not in the discrete one. But it is
impossible to find a neighbourhood around 0 not containing discrete spectrum, i.e.
the characterisation of convergence from outside in Proposition A.1.6 is not fulfilled.
Although the limit operator is not the resolvent of an unbounded operator (in the
usual sense), it is easy to construct also examples where �n ! � does not imply
the upper semi-continuity of �disc.�/.
Remark 4.3.7. Using the min-max characterisation of eigenvalues Theorem 3.2.3,
we obtain a more precise estimate for the discrete spectrum below the essential
spectrum (see Corollary 4.4.19). The problem in determine the convergence velocity
of the eigenvalues is the complicated dependence of the constant ı0 D ı0.m; I /

on � for I D .� � �; � C �/, see Propositions 4.3.1 and 4.3.2. Nevertheless, the
previous result on the entire discrete spectrum also allows to show the convergence
of a discrete eigenvalue inside a spectral gap. Note that we obtain a more explicit
error estimate using the holomorphic functional calculus, see Sect. 4.6.

4.4 Convergence of Quadratic Forms in Different
Hilbert Spaces

In this section, we define quasi-unitary equivalence for two quadratic forms. Even if
the assumptions are stronger than the assumptions for ı-quasi-unitary equivalence
of operators, it is in general easier to deal with the first order domains (as it is the
case in our applications).

Assume that we have two Hilbert spaces H and fH , each endowed with a
non-negative (unbounded) quadratic form d and ed. We denote the corresponding
operators by � and e�, and the associated scales of Hilbert spaces by H k and
fH k , respectively, see Theorem 3.1.1 and Sect. 3.2. Note that H 1 D dom d and
fH 1 D domed.

Let us now introduce the following identification operators acting on the scale of
order 1.

Definition 4.4.1. Let ı � 0 and

J 1W H 1 �! fH 1 and J 01W fH 1 �! H 1

be bounded linear operators, called identification operators of order 1 associated
with the quadratic forms d anded.

1. We say that J 1 and J 01 are ı-adjoint with respect to d anded, if

kJ 1 � J�1k1!�1 D keR1=2.J 1 � J�1/R1=2k � ı (4.21a)

is fulfilled, where
J�1 WD .J 01/�W H �1 �! fH �1:
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2. We say that J 1 is .1C ı/-bounded if

kJ 1k1!1 � 1C ı: (4.21b)

3. We say that J 01 is a left-inverse for J 1, if

J 01J 1 D id1 : (4.21c)

4. We say that the quadratic forms d anded are ı-close with first order identification
operators J 1 and J 01 if J 1 and J 01 are ı-adjoint and if

ke�J1 � J�1�k1!�1 � ı: (4.21d)

5. We say that J 1 and J 01 are ı-partial isometric w.r.t. d anded, if d anded are ı-close
and J 01 is a left-inverse for J 1, i.e. if (4.21a), (4.21c) and (4.21d) are fulfilled.

Remark 4.4.2.

1. Note that J�1 does not denote the inverse of J .
2. Estimate (4.21a) is equivalent with

ˇ
ˇhJ 1f ; ui � hf; J 01uiˇˇ � ıkf k1kuk1 (4.21a’)

for all f 2 H 1 and u 2 fH 1. Similarly, condition (4.21d) for the ı-closeness
can be expressed as

ˇ
ěd.J 1f; u/� d.f; J 01u/

ˇ
ˇ � ıkf k1kuk1: (4.21d’)

3. We do not need in general the boundedness of J 1 or J 01 in quantitative
estimates. Note, that the boundedness is needed in order to assure that J�1f is
a bounded anti-linear form on fH 1. For partial isometric identification operators,
the .1 C ı/-boundedness follows a posteriori, cf. Lemma 4.4.3. Moreover,
the boundedness of J 01 is needed if one wants to understand the expression
individually, e.g., if J�1� is understood as the concatenation of �W H 1 �!
H �1 and J�1W H �1 �! fH �1.

Nevertheless, we can define expressions like .J 1 � J�1/f and .e�J1 �
J�1�/f via the sesquilinear forms H 1 � fH 1 ! C,

.f; u/ 7! hJ 1f ; ui � hf; J 01ui resp. .f; u/ 7!ed.J 1f; u/� d.f; J 01u/

without referring to the boundedness of J 1 or J 01.
4. We will give below an easy way how to show the ı-adjointness using also the

identification operators J and J 0 of order 0 (see Definition 4.4.9).
5. We sometimes say that �, e� are ı-close of order �1, if d and ed are ı-close

although this is slightly inconsistent with Definition 4.2.1 (2).
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6. We do not assume the analogue statement of ku � JJ 0uk1!0 � ı for the first
order identification operators.

Let us state some consequences of the definitions, explaining in particular the
name “ı-partial isometry”:

Lemma 4.4.3. Let ı � 0.

1. Assume that J 1 is .1C ı/-bounded and that J 1 and J 01 are ı0-close, then J 01 is
.1C ı C 2ı0/-bounded.

2. Assume that J 1 and J 01 are ı-partial isometric w.r.t. d anded, then

ˇ
ˇkJ 1f k1 � kf k1

ˇ
ˇ � 2ıkf k1: (4.22a)

In particular, J 1 is .1C 2ı/-bounded and J 01 is .1C 3ı/-bounded.

Proof. The first assertion follows from

kJ 01uk21 D hu; J 01�.�C 1/J 01ui1;�1
D hu; .J�1� � e�J 1/J 01ui1;�1 C hu; .e�C 1/J 1J 01ui1;�1

C hu; .J�1 � J 1/J 01ui1;�1
� kuk1

�
2ı0 C kJ 1k1!1

�kJ 01uk1:

Here, h�; �i1;�1 stands for the sesquilinear pairing of H 1 � H �1. For the second
assertion, note that

.J 1/�.e�C 1/J 1 D .�C 1/J 01J 1 C Œ.J 1/�.e�C 1/� .�C 1/J 01�J 1

D .�C 1/C Œ.e�J 1 � J�1�/� C .J 1 � J�1/��J 1

using (4.21c) in the second equality. It follows that

ˇ
ˇkJ 1f k21 � kf k21

ˇ
ˇ D ˇ

ˇhf; Œ.J 1/�.e�C 1/J 1 � .�C 1/�f i1;�1
ˇ
ˇ

CS� kf k1
�ke�J 1 � J�1�k1!�1 C kJ 1 � J�1k1!�1

�kJ 1f k1
� 2ıkf k1kJ 1f k1

using the ı-closeness and ı-adjointness. Now, if f ¤ 0, then J 1f ¤ 0, and

ˇ
ˇkJ 1f k1 � kf k1

ˇ
ˇ D

ˇ
ˇkJ 1f k21 � kf k21

ˇ
ˇ

kJ 1f k1 C kf k1 � 2ıkf k1kJ 1f k1
kJ 1f k1 D 2ıkf k1:

The .1C 2ı/-boundedness of J 1 is now obvious, and the .1C 3ı/-boundedness of
J 01 follows from the first assertion. ut
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As in Sect. 4.2, we derive the convergence of powers of the resolvent: Note that

kAk�1!1 D k.e�C 1/1=2A.�C 1/1=2k:
Lemma 4.4.4. Assume that d and ed are ı-close with identification operators J 1

and J 01, then
keRkJ�1 � J 1Rkk�1!1 � .3k � 1/ı (4.23)

for k � 1.

Proof. We start with k D 1 and note that

.e�C 1/1=2.eRJ�1 � J 1R/.�C 1/1=2 D eR1=2
�
.J�1� � e�J 1/C .J�1 � J 1/�R1=2

from which the estimate keRJ�1 � J 1Rk�1!1 � 2ı follows. For k � 2, we write

eRkJ�1 � J 1Rk D
k�1X

jD0
eRk�1�j .eRJ�1 � J 1R/Rj C

k�1X

jD1
eRk�j .J 1 � J�1/Rj :

We estimate the norm of the first sum by 2kı and the second by .k � 1/ı. ut
For continuous functions ' 2 C.RC/ having fast enough decay we have:

Theorem 4.4.5. Let 'W Œ0;1/ �! C be a continuous function such that
lim�!1.� C 1/'.�/ exists. Suppose in addition that d and ed are ı-close with
J 1 and J 01, then

k'.e�/J�1 � J 1'.�/k�1!1 � C'ı; (4.24)

where C' depends only on '.

Proof. Letb'.�/ D .�C 1/'.�/. By assumption,b' 2 C.RC/ and therefore by the
Stone-Weierstrass theorem, there exists a polynomial

bp.�/ WD
nX

kD0
ak.�C 1/�k

in .�C1/�1 such that kbp �b'k1 � ı. Then p.�/ WD .�C1/�1bp.�/ is a polynomial
without constant term and we have

k'.e�/J�1 � J 1'.�/k�1!1 � k.' � p/.e�/k�1!1kJ�1k�1!�1

C kJ 1k1!1k.' � p/.�/k�1!1

C
nX

kD0
jakjkeRkC1J�1 � J 1RkC1k�1!1
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� 4kb' �bpk1 C
nX

kD0
jak j.3k C 2/ı

�
�
4C

nX

kD0
jak j.3k C 2/

�
ı DW C'ı

using k.' � p/.�/k�1!1 D k.b' �bp/.�/k � kb' �bpk1 and a similar estimate for
e�, our assumptions and Lemma 4.4.4. ut

Similarly as for zeroth order identification operators (see Theorem 4.2.10),
we can extend the previous result to certain bounded measurable functions
 WRC �! C.

Theorem 4.4.6. Suppose that U � RC and that  WRC �! C is a measurable,
bounded function, continuous on U such that lim�!1.� C 1/ .�/ exists. Then
there exists a constant C > 0 depending only on  such that

k .e�/J�1 � J 1 .�/k�1!1 � C ı (4.25)

for all non-negative quadratic forms d anded being ı-close with J 1 and J 01, provided

�.�/ � U or �.e�/ � U:

Proof. Let �1 be a continuous function on RC satisfying 0 � �1 � 1, �1 D 1 on
�.�/[f1g and supp�1 � U . Then �1 and �2 D 1��1 are continuous functions
on RC and

k .e�/J�1 � J 1 .�/k�1!1 � k.�1 /.e�/J�1 � J 1.�1 /.�/k�1!1

C k.�2 /.e�/J�1 � J 1.�2 /.�/k�1!1:

If U is a neighbourhood of �.�/ we can estimate the norm with �2 by

k k1k�2.e�/J�1 � J 1�2.�/k�1!1

using the fact that .�2 /.�/ D �2.�/ D 0 since �2 D 0 on �.�/. Applying the
preceding theorem twice, we have the error estimate

C WD C�1 C k k1C�2:

Note that in both cases, the functions �1 and �2 are continuous and still lie in
C.RC/ when multiplied with .�C 1/. If U is a neighbourhood of �.e�/ we obtain
the result by duality (as in the proof of Theorem 4.2.10). ut

As a consequence of the preceding theorem, we can ensure the convergence of
the spectral projections:
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Corollary 4.4.7. Assume that I is a bounded interval in RC. Then the spectral
projections satisfy

k�I .e�/J�1 � J 1�I .�/k�1!1 � C�I ı: (4.26)

provided @CI \ �.�/ D ; or @CI \ �.e�/ D ;.

Proof. We apply the preceding theorem with  D �I , the indicator function of I .
Note that �I is continuous on U D RC n @CI and that lim�!1.�C 1/�I .�/ D 0

exists since I is bounded. ut
Let us derive another result on the unitary time evolution (cf. Theorems 4.2.15

and 4.2.16), expressed in terms of the associated forms:

Theorem 4.4.8. Suppose that
ˇ
ěd.J 1 .t/; u/ � d. .t/; J 01u/

ˇ
ˇ � �.t/kuk1

for all u 2 fH 1, where  .t/ WD eit� .0/ is the time evolution of a state  .0/ 2 H
w.r.t. � and that J 1, J 01 are ı-quasi-unitary. Then

k.eite�J 1 � J�1eit�/ .0/k�1 � 6ık .0/k1 C
Z t

0

�.
/d
:

In particular, if d anded are ı-close with J 1 and J 01, then �.t/ D ık .0/k1 and

keite�J 1 � J�1eit�k1!�1 � .6C t/ı:

Proof. Applying the operator calculus to the formula

eit� D i
Z t

0

�ei
�d
 C 1

with � replaced by � and e�, we arrive at the operator equality

eite�J 1 � J�1eit� D i
Z t

0

ei
e�.e�J1 � J�1e�/ei
�d
 C .J 1 � J�1/;

where the integral exist in the operator norm topology on H1 ! fH �1. Therefore,

k.eite�J 1 � J�1eit�/ .0/k�1

�
Z t

0

k.e�J1 � J�1e�/ .
/k�1d
 C kJ 1 � J�1k1!�1k .0/k1

�
Z t

0

�.
/d
 C ık .0/k1

The last assertion follows then immediately. ut
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Let us now relate the first order identification operators with the ones defined
on the entire Hilbert spaces, here called zeroth order identification operators (see
Definition 4.1.1):

Definition 4.4.9. Assume that J , J 0 are zeroth order identification operators. We
say that the linear operators

J 1W H 1 �! fH 1; J 01W fH 1 �! H 1

are ı-compatible with the zeroth order identification operators J and J 0 if

kJ � J 1k1!0 � ı and kJ 0 � J 01k1!0 � ı: (4.27)

A simple consequence is the following:

Lemma 4.4.10. Assume that J 1 and J 01 are ı-compatible with the zeroth order
identification operators J and J 0 such that kJ 0 � J �k � ı0, then J 1 and J 01 are
.2ı C ı0/-adjoint (see Definition 4.4.1 (1)).

Proof. We have

J�1 � J 1 D .J 01 � J 0/� C .J 0� � J /C .J � J 1/

and the estimate follows from (4.27) and the assumptions. ut
Finally, we define the following property of quadratic forms to be “unitarily

equivalent” up to an error:

Definition 4.4.11. Let ı � 0.

1. We say that the quadratic forms d anded are ı-quasi-unitarily equivalent if there
exist first and zeroth order identification operators J 1, J 01 and J , J 0, such that
J 1 and J 01 are bounded,

a. d anded are ı-close,
b. J 1 and J 01 are ı-compatible with J and J 0, and
c. J and J 0 are ı-quasi-unitary of order 1.

2. We say that the quadratic forms d anded are ı-partial isometrically equivalent if
there exist first and zeroth order identification operators J 1, J 01 and J , such that
J 1 and J 01 are bounded,

a. d anded are ı-close,
b. J 1 and J 01 are ı-compatible with J and J �,
c. J is ı-partial isometric of order 1, and
d. J 01 is a left-inverse for J 1.

Let us give a self-contained summary of all estimates necessary in order to assure
the ı-quasi-unitary resp. ı-partial isometric equivalence of quadratic forms. Recall
that H 1 D domd and fH 1 D domed with norms defined by
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kf k21 D d.f /C kf k2 and kuk21 Ded.u/C kuk2:

Proposition 4.4.12. Let ı � 0 and assume that

J W H �! fH ; J 0W fH �! H ;

J 1W H 1 �! fH 1; J 01W fH 1 �! H 1

are linear operators. If J 1 is bounded and if the estimates

kJf k2 � 4kf k2; (4.28a)

jhJ 0u; f i � hu; Jf ij2 � ı2kf k2kuk2; (4.28b)

kf � J 0Jf k2 � ı2kf k21; ku � JJ 0uk2 � ı2kuk21 (4.28c)

kJ 1f � Jf k2 � ı2kf k21; kJ 01u � J 0uk2 � ı2kuk21; (4.28d)
ˇ
ěd.J 1f; u/� d.f; J 01u/

ˇ
ˇ2 � ı2kf k21kuk21 (4.28e)

are fulfilled for all f 2 H 1 and u 2 fH 1, then the quadratic forms d anded are
.3ı/-quasi-unitarily equivalent.

On the other hand, if d and ed are ı-quasi-unitarily equivalent, then the
estimates (4.28) are fulfilled.

Proof. Almost everything is obvious from Definitions 4.1.1, 4.4.1 and 4.4.9.
Note that we obtain 3ı due to Lemma 4.4.10, and since ı-adjointness is part of
the definition of ı-closeness of d and ed. The boundedness of J 01 follows from
Lemma 4.4.3. ut
Proposition 4.4.13. Let ı � 0 and assume that

J W H �! fH ;

J 1W H 1 �! fH 1; J 01W fH 1 �! H 1

are linear operators. If the estimates

J �Jf D f; ku � JJ �uk2 � ı2kuk21 (4.29a)

kJ 1f � Jf k2 � ı2kf k21; kJ 01u � J �uk2 � ı2kuk21; (4.29b)

J 01J 1f D f; (4.29c)
ˇ
ěd.J 1f; u/� d.f; J 01u/

ˇ
ˇ2 � ı2kf k21kuk21 (4.29d)

are fulfilled for all f 2 H 1 and u 2 fH 1, then the quadratic forms d anded are
.2ı/-partial isometrically equivalent.
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On the other hand, if d and ed are ı-partial isometrically equivalent, then the
estimates (4.29) are fulfilled.

Remark 4.4.14. Note that we do not need a quantitative bound on kJ 1k1!1. The
boundedness of the identification operators in the partial isometric case follow by
Lemmata 4.1.3 and 4.4.3.

Let us now relate the quasi-unitary resp. partial isometric equivalence (see
Definition 4.2.3) of operators with the one of quadratic forms:

Proposition 4.4.15. If d anded are ı-quasi-unitarily equivalent (ı-partial isomet-
rically equivalent), then the associated operators � and e� are ı0-quasi-unitarily
equivalent (ı0-partial isometrically equivalent) of order m D 0, where ı0 D 4ı. In
particular, the results of Sects. 4.2 and 4.3 apply.

Proof. The ı-quasi-unitarity resp. ı-partial isometry of the zeroth order identifi-
cation operators is already part of Definition 4.4.11. We only have to show the
ı-closeness (of order 0) of the operators, namely

ke�J � J�k2!�2 � ke�.J � J 1/k2!�2 C ke�J 1 � J�1�k2!�2
C k.J 01 � J 0/��k2!�2 C k.J 0� � J /�k2!�2 � 4ı

using ke�k0!�2 � 1, kJ � J 1k2!0 � kJ � J 1k1!0 � ı etc. ut
As in Proposition 4.2.5, we can show the transitivity of ı-quasi-unitary resp.

ı-partial isometric equivalence of quadratic forms. Assume that H , fH and cH are
three Hilbert spaces with non-negative operators d,ed andbd, respectively. Moreover,
assume that

J W H �! fH ; eJ W fH �! cH ; eJ 0W cH �! fH and J 0W fH �! H ;

J 1W H 1 �! fH 1; eJ 1W fH 1 �! cH 1; eJ 01W cH 1 �! fH 1 and J 01W fH 1 �! H 1

are bounded operators. We define

OJ WD eJJ W H �! cH ; OJ 0 WD J 0eJ 0W cH �! H ;

OJ 1 WD eJ 1J 1W H 1 �! cH 1; OJ 01 WD J 01eJ 01W cH 1 �! H 1:

Let us use the equivalent characterisation of “ı-quasi-unitary equivalence” in (4.28)
as definition, except that we replace condition (4.28a) in the definition of ı-quasi-
unitarity by

kJ k � 1C ı resp. keJ k � 1Ceı:
Moreover, let us assume that the first order identification operators J 1 and eJ 1 in
Definition 4.4.11 are .1C ı/- resp. .1Ceı/-bounded, i.e.

kJ 1k1!1 � 1C ı resp. keJ 1k1!1 � 1Ceı:



218 4 Two Operators in Different Hilbert Spaces

Note that J 1 and J�1 are 3ı-adjoint (Lemma 4.4.10), since we used (4.28) as
definition. In particular, kJ 0k � 1 C 2ı, kJ 01k1!1 � 1 C 5ı by (4.3a) and the
proof of Lemma 4.4.3. A similar remark holds foreJ 0 andeJ 01.

Similarly, we use the equivalent characterisation of of “ı-partial isometric
equivalence” in (4.29) as definition. Note that here, J 1 and J�1 are 2ı-adjoint. We
do not need extra conditions on the bounds of the identification operators, since
kJ k D kJ �k D 1 resp. keJ k D keJ �k D 1 and

kJ 1k1!1 � 1C 3ı resp. keJ 1k1!1 � 1C 3eı;

kJ 01k1!1 � 1C 6ı resp. keJ 01k1!1 � 1C 6eı

(see the proof of Lemma 4.4.3).

Proposition 4.4.16. Assume that 0 � ı;eı � 1.

1. Assume that d anded are ı-quasi-unitarily equivalent with identification operators
J , J 1, J 0 and J 01, and that ed and bd are eı-quasi-unitarily equivalent with
identification operators eJ , eJ 1, eJ 0 and eJ 01. Then d andbd are OC.ı Ceı/-quasi-
unitarily equivalent with identification operators OJ , OJ 1, OJ 0 and OJ 01, where OC is
a universal constant.

2. Assume that d and ed are ı-partial isometrically equivalent with identification
operators J , J 1 and J 01, and thated andbd areeı-partial isometrically equivalent
with identification operators eJ , eJ 1 and eJ 01. Then d andbd are OC 0.ı Ceı/-partial
isometrically equivalent with identification operator OJ , OJ 1 and OJ 01, where again
OC is a universal constant.

Proof. We set R D .� C 1/�1, eR D .e� C 1/�1 and bR D .b� C 1/�1 and define
OJ�1 WD . OJ 01/� D eJ�1J�1.

Let us start with the quasi-unitary equivalence. We have already shown in the
proof of Proposition 4.2.5 that

k OJ k � 1C 2.ıCeı/ and k OJ � OJ 0�k � 2eı C 3ı

using ı;eı � 1. Moreover,

kid � OJ 0 OJ k1!0 D k.id �J 0eJ 0eJJ /R1=2k
D �
�.id �J 0J /R1=2 C J 0.eid �eJ 0eJ /

�
eR1=2 C .JR1=2 � eR1=2J /

��
�

� k.id �J 0J /R1=2k C kJ 0k�k.eid �eJ 0eJ /eR1=2kkJ k
C .1C keJ 0kkeJ k/kJR1=2 � eR1=2J k�

� ı C 3.2eıC 7C'ı/ D 21.C' C 1/ı C 6eı;

using Theorem 4.2.9 with '.�/ D .�C 1/�1=2. Similarly, we have

kbid � OJ OJ 0k1!0 �eı C 2.3ı C 7.2C C'/eı/ D 6ı C .29C 14C'/eı
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using additionally (4.17a). In particular, we have shown that OJ and OJ 0 are Oı-quasi-
unitary of order 1. For the compatibility of the zeroth and first order operators, we
estimate

k OJ 1 � OJ k1!0 D �
�.eJ 1 �eJ /J 1 CeJ .J 1 � J /��

1!0

� keJ 1 �eJ k1!0kJ 1k1!1 C keJ kkJ 1 � J k1!0 � 2.eıC ı/:

Finally, we have

kb� OJ 1 � OJ�1�k1!�1 D �
�.b�eJ 1 �eJ�1e�/J 1 CeJ�1.e�J1 � J�1�/

�
�
1!�1

� kb�eJ 1 �eJ�1e�k1!�1kJ 1k1!1

C keJ�1k�1!�1ke�J 1 � J�1�k1!�1

� 2eı C 5ı;

and the Oı-quasi-unitary equivalence of d andbd follows with OC WD 21C' C 29.
The partial isometric equivalence follows similarly: Obviously, OJ � OJ D id and

OJ 01 OJ 1 D id. Moreover, we can show as before that

kbid � OJ OJ �k1!0 �eı C .ı C 2C'eı/ D ı C .1C 2C'/eı and

k OJ 1 � OJ k1!0 � keJ 1 �eJ k1!0kJ 1k1!1 C keJ kkJ 1 � J k1!0 � 4eı C ı:

Finally, kb� OJ 1 � OJ�1�k1!�1 � 4eı C 6ı, and the assertion follows with OC 0 D
6C 2C' . ut

Let us now show the following estimates from the ones already considered:

Proposition 4.4.17. Suppose that J 1 and J 01 are first order identification operators
and that ' is a measurable bounded function, then

k'.�/J 0�1 � J 01'.e�/k�1!1 D k'.e�/J�1 � J 1'.�/k�1!1;

where J 0�1 D .J 1/�. Moreover, if J 01 is a left-inverse for J 1 and if J 01 is .1C ı/-
bounded (see Definition 4.4.1) then

k'.�/� J 01'.e�/J�1k�1!1 � .1C ı/k'.e�/J�1 � J 1'.�/k�1!1:

If in particular,  is a measurable function, continuous on U � RC such that
�.�/ � U and  .�/ D O.��1/ as � ! 1, then

k .�/ � J 01 .e�/J�1k�1!1 � C .1C ı/ı

provided J 1 and J 01 are ı-isometric.
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Proof. The first estimate is obvious from taking the adjoint. The second follows
from '.�/ D J 01J 1'.�/ and kJ 01k1!1 � 1Cı. The last statement is an immediate
consequence of Theorem 4.4.6. ut

We conclude this section with the convergence of eigenvalues. If the operators�
and e� associated with the quadratic forms d anded have purely discrete spectrum,
or more generally, have discrete spectrum below the essential spectrum, then we
can directly show the convergence of the eigenvalues using the variational min-
max characterisation of the eigenvalues, denoted by �k and e�k , k 2 N, written in
the ascending order and repeated according to multiplicity. This estimate is more
explicit than the one given in Theorem 4.3.5.

We start with a simple application of the min-max principle. Let d be a non-
negative quadratic form on H with domain H 1 and similarly ed a non-negative
quadratic form on fH with domain fH 1. Denote by �k resp.e�k the corresponding
(discrete) spectrum.

Proposition 4.4.18. Assume that we have a first order identification operator

J 1W H 1 �! fH 1

such that there exists ı0, ı1 � 0 and ı0
0, ı

0
1 � 0 with

kJ 1f k2 � kf k2 � ı0kf k2 � ı1d.f / (4.30a)

ed.J 1f / � d.f /C ı0
0kf k2 C ı0

1d.f / (4.30b)

for all f 2 H 1. If ı0 C ı1�k < 1 then

e�k � 1C ı0
1

1� ı0 � ı1�k
� �k C ı0

0

1 � ı0 � ı1�k

for all k 2 N. In particular, if ı0
0 D ı0

1 D 0, then

1 � ı0

1C ı1e�k
�e�k � �k:

Proof. Let f 2 Ek , where Ek denotes the space generated by the first k eigenfunc-
tions associated with d. Let f 2 Ek , then

kJ 1f k2 � �
1 � ı0 � ı1�k

�kf k2 and ed.J 1f / � �
�k C ı0

0 C ı0
1�k

�kf k2

provided f ¤ 0, and therefore

ed.J 1f /

kJ 1f k2 � �k C ı0
0 C ı0

1�k

1 � ı0 � ı1�k : (4.31)
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If ı0 C ı1�k < 1, then Jf D 0 implies f D 0, and in particular, J 1 restricted to
Ek is injective and J 1.Ek/ is a k-dimensional subspace of fH 1. From the min-max
principle Theorem 3.2.3 we deduce from inequality (4.31) that

e�k D inf
eDk�eH 1

sup
u2eDknf0g

ed.u/

kuk2 � sup
f 2Eknf0g

ed.J 1f /

kJ 1f k2 � �k C ı0
0 C ı0

1�k

1 � ı0 � ı1�k

choosing the k-dimensional space eDk D J 1.Ek/. ut
A straightforward consequence is the following:

Corollary 4.4.19. Assume that we have first order identification operators

J 1W H 1 �! fH 1 and J 01W fH 1 �! H 1

such that there exists ı, ı0 � 0 with

kJ 1f k2 � kf k2 � ıkf k2 � ıd.f / (4.32a)

ed.J 1f / � d.f /C ıkf k2 C ıd.f / (4.32b)

kJ 01uk2 � kuk2 � ı0kuk2 � ı0ed.u/ (4.32c)

d.J 01u/ �ed.u/C ı0kuk2 C ı0ed.u/ (4.32d)

for all f 2 H 1 and u 2 fH 1. If ı C ı0 < .1C �k/
�1 then

1 � ı0

1C .1C �k/ı0 ��k� ı0

1C .1C �k/ı0 �e�k � 1C ı

1 � .1C �k/ı
��k C ı

1 � .1C �k/ı

for all k 2 N. In particular, j�k �e�kj D O.ı/CO.ı0/, where the error only depends
on �k, ı and ı0.

4.5 Convergence of Non-self-adjoint Operators

In this section we are going to prove closeness results (in terms of norm estimates)
for (in general) non-self-adjoint, closed operatorsH and eH in the Hilbert spaces H
and fH , respectively. The main difference with the self-adjoint case is that we do not
have the functional calculus for all continuous functions, but only for holomorphic
functions. We therefore have to modify some arguments. In particular, we have to
provide upper estimates on the norm of the resolvents as quantitative input. Note
that for a self-adjoint operator A D A�, we have

k.A � z/�1k D 1

dist.�.A/; z/
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for z 2 �.A/ by the spectral calculus Theorem 3.2.2. Here, the upper estimate “�”
is only fulfilled for self-adjoint or, more generally, for normal operators (A�A D
AA�).

Denote by H k.H/ and H k.eH/ the corresponding scales of Hilbert spaces with
norms k�kk;H , and k�kk;eH for k D �2; 0; 2, respectively, defined in Sect. 3.3.1.
Moreover, denote by �.H/ the resolvent set of H . Let

z0 2 �.H/ \ �.eH/
be a fixed reference point in the resolvent set and let

R WD .H � z0/
�1 and eR WD .eH � z0/

�1: (4.33)

In most cases, we can set z0 D �1, and we often omit the dependence on z0 in the
notation.

Recall the definition of the resolvent norm profile in Definition 3.3.3, i.e.
H 2 R.	; U /, if U is part of the resolvent set �.H/ and if kR.z/k � 	.z/
for all z 2 U . Typically, the resolvent estimate will be fulfilled for classes like
#-sectorial operators. In this case, U can be chosen as the complement of a sector,
i.e, U D f z 2 C j jarg zj > # g, and 	.z/ D C�#=jzj.
Definition 4.5.1. Let ı � 0 and let 	 WU �! .0;1/ be a continuous function on
U � C.

1. We say that H and eH are ı-close (with zeroth order identification operator J ) if

keHJ � JHk2;H!�2;eH D keRJ � JRk � ı: (4.34)

is fulfilled.
2. We say that H and eH are .ı; 	; U /-close with the zeroth order identification

operator J if H; eH 2 R.	; U / (i.e. H , eH have resolvent norm profile 	 ) and
if (4.34) if fulfilled.

Remark 4.5.2. Note that .ı; 	; U /-closeness in particular implies that U belongs to
the resolvent set of both operators H and eH . In particular, we need some a priori
information on both spectra.

Let us now define the quasi-unitary equivalence:

Definition 4.5.3. Let ı � 0. We say that H and eH are ı-quasi-unitarily (-partial
isometrically) equivalent if there are ı-quasi-unitary (-partial isometric) operators
J and J 0 of order 2 for which H and eH are ı-close.

Sometimes it is convenient to include the resolvent norm profile in the definition,
and to assume the conditions on J and J 0 also for the adjointsH� and eH�:

Definition 4.5.4. Let ı � 0 and 	 WU �! .0;1/ be continuous.

1. We say that H and eH are .ı; 	; U /-quasi-unitarily (-partial isometrically)
equivalent if there are ı-quasi-unitary (-partial isometric) operators J and J 0
of order 2 for which H and eH are .ı; 	; U /-close.
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2. We say that H and eH are .ı; 	; U /�-quasi-unitarily (-partial isometrically)
equivalent if there are ı-quasi-unitary (-partial isometric) operators J and J 0
of order 2 for which H and eH as well as H� and eH� are .ı; 	; U /-close.

3. If U D fz0g and C D 	.z0/ > 0 has only a single value, then we also say that
H , eH are .ı; C; z0/-quasi-unitarily (resp. -partial isometrically) equivalent, and
similarly for .ı; C; z0/�-quasi-unitarily (resp. -partial isometric) equivalence.

Remark 4.5.5. Let us summarise the necessary conditions for convenience here:

1. The operators H and eH are ı-quasi-unitarily equivalent iff there are identifica-
tion operators J and J 0 such that the following conditions are fulfilled:

kJ k � 2; kJ 0 � J �k � ı; (4.35a)

k.id �J 0J /Rk � ı; k.eid � JJ 0/eRk � ı; (4.35b)

keRJ � JRk � ı; (4.35c)

where R D .H � z0/�1.
If, in addition, U belongs to the resolvent set of H and eH , and if

kR.z/k � 	.z/; keR.z/k � 	.z/; (4.35d)

whereR.z/ D .H � z/�1 andeR.z/ D .eH � z/�1, thenH , eH are .ı; 	; U /-quasi-
unitarily equivalent. The stared version of .ı; 	; U /�-quasi-unitary equivalence
means that estimates (4.35b)–(4.35d) are also true for R� and eR�.

2. The operators H and eH are ı-partial isometrically equivalent iff there is an
identification operator J such that the following conditions are fulfilled:

id D J �J; k.eid � JJ �/eRk � ı; (4.35e)

keRJ � JRk � ı: (4.35f)

If, in addition, (4.35d) is fulfilled, then the operators H and eH are .ı; 	; U /-
partial isometrically equivalent. The stared version of .ı; 	; U /�-partial isomet-
ric equivalence means that estimates (4.35e)–(4.35f) are also true forR� andeR�.

3. If U D fz0g and C D 	.z0/, then the resolvent estimate reduces to kRk � C

and keRk � C .

Let us now define the notion of convergence of closed operators acting in
different Hilbert spaces:

Definition 4.5.6. Let Hn and H be closed operators in the Hilbert spaces Hn and
H , respectively. We say thatHn converges toH (in the generalised norm resolvent
sense) (Hn ! H ) if there is a constant C independent of n, z0 2 �.H/ \ �.Hn/

for all n and a sequence ın ! 0 such thatHn andH are .ın; C; z0/�-quasi-unitarily
equivalent. We call ın the convergence speed of Hn ! H .
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As in the self-adjoint case, we have the following simple consequences, showing
that we generalised existing concepts of convergence of closed operators:

Lemma 4.5.7. If H D fH and J D J 0 D id, then ı-closeness of H and eH
is equivalent with the fact that kR � eRk � ı. In particular, the norm resolvent
convergence kRn � Rk ! 0 is equivalent with the convergence Hn ! H in the
generalised norm resolvent sense.

Let us now derive some consequences of the fact that the operatorsH and eH are
.ı; 	; U /-close.

Lemma 4.5.8. Let C � 1 and assume that H; eH are .ı; C; z0/-close, then

keRkJ � JRkk � kCk�1ı (4.36)

for k � 1.

Proof. We use the resolvent identity

eRkJ � JRk D
k�1X

iD0
eRk�1�i .eRJ � JR/Ri ;

and conclude

keRkJ � JRkk �
k�1X

iD0
keRk�1�ikkeRJ � JRkkRik � kCk�1ı

using the estimate for k D 1 and the assumption kRk; keRk � C . ut
A simple argument allows us to deal with all z in �.H/ and �.eH/, the price is a

norm estimate on the resolvents R.z/ and eR.z/:

Lemma 4.5.9. Given z 2 �.H/ \ �.eH/, then

V.z/ D �
id C.z � z0/eR.z/

�
V.z0/

�
id C.z � z0/R.z/

�
; (4.37a)

where V.z/ WD eR.z/J � JR.z/. In particular, if 	 WU �! .0;1/ is continuous and
H; eH 2 R.	; U /, then

keR.z/J � JR.z/k � 	0.z/
2keR.z0/J � JR.z0/k; (4.37b)

is fulfilled for all z 2 U , where

	0.z/ D 1C jz � z0j	.z/ � 1

is continuous on U .
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Proof. We have

V.z/ D V.z0/C .z � z0/
�
eR.z/eR.z0/J � JR.z/R.z0/

�

D V.z0/C .z � z0/
�
eR.z/V .z0/C V.z/R.z0/

�

where we have used the second resolvent identity. Reordering the terms yields

V.z/
�
id �.z � z0/R.z0/

� D �
id C.z � z0/eR.z/

�
V.z0/:

Since id C.z � z0/R.z/ is the inverse of id �.z � z0/R.z0/, we obtain (4.37a). The
norm estimate is then obvious. ut

We can now easily extend the convergence results to a suitable class of
holomorphic functions of the operators: Remember that H and eH being .ı; 	; U /-
close implies that H; eH 2 R.	; U /, and in particular that

�.H/ \ U D ; and �.eH/ \ U D ;: (4.38)

If D � C is a domain with @D � U , then

L1.@D; 	0.z/2djzj/ � L1.@D; djzj/

since 	0.z/ � 1 (see Lemma 4.5.9). The next lemma allows us to extend the
convergence result to holomorphic functions having fast enough decay along @D
if D is unbounded:

Theorem 4.5.10. Let ı � 0, 	 WU �! .0;1/ be a continuous function. Assume
that D is an open set in C with piecewise smooth boundary @D � U , and
that ' is holomorphic in a neighbourhood of D . Assume in addition that ' 2
L1.@D; 	0.z/2djzj/, then

k'D.eH/J � J'D.H/k � CD.'; 	
2
0 /ı (4.39)

for all H , eH being .ı; 	; U /-close, where CD.'; 	20 / depends only on D, ' and 	 .
Moreover, the integrability condition on ' is satisfied if the curve @D is compact.

Proof. Since @D is contained in the resolvent set of both operators and due to our
integrability assumption on ', the holomorphic functional calculus Theorem 3.3.6
applies,

'D.H/ D 1

2
i

I

@D

'.z/

z �H dz;

and a similar claim is valid for eH . Hence

J'D.H/ � 'D.eH/J D � 1

2
i

I

@D

�
JR.z/ � eR.z/J

�
'.z/dz;
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and therefore,

kJ'D.H/� 'D.eH/J k � ı

2


I

@D

	0.z/
2j'.z/jdjzj DW CD.'; 	20 / ı:

Since 	0.z/2 depends continuously on z, the right-hand side is in particular finite if
@D is compact. ut

Let z 2 �.H/. Once we know a priori that also z 2 �.eH/, we obtain a
quantitative estimate on the norm of eR.z/:

Lemma 4.5.11. Assume that z; z0 2 �.H/ \ �.eH/ and C > 0. Then there is a
constant

ı1.z/ WD min
n
1;
1

2

�
jz � z0j

�
1C 3.2C C 1C jz � z0jkR.z/k/

���1o
(4.40a)

such that keR.z/k � 12
�
1C C C .jz � z0j C 1/kR.z/k� (4.40b)

for all eH being .ı; C; z0/�-unitarily equivalent with H provided 0 � ı � ı1.z/.
Moreover,

kV.z/k D keR.z/J � JR.z/k � 12
�
1C jz � z0jkR.z/k

�2
ı: (4.40c)

Proof. Note first that

keR.z/.eid � JJ 0/k D k.eid � J 0�J �/eR.z/�k
D k.eid � J 0�J �/eR.z0/�.eid C .z � z0/eR.z/

�k
� k.eid � J 0�J �/eR.z0/�k.1C jz � z0jkeR.z/k/
� .1C 2.2C ı/C /.1C jz � z0jkeR.z/k/ı

using (4.3d). Now we have

keR.z/k � keR.z/.eid � JJ 0/k C k.eR.z/J � JR.z//J 0k C kJR.z/J 0k
� ı

h�
1C jz � z0jkeR.z/k

��
1C 2.2C ı/C

�

C �
1C jz � z0jkR.z/k

��
1C jz � z0jkeR.z/

�k.2C ı/
i

C 2.2C ı/kR.z/k
using also (4.37a). Bringing the keR.z/k-terms on the LHS and dividing by the
resulting coefficient yields

keR.z/k � 2.2C ı/kR.z/k C ı
�
1C 2.2C ı/C C .2C ı/.1C jz � z0jkR.z/k/

�

1 � ıjz � z0j
�
1C .2C ı/.2C C 1C jz � z0jkR.z/k/

� ;
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leading to the desired assertion on keR.z/k using ı � 1. Note that we estimated the
denominator from below by 1=2 since 0 � ı � ı1.z/. Similarly,

1C jz � z0jkeR.z/k � 1C 2.2C ı/jz � z0jkR.z/k
1 � ıjz � z0j

�
1C .2C ı/.2C C 1C jz � z0jkR.z/k/

�

� 12
�
1C jz � z0jkR.z/k

�
:

Finally, we have

kV.z/k � �
1C jz � z0jkR.z/k

��
1C jz � z0jkeR.z/k

�
ı � 12

�
1C jz � z0jkR.z/k

�2
ı

again using (4.37a). ut
Remark 4.5.12. It is a priori not clear whether our assumptions of ı-quasi unitary
equivalence or even ı-partial isometry are strong enough to assure that z 2 �.H/

implies z 2 �.eH/. Note that we used the existence (and boundedness) of the
resolvent at z in the previous proof e.g. in the first step (when using the fact
kAk D kA�k for bounded operators).

Due to this lack of information, we always have to include a priori information
of the spectrum of H and eH , and we cannot omit the restriction “provided @D �
�.eH/” e.g. in Theorem 4.5.14, Corollary 4.5.15, Corollary 4.5.18 etc.

From the preceding lemma, we can easily deduce a quantitative resolvent
estimate for eH from a resolvent estimate for H . We only need an estimate (by
C ) on the norm of the resolvents in a common reference point z0. This fact is part
of the definition of .ı; C; z0/�-quasi-unitary equivalence, see Definition 4.5.4 (3):

Proposition 4.5.13. Let z0 2 C and assume that D is an open set in C with
compact, piecewise smooth boundary @D. Suppose that 	 W @D [ fz0g �! .0;1/ is
continuous and set C WD 	.z0/. Then there exist a constant ı1 D ı1.	; C; z0/ > 0

and a continuous functione	 W @D �! .0;1/ such that

kR.z/k � 	.z/ ) keR.z/k �e	.z/; z 2 @D

for all closed operators H; eH being .ı; C; z0/�-quasi-unitarily equivalent and all
0 � ı � ı1 provided @D � �.H/ and @D � �.eH/. The constant ı1 and the
functione	 are given by

ı1 WD min
z2@D

n
1;
1

2

�
jz � z0j

�
1C 3.2C C 1C jz � z0j	.z//

���1o
> 0 and

e	.z/ WD 12
�
1C C C .jz � z0j C 1/	.z/

� D 12.C C 	0.z/C 	.z//:

In particular, we can choose 	.z/ WD kR.z/k (note that kR.�/k is continuous, see
Lemma 3.3.2).
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Similarly as in Theorem 4.5.10, we can prove the following result for holomor-
phic functions of the operators, but now only with a resolvent estimate on H :

Theorem 4.5.14. Let z0 2 C. Assume that D is an open set in C with compact,
piecewise smooth boundary @D, and that ' is holomorphic in a neighbourhood
of D . Let H 2 R.	; @D [ fz0g/ for some continuous function 	 W @D [ fz0g �!
.0;1/ (e.g., @D � �.H/ and 	.z/ WD kR.z/k) and set C WD 	.z0/. Then there
exist constants ı1 D ı1.	; C; z0/ > 0 and C 0 D C 0.'; 	; z0/ > 0 such that

k'D.eH/J � J'D.H/k � C 0ı (4.41a)

for all closed operators eH , where H , eH are .ı; C; z0/�-quasi-unitarily equivalent
and 0 � ı � ı1 provided @D � �.eH/. The constant C 0 is given by

C 0.'; 	; z0/ WD CD.'; 12	
2
0 / D 12

2


I

@D

�
1C jz � z0j	.z/

�2j'.z/jdjzj: (4.41b)

Proof. The assertion follows immediately from

kJ'D.H/ � 'D.eH/J k � ı

2


I

@D

kV.z/kj'.z/jdjzj

� 12ı

2


I

@D

�
1C jz � z0j	.z/

�2j'.z/jdjzj

using (4.40c). ut
Applying the previous theorem with ' D � we obtain the following assertion on

spectral projectors:

Corollary 4.5.15. Let z0 2 C. Assume that D is an open set in C with compact,
piecewise smooth boundary @D. Let H 2 R.	; @D [ fz0g/ for some continuous
function 	 W @D [ fz0g �! .0;1/ and set C WD 	.z0/. Then there exist constants
ı1 D ı1.	; C; z0/ > 0 and C 0 D C 0.	; z0/ > 0 such that the spectral projections
satisfy

k�D.eH/J � J�D.H/k � C 0ı (4.42)

for all closed operators eH , where H; eH are .ı; C; z0/�-quasi-unitarily equivalent
and 0 � ı � ı1 provided @D � �.eH/.

Remark 4.5.16. We might drop the condition of compactness of @D provided
kR.z/k decays fast enough along @D. In particular, we need the integrability
conditionC 0.'; 	/ < 1 (cf. (4.41b). Moreover, we have to assure that infz2@D ı1.z/
(see the definition in (4.40a)) remains strictly positive.

The next proposition shows how to extend the functional calculus to other
combinations of identification operators:
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Proposition 4.5.17. Assume that J is ı-quasi-unitary of order 2 w.r.t. H and eH
and that

k'.eH/J � J'.H/k D �

for some function ' and some constant � > 0. Then we have

k'.H/J 0 � J 0'.eH/k � 2C.'/ıC �; (4.43a)

k'.H/ � J 0'.eH/J k � C.b'/ı C .2C ı/�; (4.43b)

k'.eH/ � J'.H/J 0k ��C.b'/C 4C.'/
�
ı C 2�; (4.43c)

where b'.z/ D .z � z0/'.z/ and where C.'/ is an upper bound of k'.H/k and
k'.eH/k.

If J is ı-partial isometric, then

k'.H/J � � J �'.eH/k D k'.H/ � J �'.eH/J k D �: (4.43d)

Proof. The first estimate follows from

k'.H/J 0 � J 0'.eH/k � .k'.H/k C k'.eH/k/kJ 0 � J �k
C k'.H/J � � J �'.eH/k

� 2C.'/ı C �I

the second from

k'.H/ � J 0'.eH/J k � kid �J 0J k2;H!0k'.H/k0!2;H

C kJ 0kkJ'.H/ � '.eH/J k
� ıC.b'/C .2C ı/�

and the third from

k'.eH/ � J'.H/J 0k � keid � JJ 0k2;eH!0k'.eH/k0!2;eH

C kJ kkJ 0'.eH/ � '.H/J 0k

together with (4.43a). ut
As a consequence of the preceding proposition and Theorem 4.5.14 we obtain:

Corollary 4.5.18. Let z0 2 C. Assume that D is an open set in C with compact,
piecewise smooth boundary @D, and that ' is holomorphic in a neighbourhood
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of D . Let H 2 R.	; @D [ fz0g/ for some continuous function 	 W @D [ fz0g �!
.0;1/ (e.g., @D � �.H/ and 	.z/ WD kR.z/k) and set C WD 	.z0/. Then there
exist constants ı1 D ı1.	; C; z0/ > 0 and C 0

i D C 0
i .'; 	; z0/ > 0 such that

k'D.H/J 0 � J 0'D.eH/k � C 0
1ı; (4.44a)

k'D.H/ � J 0'D.eH/J k � C 0
2ı; (4.44b)

k'D.eH/ � J'D.H/J
0k � C 0

3ı (4.44c)

for all closed operators eH , where H , eH are .ı; C; z0/�-quasi-unitarily equivalent
and 0 � ı � ı1 provided @D � �.eH/.

4.6 Spectral Convergence for Non-self-adjoint Operators

If H and eH are ı-quasi-unitarily equivalent, and if z 2 �.H/, then we do not
know in general that z 2 �.eH/, even for small ı (see Remark 4.5.12). Therefore,
we assume that we know already the essential spectra of both operators, and make
a convergence statement on the discrete spectrum only. This restriction does not
matter in our applications since the essential spectrum of both operators is known.

We start with an assertion on the dimensions of the spectral projections provided
the operators are quasi-unitarily equivalent (see Definition 4.5.4):

Lemma 4.6.1. Assume that z0 2 C and that D is an open set in C with compact,
piecewise smooth boundary @D. Let H 2 R.	; @D [ fz0g/ for some continuous
function 	 W @D [ fz0g �! .0;1/ (e.g., @D � �.H/ and 	.z/ WD kR.z/k) and set
C WD 	.z0/. Then there exists a constant ı0

1 D ı0
1.	; C; z0/ > 0 such that

dim ran�D.H/ D dim ran�D.eH/

for all operators eH , where H; eH are .ı; C; z0/�-quasi-unitarily equivalent and 0 �
ı � ı0

1 provided @D � �.eH/.
If, in addition, dim ran�D.H/ D 1, i.e. if there exists a simple eigenvalue � 2 D

with normalised eigenvector  , then there exists a normalised eigenvector e 2 fH
generating ran�D.eH/ such that

kJ � e k � C1ı and kJ 0e �  k � eC1ı;

provided 0 � ı � ı0
1. Here, C1 and eC1 depend only on 	 , C and z0.

Proof. We apply Theorem 4.1.5 with C as above and D D H 2.H/, then H 2.H/

is C -densely embedded in H , and similarly for eD D H 2.eH/. Moreover, we set
P D �D.H/ and eP D �D.eH/, hence

kP kH !D � CD.� � z0; 	/ and keP keH !eD � CD.� � z0;e	/
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by the holomorphic functional calculus Theorem 3.3.6 and Proposition 4.5.13. The
norm estimate on the projection difference is ensured by Corollary 4.5.15, so that
˛ WD CD.�; 12	

2
0 / in the notation of Theorem 4.1.5 and (4.41b) and the assertions

follow with ı0
1 WD minfı0; ı1g where ı0 is defined in Theorem 4.1.5 (2) and ı1 is

defined in Proposition 4.5.13. ut
Let us give a quantitative version in the case thatD D B�.�/ is a ball of radius �

around the discrete eigenvalue �. This quantitative version is useful when determine
the convergence speed of discrete eigenvalues (see Theorem 4.6.4):

Corollary 4.6.2. Assume that H is a closed operator with � 2 �disc.H/ and z0 2
�.H/. Choose �0 > 0 such that B�0.�/\�.H/ D f�g. Moreover, assume that there
exists C;C2 > 0 and ˇ � 1 such that kR.z0/k � C and

	�.�/ WD max
z2@B�.�/

kR.z/k � C2�
�ˇ (4.45)

for all � 2 .0; �0�. Then for all � 2 .0; �0�, there exists a constant ı1.�/ D
ı1.�; C; z0; C2/ > 0 such that

dim ran�B�.�/.H/ D dim ran�B�.�/.eH/

for all operators eH , where H; eH are .ı; C; z0/�-quasi-unitarily equivalent and 0 �
ı � ı1.�/ provided @B�.�/ � �.eH/. Moreover, ı1.�/ D O.�2ˇ�1/.

In particular, if H is self-adjoint (or normal, i.e. H and H� commute), then we
can choose C2 D 1 and ˇ D 1, i.e. ı1.�/ D O.�/.

Proof. Let us give a careful analysis of the constants involved in the previous proof.
Set d WD d.�; z0/ WD maxz2@B�.�/ jz � z0j. Then we have the estimate

.ı0/
�1 WD .2C C 1/maxfkP kH !D ; keP keH !eDg C ˛

� .2C C 1/CD.� � z0;e	/C CD.�; 12	0/

� 12.2C C 1/�
�
C C �

1C .d C 1/	�.�/
�2� D O.�1�2ˇ/

on the constant ı0 using the definition of CD.'; 	/ in Theorem 3.3.6. Moreover, for
ı1 we have

.ı1/
�1 � max

˚
1; 2d Œ1C 3.2C C 1C d	�.�//�

	 D O.��ˇ/

where the errors depend only on C , z0, d and C2. Since ˇ � 1, the dominant error
is given by O.�1�2ˇ/.

Note that for self-adjoint or normal operatorsH , we have the equality kR.z/k D
d.z; �.H//�1 D 1=� if z 2 @�B.�/ for � small enough. ut

For the notion of convergence of closed operators, we refer to Definition 4.5.6.
Recall that Hn ! H already implies (by definition) that z0 2 �.Hn/ \ �.H/
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for all n with norm of the resolvents bounded by some constant C , indepen-
dent of n.

Theorem 4.6.3. Assume that H is a closed operator in H and that � 2 �disc.H/

with multiplicity�. LetHn be a sequence of closed operators in Hn such thatHn !
H and B�0.�/ \ �ess.Hn/ D ; eventually for some �0 > 0, then for each n there
exist � eigenvalues �j;n, j D 1; : : : ; �, (not necessarily mutually distinct) such that
�j;n ! � as n ! 1.

If, in addition, � D 1, i.e. if the eigenvalue � 2 �disc.H/ is simple with
normalised eigenvector  , then there exists a sequence of normalised eigenvectors
 n 2 Hn of Hn such that

kJn �  nk ! 0 and kJ 0
n n �  k ! 0;

where Jn and J 0
n are the associated identification operators.

Proof. Let � 2 �disc.H/ \ D. Then by definition of the discrete spectrum, there
exists 0 < �1 � �0 such that B�1.�/ \ �disc.H/ D f�g. Let 0 < � � �1. Since

[

n

�.Hn/ \ B�.�/ D
[

n

�disc.Hn/ \ B�.�/

by assumption, and since the latter set is at most countable, we can always assume
(by slightly modifying �) that

@B�.�/ � �.Hn/

for all n. In particular, by the first part of Lemma 4.6.1,

0 < � WD dim ran�B�.�/.H/ D dim ran�B�.�/.Hn/ < 1

eventually, showing the existence of � sequences f�j;ngn converging to �. The
eigenvector convergence follows immediately from the second part of Lemma 4.6.1.

ut
Note that we have shown the convergence of the discrete spectrum in the maximal

outer distance on bounded subsets (see Definition A.1.1 and Proposition A.1.6), i.e.

�disc.Hn/ \D % �disc.H/ \D

for all balls D � C.
If we have a resolvent estimate of the operator H near an eigenvalue � 2

�disc.H/, we get a quantitative estimate on the eigenvalues of eH close to �:

Theorem 4.6.4. Let C > 0. Assume that H is a closed operator such that � 2
�disc.H/ is a discrete eigenvalue of multiplicity � and that z0 2 �.H/. Moreover,
assume that there exists C2 > 0 and ˇ � 1 such that kR.z0/k � C and
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	�.�/ WD max
z2@D�.�/

kR.z/k � C2�
�ˇ

for all 0 < � � �0. Let eH be a closed operator, such that H; eH are .ı; C; z0/�-
quasi-unitarily equivalent for ı � 0 small enough and that � … �ess.eH/. Then there
exist � eigenvaluese�j , j D 1; : : : ; �, (not necessarily mutually distinct) such that

je�j � �j D O
�
ı

1
2ˇ�1

�
:

In particular, if H is self-adjoint, then the error is O.ı/, provided H and eH are
ı-quasi-unitarily equivalent (see Definition 4.2.3).

If, in addition, � D 1, i.e. if there exists a simple eigenvalue � 2 �disc.H/ with
normalised eigenvector , then there exists a normalised eigenvector e 2 fH of eH
such that

kJ � e k D O.ı/ and kJ 0e �  k D O.ı/;

where J and J 0 are the associated identification operators. All errors depend only
on C , z0, C2 and ˇ.

Proof. The proof is similar to the previous one, using now the quantitative
information of Corollary 4.6.2. Note that since �ess.eH/ is closed, there exists �1 > 0
such that B�1.�/ \ �ess.eH/ D ;, and the existence of a ball of radius 0 < � � �1
such that @B� � �.eH/ is ensured. ut
Remark 4.6.5. Assume that Hn ! H with convergence speed ın ! 0. Once we
have a resolvent estimate for the operator H of the type (4.45) (or a similar
estimate), we can conclude the convergence speed of the discrete eigenvalues.

4.7 Convergence of Non-symmetric Forms

As in the previous section we are going to prove convergence results for (in general)
non-self-adjoint, closed operators H and eH in the Hilbert spaces H and fH ,
respectively. Here in contrast, we use sesquilinear forms h andeh associated with
H and eH (see Definition 3.3.16), since in many applications, it is easier to deal
with the first-order domains.

Denote by H k.H/ and H k.eH/ the corresponding scales of Hilbert spaces with
norms denoted by k�kk;H and k�kk;eH . For even k (k D 0;˙2), they are defined

naturally via the operators H , eH and the resolvents R D .H � z0/�1 and eR WD
.eH � z0/�1 for z0 2 �.H/ \ �.eH/ in both resolvents sets, see Sect. 3.3.1. For
odd k (k D ˙1), we defined a natural scale together with norms k�k1;H , k�k1;eH
in Definition 3.3.8 associated with the non-negative operators �, e�, respectively.
Recall that

kf k21;H D k.�C 1/1=2Tf k2 and kf k21;H�

D k.�C 1/1=2T �f k2
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and that k.�C 1/1=2Tf k2 D kTf k2Cd.Tf /. Moreover, H �1.H/ D .H 1.H �//�
is defined with the adjoint operatorH�. Similar remarks hold for the scale on fH .

We introduce the following terminology for identification operators of order 1,
similarly as in Definition 4.4.1.

Definition 4.7.1. Let ı � 0 and

J 1W H 1.H/ �! H 1.eH/ and NJ 01W H 1.eH �/ �! H 1.H�/

be bounded linear operators, called identification operators of order 1 associated
with the sesquilinear forms h andeh.

1. We say that J 1 and NJ 01 are ı-adjoint with respect to h andeh, if

kJ 1 � J�1k1;H!�1;eH � ı (4.46a)

is fulfilled, where

J�1 WD . NJ 01/�W H �1.H/ �! H �1.eH/:

2. Let C1 � 1. We say that J 1 is C1-bounded if

kJ 1k1;H!1;eH � C1: (4.46b)

3. We say that the sesquilinear forms h and eh are ı-close with first order with
first order identification operators J 1 and NJ 01, if J 1 and NJ 01 are ı-adjoint
and if

keHJ1 � J�1Hk1;H!�1;eH � ı (4.46c)

Remark 4.7.2.

1. The boundedness of NJ 01 is needed a priori only to define the adjoint J�1, and in
most cases we do not need a quantitative bound.

2. If we consider the adjointsH� and eH�, we also have to introduce the identifica-
tion operators

NJ 1W H 1.H �/ �! H 1.eH�/ and J 01W H 1.eH/ �! H 1.H/

associated with the adjoint sesquilinear forms h� and eh�, where h�.f; g/ WD
h.g; f /. Moreover, we need J 01 in order to define partial isometry in Defini-
tion 4.7.12.

In our applications, we will have H D H� for some complex parameter,
where fH�g� is a self-adjoint family of operators, i.e. .H�/� D H� . In this
situation, J 1 D J 1;� and NJ 1 D J 1;� , and assumptions on J 1 are automatically
fulfilled for NJ 1 etc.
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3. The norm k�k1;H!�1;eH can be expressed as

kV k1;H!�1;eH D k.e�C 1/�1=2eT �1V T �1.�C 1/�1=2k: (4.47)

4. Estimate (4.46a) is equivalent wit

ˇ
ˇhu; J 1f i � h NJ 01u; f iˇˇ � ıkuk1;eH�

kf k1;H (4.46a’)

for all u 2 H 1.eH�/ and f 2 H 1.H/. Similarly, (4.46c) is equivalent with

ˇ
ěh.u; J 1f /� h. NJ 01u; f /

ˇ
ˇ � ıkuk1;eH�

kf k1;H (4.46c’)

for u 2 H 1.eH�/ and f 2 H 1.H/.

It is sometimes also useful to include the resolvent norm profile (of order 1) in
the closeness definition. Recall the definition of R1.	; U / in Definition 3.3.10:

Definition 4.7.3. Let ı � 0 and let 	 WU �! .0;1/ be a continuous function.
We say that the sesquilinear forms h and eh are .ı; 	; U /-close with first order
identification operators J 1 and NJ 01, if h and eh are ı-close with J 1 and NJ 01 and
H , eH� have resolvent norm profile 	 of order 1 on U � �.H/ \ �.eH �/,
i.e. (4.46a), (4.46c) andH; eH � 2 R1.	; U / are fulfilled. IfU D fz0g and 	.z0/DC ,
we also say that h andeh are .ı; C; z0/-close.

We can now develop a functional calculus similarly as in Sect. 4.5:

Lemma 4.7.4. Let ı � 0 and C � 1. Assume that h andeh are .ı; C; z0/-close, then

keRkJ�1 � J 1Rkk�1;H!1;eH � �
k
�
1C C3.1C jz0j/

� � 1�C3k�4ı (4.48)

for k � 1.

Proof. We start with k D 1 and note that

eRJ�1 � J 1R D eR
�
.J�1H � eHJ1/C z0.J

�1 � J 1/
�
R:

Then we can estimate the norm of the last expression by

keRJ�1 � J 1Rk�1;H!1;eH � keRk�1;eH!1;eH
�kJ�1H � eHJ1k1;H!�1;eH

C jz0jkJ�1 � J 1k1;H!�1;eH
�kRk�1;H!1;H � .1C jz0j/C 2ı

using the norm resolvent estimates and the assumptions. For k � 2, we have

eRkJ�1 � J 1Rk D
k�1X

jD0
eRk�1�j .eRJ�1 � J 1R/Rj C

k�1X

jD1
eRk�j .J 1 � J�1/Rj :
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We estimate the norm of the first sum by kC 3.k�1/.1Cjz0j/C 2ı using Lemma 3.3.15
for the estimate kRk�1;H!�1;H � C3 and keRk1;H!1;H � C3, and using the esti-
mate for k D 1. Moreover, the second sum can be estimated by .k � 1/C 2C 3.k�2/ı
using the assumption kRk�1;H!1;H � C and similarly for eR, and using again
Lemma 3.3.15 as well as the assumption of ı-adjointness. ut

A simple argument allows us to deal with all z in �.H/ and �.eH/, the proof is
analogous to the one of Lemma 4.5.9:

Lemma 4.7.5. Let ı � 0. Assume that z 2 �.H/\�.eH/ and that there is a constant
	.w/ > 0 such that kR.w/k�1;H!1;H ; keR.w/k�1;eH!1;eH � 	.w/ for w D z and

w D z0. If in addition, h andeh are ı-close then

keR.z/J�1 � J 1R.z/k�1;H!1;eH � 	1.z/ı; (4.49)

where
	1.z/ WD .2C jz0j/	.z0/2e	0.z/2 � 1

ande	0.z/ D 1C jz � z0j	.z0/2	.z/.
In particular, if 	 WU �! .0;1/ is continuous, and if h andeh are .ı; 	; U /-close,

then estimate (4.49) is fulfilled for all z 2 U and 	1 is continuous on U .

Proof. We set V 1.z/ WD eR.z/J�1 � J 1R.z/ and have

V 1.z/ D V 1.z0/C .z � z0/
�
eR.z/V 1.z0/

C �
id C.z � z0/eR.z/

�
eR.z0/.J

�1 � J 1/R.z0/C V 1.z/R.z0/
�

where we have used the second resolvent identity. Reordering the terms yields

V 1.z/
�
id �.z � z0/R.z0/

� D �
id C.z � z0/eR.z/

��
V 1.z0/CeR.z0/.J

�1 � J 1/R.z0/
�
:

Since id C.z � z0/R.z/ is the inverse of id �.z � z0/R.z0/, we obtain

V 1.z/ D
��

idH 1.eH/ C.z � z0/eR.z/
�

� �V.z0/C eR.z0/.J
�1 � J 1/R.z0/

���
idH �1.H/ C.z � z0/R.z/

�
:

Now, we use Lemma 4.7.4 for the norm bound on V.z0/. Moreover, we estimate the
expressions Œ: : : � bye	0.z/ and the resolvents in z0 by 	.z0/. ut

We can now easily extend the convergence results to a suitable class of
holomorphic functions of the operators. The proof is the same as for Theorem 4.5.10
using Theorem 3.3.20 instead of Theorem 3.3.6. Recall that h andeh being .ı; 	; U /-
close implies that H; eH 2 R1.	; U /, and in particular, that

�.H/ \ U D ; and �.eH/ \ U D ;:
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Moreover, if D � C is open with @D � U then

L1.@D; 	1.z/djzj/ � L1.@D; djzj/

since 	1.z/ � 1.

Theorem 4.7.6. Let ı � 0, 	 WU �! .0;1/ be a continuous function. Assume that
D is open in C with piecewise smooth boundary @D � U , and that ' is holomorphic
in a neighbourhood ofD . Assume in addition that ' 2 L1.@D; 	1.z/djzj/, then

k'D.eH/J�1 � J 1'D.H/k�1;H!1;eH � CD.'; 	1/ı (4.50)

for all h, eh being .ı; 	; U /-close, where CD.'; 	1/ depends only on D, ' and 	 .
Moreover, the integrability condition on ' is satisfied if the curve @D is compact.

Let us now relate the identification operators acting on the scale of order 1 with
the ones acting on the scale of order 0:

Definition 4.7.7. Let ı � 0 and C � 1.

1. We say that the identification operator

J 1W H 1.H/ �! H 1.eH/

is .ı; C; z0/-compatible with the zeroth order identification operator J W H �!
fH , if H; eH 2 R1.C; z0/ and

kJ � J 1k1;H!0 � ı; (4.51a)

eT J D JT; (4.51b)

where T and eT are the compatibility operators of the scales H 1.H/ and
H 1.eH/, respectively (see Definition 3.3.8).

2. Similarly,
NJ 01W H 1.eH�/ �! H 1.H �/

is called .ı; C; z0/-compatible with the identification operator J 0W fH �! H of
order 0, if H; eH 2 R1.C; z0/ and

kJ 0 � NJ 01k1;eH�!0 � ı; (4.51c)

T �J 0 D J 0eT �: (4.51d)

As in Lemma 4.4.10, we have:

Lemma 4.7.8. Let ı � 0 and C � 1. Assume that J 1 is .ı; C; z0/-compatible with
the zeroth order identification operator J , and that NJ 01 is .ı; C; z0/-compatible with
the zeroth order identification operator J 0. If, in addition, kJ 0 � J �k � ı0, then J 1

and NJ 01 are ı00-adjoint, where ı00 D 2Cı C C2ı0.
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Proof. We have

J�1 � J 1 D . NJ 01 � J 0/� C .J 0� � J /C .J � J 1/

and the estimate follows from (4.51a), (4.51c) and Lemma 3.3.13. ut
Let us now define the following property of sesquilinear forms to be “unitarily

equivalent” up to an error:

Definition 4.7.9. Let ı � 0 and let 	 WU �! .0;1/ be a continuous function,
and set C WD 	.z0/. We say that the sesquilinear forms h andeh are .ı; 	; U /-quasi-
unitarily equivalent if there exist first and zeroth order identification operators J 1,
NJ 01 and J , J 0, such that

1. h andeh are .ı; 	; U /-close,
2. J 1 and NJ 01 are bounded; moreover, J 1 is .ı; C; z0/-compatible with J , and NJ 01

is .ı; C; z0/-compatible with J 0,
3. J and J 0 are ı-quasi-unitary of order 1 w.r.t. H and eH .

Remark 4.7.10. It does not really matter what scale of order 1 of Hilbert spaces we
use for the quasi-unitary operators J and J 0: A priori, we defined it with respect to
D D H 1.H/ and eD D H 1.eH/, but we have seen in Lemma 4.1.8, that we could
equivalently use the “free” scale H 1 and fH 1 associated with � and e�, passing to
a different ı.

Let us give a self-contained summary of all estimates necessary in order to assure
the ı-quasi-unitary equivalence. Recall that H 1.H/ D T �1.H 1/ and H 1.eH/ D
eT �1.fH 1/, and H 1 D dom d and fH 1 D domed, where d anded are the free forms
(see Definition 3.3.8). As norms, we have set

kf k21;H D d.Tf /C kTf k2 and kuk21;H�

Ded.T �u/C kT �uk2;
kf k21 D d.f /C kf k2 and kuk21 Ded.u/C kuk2

for f 2 H 1.H/ and u 2 H 1.eH/ resp. f 2 H 1 and u 2 fH 1.

Proposition 4.7.11. Let ı � 0, 	 WU �! .0;1/ be continuous, U � C, z0 2 U

and set C WD 	.z0/. Assume that

J W H �! fH ; J 0W fH �! H ;

J 1W H 1.H/ �! H 1.eH/; NJ 01W H 1.eH �/ �! H 1.H�/

are linear operators. If J 1 and NJ 01 are bounded, and if the estimates

kJf k2 � 4kf k2; (4.52a)

jhJ 0u; f i � hu; Jf ij2 � ı2kf k2kuk2; (4.52b)
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kf � J 0Jf k2 � ı2kf k21; ku � JJ 0uk2 � ı2kuk21 (4.52c)

kJ 1f � Jf k2 � ı2kf k21;H ; k NJ 01u � J 0uk2 � ı2kuk2
1;eH�

; (4.52d)

ˇ
ˇeh.u; J 1f / � h. NJ 01u; f /

ˇ
ˇ2 � ı2kuk2

1;eH�

kf k21;H ; (4.52e)

eT J D JT; T �J 0 D J 0eT �; (4.52f)

kT k � C; kT �1k � C; keT k � C; keT �1k � C; (4.52g)

U � �.H/ \ �.eH/; (4.52h)

k.H � z/�1k�1;H!1;H � 	.z/; k.eH � z/�1k�1;eH!1;eH � 	.z/ (4.52i)

are fulfilled for all f 2 H and u 2 fH in the appropriate subspaces, then the
sesquilinear forms h andeh are .C.2C C/ı; 	; U /-quasi-unitarily equivalent.

On the other hand, if h and eh are ı-quasi-unitarily equivalent, then the
estimates (4.52) are fulfilled with ı replaced by Cı.

Proof. The assertions follow immediately from Definitions 4.1.1, 4.7.1 and 4.7.7.
Note that we obtain C.2CC/ı due to Lemma 4.7.8, and since ı-adjointness is part
of the ı-closeness of h andeh. Moreover, passing from the scale k�k1 to k�k1;H and
vice versa (cf. Lemma 4.1.8) gives an error Cı � C.2C C/ı. ut

The notion of “ı-partial isometry” needs some more notation. Basically, we need
an identification operator J 01W H 1.eH/ �! H 1.H/ associated with the operators
H and eH , not their adjoints as for NJ 01.

Definition 4.7.12. Let ı � 0. We say that the identification operators

J 1W H 1.H/ �! H 1.eH/ and J 01W H 1.eH/ �! H 1.H/

are ı-partial isometries if the following conditions are fulfilled:

1. J 01 is a left-inverse for J 1

2. The (non-negative) quadratic forms dıT andedıeT are ı-close in .H ; kT �k/ and
.fH ; keT �k/, i.e.

ˇ
ˇheT u;eT J 1f i � hTJ 01u; Tf iˇˇ � ıkuk1;eH kf k1;H (4.53a)

ˇ
ěd.eT u;eT J 1f /� d.TJ 01u; Tf /

ˇ
ˇ � ıkuk1;eH kf k1;H (4.53b)

for all u 2 H 1.eH/ and f 2 H 1.H/.

Remark 4.7.13.

1. The conditions (4.53a)–(4.53b) are equivalent with

keT �eT J 1 � .TJ 01/�T k1;H!�1;eH�

� ı;

keT �e�.eT J 1/ � .TJ 01/��T k1;H!�1;eH�

� ı;
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the first one being the ı-adjointness of J 1 and J 01 in the Hilbert spaces with
norms f ! kTf k and u 7! keT uk, see Remark 3.3.9 (3). These conditions are
only needed for Lemma 4.7.14.

2. One has to distinguish between J 01 and NJ 01, the first one being the identification
operator associated withH and eH used e.g. in the definition of ı-partial isometry
(see Definition 4.7.12), the second is associated with the adjoints H � and eH�
used e.g. for the scale of order �1 in Definition 4.7.1, see also Remark 4.7.2 (2).

We deduce the following estimates, explaining the name “partial isometry”:

Lemma 4.7.14. Let ı � 0 and C1 > 0.

1. Assume that J 1 is C1-bounded, that J 1 and J 01 fulfil (4.53a)–(4.53b) with ı � 0,
then J 01 is .C1 C 2ı/-bounded.

2. Assume that J 1 and J 01 are ı-partial isometric, then

ˇ
ˇkJ 1f k1;eH � kf k1;H

ˇ
ˇ � 2ıkf k1;H : (4.54)

In particular, J 1 is .1C 2ı/-bounded and J 01 is .1C 4ı/-bounded.

Proof. The first assertion follows similarly as in the proof of Lemma 4.4.3 from

kJ 01uk21;H D hu; .J 01/�T �.�C 1/TJ 01ui1;�1
D hu; ..J 01/�T ��T � eT �e�eT J 1/J 01ui1;�1

C hu;eT �.e�C 1/eT J 1J 01ui1;�1
C hu; ..J 01/�T �T � eT �eT J 1/J 01ui1;�1

� kuk1
�
2ı C kJ 1k1;H!1;eH

�kJ 01uk1;H :

Here, h�; �i1;�1 stands for the sesquilinear pairing of H 1.H/ � H �1.H �/. For the
second assertion, we have

ˇ
ˇkJ 1f k2

1;eH � kf k21;H
ˇ
ˇ D ˇ

ˇhf; Œ.eT J 1/�.e�C 1/eT J 1 � T �.�C 1/T �f iˇˇ

� ˇ
ěd.eT u;eT J 1f / � d.TJ 01u; Tf /

ˇ
ˇ C ˇ

ˇheT u;eT J 1f iˇˇ
� hTJ 01u; Tf i � 2ıkuk1;eH kf k1;H

using J 01u D J 01J 1f D f and (4.53a)–(4.53b), where u D J 1f . Now, if f ¤ 0,
then J 1f ¤ 0, and

ˇ
ˇkJ 1f k1;eH � kf k1;H

ˇ
ˇ D

ˇ
ˇkJ 1f k21;H � kf k21;H

ˇ
ˇ

kJ 1f k1;eH C kf k1;H � 2ıkf k1;HkJ 1f k1;eH
kJ 1f k1;eH

D 2ıkf k1;H :
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The assertion on the boundedness of J 1 is obvious, and the boundedness of J 01
follows by the first part. ut

Let us now define the following property of sesquilinear forms to be “partial
isometrically equivalent” up to an error:

Definition 4.7.15. Let ı � 0 and let 	 WU �! .0;1/ be a continuous function,
and set C WD 	.z0/. We say that the sesquilinear forms h andeh are .ı; 	; U /-partial
isometrically equivalent if there exist first and zeroth order identification operators
J 1, J 01, NJ 01 and J , such that:

1. h andeh are .ı; 	; U /-close,
2. J 1 is .ı; C; z0/-compatible with J , and NJ 01 is bounded and .ı; C; z0/-compatible

with J �,
3. J is ı-partial isometric of of order 1 w.r.t. H and eH ,
4. J 1 and J 01 are ı-partial isometries.

Remark 4.7.16. Note that for the partial isometric equivalence, we need both
identification operators J 01 and NJ 01 for the operators and their adjoints.

Let us give a self-contained summary of all estimates necessary in order to assure
the ı-partial isometric equivalence as in Proposition 4.7.11.

Proposition 4.7.17. Let ı � 0 and assume that

J W H �! fH ; J 1W H 1.H/ �! H 1.eH/;

J 01W H 1.eH/ �! H 1.H/; NJ 01W H 1.eH�/ �! H 1.H�/

are linear operators, and that NJ 01 is bounded. If the estimates

J �Jf D f; J 01J 1f D f; (4.55a)

ku � JJ �uk2 � ı2kuk21; (4.55b)

kJ 1f � Jf k2 � ı2kf k21;H ; k NJ 01 Nu � J � Nuk2 � ı2kNuk2
1;eH�

; (4.55c)

ˇ
ˇeh.u; J 1f / � h. NJ 01u; f /

ˇ
ˇ2 � ı2kuk2

1;eH�

kf k21;H ; (4.55d)

eT J D JT; eT �J D JT �; (4.55e)

kT k � C; kT �1k � C; keT k � C; keT �1k � C; (4.55f)

U � �.H/ \ �.eH/; (4.55g)

k.H � z/�1k�1;H!1;H � 	.z/; k.eH � z/�1k�1;eH!1;eH � 	.z/ (4.55h)
ˇ
ˇheT u;eT J 1f i � hTJ 01u; Tf iˇˇ2 � ı2kuk2

1;eHkf k21;H ; (4.55i)

ˇ
ěd.eT u;eT J 1f / � d.TJ 01u; Tf /

ˇ
ˇ2 � ı2kuk2

1;eHkf k21;H ; (4.55j)
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are fulfilled for all f 2 H and u 2 fH in the appropriate subspaces, then the
sesquilinear forms h andeh are .2Cı; 	; U /-partial isometrically equivalent.

On the other hand, if h andeh are .ı; 	; U /-partial isometrically equivalent, then
the estimates (4.55) are fulfilled with ı replaced by Cı.

Let us finally show that the equivalence of the sesquilinear forms implies
the equivalence of the operators (cf. Definition 4.5.4): We use the above list of
properties, although the constants may change from the original definition.

Lemma 4.7.18. Assume that h and eh are .ı; 	; U /-quasi-unitary (resp. -partial
isometrically) equivalent in the sense that (4.52) (resp. (4.55)) are fulfilled, then
the corresponding operators H and eH are .ı0; 	 0; U /-quasi-unitary (resp. -partial
isometrically) equivalent, where

ı0 WD �
3C 2.1C jz0jC 3/C C4

�
ı; 	 0.z/ D C2	.z/ and C D 	.z0/:

In particular, the results of Sects. 4.5 and 4.6 apply.

Proof. For the closeness of operators, we need to verify (4.34), namely,

keHJ �JHk2;H!�2;eH � keH.J � J 1/k2;H!�2;eH C keHJ1 � J�1Hk2;H!�2;eH
C k.J 01 �J 0/�Hk2;H!�2;eH C k.J 0� �J /Hk2;H!�2;eH :

(4.56)

Now,

keH.J � J 1/k2;H!�2;eH � keHk0!�2;eH kJ � J 1k2;H!0

� .1C jz0jC 3/C 2kJ � J 1k1;H!0 � .1C jz0jC3/C 2ı

using Lemmata 3.3.5 and 3.3.12 for the estimate keHk0!�2;eH � 1 C jz0jC3 and
Lemma 3.3.13 for the estimate on the inclusion H 2.H/ ,! H 1.H/. The third and
forth term of (4.56) can be estimated similarly. The second term can be estimated
by C4ı, using again Lemma 3.3.13 for the estimate of the inclusion of order 2 into
1. Similarly, we have shown in Corollary 4.1.9 that ı-quasi-unitarity (resp. -partial
isometrically) of order 1 implies C 3ı-quasi-unitarity (resp. -partial isometrically) of
order 2 w.r.t.H and eH . The resolvent norm profile estimate of order 0 follows from
Lemma 3.3.12. ut

4.8 Closeness of Coupled Boundary Maps

In this section we show the closeness of a system coupled via a graph from the
closeness of its building blocks associated with each vertex.

Let us first define the closeness of boundary maps: Remember that an operator
� W H 1 D dom h �! G is a boundary map associated with a closed quadratic form
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h � 0 in H if � is bounded, ker� is dense in H and ran� is dense in G (see
Definition 3.4.1).

Definition 4.8.1. Assume that

� W H 1 �! G and e� W fH 1 �! eG :

are boundary maps associated with h andeh in H and fH , respectively. We say that
� and e� are ı-close with the first order identification operators

J1W H 1 �! fH 1 and J 01W fH 1 �! H 1

and the boundary identification operator I W G �! eG if kIk � 1,

e� J 1 D I� and k�J 01 � I �e� k1!0 � ı:

Note that we work on the scale of Hilbert spaces associated with the Neumann oper-
ator HN and eHN, since these are the operators associated with the forms h andeh.

Remark 4.8.2.

1. Here, kAk1!0 denotes the norm of an operator AW fH 1 �! G . More precisely,
we have

�J 01W fH 1 �! G 1=2 and I�e� W fH 1 �! G :

If, for example, I intertwines the Dirichlet-to-Neumann operator, i.e. I� D e�I ,
then we also have I �.eG 1=2/ � G 1=2, and therefore, the difference of the above
operators maps into G 1=2. In general, we will not expect this to be true, so we
loose some regularity here.

2. For simplicity, we do not consider the more general case ke� J 1 � I� k1!0 � ı

instead of e� J 1 D I� .
3. If ı D 0, then the ı-closeness becomes

e� J 1 D I� and �J 01 D I�e� :

4. Note that we only need the boundary maps for the coupling in the following, not
a corresponding boundary triple (see Remark 3.9.5 (2)).

Let us now show the closeness of the boundary maps for the coupled system. We
recall the notation of Sect. 3.9. Assume that G D .V;E; @/ is a (locally finite) graph
and that for each vertex v 2 V , there are two boundary maps

�vW H 1
v �! Gv and e� vW fH 1

v �! eG v

associated with hv andehv, such that the boundary maps are both compatible with
the graph G (see Definition 3.9.1). Recall, that the compatibility means that the
boundary spaces can be decomposed into

Gv D
M

e2Ev

Ge and eG v D
M

e2Ev

eG e
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and
�vf D

M

e2Ev

�v;ef and e� vu D
M

e2Ev

e� v;eu

with �v;eW Gv �! Ge and e� v;eWeG v �! eG e. Moreover, we assume that

sup
v2V

k�vk1!0 < 1 and sup
v2V

ke� vk1!0 < 1 (4.57a)

and that

G 1=2
e WD

\

v2@e
�v;e.H

1
v;e/ and eG 1=2

e WD
\

v2@e
e� v;e.fH

1
v;e/ (4.57b)

are dense in Ge resp. eG e for all e 2 E (see (3.92d) for the definition of H 1
v;e). Then

we defined a coupled boundary map � W H 1 �! G with G WD L
e2E Ge and H 1

as well as a coupled quadratic form h (see Proposition 3.9.2), and similarly for the
objects with a tildee�.
Proposition 4.8.3. Assume that the boundary maps �v and e� v are 0-close with
first order identification operators J 1v and J 01

v and boundary identification operator
IvW Gv �! eG v. Moreover, assume that

Iv D
M

e2Ev

Ie; where IeW Ge �! eG e; (4.58)

and define the first order identification operators as the restrictions

J 1 WD
M

v2V
J 1v �H 1 and J 01 WD

M

v2V
J 01

v �eH 1 :

Then the following assertions are true:

1. The operators J 1 and J 01 map into the coupled spaces fH 1 and H 1, respec-
tively.

2. The coupled boundary maps � and e� are 0-close with J 1 and J 01 and the
boundary identification operator I WD L

e2E Ie.
3. Assume that for each v 2 V , the operators J 1v and J 01

v are ıv-adjoint, then J 1

and J 01 are ı-adjoint with ı WD supv ıv.
4. Assume that for each v 2 V , the operators J 1v and J 01

v are ıv-compatible with the
zeroth order identification operators Jv and J 0

v , then J 1 and J 01 are ı-compatible
with the zeroth order operators

J WD
M

v2V
JvW H �! fH and J 0 WD

M

v2V
J 0

v W fH �! H

with ı WD supv ıv.
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5. Assume that for each v 2 V , the forms hv andehv are ıv-close, then the coupled
forms h andeh are ı-close with ı WD supv ıv.

6. The statement in (5) remains true if “closeness” is replaced by “quasi-unitary
equivalence”.

7. The statement in (5) remains true if “closeness” is replaced by “partial isometric
equivalence”.

Proof. Note first that the 0-closeness and (4.58) imply that

e� v;eJ
1
v D Ie�v;e: (4.59)

In order to show (1) we have to assure that J 1f 2 fH 1 if f 2 H 1. But

e� @
˙

e;eJ
1f D Ie�@

˙

e;ef;

the latter expression depends only on v D @˙e, and not on the sign by definition of
f 2 H 1. In particular, J 1f 2 fH 1. The assertion for J 01 follows similarly.

(2) From (4.59) we conclude

.e� J 1f /e D e� v;eJ
1
v fv D Ie�v;efv D .I�f /e

for f 2 H 1, and similarly �J 01 D I �e� .
(3) We have

ˇ
ˇhJ 01u; f i � hf; J 1f iˇˇ D

X

v2V

ˇ
ˇhJ 01

v u; f iv � hf; J 1v f iv

ˇ
ˇ

�
X

v2V
ıvkuk1;vkf k1;v

CS� sup
v
ıvkuk1kf k1

and (5) follows similarly. For (4), we observe that

k.J 1 � J /f k2 D
X

v2V
k.J 1v � Jv/f k2v �

X

v2V
ı2v kf k2v;1 � ı2kf k21;

and similarly for J 01 � J 0. (6) follows from (4) and (5) and the fact that J , J 0 are
ı-quasi-unitary provided all Jv, J 0

v are ıv-quasi-unitary; e.g., we have

ku � JJ 0uk2 D
X

v2V
ku � JvJ

0
vuk2v �

X

v2V
ı2v kuk2v;1 � ı2kuk21

and similarly for the other conditions of ı-quasi-unitarity. (7) follows in the same
way, e.g. we have J �Jf D L

v2V J �
v Jvf D L

v2V fv D f . ut
Remark 4.8.4. Note that the 0-closeness allows us to define J 01 simply as the
restriction of the direct sum to fH 1. If we would have started with ıv-closed
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boundary maps, one has to modify the first order identification operator (see e.g.
Proposition 4.9.2), but we do not need this more general case in our examples.

4.9 Convergence of Resonances

In this section we provide a criterion for the convergence of resonances. To to so,
we show the closeness of coupled dilated systems starting from the closeness of the
interior systems and some natural conditions on the half-line models.

Assume that

H D Hint ˚ Hext and fH D fH int ˚ fH ext (4.60)

and that there are boundary triples .�int; �
0

int;G / and .e� int;e�
0
int;
eG / associated with

hint andehint, resp.
Moreover, we assume that we have half-line boundary triples .�ext; �

0
ext;G / and

.e� ext; e�
0
ext;
eG / on Hext D L2.RC/˝G and fH ext D L2.RC/˝eG associated with the

transversal operatorsK and eK on G and eG , respectively, constructed in Sect. 3.5.
Let I W G �! eG be a boundary identification operator with kIk � 1. As

identification operator, we set

JextW Hext �! fH ext; Jext WD idR
C

˝I:
We assume thatK and eK have purely discrete spectrum. Remember that then G k

ext D
domKk=2 and G 1

ext D dom k (cf. Corollary 3.5.5), where G k
ext is the scale of Hilbert

spaces associated with the exterior Dirichlet-to-Neumann map �ext D p
K C 1.

Similar assertions hold on eG .
For convenience of the reader, we recall the definition of the dilated quadratic

form h�ext here. For more details, we refer to Sect. 3.5.2. Namely, we have

h�ext.f / D e�2�kf 0k2 C h?.f / D
Z

R
C

�
e�2�kf 0.s/k2G C k.f .s//

�
ds

for f 2 H 1
ext and similarly foreh�ext. Here and in the sequel, � 2 S# , where 0 � # <

#0 < 
=2 and
S# D ˚

� 2 C
ˇ
ˇ jIm � j � #=2

	
(4.61)

denotes the strip of thickness # . We have the following result on the identification
operators for the exterior spaces:

Proposition 4.9.1. Assume that I.G 1
ext/ � eG 1

ext and I �.eG 1
ext/ � G 1

ext. Then the
following assertions hold:

1. Jext is ı-partial isometric w.r.t. hext iff I is ı-partial isometric w.r.t. k.
2. Assume that I W G 1

ext �! eG 1
ext is bounded, then

Jext.H
1

ext/ � fH 1
ext and kJextk1!1 � maxfkIk; kIk1!1g:
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Similarly, if I�WeG 1
ext �! G 1

ext is bounded, then

J �
ext.
fH 1

ext/ � H 1
ext and kJ �

extk1!1 � maxfkIk; kI�k1!1g:

3. Assume that I W G 1
ext �! eG 1

ext is bounded, then the forms h�ext and eh�ext are 0-
close with identification operator Jext iff k andek are 0-close with identification
operator I .

4. If I.G 2
ext/ � eG 2

ext and IK DeIK , then k andek as well as h�ext andeh�ext are 0-close.
In particular, kIkk!k D kI �kk!k D kIk.

Proof. For the first assertion, note that J �
extJext D id iff I�I D idG . Moreover, if

keid � JJ �k21!0 � ı then for u D v ˝  2 fH 1
ext, we have

kv ˝ . � II � /k2 D kvk2k � II� k2 � ı
�kv0k2k k2 C kvk2.k. /C k k2/�

implying

k � II� k2 � ı2
�kv0k2

kvk2 k k2 C .k. /C k k2/
�

for all v 2 H1.RC/, v ¤ 0. Since the infimum over all such v of the quotient
is 0 D inf �.�@N

ss / (the spectrum of the Neumann Laplacian on RC), the desired
estimate kid �II �k1!0 � ı follows. On the other hand, if I is ı-partial isometric,
then

ku � JextJ
�
extuk2 D

Z

R
C

ku.s/ � II�u.s/k2eG ds

� ı2
Z

R
C

�
k.u.s//C ku.s/k2�ds � ıkuk21:

For the second assertion, we estimate

kJext.g ˝ '/k21 D kg0k2kI'k2 C kgk2�ek.I'/C kI'k2�

D kg0k2kI'k2 C kgk2kI'k21
� kg0k2kIk2k'k2 C kgk2kIk21!1k'k21
� maxfkIk2; kIk21!1gkg ˝ 'k21

using the fact that I' 2 domek if ' 2 dom k. In particular, we have J.g˝'/ 2 fH 1
ext.

Since the space H 1
ext is the closure of linear combinations of elementary tensors

g ˝ ' under the norm defined as in (3.50c), we have shown J.H 1
ext/ � fH 1

ext. The
second inclusion follows similarly.
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The third assertion is a consequence of

h.f; J �
extu/�eh.Jextf; u/ D

Z

R
C

�hf 0.s/; I�u0.s/i C k.f .s/; I �u.s//

� hIf 0.s/; u0.s/i �ek.If .s/; u.s//�ds

D
Z

R
C

�
k.f .s/; I�u.s// �ek.If .s/; u.s//�ds

using .If .s//0 D If 0.s/ since I is bounded and similarly for I�. If now hext and
ehext are 0-close then the previous equation with f D g ˝ ' and u D v ˝  yields

0 D
Z

R
C

g.s/v.s/
�
k.'; I � / �ek.I';  /�ds;

and therefore the 0-closeness of k andek. The other direction can be seen similarly.
The first statement of the fourth assertion is obvious. Moreover,

kIkk!k D k.eK C 1/k=2I.K C 1/�k=2k D k.eK C 1/k=2.eK C 1/�k=2Ik D kIk

using Corollary 3.5.5, IK D eKI and the functional calculus. The statement on I�
follows from kI�kk!k D kIk�k!�k . ut

Recall the definition of the (complexly) dilated coupled sesquilinear forms and
operators (see Sect. 3.7 and especially Definition 3.7.13): The complexly dilated
sesquilinear form is given by

h� .f; g/ D hint.f; g/C h�ext.f; g/

D hint.f; g/C
Z

R
C

�
e�2� hf 0.s/; g0.s/iG C k.f .s/; g.s//

�
ds

for f 2 H 1;� and g 2 H 1;� , where

H 1;� D ˚
f 2 H 1

int ˚ H 1
ext

ˇ
ˇ�extf D e�=2�intf

	

and � 2 S# (see (4.61)). We equip H 1;� with the norm given by

kf k21;� WD kT �f k21 D h.T �f /C kT �f k2;

where h WD h0 is the undilated coupled (non-negative) form, and where

T � W H �! H ; T �u WD uint ˚ e��=2uext

serves as compatibility operator, turning the restriction T � W H 1;� �! H 1 into a
unitary operator.



4.9 Convergence of Resonances 249

Moreover, the corresponding dilated operatorH� is given by

H�f D LHintf ˚ ��e�2�f 00
ext C .idR

C

˝K/fext
�

for f 2 H 2;� , where

H 2;� D ˚
u 2 W 2

int ˚ W 2
ext

ˇ
ˇ�extu D e�=2�intu; � 0

extu D e3�=2� 0
intu

	
:

In addition, H� has spectrum in the sector ˙#0 D f z 2 C j jarg zj � #0 g, where
0 � # < #0 < 
=2, and resolvent norm profile 	1 of order 1, i.e.

kR.z/k�1;�!1;�

� 	1.z/ WD �
ejRe � j C �

1C C�#.z;�1/C�#.�1; z/�2�C�#.z;�1/ (4.62)

for z 2 U#0 WD C n ˙#0 , see Theorem 3.7.14 (4). For a definition of the
constants C�#.z;w/ and C�#.z;w/ we refer to Lemma 3.5.13. In particular H� 2
R1.	

1; U#0/. Finally, we have shown that H� depends holomorphically on � , i.e.
that .H� � z/�1W H �! H is holomorphic in � , provided the coupled boundary
triple is elliptic, what we will assume for the rest of this section. If K has discrete
spectrum, we have shown that the discrete eigenvalues of H� are (locally) constant
in � (see Theorem 3.8.2). In particular, we defined a resonance of H as a discrete
eigenvalue of H� (see Definition 3.8.3) for � having large enough imaginary
part.

Similarly, we have the above objects on fH , endowed notationally with a tildee�.
The aim of the following is to show the quasi-unitarity of the coupled dilated
operatorsH� and eH� , starting from some quasi-unitarity information on the interior
part.

We begin with the definition of the first order identification operators and show
their adjointness. In order to do so, we need the following piecewise affine-linear,
continuous cut-off function

�WRC �! Œ0; 1�; �.s/ D 1 � s; 0 � s < 1; �.s/ D 0; s � 1: (4.63)

As a consequence, �.0/ D 1, k�k2 D 1=2 � 1 and k�0k2 D 1. In particular,
we set

J 1;� f WD J 1intf ˚ .idR
C

˝I /fext (4.64a)

J 01;�u WD J 01
intu ˚ �

.idR
C

˝I �/uext C �˝ e�=2
�
�intJ

01
intu � I �e� intu

��
: (4.64b)

Recall the notion of adjointness for first order identification operators associated
with non-negative quadratic forms (Definition 4.4.1 (1)) and general sesquilinear
forms (Definition 4.7.1 (1)):



250 4 Two Operators in Different Hilbert Spaces

Proposition 4.9.2. Let ı � 0. Suppose the following assumptions:

1. The first order identification operators J 1int and J 01
int are ı-adjoint with respect to

the scales H 1
int and fH 1

int.
2. The interior boundary maps �int and e� int are ı-close with identification opera-

tors J 1int, J
01
int and I W G �! eG .

3. The boundary identification operator I W G �! eG intertwines the (exterior)
transversal operatorsK and eK, i.e. ran I � domeK and eKI D IK .

4. The exterior boundary triple .�ext; �
0

ext;G / is bounded, i.e, the transversal
operatorK is bounded (see Corollary 3.5.5 and Proposition 3.4.11).

Then the maps J 1;� and J 01;� are bounded as operators

J 1;� W H 1;� �! fH 1;� and J 01;� W fH 1;� �! H 1;� ; (4.65)

where � is given in (4.63). Moreover, J 1;� and J 01;� are ı0-adjoint, where ı0 D
.1C eRe � /ı.

Proof. First, we have to show that the operators map into the right spaces: Assume
that f 2 H 1;� . Then

e� extu D uext.0/ D Ifext.0/ D e�=2I�intf D e�=2e� intJ
1
intf D e�=2e� intu;

i.e. u D J 1;�f 2 fH 1;� using (2) for the fourth equality. Next, assume that u 2
fH 1;� and set f D J 01;�u. Then �intJ

01
intu � I�e� intu, a priori only in G already

belongs to G 1
ext D dom k D G by (4). In particular, fext 2 H 1

ext. Moreover,

�extf D fext.0/C e�=2
�
�intJ

01
intu � I �e� intu

�

D I �uext.0/C e�=2
�
�intJ

01
intu � I �e� intu

�

D e�=2�intJ
01
intu D e�=2�intf;

i.e. f D J 01;�u 2 H 1;� using again (2) for the third equality. Moreover,

kJ 1;� f k21;� � kJ 1intk21!1kf k21;int C kIk21!1ke��=2f k21;ext

� maxfkJ 1intk21!1; 1gkf k21;�
using the boundedness of J 1int, and kIk1!1 � 1 following from (3) and Proposi-
tion 4.9.1 (4). Moreover, we have

ˇ
ˇhJ 01;�u; f i � hu; J 1;�f iˇˇ

� ˇ
ˇhJ 01

intu; f iint � hu; J 1intf iint

ˇ
ˇ

C ˇ
ˇh�˝ e�=2.�intJ

01
intu � I �e� intu/; f iext

ˇ
ˇ
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� ıkuk1;int
�kf k1;int C k�keRe �ke��=2f kext

�

CS� ı.1C eRe � /kf k1;�kuk1;�
using (1) and (2) and k�k � 1. ut

Recall the notion of closeness for quadratic forms (Definition 4.4.1 (4)) and for
general sesquilinear forms (Definition 4.7.1 (3)):

Proposition 4.9.3. Let ı � 0 and suppose the following assumptions:

1. The quadratic forms hint andehint are ı-close with the identification operators J 1int
and J 01

int.
2. The boundary maps �int and e� int are ı-close.
3. We have ran I � domeK and eKI D IK .
4. The (exterior) transversal operatorK is bounded.

Then the coupled dilated sesquilinear forms h� andeh� are ı0-close with ı0 D .1C
e� Re � C eRe �kKk/ı.
Proof. The arguments are similar to the ones of the previous proof, namely,

ˇ
ˇh� .J 01;�u; f / �eh� .u; J 1;�f /ˇˇ

� ˇ
ˇhint.J

01u; f / �ehint.u; J
1f /

ˇ
ˇ

C e�2Re �
ˇ
ˇh�0 ˝ e�=2.�intJ

01
intu � I �e� intu/; f

0iext

ˇ
ˇ

C ˇ
ˇh?

ext.�˝ e�=2.�intJ
01
intu � I �e� intu/; f /

ˇ
ˇ

� ıkuk1;int
�kf k1;int C e� Re �k�0kke��=2f 0kext C eRe �k�kkKkke��=2f kext

�

CS� ıkuk1;�
�
1C e� Re � C eRe �kKk�kf k1;�

since
h�ext..id ˝I �/u; f / Deh�ext.u; .id ˝I /f /

due to (3) and Proposition 4.9.1 (4). Moreover, we used the closeness of the interior
forms and (2). The ı0-adjointness of the identification operators has already been
shown in Proposition 4.9.2 with an error smaller than the one given here. ut

Let us now define the zeroth order identification operators starting from zeroth
order identification operators Jint and J 0

int on the interior part:

Jf WD Jintf ˚.idR
C

˝I /fext and J 0u WD J 0
intu˚.idR

C

˝I �/uext: (4.66)

Recall the notion of ı-compatibility for identification operators of order 1 in
Definition 4.4.9 for non-negative quadratic forms and in Definition 4.7.7 for general
sesquilinear forms:
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Proposition 4.9.4. Let ı � 0 and assume that both coupled boundary triples are
elliptic. Moreover, we suppose the following assumptions:

1. The first-order identification operators J 1int and J 01
int are ı-compatible with Jint

and J 0
int, (of order 1 w.r.t. hint andehint).

2. The boundary maps �int and e� int are ı-close.
3. We have ran I � domeK and eKI D IK .
4. The (exterior) transversal operatorK is bounded.

Then the coupled first-order operator J 1;� is .ı; C;�1/-compatible with J and J 01;�
is .ı0; C;�1/-compatible with J 0, where ı0 D .1C eRe �=2/ı and C D 	1.�1/.
Proof. We have

k.J 1;� � J /f k2 D k.J 1int � Jint/f k2int � ı2kf k21;int � ı2kf k21;�
and

k.J 01;� � J 0/uk2 D k.J 01
int � J 0

int/uk2int C k�˝ e�=2
�
�intJ

01
intu � I�e� intuint

�k2ext

� ı2
�
1C k�k2eRe �

�kuk21;int � ı2.1C eRe �=2/2kuk21;int:

The fact that H� and eH� 2 R1.C;�1/ was already shown in Theorem 3.7.14 (4)
using the ellipticity. Moreover, it is easily seen that

eT �J D JT � and T �J 0 D eT �J 0

and we are done. ut
Recall the notion of ı-quasi-unitarity and ı-partial isometry in Definition 4.1.1:

Proposition 4.9.5. Let ı � 0. Suppose the following assumptions:

1. The zeroth order identification operators Jint and J 0
int are ı-quasi-unitary (resp.

J is ı-partial isometric) of order 1 w.r.t. hint andehint.
2. The boundary identification operator I is ı-partial isometric of order 1 w.r.t. k

andek, i.e. that I�I D idG and

k � II � k2 � ı2k k21 D ı2ek. /C k k2:
Then the coupled zeroth order operators J and J 0 defined in (4.66) are ı0-quasi-
unitary (resp. J � is ı0-partial isometric) (of order 1 w.r.t. h� andeh� ), where ı0 D
maxf1; eRe�=2gı.
Proof. We have

kJ uk2 D kJintuk2int C k.id ˝I /uk2ext � 4kuk2int C kuk2ext � 4kuk2

using kIk � 1. Similarly,

k.J 0 � J �/uk2 � ı2kuk2int C 0 � ı2kuk2:
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Finally,

ku � JJ 0uk2 D ku � JintJ
0
intuk2int C ku � .idR

C

˝II�/uk2ext

� ı2kuk21;int C ı2kuk21;ext � maxf1; eRe � gı2kuk21;�
using Proposition 4.9.1 and similarly for the remaining estimate. The partial
isometry follows similarly. ut

Recall Definition 4.4.1 (5) and Definition 4.7.12 for the notion of partial isometry
of the first order operators associated with non-negative quadratic forms and general
sesquilinear forms.

Proposition 4.9.6. Let ı � 0. Suppose the following assumptions:

1. The first order identification operators J 1int and J 01
int are ı-partial isometric w.r.t.

hint andehint.
2. The boundary maps �int and e� int are ı-close.
3. We have ran I � domeK and eKI D IK .
4. The (exterior) transversal operatorK is bounded.
5. The boundary identification operator I is ı-partial isometric of order 1 w.r.t. k

andek.

Then the coupled first-order operators J 1;� and J 01;� defined in (4.64) are ı0-partial
isometries, where ı0 D .2C kKk/ı.
Note that we used � instead of � for the operator J 01;� , see Remark 4.7.13 (2).

Proof. The condition J 01;� J 1;� D id is obvious. Moreover, we have
ˇ
ˇhT �J 01;�u; T �f i � heT �u;eT �J 1;�f iˇˇ

� ˇ
ˇhJ 01

intu; f iint � hu; J 1intf iint

ˇ
ˇ C ˇ

ˇh�˝ .�intJ
01
intu � I �e� intu/; e��=2f iext

ˇ
ˇ

� ıkuk1;int
�kf k1;int C k�kke��=2f kext

�

CS� 2ıkuk1;�kf k1;�
using (1) and (2) and k�k � 1. The last condition to be verified is on the undilated
coupled forms h D h0 andeh Deh0, namely,
ˇ
ˇh.T �J 01;�u; T �f /�eh.eT �u;eT �J 1;�f /

ˇ
ˇ

� ˇ
ˇhint.J

01u; f / �ehint.u; J
1f /

ˇ
ˇ C ˇ

ˇh�0 ˝ .�intJ
01
intu � I�e� intu/; e

��=2f 0iext

ˇ
ˇ

C ˇ
ˇh?

ext.� ˝ .�intJ
01
intu � I�e� intu/; e

��=2f /
ˇ
ˇ

� kuk1;intı
�kf k1;int C k�0kke��=2f 0kext C k�kkKkke��=2f kext

�

CS� ı.2C kKk/kuk1;�kf k1;�
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since
h�ext..id ˝I �/u; f / Deh�ext.u; .id ˝I /f /

due to (3) and Proposition 4.9.1 (4), and again using (1) and (2). Moreover, we used
the closeness of the interior forms and (2). The ı0-adjointness of the identification
operators has already been shown in Proposition 4.9.2 with an error smaller than the
one given here. ut

We can now state the main result of this section. Recall the notion of ı-
quasi-unitary (resp. -partial isometric) equivalence of non-negative quadratic forms
(Definition 4.4.11) and of general sesquilinear forms (Definition 4.7.9):

Theorem 4.9.7. Let ı � 0 and 0 � # < #0 < 
=2. Assume that both coupled
boundary triples are elliptic. Moreover, we suppose the following assumptions:

1. The quadratic forms hint andehint are ı-quasi-unitarily (resp. -partial isometri-
cally) equivalent.

2. The boundary maps �int and e� int are ı-close.
3. We have ran I � domeK and eKI D IK .
4. The (exterior) transversal operatorK is bounded.
5. Assume in addition that I is ı-partial isometric of order 1 w.r.t. k andek.

Then the coupled sesquilinear forms h� and eh� are .ı0; 	1; U#0/-quasi-unitarily
(resp. -partial isometrically) equivalent for � 2 S# , where ı0 D �

1 C ejRe � j.1 C
kKk/�ı, where 	1 is given in (4.62) and where U#0 WD C n˙#0 .

Proof. The result follows from Propositions 4.9.3, 4.9.4 and 4.9.5 and Proposi-
tion 4.9.6. Moreover, the resolvent norm profile is shown in Theorem 3.7.14 (4). ut

As a consequence, we obtain:

Theorem 4.9.8. Let ı � 0 and 0 � # < #0 < 
=2. Assume that both coupled
boundary triples are elliptic. Moreover, we assume:

1. The quadratic forms hint andehint are ı-quasi-unitarily (resp. -partial isometri-
cally) equivalent.

2. The boundary maps �int and e� int associated with hint andehint are ı-close.
3. We have ran I � domeK and eKI D IK .
4. The (exterior) transversal operatorK is bounded.
5. The boundary identification operator I is ı-partial isometric of order 1 w.r.t. k

andek.

Then the coupled dilated operators H� and eH� are .ı00; C 2	1; U#0/
�-quasi-

unitarily (resp. -partial isometrically) equivalent for all � 2 S# , where

ı00 WD 7C 5
�
1C ejRe �j.1C kKk/�ı; C WD 	1.�1/ � 1;

U#0 WD C n˙#0 and where 	1 is given in (4.62).
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Proof. The quasi-unitary (resp. -partial isometric) equivalence for the sesquilinear
forms was proven in Theorem 4.9.7, and the quasi-unitary (resp. -partial isometric)
equivalence for operators follows then from Lemma 4.7.18; note that z0 D �1 here.
Since .H�/� D H� , the same statements are also true for the adjoints, and the result
follows. ut

Recall the holomorphic functional calculus of Theorem 3.3.6. We can conclude
all the results of Sects. 4.5 and 4.7 having quasi-unitarity as assumption. In
particular, from Theorem 4.5.14 we obtain:

Corollary 4.9.9. Assume that D � C is open with piecewise smooth compact
boundary @D. Suppose that ' is holomorphic in a neighbourhood of D . Under
the assumptions of the previous theorem, we have

k'D.eH�/� J'D.H
�/J 0k � C 0ı

provided @D � �.H� /\ �.eH�/ and ı > 0 is small enough, where C 0 depends only
on @D, ', # , #0, Re � and kKk.

In particular, the preceding corollary applies to spectral projections by choosing
' D �. Let us now state some more assertions on the spectrum:

Proposition 4.9.10. Let ı � 0 and assume the following:

1. The boundary space G is finite-dimensional,
2. We have ran I � dom eK and eKI D IK.
3. The operator I is ı-partial isometric of order 1 w.r.t. k andek.
4. The operator eK has purely discrete spectrum.

Then

�k.K/ D �k.eK/; k D 1; : : : ; k0 and �k.eK/ � 1

ı2
� 1; k > k0;

where k0 D dim G .

Proof. Note that I is a partial isometry (I �I D id) from G onto raneP � eG , where
eP WD II� is an orthogonal projection. Moreover, from eKI D IK it follows that
K is unitarily equivalent with eKeP D eP eK, showing the first statement. Finally, the
condition k.eid � II �/.eK C 1/1=2k � ı of the ı-partial isometry is equivalent with

1

ı2
eP? � eP?.eK C 1/eP?

where eP? D 1 � eP , from which the latter eigenvalue estimate follows. ut
Let us now state the convergence of the essential spectrum of the coupled dilated
operators H� and eH� . Recall the explicit form of the essential spectrum in
Proposition 3.8.1:
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Theorem 4.9.11. Let ı � 0 and 0 � # < #0 < 
=2. Assume that the boundary
space G is finite-dimensional, and that both coupled boundary triples are elliptic.
Moreover, we assume:

1. The quadratic forms hint andehint are ı-quasi-unitarily equivalent.
3. We have ran I � domeK and eKI D IK .
4. The operator I is ı-partial isometric of order 1 w.r.t. k andek.
5. The operator eK has purely discrete spectrum.

Then for � 2 S# with Im � ¤ 0, the first k0 D dim G branches

Bk D �k.K/C e�2� Œ0;1/; k D 1; : : : ; k0

of the essential spectra of the coupled dilated operators H� and eH� agree.
Moreover, the remaining branchesBk , k > k0, have a base point �k.eK/ � ı�2 � 1,
i.e. they tend to 1 as ı ! 0.

Finally, if the interior Dirichlet-to-Neumann map e�int has purely discrete
spectrum and if Im � ¤ 0, then also the real essential spectra

�ess.H
�/ \ RC D �ess.H

D
int/ and �ess.eH

�/\ RC D �ess.eH
D
int/

converge, i.e. there is a function �.ı/ ! 0 as ı ! 0 depending only on hint such
that

d.�ess.H
�/ \ RC; �ess.eH

�/\ RC/ � �.ı/;

where d denotes the weighted Hausdorff distance (cf. Definition A.1.1 and (4.20)).

Proof. Since we assumed that G is finite-dimensional, the transversal operatorK is
obviously bounded. From Proposition 3.8.1 and Proposition 4.9.10, the statements
on the non-real essential spectra follows. For the real essential spectra note that
eRN

int � eRD
int D eB�

int
e��1

int
eB int by Theorem 3.4.44, and the latter operator is compact

by assumption, so that the interior Neumann and Dirichlet operators have the
same essential spectrum. But the convergence of the interior Neumann essential
spectrum follows by the first assumption, Proposition 4.4.15 and Theorem 4.3.4.
The function �.ı/ is just the modulus of continuity of the continuity stated in
Theorem 4.3.4. ut

Recall the definition of a resonance ofH (Definition 3.8.3) (i.e. an eigenvalue of
H� for some � with large enough imaginary part). In particular, we show that the
resonances of eH are close to the resonances of H :

Theorem 4.9.12. Let ı � 0 and # 2 Œ0; 
=2/. Assume that the boundary space G
is finite-dimensional, and that both coupled boundary triples are elliptic. Moreover,
we assume:

1. hint andehint are ı-quasi-unitarily equivalent;
2. The boundary maps �int and e� int associated with hint andehint are ı-close;
3. ran I � domeK and eKI D IK;
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4. I is ı-partial isometric of order 1 w.r.t. k andek;
5. eK has purely discrete spectrum.

Let � 2 S# and � 2 �disc.H
�/ be a discrete eigenvalue with multiplicity �. Then

there exist a function �.ı/ ! 0 as ı ! 0 and � eigenvalues e�j 2 �disc.eH
�/,

j D 1; : : : ; �, (not necessarily mutually distinct) such that je�j � �j � �.ı/.
If, in addition,� D 1, i.e. if � is a simple eigenvalue with normalised eigenvector

 , then there exists a normalised eigenvector e of eH� such that

kJ � e k � C1;#ı and kJ 0e �  k � eC1;#ı:

Finally, �, C1;# and eC1;# depend only on # , Re � , kKk andH� .

Proof. The theorem is a result of Theorem 4.9.8, Theorem 4.6.3 and Lemma 4.6.1.
Again, the function �.ı/ is the modulus of continuity of the continuity stated in
Theorem 4.6.3. ut
Remark 4.9.13. It would be interesting to see whether we can obtain a resolvent
estimate around � 2 �disc.H

�/ as in (4.45) from the abstract setting here. Such
an estimate would allow us to say something about the rate of convergence of the
resonances (see Theorem 4.6.4). For example, in [HiM91, Hi92] it was shown for
a so-called Helmholtz resonator that each discrete eigenvalue of the compact part
of the decoupled model is exponentially close to a resonance, i.e. the error is of the
form O.e�c="/ for some constant c > 0. For a similar phenomena on graph-like
spaces, see Remark 1.4.6.
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Chapter 5
Manifolds, Tubular Neighbourhoods
and Their Perturbations

In this chapter, we collect some general facts about Riemannian manifolds and
tubular neighbourhoods of a one-dimensional space. Moreover, we provide conver-
gence results for small perturbations of a metric on a manifold. In the subsequent
Chap. 6, we mostly consider so-called “graph-like manifolds” with exact product
structure for an edge neighbourhood and with exact scaling behaviour of the vertex
neighbourhoods, simplifying the reduction to the metric graph significantly. The
results in this chapter are then used to briefly discuss the more general case of a
graph G embedded in R

2 and a neighbourhood X" shrinking to G as " ! 0 and
other perturbation of the product structure.

Section 5.1 contains some basic notation for manifolds with or without boundary,
manifolds constructed from building blocks and the definition of the associated
Laplacian via its quadratic form. When dealing with graph-like manifolds shrinking
to a metric graph (see Chap. 6), basically all convergence results for the identifi-
cation operators and the Laplacians follow from a few fundamental inequalities,
namely the min-max eigenvalue estimate (Propositions 5.1.1 and 5.1.2) and the
Sobolev trace estimate (5.6). We finally collect some facts about the scaling of a
metric g" D "2g on a manifoldM using the convenient short-hand notation "M for
the Riemannian manifold .M; g"/.

In Sect. 5.2, we consider perturbations eg of a metric g on a general (not
necessarily compact) manifold, and show that the associated quadratic forms and
Laplacians are ı-quasi-unitarily equivalent in Theorem 5.2.6 (see Chap. 4 for the
concept and the implications such as spectral convergence). The error ı is expressed
purely intrinsically in terms of eg relative to g only. This result is of course well-
known, but shows the strength of our two-Hilbert space approach of Chap. 4 and
how natural it can be applied in this situation. Moreover, using quadratic forms
only, we can avoid the use of derivatives of the perturbationeg w.r.t. g.

Sections 5.3–5.6 contains material on tubular neighbourhoods of an interval.
Such tubular neighbourhoods appear in a graph-like manifold as a neighbourhood
of an edge. The considerations in this chapter allow us to consider later on only
a pure product structure X";e D Ie � "Ye as neighbourhood of an edge e with
associated interval I D Ie D Œ0; `e� in the metric graph and transversal manifold

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 5, © Springer-Verlag Berlin Heidelberg 2012
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Y D Ye , and to treat other situations such as the "-neighbourhood of an embedded
graph in R

2 as a perturbation of the product structure. In Sect. 5.3, we consider
different aspects like general perturbations of the natural product structure on a
tubular neighbourhood and the effect of a small shortening of the underlying base
space, the interval. Section 5.4 treats the particular case of the interval I and the
tubular neighbourhood being embedded in R

2 as a curve and its neighbourhood.
Finally, Sects. 5.5–5.6 treat the thin radius limit of quadratic forms associated with
tubular neighbourhoods with transversal boundary (i.e., @Y ¤ ;) and Neumann
resp. Dirichlet conditions on I � @Y .

5.1 Manifolds

Let us first fix some notation. Denote by X a d -dimensional smooth manifold, with
or without boundary. Let g be a Riemannian metric on X . We often refer to the
Riemannian manifold .X; g/ simply as X , if the metric is clear from the context.
We assume that g is smooth as section into the bundle of positive sesquilinear forms
on the tangent bundle TX . When constructing manifolds from building blocks, it is
convenient to allow a weaker regularity, namely, that the coordinate change maps
of X are only Lipschitz continuous, and that the metric is only continuous, see
Sect. 5.1.2. For more details on Lipschitz manifolds see e.g. [KSh03] or [Tel83] and
references therein.

The canonical Riemannian measure will be denoted by dX or d.X; g/ or mostly
by dx for the integration variable x 2 X . When speaking about the volume of a
measurable subset U � X , we also write volU D vold U .

5.1.1 Manifolds with Boundary

If X has (total) boundary @X , we use the convention X D VX �[ @X , i.e. X is the

disjoint union of the interior VX and the boundary @X . We assume that the boundary
is (piecewise) smooth with metric induced by X . Moreover, we denote the corre-
sponding Riemannian measure by d@X or simply by dy for y 2 @X . For the volume
we write vol @X D volm @X , wherem WD d � 1 is the dimension.

For a subset U � X , denote by

V@U WD U \X n U \ VX and @U WD V@U [ U \ @X

the internal resp. total boundary of U , where .�/ denotes the closure in the

topological spaceX . Note that we can interpret V@ as (topological) boundary operator

in the topological space VX (e.g., V@ VX D ;), but @ is not the boundary operator of the
topological space X , since in general @X ¤ ;.
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When introducing boundary conditions or boundary triples, it is convenient to
decompose the (total) boundary @X into two closed subsets, namely we assume that
there are two subsets @0X and @1X of the boundary of @X such that

@X D @0X �[ @1X

(i.e. the union is disjoint up to .d � 1/-dimensional measure 0). We sometimes
call @0X and @1X the transversal resp. longitudinal boundary of X , referring to
the fact that we fix boundary conditions on the transversal boundary, and use the
longitudinal boundary for boundary triples in order to couple different spaces via
the longitudinal boundary in Chap. 7.

Having chosen such a decomposition, we denote by

@0U WD U \ @0X and @1U WD U \ @1X

the (transversal and longitudinal) boundary of U � X , i.e. the boundary part of U
belonging to the boundary component @0X and @1X , respectively. In particular, we
have

@U D V@U �[ @0U �[ @1U

(disjoint union up to m D .d � 1/-dimensional measure 0), see Fig. 5.1.

5.1.2 Manifolds Constructed from Building Blocks

Usually, we consider manifolds of class C1, but sometimes, we allow the manifold
or its boundary to be only Lipschitz, i.e. the coordinate change maps are Lipschitz
continuous. As for the manifold, we sometimes allow a weaker regularity for the
Riemannian metric. The minimal regularity of the metric (viewed as section in the

Fig. 5.1 A typical example we have in mind for the different boundary components of a manifold
X , here embedded in R

2. Note that X � R
2 is closed, @X D @0X [ @1X is the total boundary

(being here the boundary of X as subset in R
2). The total boundary @U consists of the internal

boundary V@U and the transversal and longitudinal boundary parts @0U and @1U of @X , respectively
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bundle of sesquilinear forms on TX ) is continuity. A particular example of a non-
smooth manifold may arise from the following construction of a manifold X by a
number of components Xi : For each index i , let Xi be a d -dimensional manifold
with Lipschitz boundary @Xi . For each pair .i; j / with i ¤ j we identify a smooth,
relatively open subset @jXi of @Xi with a smooth, relatively open subset @iXj of
@Xj (the subsets may be empty for certain pairs .i; j /). Let us denote the identified
parts by @Xi \ @Xj Š @jXi Š @iXj . If the manifoldsXi andXj carry a metric, we
assume that the identification is an isometry. We denote the resulting space by

X D �[
i

Xi

as short hand for the above construction, without explicitly referring to the
underlying identifications. We remark that the notion is consistent with the notion
“disjoint up to measure 0”, denoted by the same symbol. Moreover, the property
of a subset S � X to have measure 0 w.r.t. the canonical volume measure in the
Riemannian manifold .X; g/ is independent of the metric g. The total manifold X
has boundary

@X D
[

i

@Xi n
[

i¤j
.@Xi \ @Xj /;

which we assume to be Lipschitz. We may define Lipschitz continuous coordinate
charts near @Xi \ @Xj via charts from Xi and Xj near the smooth boundary parts
@jXi and @iXj . But since we deal with L2-spaces only, it is enough to cover
the manifold with charts up to sets of measure 0. In particular, charts for Xi are
enough, since @Xi \ @Xj has d -dimensional measure 0 in X . The identification of
the boundary parts @jXi and @iXj usually arises naturally from the construction
(if, e.g., the total manifold X is a priori given as a subset of R�). Otherwise, the
identification is tacitly included in the notation X D �S

i Xi (see Fig. 5.2).

5.1.3 Laplacians and Quadratic Forms

Let C1
c .X; @0X/ be the space of complex-valued smooth1 function with compact

support in X disjoint from the boundary component @0X . In particular, we set
C1

c .X/ WD C1
c .X;;/. The basic Hilbert space L2.X/ D L2.X; g/ on .X; g/ is

defined as the completion of C1
c .X/ w.r.t. the norm defined by

1We assume here for simplicity that .X; g/ is a smooth Riemannian manifold with smooth metric.
For Lipschitz manifolds or metrics which are only continuous, one has to replace the attribute
“smooth” by “Lipschitz” for the quadratic form domain. In this case, functions in the domain
of the corresponding operator may no longer be twice weakly differentiable. Nevertheless, by
Theorem 3.1.1, there always exists an associated operator, and it is straightforward to calculate the
corresponding domain in the non-smooth case.
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Fig. 5.2 The construction of a manifold from two building blocks. The boundary of the resulting
manifold X may have additional “corners”

kuk2X D kuk2L2.X/ WD
Z

X

juj2dX: (5.1)

We often use other intuitive notation like kukX D kukg etc. The Sobolev space
H1.X; @0X/ D H1.X; @0X; g/ of order 1 is defined as the completion of
C1

c .X; @0X/ w.r.t. the norm given by

kuk2H1.X/ WD kuk2X C kduk2X D
Z

X

�juj2 C jduj2g
�
dX; (5.2)

where du is the exterior derivative onX and j�jg is the norm defined via the canonical
metric on T �X . Namely, in local coordinates, we have

jduj2g D
dX

i;jD1
gij @iu @j u;

where fgij gij is the inverse of the matrix fgij gij D fg.@i ; @j /gij . In particular, we
set

H1.X/ WD H1.X;;/ and VH1.X/ WD H1.X; @X/:

The Laplacian �@0X
X D �@0X.X;g/ on .X; g/ is defined via its quadratic form d@0X ,

namely
d@0X .u/ D kduk2X and dom d@0X D H1.X; @0X/

(see Theorem 3.1.1). Using Green’s formula, one can see that functions u in
the domain of �@0X

X fulfil Dirichlet boundary conditions on @0X and Neumann
boundary conditions on @1X , i.e.
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u�@0X D 0 and @nu�@1X D 0;

respectively. Note that the Neumann boundary condition enters only via the operator
domain, not the quadratic form domain. In particular, we set

�X WD �;
X and �D

X WD �@X
X

for the Neumann resp. Dirichlet Laplacian. If X is compact, then the spectrum of
the Laplacian is discrete, i.e. the eigenvalues �@0Xk .X/ D �

@0X
k .X; g/ (repeated with

respect to multiplicity) have finite multiplicity and accumulate only at 1. In order
to show this fact, one has to prove that the embedding

H1.X; @0X/ ,! L2.X/

is compact (see e.g. [Ros97, Thm. 1.22]). This follows from the Rellich-Kondara-

chov compactness theorem for the form domain VH1.X/ of the Dirichlet Laplacian.
For the Neumann Laplacian (or mixed boundary conditions), we need additionally
a (local) Sobolev extension operator. Such an operator exists in our setting, since
we assumed that the boundary @X is Lipschitz. We will occasionally omit the label
.�/@0X indicating where we put the Dirichlet boundary condition, if it is clear from
the context.

5.1.4 Basic Estimates

Let M be a compact manifold. We define the averaging operator �R
M

by

�R
M

u WD 1

volM

Z

M

udM (5.3)

for u 2 L2.M/, where volM D vold M denotes the volume of the manifold M .
In particular, we have the following result, a consequence of the Min-max principle
Theorem 3.2.3:

Proposition 5.1.1. We have

ku � �R
M

uk2M � 1

�2.M/
kduk2M

for u 2 H1.M/, where �2.M/ denotes the second (first non-zero) Neumann
eigenvalue of the Laplacian on M , i.e. the Laplacian associated with the form
dM.u/ WD kduk2M with domain dom dM WD H1.M/.

Proof. Apply the min-max characterisation and note that �R
M

u is the projection of u
onto the first (constant) eigenfunction. ut
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Assume that M has boundary @M D @0M �[ @1M . We impose Dirichlet bound-
ary conditions on @0M and denote by '1 the first eigenfunction associated with the
Laplacian �@0M

M with Dirichlet conditions on @0M (and Neumann conditions on
@1M ). Denote by �k D �

@0M
k .M/ the corresponding sequence of eigenvalues.

Proposition 5.1.2. Assume thatM is connected and compact, then we have

�
�u � h'1; ui'1

�
�2
M

� 1

�2 � �1
�kduk2M � �1kuk2M

�
(5.4a)

for u 2 H1.M; @0M/. In particular, if @0M ¤ ;, we have �1 > 0 and

kuk2M � 1

�1
kduk2M (5.4b)

for u 2 H1.M; @0M/.

Proof. For the first estimate, we start with the observation

�
�u � h'1; ui'1

�
�2 D kuk2 � ˇ

ˇh'1; uiˇˇ2; (5.5a)
�
�du � h'1; uid'1

�
�2 D kduk2 � �1

ˇ
ˇh'1; uiˇˇ2 (5.5b)

using hdu; d'1i D hu; d�d'1i D �1hu; '1i in the second equation. Now,

�
�u � h'1; ui'1

�
�2 � 1

�2

�kduk2 � �1
ˇ
ˇh'1; uiˇˇ2�

D 1

�2

�kduk2 � �1kuk2�C �1

�2

�kuk2 � ˇ
ˇh'1; uiˇˇ2�

D 1

�2

�kduk2 � �1kuk2�C �1

�2

�
�u � h'1; ui'1

�
�2

using the min-max characterisation and the equalities (5.5). Since M is connected,
�1 < �2 and we can bring the last term on the LHS. Dividing by .1 � �1=�2/ >

0 yields the result. The second estimate is a direct consequence of the min-max
characterisation and the fact that �1 > 0: Otherwise, '1 would be constant, and
'1�@0M D 0 would imply '1 D 0. ut
Note that Proposition 5.1.1 is a special case of (5.4a), where @0M D ; and therefore
�1 D 0 and '1 is constant.

The next proposition compares different average operators. As assumption, we
need a Sobolev trace estimate, usually fulfilled in our applications.

Proposition 5.1.3. Assume that M is a d -dimensional manifold and that fMigi
consists of subsets of M with vold Mi > 0. Moreover, we assume that �S

i Mi � M

(i.e. Mi are mutually disjoint up to measure 0). In addition, let � D �S
i �i � @M

where volm.@�i / > 0 and �i � @Mi (see Fig. 5.3) such that there exists ai > 0 with
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Fig. 5.3 A typical situation
in Proposition 5.1.3

kuk2�i � akduk2Mi
C 2

a
kuk2Mi

(5.6)

for all 0 < a � ai and all i . Then we have

ˇ
ˇ�R
M

u � �R
�

u
ˇ
ˇ2 � 1

volm �

X

i

volm �i
ˇ
ˇ�R
M

u � �R
�i

u
ˇ
ˇ2

� 1

volm �

�
a C 2

a�2.M/

�
kduk2M

for all 0 < a � a� WD infi ai .

Proof. The proof follows from

ˇ
ˇ�R
M

u � �R
�

u
ˇ
ˇ2 D

ˇ
ˇ
ˇ
1

vol�

X

i

vol�i
��R

M
u � �R

�i
u
�ˇˇ
ˇ
2

CS� 1

vol�

X

i

vol�i
ˇ
ˇ�R
M

u � �R
�i

u
ˇ
ˇ2

CS� 1

vol�

X

i

�
��R

Mu � u
�
�2
�i

� 1

vol�

X

i

�
akduk2Mi

C 2

a
k�R

M
u � uk2Mi

�

� 1

vol�

�
akduk2M C 2

a
k�R

M
u � uk2M

�

noting that d�R
M

u D 0. The estimate follows now from Proposition 5.1.1. ut

5.1.5 Some Scaling Behaviour

Let M be a d -dimensional Riemannian manifold with metric g and let " > 0.
Denote the volume form by dM . Moreover, denote by "M the Riemannian manifold
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with the same underlying space, but with metric g" WD "2g (the "-homothetic
version of M ). We have the following scaling behaviour:

d."M/ D "ddM; kuk2"M D "dkuk2M ; (5.7a)

jduj2g" D 1

"2
jduj2g; kduk2"M D "d�2kduk2M ; (5.7b)

�"M D 1

"2
�M ; �R

"Mu D �R
Mu (5.7c)

�.�"M / D 1

"2
�.�M /; �k."M/ D 1

"2
�k.M/ (5.7d)

Remark 5.1.4. Note that by definition, the scaled spaces Y";e D "Ye, X";v D "˛Xv

etc. are independent of " as manifolds, the parameter " > 0 only enters through their
metric. Moreover, the various norms of the L2- and Sobolev spaces depend on ", but
as vector spaces, the scaled and unscaled versions agree, e.g., L2.Y";e/ D L2.Ye/.

If � � M is of dimension m D d � 1, then the Sobolev trace estimate (5.6)
scales as

kuk2"� � a"kduk2"M C 2

a"
kuk2"M (5.8)

where a" D "a, i.e. a" scales like a length.
Let us introduce another intuitive notation: Let M be a differentiable (or

Lipschitz) manifold with two metrics g and eg. Abusing slightly the notation, we
write M and fM for the Riemannian manifolds .M; g/ and .M;eg/, respectively. If
0 < r1 � r2 we use the notation

r1M � fM � r2M (5.9)

as shortcut for
r21gx.�; �/ �egx.�; �/ � r22gx.�; �/

for all � 2 TxM , x 2 M . In particular, if M" denotes the manifold M with metric
g" for 0 < " � 1 andM WD M1, then the inequalities

"˛2M � M" � "˛1M; 0 < ˛1 � ˛2 (5.10)

imply

"˛2dkuk2M � kuk2M"
� "˛1dkuk2M ; (5.11a)

"˛2d�2˛1kduk2M � kduk2M"
� "˛1d�2˛2kduk2M ; (5.11b)

"˛2d volM � volM" � "˛1d volM; (5.11c)

"d.˛2�˛1/�2˛1�2.M/ � �2.M"/ � "�d.˛2�˛1/�2˛2�2.M/: (5.11d)
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Let us reformulate the above Propositions 5.1.1, 5.1.2 and 5.1.3 in the case of a
scaled manifold:

Corollary 5.1.5. For the scaled manifold "M we have

ku � �R
"M

uk2"M � "2

�2.M/
kduk2"M :

Corollary 5.1.6. For the scaled d -dimensional manifold "M and Dirichlet bound-
ary conditions on @0M , we have

�
�u � h'1; uiM'1

�
�2
"M

� "2

�@0M2 .M/� �@0M1 .M/

�
kduk2"M � �1

"2
kuk2"M

�
;

kuk2"M � "2

�
@0M
1 .M/

kduk2"M

for u 2 H1."M; @0M/, provided that @0M ¤ ; in the latter case.

Corollary 5.1.7. Assume that �S
i Mi � M and that � D �S

i �i � @M where
vold .Mi/ > 0, volm.@�i / > 0 and �i � @Mi such that (5.6) is fulfilled for ai > 0

and all i or that the scaled version (5.8) is fulfilled for �i and Mi with a" D "ai .
Then we have

ˇ
ˇ�R
M

u � �R
�

u
ˇ
ˇ2 � 1

volm �

X

i

volm �i
ˇ
ˇ�R
M

u � �R
�i

u
ˇ
ˇ2

� "2

volm �

�
a C 2

a�2.M/

�
kduk2"M

for all 0 < a � a� WD infi ai .

5.2 Perturbations of the Metric

Let g;eg be two metrics on the d -dimensional manifold X . The manifold is not
necessarily assumed to be compact. Abusing the notation slightly, we also write X
for the Riemannian manifold .X; g/ and eX for the Riemannian manifold .X;eg/.
We think ofeg as being a small perturbation of the metric g. In order to define the
perturbation intrinsically, we introduce a section A into the bundle L .TX/ with
fibres consisting of endomorphisms of TxX .

Definition 5.2.1. We call the positive linear operator Ax on TxX , defined via

egx.�; �/ D gx.�; Ax�/ 8 � 2 TxX; x 2 X; (5.12)
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the relative distortion ofeg w.r.t. g. Moreover, we denote by

�.x/ WD detA1=2x

the relative density ofeg w.r.t g.

In a coordinate chart, Ax can be expressed as a d � d -matrix. Moreover, x 7! Ax
has the same regularity as x 7! gx and x 7!egx (e.g. smooth or Lipschitz).

The Riemannian measures are related via

deX D �dX:

justifying the name “relative density” for �. Similarly, for the cotangent bundle, we
define a section A� in L .T �X/ relating the canonical metrics g� andeg� on T �X
corresponding to g andeg, respectively, via

eg�
x.	; 	/ D g�

x .A
�
x /	; 	/ 8 	 2 T �

x X; x 2 X: (5.13)

Note that
jA�

x jL .T �

x X;g
�

x /
D jAxj�1L .TxX;gx/

; (5.14)

where

jAxjL .TxX;gx/ WD sup
�2TxXnf0g

gx.�; Ax�/

gx.�; �/

is the canonical operator norm in .TxX; gx/ and similarly we define the norm of
A�
x as operator in .T �

x X; g
�
x /. By a slight abuse of notation, we also write A�1

x

for the section A�
x , having the relation (5.14) in mind. Moreover, we often use the

same symbol g for the metric on TX and on T �X (or any other derived tensor
bundle).

We first provide conditions assuring that L2.X; g/ and H1.X; g/ are independent
of the metric as vector space and have equivalent norms. We set

k�k1 WD sup
x

j�.x/j and kAk1 WD sup
x

jAx jL .TxX;gx /

using the pointwise operator norm in the second case. Let us make some comments
on the norm estimates of A, � and related expressions: Denote by

0 < ˛1.x/ � ˛2.x/ � � � � � ˛d .x/

the d eigenvalues of Ax , ordered and repeated with respect to multiplicity. Then

kAk1 D k˛dk1; k�k21 D k˛1 � : : : � ˛dk1 � k˛dkd1
kA�1k1 D k˛�1

1 k1; k��1k21 D k˛�1
1 � : : : � ˛�1

d k1 � k˛�1
1 kd1:
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Moreover,

k�A�1k21 D k˛�1
1 ˛2 � : : : � ˛dk1 � k˛�1

1 k1k˛dkd�11 ;

k��1Ak21 D k˛�1
1 � : : : � ˛�1

d�1˛dk1 � k˛�1
1 kd�11 k˛dk1:

In particular, kAk1 < 1 implies k�k1 < 1 and kA�1k1 < 1 implies
k��1k1 < 1.

Proposition 5.2.2. Assume that kA˙1k1 < 1, then we have

1

k��1k1
kuk2L2.X;g/ � kuk2L2.X;Qg/ � k�k1kuk2L2.X;g/; (5.15a)

1

k��1Ak1
kduk2L2.X;g/ � kduk2L2.X;Qg/ � k�A�1k1kuk2L2.X;g/: (5.15b)

In particular, the spaces L2.X; g/ and L2.X;eg/ resp. H1.X; g/ and H1.X;eg/ agree
as vector spaces and have equivalent norms.

Proof. The proof of the second estimate follows from

kduk2L2.X;Qg/ D
Z

X

h�A�1du; duigd.X; g/

and similarly for the first estimate. ut
For the notation r�X � eX � rCX we refer to (5.9). As a corollary we obtain:

Corollary 5.2.3. Assume that r�X � eX � rCX . Then

rd�kuk2L2.X;g/ � kuk2L2.X;Qg/ � rdCkuk2L2.X;g/; (5.16a)

rd�1� r�1C kduk2L2.X;g/ � kduk2L2.X;Qg/ � rd�1C r�1� kuk2L2.X;g/: (5.16b)

Proof. Note that the estimate on the manifold, i.e. r2�gx � egx � r2Cgx in the sense
of quadratic forms, implies that the relative distortion Ax ofeg w.r.t. g fulfils

r2��x � Ax � r2C�x

where �x denotes the identity operator on TxX . ut
On a compact manifold, continuity ofA (and therefore of �) is sufficient in order

to assure that the above spaces agree and have equivalent norms. Moreover we have
the following result:

Proposition 5.2.4. Assume that X is a compact manifold with continuous metrics
g, eg. Denote by �k.X; g/ and �k.X;eg/ the k-th eigenvalue of the Laplacian
associated with .X; g/ and .X;eg/, respectively. Then
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ˇ
ˇ�k.X;eg/� �k.X; g/

ˇ
ˇ � k��1k1

�k�A�1 � �k1 C k� � �k1
�
�k.X; g/

� 8ı�k.X; g/; (5.17)

provided

ı WD max
˚k� � �k1; k� � Ak1

� � 1

2

in the latter estimate.

Proof. Note first that due to the compactness of X , the spectra of the Laplace oper-
ators with respect to g andeg are purely discrete. Moreover, the estimates of Propo-
sition 5.2.2 hold with strictly positive and finite constants. In particular, H1.X; g/ D
H1.X;eg/. Comparing the Rayleigh quotientsR.u; g/ WD kduk2.X;g/=kuk2.X;g/ for g
andeg yield

ˇ
ˇR.u;eg/� R.u; g/

ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ
h�A�1du; duiX

h�u; uiX � hdu; duiX
hu; uiX

ˇ
ˇ
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇ
h.�A�1 � �/du; duiX

h�u; uiX CR.u; g/
h�� �/u; uiX

h�u; uiX

ˇ
ˇ
ˇ
ˇ

� k��1k1
�
k�A�1 � �k1 C k� � �k1

�

„ ƒ‚ …
DW


R.u; g/:

Applying the min-max characterisation Theorem 3.2.3 to the inequality

.1 � 
/R.u; g/ � R.u;eg/ � .1C 
/R.u; g/

gives the corresponding inequality for the eigenvalues. Finally, it is easy to see that

 � 8ı if ı � 1=2. ut
The eigenvalue estimate can be seen similarly using the more abstract setting
of Corollary 4.4.19. The above lemma shows that it is enough to consider only
continuous metrics, since no derivative of g is needed in the estimates.

We now want to compare the two resolvents associated with the Laplacians
on .X; g/ and .X;eg/ using the abstract theory developed in Sect. 4.4. Let H WD
L2.X; g/ and let H k be the scale of Hilbert spaces associated with the Laplacian
�.X;g/, see Sect. 3.2. Note that H 1 D H1.X; g/. We denote by fH k the correspond-

ing spaces for the metriceg. Denote by d the quadratic form d.f / WD kdf k2X with
domain dom d WD H 1 and similarly,ed.u/ WD kduk2eX with domed WD fH 1.

Let J W H �! fH , Jf D f and J 0W fH �! H , J 0u D u. The next lemma
follows immediately from the fact that deX D �dX :

Lemma 5.2.5. The adjoint of J is given by J �W fH �! H with J �u D �u.
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We are now able to compare the quadratic forms, from which the resolvent estimates
follow (see Corollary 5.2.7). For the notion of quasi-unitary equivalence of quadratic
forms, see Definition 4.4.11:

Theorem 5.2.6. Assume that kA˙1k1 < 1, then J.H 1/ D fH 1 and J 0.fH 1/ D
H 1. Moreover, the quadratic forms d anded are ı-quasi-unitarily equivalent with

ı WD max
˚k�1=2 � ��1=2k1; k��1=2A1=2 � �1=2A�1=2k1

�
:

If in addition, Oı WD maxfk� � �k1; k� � Ak1g � 1=2 then the forms d anded are
4 Oı-quasi-unitarily equivalent with identification operators

J W L2.X; g/ �! L2.X;eg/; f 7! f; and J 0W L2.X; g/ �! L2.X;eg/; u 7! u:
(5.18)

In particular, the results of Sect. 4.4 apply.

Proof. The first assertion follows from Proposition 5.2.2. Moreover, the identifi-
cation operators J and J 0 already respect the spaces of order 1, J 0J D id and
JJ 0 Deid. In addition, kJf k2eX � k�k1kf k2X and similarly kJ 0uk2X � k��1k1kuk2eX
and we have

ˇ
ˇk�˙1k1=21 � 1

ˇ
ˇ � k�˙1=2 � 1k1 � k�1=2 � ��1=2k1;

i.e. kJ k; kJ 0k � 2 provided ı � 1. The remaining estimates to show are

k.J 0 � J �/uk2X D k.� � �/��1=2�1=2uk2X � k�1=2 � ��1=2k21kuk2eX
and

ˇ
ˇd.J 0u; f /�ed.u; Jf /ˇˇ D ˇ

ˇhdu; df iX � hdu; df ieX
ˇ
ˇ

D
ˇ
ˇ
ˇ

Z

X

˝
.� � �A�1/��1=2A1=2�1=2A�1=2du; df

˛
g
dX
ˇ
ˇ
ˇ

� k.� � �A�1/��1=2A1=2k1
Z

X

�1=2jdujegjdf jgdX

CS� k.��1=2A1=2 � �1=2A�1=2/k1kdukeXkdf kX

for f 2 H 1 and u 2 fH 1. The 4 Oı-quasi unitary equivalence follows easily from
basic estimates. ut

For the notion of quasi-unitary equivalence of operators, we refer to Defini-
tion 4.2.3). Note that the quasi-unitary equivalence of operators follows form the
one of quadratic forms by Proposition 4.4.15.

Corollary 5.2.7. With the notation of the preceding theorem, the operators �.X;g/
and �

.X;Qg/ are 4ı-quasi-unitarily equivalent with identification operators given
in (5.18). In particular,
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kJ.�.X;g/ C 1/�1 � .�.X;Qg/ C 1/�1J k � 4ı: (5.19)

Moreover, the results of Sects. 4.2 and 4.3 apply.

Remark 5.2.8. The advantage of choosing J 0 instead of the adjoint J � is to avoid
assumptions involving the derivative of � (and therefore derivatives of the metrics).
If we would have set J 0 WD J �, then the last estimate in the previous proof would
contain an extra term with d�.

In particular, we can assume without loss of generality that the metric is only
continuous, i.e. that x 7! gx is continuous, up to an error. The corresponding
Laplacian is defined via its quadratic form; the operator domain may be different
from a standard Sobolev space.

Corollary 5.2.9. Let g be a continuous metric onX , then for any ı > 0 there exists
a smooth metric such that �.X;g/ and �

.X;Qg/ are 4ı-quasi-unitarily equivalent with
identification operators given in (5.18).

5.3 Tubular Neighbourhoods

5.3.1 Perturbations of the Product Structure

The following considerations are motivated by tubular neighbourhoods of an edge
as discussed in a concrete situation in the next section. We start with a slightly more
general setting. Let us consider the metric g on X WD I � Y defined by

g D `2ds2 C r2h; (5.20)

where ` and r are positive functions on X to be specified later on. Here, I � R

is an interval and .Y; h/ is a Riemannian manifold of dimension m � 1. We
identify the tangent space T.s;y/X with R � TyY and write v D .v1; v2/ 2
T.s;y/X .

Leteg be another metric, close to g given by

eg D .1C o11/`2ds2 C 2`r ds o12 C .1C o22/r2h; (5.21)

where o11; o22 are real-valued functions on X and o12;.s;y/WTyX �! R. The corre-
sponding relative distortion A ofeg w.r.t. g (see Definition 5.2.1) in this setting is

A D
�
1C o11 `�1r o12
`r�1o�

12 .1C o22/ idT Y

	

: (5.22)
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Its d eigenvalues are given by

˛k D
(
1C o22 (multiplicitym � 1),

1C 1
2

�
o11 C o22 ˙p

.o11 � o22/2 C 4jo12j2
�
;

where jo12j2 D o12o�
12. Moreover, we have

�2 D detA D .1C o22/
m�1�.1C o11/.1C o22/� jo12j2

�
;

k�1=2 � ��1=2k1 D 2 sinh
�1

2
log k�k1

�

D 2 sinh
�m � 1

4
log
�
1C o22

�

C 1

4
log
�
.1C ko11k1/.1C ko22k1/ � ko12k21

��

D O.o11/C O.o22/C O.jo12j2/;

k��1=2A1=2 � �1=2A�1=2k1 D 2 sinh
�1

2
log k��1Ak1

�

D O.o11/C O.o22/C O.jo12j2/; .oij ! 0/;

where the errors O.oij / are short hand for an expression of order "with " D koijk1,
depending only on m and ", and similarly for jo12j2.

Denote by d.f / WD kdf k2.X;g/ anded.u/ WD kduk2
.X;eg/ the quadratic forms asso-

ciated with the corresponding Riemannian manifolds. Then Theorem 5.2.6 yields:

Proposition 5.3.1. The quadratic forms d anded associated with the spaces .X; g/
and .X;eg/ are ı-quasi-unitarily equivalent, where

ı WD O.o11/C O.o22/C O.jo12j2/ as oij ! 0.

Moreover, the error terms depend only onm D dimY and on the suprema of oij .

It is sometimes useful to compare the metric g WD `2ds2 C r2h with a warped
product metric (see Fig. 5.4) provided the function r depends on s 2 I only:

Definition 5.3.2. Let I and Y be two Riemannian manifolds with metrics ds2

and h. Moreover, let r W I �! .0;1/ be a continuous map. We call the metric

g0 WD ds2 C r2h

a warped product metric. We denote the Riemannian manifold X D I � Y with
metric g0 by

X D I �r Y;

the warped product of I and Y with radius function r .
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Fig. 5.4 A warped product space without transversal boundary. Here, the transversal manifold
.Y; h/ is a 1-sphere and the manifold X D I �r Y , i.e. the product X D I � Y with metric
g0 D ds2 C r.s/2h consists of the rotation surface

The relative distortion A0 of g w.r.t. g0 and the relative density �0 WD .detA0/1=2

are given by

A0 D
�
`2 0

0 1

	

and �0 D `:

In particular, we have

k�1=20 � �
�1=2
0 k1 D 2 sinh

�1

2
log k`k1

�

� k��1=2
0 A

1=2
0 � �1=20 A

�1=2
0 k1 D 2 sinh

�1

2
log k��1

0 A0k1
�

D 2 sinh
�1

2

ˇ
ˇlog k`k1

ˇ
ˇ
�
;

since ��1
0 A0 has the eigenvalues `˙1. Denote by d0.f / WD kdf k2.X;g0/ the

quadratic form on .X; g0/. Comparing .X; g0/ with .X; g/, we obtain again from
Theorem 5.2.6:

Proposition 5.3.3. The quadratic forms d and d0 associated with the spaces .X; g/
and .X; g0/ are ı0-quasi-unitarily equivalent, where ı0 D 2 sinh

�ˇ
ˇlog k`k1

ˇ
ˇ=2

� D
O.k`k1 � 1/.

Combining Propositions 5.3.1 and 5.3.3 together with the transitivity of quasi-
unitary equivalence (Proposition 4.4.16) yields:
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Corollary 5.3.4. The quadratic forms ed and d0 are ı0-quasi-unitarily equivalent,
where ı0 D OC.ı C ı0/ for ı and ı0 small enough, and where OC is a universal
constant.

Proof. The result follows from Propositions 5.3.1 and 5.3.3 and the transitivity of
quasi-unitary equivalence (see Proposition 4.4.16). ut
Remark 5.3.5. Note that the identification operators used above (basically, Jf D f

and J 0u D u, but in spaces with different inner products, see Sect. 5.2) respect the
boundary conditions on @Y if @Y ¤ ;, namely Dirichlet and Neumann conditions.

5.3.2 Shortened Edge Neighbourhoods

We sometimes also need to consider tubular neighbourhoods with slightly shortened
length coordinate. Let OI � I be two open, bounded intervals of length .1 � �/a

and a, respectively, together with an affine-linear transformation 'W I �! OI . If
we assume that ' is increasing, then ' is uniquely determined by the intervals.
Moreover, '0.s/ D 1 � � . By our assumptions, 0 � � < 1. Furthermore, we need
that ` and r are uniformly continuous functions.

Let us introduce the following notation in order to quantify the error terms in the
next proposition:

Definition 5.3.6. Let 
W I �! R be a function andBı.s0/ WD f s 2 I j js � s0j<ı g
be the (open) ball of radius ı around s0 in I . The local module of continuity of 
 in
s0 is defined as

mocs0.
; ı/ WD sup
s2Bı.s0/

ˇ
ˇ
.s/� 
.s0/

ˇ
ˇ:

The global module of continuity of 
 is defined as

moc.
; ı/ WD sup
s02I

mocs0 .
; ı/:

If 
 depends also on y, i.e. 
W I�Y �! R then we define the uniform global module
of continuity of 
 with respect to the first variable as

moc.
; ı/ WD sup
y2Y

moc.
.�; y/; ı/:

If 
 is Lipschitz (i.e. weakly differentiable with derivative in L1 w.r.t. the first
variable s) with derivative denoted by 
0, then

mocs0 .
; ı/ � ı sup
s2Bı.s0/

j
0.s/j and moc.
; ı/ � ık
0k1

where k
0k1 is the supremum of 
0.s/ resp. 
0.s; y/, s 2 I , y 2 Y .
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Set X WD I � Y with metric g D `2ds2 C r2h as in (5.20) and OX WD OI � Y with
the same metric restricted to OX . Recall that m D dimY . We want to compare the
quadratic forms d.f / WD kdf k2X and Od.u/ WD kduk2OX :

Proposition 5.3.7. The quadratic forms d and Od are Oı-quasi-unitarily equivalent
where

Oı2 WD 4

1 � �

�
�2e� C 4 sinh2.�=2/

�

and
� WD moc.log `; �a/Cmmoc.log r; �a/:

Moreover, if the functions ` and r are Lipschitz continuous in the first variable s,
then

� � �a � �k.log `/0k1 Cmk.log r/0k1
�

and in particular, Oı D O.�/. Finally, if ` and r are constant functions, then � D 0.

Proof. Let Jf .Os; y/ WD f .'�1.Os/; y/ and J 0u.s; y/ WD u.'.s/; y/. Obviously, these
identification operators fulfil J 0Jf D f and JJ 0u D u. Denote the density of the
metric g by � D `rm. Then we have

kJf k2OX D
Z

OI�Y

ˇ
ˇf .'�1.Os/; y/ˇˇ2�.Os; y/dOsdy

D
Z

I�Y

ˇ
ˇf .s; y/

ˇ
ˇ2 �.'.s/; y/

�.s; y/
�.s; y/.1 � �/dsdy

� .1 � �/emoc.log �; �a/kf k2X
since 0 � s � '.s/ � �a. In particular, kJ k � emoc.log �;�a/=2. Moreover,

J �u.s; y/ D �.'.s/; y/

�.s; y/
.1� �/u.'.s/; y/

and therefore

k.J � � J 0/uk2X D
Z

I�Y

ˇ
ˇ
ˇ
�.'.s/; y/

�.s; y/
.1 � �/� 1

ˇ
ˇ
ˇ
2ˇ
ˇu.'.s/; y/

ˇ
ˇ2�.s; y/dsdy

D 1

1 � �
Z

OI�Y

ˇ
ˇ
ˇ
� �.Os; y/
�.'�1.Os/; y/

�1=2
.1 � �/ �

��.'�1.Os/; y/
�.Os; y/

�1=2ˇˇ
ˇ
2

� ˇˇu.'�1.Os/; y/ˇˇ2�.Os; y/dOsdy

� 2

1 � �
�
�2emoc.log �; �a/ C 4 sinh2.moc.log �; �a/=2/

�
kuk2OX :
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Now,
moc.log �; �a/ � moc.log `; �a/Cmmoc.log r; �a/ DW �

since � D `rm. The estimate for the quadratic forms is similar up to a factor 2. ut

5.4 Embedded Tubular Neighbourhoods

Let us illustrate the error estimates of the preceding section in the case of an
embedded curve, keeping the notation introduced there. In Fig. 5.5 we sketched the
different metric spaces associated with the tubular neighbourhood.

Suppose that we have a curve  W I �! R
2 in R

2 in arc length parametrisation.
Then


".s; y/ WD  .s/C "r.s/yn.s/; .s; y/ 2 I � Y DW X
defines a tubular neighbourhood with variable width r of the curve  .I / as subset
of R2. Here, Y D Œ�1=2; 1=2� and n is a continuous unit vector field normal to the
tangent vector field  0 and r.s/ defines the radius of the neighbourhood. Denote
by

� WD  0
1 

00
2 �  00

1  
0
2 (5.23)

the signed curvature of  . In order to avoid self-intersections of the neighbourhood,
we assume that

`".s; y/ WD 1C "�.s/r.s/y > 0 (5.24)

for all .s; y/ 2 I � Y . Now U" WD 
".X/ together with the Euclidean metric on
R
2 defines a metriceg" on X having the matrix representation

Fig. 5.5 The different tubular neighbourhoods. On the left, the original (flat) tubular neighbour-
hood with variable radius r.s/ and curvature �.s/ of the generating curve  (the thick line). In the
middle, we sketched a manifold with metric g" D `2"ds

2 C "2r.s/2h. On the right, a manifold with
warped product metric g0;" D ds2 C "2r.s/2h is shown. Note that the coordinate lines in .X; g"/
and .X; g0;"/ are orthogonal, whereas in .X;eg"/ Š U" � R

2, they are only orthogonal if r.s/ is
constant. The shaded part in the middle corresponds to the shortened neighbourhood . OX; g"/ (see
Proposition 5.4.4)
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eg" Š
�
`2" C "2y2.r 0/2 "2rr 0y

"2rr 0y "2r2

	

: (5.25)

with respect to the basis @s and @y of T.s;y/X . Let

g" D `2"ds
2 C "2r2dy2

be the reference metric as in (5.20). Then the errors in the relative distortion A ofeg
w.r.t. g defined in (5.22) are given by

o11 D "2y2.r 0/2

`2"
; o12 D "yr 0

`"
and o22 D 0:

Moreover, the relative density is given by

�2 D detA D .1C o11/� o212 D 1: (5.26)

Let us summarise the above observations in the following proposition. The
assertion is a special case of Proposition 5.3.1:

Proposition 5.4.1. The quadratic forms d" and ed" associated with the manifolds
.X; g"/ and .X;eg"/, respectively, are ı"-quasi-unitarily equivalent, where

ı" D Cm

�
"
�
�
�
r 0

`"

�
�
�1

�
� Cm

� "kr 0k1
1 � "k�k1krk1=2

�
:

Here, Cm.�/ is a monotonously increasing function depending only on m and
Cm.�/ D O.�2/. In particular, ı" D O."2/.

Let us now compare the metriceg" with the exact warped product metric

g0;" D ds2 C "2r2dy2:

We first compare g" with g0;". Denote by A0 the relative distortion of g" w.r.t. g0;".
Then

A0 D
�
`2" 0

0 1

	

;

and the relative density is
�0 D .detA/1=2 D `"

using (5.24). Now, from Corollary 5.3.4 we conclude:

Proposition 5.4.2. The quadratic formsed" and d0;" associated with the perturbed
warped product .X;eg"/ and the exact warped product .X; g0;"/ are ı0

"-quasi-
unitarily equivalent, where
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ı0
" D OCm

�
"
�
�
�
r 0

`"

�
�
�1

�
C OC0

�
"k�rk1

�

� OCm
� "2kr 0k1
1 � "k�k1krk1=2

�
C OC0

�
"k�k1krk1

�
:

Moreover, OCm.�/ D O.�2/ and OC0.�/ D O.�/ are universal monotone functions.
In particular, ı0

" D O."/. The error depends only on the suprema of the curvature
k�k1, of the radius krk1 and its derivative kr 0k1.

Remark 5.4.3. Sometimes the metric g" is better adopted to the problem than the
(exact) warped product metric g0;": The error in the quasi-unitary equivalence
comparingeg" with g" is of order O."2/ instead of O."/ wheneg" is compared with
g0;". This is of particular importance in the case of Dirichlet boundary conditions,
see Sects. 5.6 and 6.11.4, where one needs cancellation of divergent terms.

Let us finally compare the metric g" D `2"ds
2 C "2r2h on X D I � Y with the

same metric restricted to the smaller space OX D OI � Y , where I D .0; a/ and OI is
an open subinterval of length .1 � �/a as in Sect. 5.3.2. Proposition 5.3.7 reads in
this case:

Proposition 5.4.4. The quadratic forms d" and Od" associated with .X; g"/ and
. OX; g"/ are Oı"-quasi-unitarily equivalent where

Oı2" WD 4

1 � �
�
�2e�" C 4 sinh2.�"=2/

�

and

�" WD �a
�"k�0r C �r 0k1
1 � "k�rk1

Cm
�
�
�
r 0

r

�
�
�1

�
:

In particular, if the length error is � D ", then Oı" D O."/ and the error depends
only on the suprema of �, �0, r , r�1 and r 0.

5.5 Reduction to a One-Dimensional Problem: Tubular
Neighbourhoods with Neumann Boundary Conditions

In the next two sections, we show that the Laplacian on a tubular neighbourhood
X D I�Y with certain "-depending metrics g" can be reduced to a one-dimensional
problem on I in the limit " ! 0. We have to distinguish the cases where @Y D ;
or we impose Neumann boundary conditions on @Y and the case where we impose
Dirichlet boundary conditions on @Y . We start with the Neumann (or boundaryless)
case and treat the Dirichlet case in the next section.

Let us begin with a general result which is useful in order to get rid of first order
derivatives du:



5.5 Tubular Neighbourhoods with Neumann Boundary Conditions 281

Lemma 5.5.1. Let M be a smooth manifold with boundary @M Then

Z

M

Rehu�d�; duidM D 1

2

Z

M

d�.�d�/juj2dM C 1

2

Z

@M

�.d�/njuj2d@M

for bounded, smooth functions �; � with bounded derivatives and u 2 H1.M/. Here,
d� denotes the formal adjoint of d.

Proof. The proof follows from

Z

M

Rehu�d�; duidM D
Z

M

Re.d�.u�d�/u/dM C
Z

@M

�.d�/njuj2d@M

D
Z

M

d�.�d�/juj2dM �
Z

M

Rehdu; u�d�idM

C
Z

@M

�.d�/njuj2d@M:

The second integral equals the one with which we have started, and the result
follows. ut

Let us now fix the tubular neighbourhood. Assume that I is a one-dimensional
space, i.e. I is either an interval (bounded or unbounded) or I is a 1-sphere S

1.
Moreover, assume that .Y; h/ is a connected, compact Riemannian manifold of
dimension m � 1. We will consider the Laplacian on Y ; if @Y ¤ ;, we impose
Neumann boundary conditions. In any case, the first eigenvalue is 0, i.e. �1.Y / D 0,
whereas the second is non-zero, �2.Y / > 0 since we assumed Y to be connected.
Let X WD I � Y with the warped product metric

g" WD ds2 C "2r.s/2h

for some bounded and continuous function

r W I �! .0;1/:

We use the notation X" WD I �r "Y as short hand for the Riemannian manifold
.X; g"/.

The aim of the following is to show that the quadratic form

ed.u/ WD kduk2X" with domed WD fH 1 WD H1.X"/

in the Hilbert space fH WD L2.X"/ converges to a 1-dimensional problem on I . In
particular, we set

H WD L2.I;wds/;
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where L2.I;wds/ is the L2-space with norm given by

kf k2.I;wds/ WD
Z

I

jf .s/j2w.s/ds; w.s/ WD r.s/m:

As quadratic form on H , we set

d.f / WD kf 0k2H D
Z

I

jf 0.s/j2w.s/ds with dom d WD H 1 WD H1.I;wds/;

where f 2 H1.I;wds/ iff f; f 0 2 L2.I;wds/. The operatorD corresponding to the
non-negative quadratic form d (see Theorem 3.1.1) is given by

Df D � 1
w

�
wf 0�0 D �f 00 �m.log r/0f 0 (5.27)

for suitable f ’s.
In order to compare the forms ed and d resp. the operators �X"

and D, we
introduce the identification operator

J W L2.I;wds/ �! L2.X"/; f 7! f ˝ ��";

where ��" D "�m=2�� and �� denote the first (constant) normalised eigenfunctions on
"Y and Y , respectively. Denote by

eP WD JJ �; i.e. .eP u/.s; �/ D h��; u.s; �/iY��;

the projection onto the transversally constant functions. We have the following
approximation result:

Proposition 5.5.2.

1. The identification operator J is ı"-partial isometric of order 1 with error given
by ı" D ".�2.Y //

�1=2.
2. The forms d anded are 0-close with the identification operators J and J �.
3. The forms d anded are ı"-partial isometrically equivalent.
4. The operatorD is unitary equivalent with �X"

eP D eP�X"
.

Proof. We have .J �u/.s/ D "m=2h��; u.s; �iY . Then obviously, the spaces of order 1
are respected by J and J �, i.e. J and J � are also first order identification operators.
Moreover, J �J D id on H and

ku � JJ �uk2X" D
Z

I

ku.s; �/ � h��; u.s; �/iY��k2Y "mw.s/ds

� "2

�2.Y /

Z

I

kdY u.s; �/k2Y "mw.s/dsD "2

�2.Y /
kdY uk2X"�

"2

�2.Y /
kduk2X"
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by Proposition 5.1.1. In particular, J is ı"-partial isometric of order 1 (see
Definition 4.1.1 (4)). The forms d anded are 0-close (see Definition 4.4.1 (4)) since

ed.u; Jf / D "m=2
Z

I�Y
u0f 0dYwds D d.J �u; f /

and dY .f ˝ ��/ D 0. The third statement follows easily from (1) and (2), and the
last one is a consequence of Proposition 4.2.4 (2). ut

It is sometimes convenient to work in an L2-space without weight: Set

U W L2.I;wds/ �! L2.I /; Uf WD w1=2f

where L2.I / D L2.I; ds/ is the (unweighted) standard L2-space. Obviously, U is
unitary. Moreover, the quadratic form d turns into a quadratic form q on L2.I / and
is given in the next proposition. For simplicity, we assume that the “longitudinal”
boundary terms on @I vanish, and that r is sufficiently regular. In the following
proposition, we use the notation

ŒF �@I WD F.b/� F.a/ (5.28)

for a continuous function s 7! F.s/ depending on s 2 R such that F.˙1/ WD
lims!˙1 F.s/ D 0, where I is an interval with endpoints a < b. If I D S

1, we
use the convention ŒF �@I D 0. Recall that w D rm.

Proposition 5.5.3. Assume that r 0, r 00 exist and that r , r�1, r 0, r 00 are bounded on I .
Then the transformed quadratic form

q.ef / WD d.U�1ef /; dom q WD U.domd/ D H1.I /;

is given by

q.ef / D
Z

I

�jef 0.s/j2 CQjef .s/j2�ds � 1

2

hw0

w
jef j2

i

@I
; (5.29)

where

Q WD q2 C q0 D 1

4

�w0

w

�2 C 1

2

�w0

w

�0
; q WD .log w/0

2
D m.log r/0

2
D mr 0

2r
:

In particular, if r 0�@I D 0 or @I D ;, then the boundary term vanishes.

Proof. We have

q.ef / D
Z

I

ˇ
ˇw�1=2ef 0 C .w�1=2/0ef

ˇ
ˇ2wds D

Z

I

�ˇ
ˇef 0ˇˇ2 C 1

4

�w0

w

�2 � w0

w
Re
�
ef 0ef

��
ds
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and the result follows from Lemma 5.5.1 with M WD I , � D w�1 and � D w. Note
that the boundary term vanishes if r 0 D 0 on @I or @I D ;. ut
In particular, we can replace the form d by q in Proposition 5.5.2. For example, we
have:

Corollary 5.5.4. The forms q anded defined as above are ı"-partial isometrically
equivalent, where ı" D "�2.Y /

�1=2.

Remark 5.5.5. We can also use Dirichlet boundary conditions on @I in Proposi-

tion 5.5.3, i.e. replace d by the form Vd defined on dom Vd D VH1.I /. Note that
the unitary transformation U respects the Dirichlet domain, i.e. f D 0 on @I iff
Uf D 0 on @I . Moreover, the boundary term of the quadratic form q vanishes.

5.6 Reduction to a One-Dimensional Problem: Tubular
Neighbourhoods with Dirichlet Boundary Conditions

In this section, we compare the Dirichlet Laplacian on X D I � Y with a metric
g", “shrinking” the transversal compact m-dimensional manifold .Y; h/ to a point,
with a one-dimensional problem on I (an interval or a sphere). We impose Dirichlet
boundary conditions on @Y ¤ ;.

Let us start with a metric of the form

g D `2ds2 C r2h (5.30)

having the additional function ` as longitudinal coefficient. We introduce the
parameter " later on. We assume that r is a function of s 2 I only. In the Dirichlet
case, we do not assume that the “longitudinal” coefficient `W I � Y �! .0;1/

equals 1 as in the Neumann case in the previous section. We will see that some
information of ` D `" remains in the limit, due to the fact that in the Dirichlet case,
we have to substract the divergent first transversal eigenmode �D

1 .Y /="
2 in order to

expect a convergent limit.
The Dirichlet Laplacian acts in the Hilbert space L2.X; g/ D L2.I � Y; �dsdY /

with density � D `rm. Let us calculate the unitarily equivalent operator on the
L2-space without density, namely on L2.I � Y; dsdY /, using the following unitary
operator

U W L2.X; g/ �! L2.I � Y; dsdY /; U u D �1=2u:

Leted be the quadratic form defined by

ed.u/ WD kduk2X and domed D H1.X; I � @Y; g/:

The corresponding Laplacian is the Laplacian with Dirichlet boundary conditions
on @0X WD I � @Y and Neumann boundary conditions on @1X WD @I � Y . For the
notation ŒF �@I in the following lemma see (5.28).
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Lemma 5.6.1. Assume that r and ` are functions differentiable up to order 2. In
addition, assume (for simplicity) that r , r�1, r 0, r 00 and `, `�1, `0, `00 are bounded.
Then the transformed quadratic form

q.eu/ WDed.U�1eu/; dom q WD U.domed/;

is given by dom q D H1.X; I � @Y; dsdY / and

q.eu/ D
Z

I�Y
�
`�2jeu0j2 C r�2jdYeuj2h CKjeuj2�dsdY �

hZ

Y

Q

`2
jeuj2

i

@I

where

K WD �jdY `j2h
4r2`2

� �Y `

2r2`
C Q2 CQ0

`2
� 2`0Q

`3
; Q WD 1

2

�`0

`
Cm

r 0

r

�

Proof. The claim follows from a straightforward but long calculation, using the
formula in Lemma 5.5.1. ut

Let us now fix the function ` D `", motivated by the embedded edge neighbour-
hood of Sect. 5.4. In particular, we

`".s; y/ D 1C r".s/�.s/b.y/ (5.31a)

with the following assumptions on b, r" and �: the functions bWY �! R, r1W I �!
.0;1/ and �W I �! R are twice differentiable and bounded with bounded
derivatives. Moreover, r�1

1 is bounded and b is harmonic, i.e.

�Y b D 0; and r".s/ D "r1.s/: (5.31b)

Then the metric is given by

g" D `2"ds
2 C r".s/

2h D �
1C r".s/�.s/b.y/

�2
ds2 C "2r1.s/

2h:

Remark 5.6.2. In Sect. 5.4, we analysed the special case Y D Œ�1=2; 1=2� and
b.y/ D y. The metric g" does not arise from an embedded tubular neighbourhood
with variable radius function r1 as the metriceg" does. Note thateg" has “off-diagonal
terms”, see Sect. 5.4. If the function r1 is constant, then eg" D g", i.e. the off-
diagonal terms vanish. In principle, one can also consider tubular neighbourhoods
and variable radius, together with the corresponding Dirichlet Laplacian.2

Note that � can be interpreted as a sort of “(extrinsic) curvature” of the curve gener-
ating the tubular neighbourhood as in Sect. 5.4. We denote by X" the corresponding
Riemannian manifold .X; g"/ with quadratic form associated with the Laplacian
with Dirichlet boundary conditions on @0X D I � @Y given by

2For a curve embedded in R
3 see e.g. [KP88, Sect. 4].
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d".u/ WD kduk2X" and dom d" D H1.X"; I � @Y; g"/:

Again, we want to use the unitarily equivalent quadratic form in the Hilbert space
L2.X; dsdY / without density, defined by

q".eu/ WD d".U
�1
" eu/; dom q" WD U".dom d"/;

where
U"W L2.X"/ �! L2.X; dsdY /; U"u WD "m=2r

m=2
1 `1=2" u

is unitary.
Using an asymptotic expansion for K D K" given in Lemma 5.6.1, we obtain

the following result:

Lemma 5.6.3. The transformed quadratic form q" is given by

q".eu/ D
Z

I�Y

� 1

`2"
jeu0j2C 1

"2r2
jdYeuj2hCK"jeuj2

�
dsdY � 1

2

hZ

Y

1

`2"

�`0
"

`"
Cmr

0
1

r1

�
jeuj2

i

@I
;

where

K" D �1
4

jdY bj2h�2 C q2 C q0 CR"; q WD mr 0
1

2r1
;

and R" D O."/ depends only on kbk1, k�.j /k1 and kr.j /k1, j D 0; 1; 2.

Remark 5.6.4. Let us make a comment on why for example the curvature term �2 is
only seen in the Dirichlet case: Formally, one could also consider the boundaryless
case, but on a manifold Y without boundary, all harmonic functions are constant
(on each connected component), so that ` D `.s/ is independent of y; in particular,
the potential K" does not contain the curvature term �2. Otherwise, if we drop the
condition of harmonicity of b, we obtain an additional term of the form

��Y `"

2r2" `"
D � ��Y b

2"r1`"
! 1

which is divergent as " ! 0.
Moreover, the transformation Uf D �1=2f respects the Dirichlet condition on

I � @Y , but not the Neumann (or Robin) condition, since the normal derivative will
be transformed in a more complicated expression involving the density function
�; in particular, the transformation is useless in the Neumann case, since then, the
effect of the potential �2 and the complicated boundary condition cancel each other.

Denote by �1 D �D
1 .Y / > 0 the first Dirichlet eigenvalue with corresponding

normalised eigenfunction '1. Without loss of generality, we may assume that '1 is
real-valued. Moreover, denote by �2 D �D

2 .Y / the second Dirichlet eigenvalue. If
Y is connected, then �2 > �1.
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Let us now compare the form d" defined on X" given as below with a 1-
dimensional problem on L2.I /. For simplicity, we assume that the radius function
r1 is constant on I , and that we impose also Dirichlet boundary conditions on the
“longitudinal” boundary @I � Y . In particular, we have no boundary term in the
transformed quadratic form q". As quadratic form in L2.I / we define

h0.f / WD kf 0k2I C ˝
f;K0f

˛
I
; domh0 WD VH1.I /;

where we imposed Dirichlet conditions on @I . The potential is given by

K0 WD �k'1dY bk2Y
4

�2 � 0:

Note that the potential contains the extrinsic curvature � of the curve embedded in
some ambient space as in the concrete situation of Sect. 5.4.

In order to get a convergence result, we need to rescale the form d": Denote by

h".u/ WD d".u/� �1

"2
kuk2X"; domh" WD VH1.X"/

the rescaled quadratic form with Dirichlet condition on the entire boundary of X".
Formally, we defined the partial isometric equivalence in Definition 4.4.11 only

for non-negative quadratic forms. Since the additional potentials K0 resp. K" in h0
resp. q" � "�2�11 Š h" are bounded, we can pass to the formseh" WD h" C c1 and
eh0 WD h0 C c1, which are non-negative for some c � 0 large enough. Note that
c � kK0k1; kK"k1 is sufficient.

Proposition 5.6.5. Assume that Y is connected and that the radius function r1 is
constant, w.l.o.g. r1.s/ D 1, and that b is harmonic. Then the quadratic forms
h" D d" � ."�2�1/1 and h0 are O."/-partial isometrically equivalent, where the
error depends only on kbk1, k'1dY bkY , k�.j /k1, j D 0; 1; 2 and �2 � �1.
Proof. We set H WD L2.I /, H 1 WD VH1.I /, fH WD L2.X"/ and fH 1 WD VH1.X"/.
The identification operator J W H �! fH is defined as Jf WD U�1

" .f ˝ '1/. Its
adjoint is given by .J �u/.s/ D h'1;eu.s; �/i whereeu D U"u. Moreover,

ku � JJ �uk2 D
Z

I

�
�eu.s/ � h'1;eu.s/i'1

�
�2ds

� "2

�2 � �1

Z

I�Y
1

"2

�jdYeuj2h � �1jeuj2�dY ds

� "2

�2 � �1

�
q".eu/� heu; K"eui�

� "2

�2 � �1

�
h".u/C ckuk2�
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by Proposition 5.1.2, provided c � kK"k1. Obviously, the identification operators
J and J � respect the quadratic form domains. The closeness of h" and h0 follows
from

h".Jf; u/� h0.f; J
�u/ D q".f ˝ '1;eu/ � �1

"2
hf ˝ '1;euiI�Y

� h0.f; s 7! h'1;eu.s; �/i/

D
Z

I�Y

h� 1

`"
� `"

�
f

0 ˝ '1 � `�1
" eu

0 C �
K".s; y/

�K0.s/
�
f ˝ '1 �eu

i
dY ds;

where we used partial integration on Y and the eigenvalue equation �Y ' D �1'

in order to get rid of the y-derivatives. Moreover, using the expansion of K" in
Lemma 5.6.3 gives

Z

I�Y
�
K".s; y/ �K0.s/

�
f ˝ '1 �eudY ds D

Z

I�Y
R".s; y/f .s/'1.y/eu.s; y/dsdy

�
Z

I

�.s/2

4
f .s/

Z

Y

�jdY b.y/j2h
� k'1dY bk2Y

�
eu.s; y/dyds:

The integral over Y can be estimated by

Z

Y

�
jdY bj2h � k'1dY bk2Y

�
'1 � vdY D hw � h'1;wi'1; viY D hw; v � h'1; vi'1iY ;

where w WD jdY bj2h'1 and v WD eu.s; �/ using the fact that the projection v 7! v �
h'1; vi'1 onto '?

1 is self-adjoint. In particular, the latter integral can be estimated
by

ˇ
ˇ
ˇ

Z

Y

�
jdY bj2h � k'1dY bk2Y

�
'1 � vdY

ˇ
ˇ
ˇ
2 � kwk2Y

�2 � �1

�kdY vk2Y � �1kvk2Y
�

using again Proposition 5.1.2. Altogether, we obtain

ˇ
ˇh".Jf; u/ � h0.f; J

�u/
ˇ
ˇ2

CS� ı2"
�kf 0k2 C kf k2�

�
k`�1
" eu

0k2 C 1

"2

�kdYeuk2 � �1keuk2�C keuk2
�

� ı2"
�
h0.f /C .kK0k1 C 1/kf k2��h".u/C .kK"k1 C 1/keuk2�

� ı2"
�
h0.f /C .c C 1/kf k2��h".u/C .c C 1/keuk2�;
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where c � kK0k1; kK"k1. The total error of the partial isometry is given by

ı2" WD max
n
3k`�1

" � `"k21; 3kR"k21;
3"2

�2 � �1 max
nk�k21k'1dY bk2Y

4
; 1
oo
:

Note that ı" D O."/, since

k`�1
" � `"k1 D 2ksinh log `"k1 � 2 sinh

�
"k�k1kbk1

� D O."/

and kR"k1 D O."/ by Lemma 5.6.3. ut
Similarly, we can prove the above result if the boundary term in q" does not

vanish: Let us state the following result for Neumann boundary conditions on
@I � Y , i.e. we have no condition in the quadratic form domain on @I � Y .

Proposition 5.6.6. Assume that Y is connected and that the radius function r1 is
constant, w.l.o.g. r1.s/ D 1, and that b is harmonic. Then the quadratic forms
h" D d" � "�2�11 on domh" WD H1.X"; I � @Y / and h0 on domh0 D H1.I /

are O."/-partial isometrically equivalent, where the error depends only on kbk1,
k'1dY bkY , k�.j /k1, j D 0; 1; 2, minflen.I /; 1g and �2 � �1.

Proof. In addition to the preceding proposition, we have to estimate the additional
boundary term in q", which can be done as follows: Note first thateu D "m=2`

1=2
" u

and

ˇ
ˇ
ˇ�1
2

hZ

Y

1

`2"
� `

0
"

`"
f .�/'1eudY

i

@I

ˇ
ˇ
ˇ
2

� �
�`�3=2

" .log `"/
0��21

X

s2@I
jf .s/j2"m

Z

Y

ju.s; �/j2dY

� �1
�
�`�3=2

" .log `"/0
�
�21
�
akf 0k2I C 2

a
kf k2I

��
akduk2X" C 2

a
kuk2X"

�

for 0 < a � len.I / using Corollary A.2.8 twice, where �1 D .k`"k1k`�1
" k1/d

for the estimate involving u. The value of the relative distortion �1 (see Defini-
tion A.2.2) follows from

1

k`�1
" k21

�
ds2 C 1

"2
h
�

� g" D `2"ds
2 C "�2h � k`"k21

�
ds2 C 1

"2
h
�
:

In particular, we get an extra error term of order O."/. ut
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Chapter 6
Plumber’s Shop: Estimates for Star Graphs
and Related Spaces

In this chapter, we consider the reduction of a graph-like manifold to the underlying
quantum graph model. We treat here only star-shaped graphs., i.e., a graph with one
central vertex v and deg v-many edges e 2 Ev D E attached. The case of general
graphs and their graph-like manifolds will be treated in Chap. 7. Note that any graph
G can be decomposed into star-shaped graphsGv by cutting each interior edge (i.e.,
each edge of finite length) in the middle.

Let us now consider such a single building block Gv. For ease of notation, we
often omit the dependence on the central vertex1 v of Gv, and we use `e as length
of the emanating edges instead of `e=2. A graph-like manifold associated with the
star-shaped graphG D Gv consists of a space with cylindrical endsX";e D Ie � "Ye
with radius " of the transversal (or cross-sectional) manifold Ye for each edge e 2
E D Ev and a central manifold X";v. Strictly speaking, a graph-like manifold is a
family of Riemannian manifolds fX"g0<"�"0 for a certain "0 > 0, but in general, no
confusion should occur. If we want to stress the "-dependence of X", we also speak
of a scaled graph-like manifold..

In the limit, X" “converges” to the underlying metric graph G D Gv. We show
that the Laplacian on X" is ı"-partial isometrically equivalent with a Laplace-like
operator on the metric graph and we provide precise error estimates for ı" ! 0. The
limit operator depends on the choice of boundary conditions on the “transversal”
boundary @0X". Note that the transversal boundary @0X" is non-trivial if the cross-
section Ye has non-trivial boundary.

We first treat the Neumann (or boundaryless) case, since in this case the
lowest transversal eigenmode is 0 and the corresponding eigenfunction is constant.
The limit operator is basically determined by the vertex neighbourhood scaling.
Of particular interest are the non-decoupling limit operators of Sects. 6.4, 6.6
and 6.10. Similar results have been proven in [RuS01a, KuZ01, KuZ03, EP05]

1Having the decomposition of G into star-shaped graphs Gv in mind, we do not consider the
free ends of the edges of Gv with finite length as vertices, but only as boundary points (see
Remark 2.2.17).

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 6, © Springer-Verlag Berlin Heidelberg 2012
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(see also Sects. 1.2.1–1.2.2). The slowly decaying and borderline case (see below)
were introduced in [KuZ03] (see also [EP05]) showing the convergence of the
spectrum for compact graphs and manifolds. The notion “plumber’s shop” has
been adopted from the article of Rubinstein and Schatzman [RuS01a], where the
authors used it for the necessary local estimates of the identification operators from
the graph to the graph-like manifold and vice versa. We extend the analysis here
to non-compact spaces and show in particular the ı"-quasi unitary equivalence
(resp. ı"-partial isometry) implying e.g. the convergence of resolvents and the
convergence of the entire spectrum. At the end of this chapter, we describe a special
situation, where we deal with Dirichlet boundary conditions (see Sect. 6.11), cf.
also [P05, MV07, G08b, G08a].

Let us briefly describe the content of the subsequent sections: Sect. 6.1 contains
the different graph models for the limit space, depending on the scaling behaviour
of the vertex neighbourhood X";v. In Sect. 6.2 we construct graph-like manifolds,
starting with a simple example, namely, that of a vertex neighbourhood scaling as
X";v D "Xv. If the scaling is different like e.g. X";v D "˛Xv for some ˛ 2 .0; 1/,
we have to assure that the vertex neighbourhood still can be glued to the edge
neighbourhood X";e D Ie � "Ye. This needs some homogeneity of the transversal
manifold Ye allowing an isometric embedding "Ye ,! "˛Ye, treated in detail
in Sect. 6.2.2. As a simple example, the reader should have a Euclidean ball as
transversal manifold Ye in mind. We also introduce the associated quadratic forms
for the Laplacians and boundary triples. The latter are used in Chap. 7 in order to
pass from star-shaped graphs to general graphs. Section 6.3 contains some necessary
estimates on functions on X";v.

Sections 6.4–6.6 treat the ı"-partial isometry of the models with vertex neigh-
bourhood X";v D "˛Xv depending on ˛ 2 .0; 1� for the Neumann Laplacian.
Section 6.7 treats a star-shaped graph and its neighbourhood embedded in R

2.
Section 6.8 contains a different way how to join the scaled vertex neighbourhood
X";v D "˛Xv for ˛ 2 .0; 1/ with the edge neighbourhoods X";e , namely by
joining both with a suitable truncated cone. This situation allows us to treat e.g.
boundaryless transversal manifolds Ye like a sphere S

1. Sections 6.9–6.10 contain
then the reduction to the corresponding graph models. Finally, in Sect. 6.11, we
consider a special situation of a Laplacian with Dirichlet boundary condition and
the associated (decoupled) graph model.

6.1 The Graph Models for Neumann Boundary Conditions

Let us start with a simple example of a star-shaped metric graph G D Gv having
only one vertex v and deg v-many adjacent edges e of length `e 2 .0;1�. We
identify the (metric) edge e with the interval Ie WD Œ0; `e� (resp. Ie D Œ0;1/ for
exterior edges, i.e. `e D 1) oriented in such a way that 0 corresponds to the vertex v.
Moreover, the metric graphG D Gv is given by the abstract space Gv WD �S

e Ie= �
where � identifies the points 0 2 Ie with the vertex v. The star-shaped metric graph
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G has boundary @G consisting of the (free) endpoints `e 2 Ie of the interior edges,
i.e. the edges of finite length. Recall that the free endpoints are not considered as
vertices of the graphG (see Remark 2.2.17).

We will define different types of Laplacians on G via their quadratic forms. The
different types of Laplacians depend on a parameter ˛, which is the length scale
rate of the vertex neighbourhood, i.e. volX";v � "˛d volXv and the total transversal
volume volY". Here,

Y" WD �[
e

Y";e (6.1)

denotes the total scaled transversal manifold consisting of the disjoint union of the
transversal manifolds Y";e , and Y WD Y1 the corresponding unscaled manifold. In
particular

volY" D "m volY; where m WD d � 1:

The spaces are described in detail in Sects. 6.2 and 6.8. The operators in the limit
" ! 0 are determined by the ratio

vol."; v/ WD vold X";v
volm Y"

Š "˛d�m vold Xv

volm Y
: (6.2)

We will distinguish three cases, depending on the limit vol.0; v/ WD lim"!0 vol."; v/:

� Fast decaying vertex volume:
m

d
< ˛ � 1 (vol.0; v/ D 0),

� The borderline case: ˛ D m

d
(vol.0; v/ 2 .0;1/),

� Slowly decaying vertex volume: 0 < ˛ <
m

d
(vol.0; v/ D 1).

6.1.1 Fast Decaying Vertex Volume

In the fast decaying case, the limit space is the simple quantum graph .G;V /
together with its associated Laplacian operator. For the notation of metric and
quantum graphs and associated operators, we refer to Sect. 2.2. Here, the vertex
space V D Vv is a weighted standard vertex space at the central vertex, i.e.

Vv WD Cp.v/;

where p.v/ D fpe.v/ge2Ev consists of positive entries pe.v/ > 0 only. Since our
graph has only one central vertex, we also write p D fpege2E , where p D p.v/,
pe D pe.v/ and E D Ev. We interpret pe > 0 as a weight, determined by the
corresponding transversal manifold Ye , i.e. pe D .volYe/1=2 (see Sects. 6.4–6.6).

Let us recall the definitions in our situation here. The basic Hilbert space
associated with G D Gv is

H D Hv WD L2.G/ D
M

e2Ev

L2.Ie/:



294 6 Plumber’s Shop: Estimates for Star Graphs and Related Spaces

We define the Laplacian by its quadratic form

d.f / D dv.f / WD kf 0k2G D
X

e2E
kf 0

e k2Ie ; domd WD H1
p.G/;

where H1
p.G/ denotes the Sobolev space associated with the weight p and is

given by

H 1 D H 1
v WD H1

p.G/ D ˚
f 2 H1

max.G/ D
M

e

H1.Ie/
ˇ
ˇ f 2 Cp

�
: (6.3)

Moreover, f WD ffe.0/ge 2 C
Ev Š C

deg v is the evaluation vector of f at the
vertex v. We use the notation

f D f .v/p; i.e. fe D f .v/pe (6.4)

for all e 2 E. In particular, we have

jf j2 D
X

e2Ev

jfe.0/j2 D jf .v/j2jpj2:

A simple consequence of the Sobolev trace estimate in Corollary A.2.8 resp.
Corollary A.2.18 is the following:

Lemma 6.1.1. We have

jf .v/j2 � jpj�2
�
akf 0k2G C 2

a
kf k2G

�
� jpj�2 max

n
a;
2

a

o
kf k2H1.G/;

for all f 2 H1
p.G/ and for all 0 < a � mine2E `e , where kf k2H1.G/ D kf 0k2G C

kf k2G .

As in the previous lemma, we often need a lower bound on the length `e:

Definition 6.1.2. We call `�.v/ WD mine2Ev f`e; 1g the (modified) minimal length at
the vertex v.

It is convenient to have an upper bound on the minimal length, say `�.v/ � 1, since
then, we have the estimate

max
n
a;
2

a

o
� 2

`�.v/

for 0 < a � mine `e. Nevertheless, it is sometimes useful to keep the original
formulation including the parameter a, e.g., when showing that a quadratic form is
relatively bounded w.r.t. another quadratic form (see e.g. [EP09]).

The following result is a special case of Corollary 2.2.11. For convenience, we
formulate it in our case here:
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Proposition 6.1.3. The quadratic form d with dom d D H1
p.G/ is closed. The

associated non-negative operator � D �v is given by .�f /e D �f 00
e with domain

H 2 D dom�, where f 2 H 2 iff f 2 H2
max.G/ and

fe1.v/

pe1
D fe2.v/

pe2
DW f .v/ 8 e1; e2 2 Ev;

X

e2Ev

pef
0
e .0/ D 0 (6.5a)

and f 0
e .`e/ D 0 for all e 2 E such that `e < 1. (6.5b)

Proof. By Lemma 6.1.1, H1
p.G/ is a closed subspace of H1

max.G/. Since the
norm associated with the quadratic form d is precisely the Sobolev norm
k�kH1.G/, the closeness of d follows. The assertion on the associated operator is
straightforward. ut

In order to glue different spacesG D Gv together according to a given graph, we
use the notion of boundary triples introduced in Sect. 3.4. Recall that the boundary
of Gv consists of the “free” endpoints of the edges of finite length, i.e.

@G D @Gv D �[
e2Ev;int

f`eg;

where Eint D Ev;int D f e 2 E j `e < 1 g denotes the set of interior edges. We
associate a boundary triple .�v; �

0
v ;Gv/ to Gv as follows: Set

Gv WD C
Ev;int D

M

e2Ev;int

Ge

with Ge D C, and the boundary maps are given by

�vf D
M

e2Ev;int

�v;ef and � 0
v f D

M

e2Ev;int

� 0
v;ef;

and where

�v;eW H 1
v �! C � 0

v;e W W 2
v �! C;

f 7! fe.`e/; f 7! f 0
e .`e/:

Moreover,

W 2
v D

n
f 2 H2

max.Gv/
ˇ
ˇ
ˇ
fe1.v/

pe2
D fe1.v/

pe2
8 e1; e2 2 Ev;

X

e2Ev

pef
0
e .0/ D 0

o

is the Sobolev space of order 2, and the (Sobolev-)maximal operator is defined by
. L�f /e D �f 00

e for f 2 W 2
v .

For the notation sinz;e;˙, tanz and cotz we refer to (2.17).
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Proposition 6.1.4.

1. The triple .�v; �
0

v ;Gv/ is a bounded, elliptic boundary triple associated with d D
dv and

k�vk1!0 � .2=`�.v//1=2 D
� 2

minef`e; 1g
�1=2

2. The corresponding Neumann operator is �v with domain given in (6.5b). The
corresponding Dirichlet operator has the vertex condition as in (6.5a) at v and
Dirichlet conditions fe.`e/ D 0, e 2 Ev;int.

3. Let F D fFege2Ev;int 2 Gv and z 2 C n RC. Then the Dirichlet solution operator
is given by h D Sv.z/F , where

he.s/ D
(
h.v/pe sinz;e;�.s/C Fe sinz;e;C.s/; if e 2 Ev;int

h.v/peei
p

z s ; if e 2 Ev;ext

with

h.v/ D 1

C.z/

X

e2Ev;int

pe

sinz `e
� Fe and C.z/ D

X

e2Ev;int

p2e cotz `e � i
X

e2Ev;ext

p2e :

4. The Dirichlet-to-Neumann map is represented by the matrix

�v.z/e1;e2 D

8
ˆ̂
<̂

ˆ̂
:̂

�
p

z

C.z/
� pe1pe2

sinz `e1 � sinz `e2
; if e1 ¤ e2

�
p

z

C.z/
� p2e1
.sinz `e1 /

2
C p

z cotz `e1 ; if e1 D e2

for e1; e2 2 Ev;int.

Proof. (1) follows from Proposition 2.2.18, where we interpret the boundary @G of
G as vertices with associated vertex space C (see Remark 2.2.17). (2) is obvious.
Assertions (3)–(4) follow from a straightforward calculation. Note that s 7! ei

p
z s

is in L2.RC/ since Im
p

z > 0. ut
Let us calculate the Dirichlet solution and Dirichlet-to-Neumann map in the special
case of an equilateral star graph `e D 1 for all e 2 Ev:

Corollary 6.1.5. Assume that `e D 1 for all e 2 Ev (in particular, there are no
exterior edges).

1. The spectrum of the (Neumann) and Dirichlet operator�v and�D
v is given by

�.�N
v / D

n �2k2

4

ˇ
ˇ
ˇ k D 0; 1; 2; : : :

o
and �.�D

v / D
n �2k2

4

ˇ
ˇ
ˇ k D 1; 2; : : :

o
;

respectively.
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2. Let F D fFege2Ev 2 Gv and z 2 C n RC. Then the Dirichlet solution operator is
given by h D Sv.z/F , where

he.s/ D h.v/pe sinz;e;�.s/C Fe sinz;e;C.s/ with

h.v/ D 1

cos
p

z
� 1

jpj2
X

e2Ev

peFe:

3. The Dirichlet-to-Neumann map is given by

�v.z/ D
p

z

sin
p

z � cos
p

z

��P C .cos
p

z/2�
�
;

where P is the orthogonal projection onto Cp in C
Ev . The eigenvalues of �.z/

are �p
z tan

p
z with eigenvector p and

p
z cot

p
z with eigenspace p? and

multiplicity deg v � 1. In particular, for z D ��2 and � > 0, the eigenvalues
of �.��2/ are positive and given by � tanh � and � coth �.

We can use the above formula for �.z/ in order to obtain a meromorphic contin-
uation. Note that the poles of �.z/ (i.e. the poles of the eigenvalues) are precisely
given by the Dirichlet spectrum, and the zeros of �.z/ (i.e. the values z 2 RC for
which�.z/ is not invertible) are given by the Neumann spectrum. In Chap. 7, we use
such “building blocks” consisting of a star graph at the vertex v in order to construct
a coupled boundary triple as in Sect. 3.9. The (global) Laplacian on the entire graph
is then the Neumann operator associated with this coupled boundary triple.

6.1.2 Slowly Decaying Vertex Volume

In the slowly decaying case, the limit space is an extended quantum graph
.G;Cp;L/ with weighted standard vertex space Cp and trivial operatorL D 0 (see
Definition 2.3.1) together with the associated Laplacian. Let us recall the definitions.
The basic Hilbert space is the extended Hilbert space

H D Hv WD L2.G/ WD
M

e2E
L2.Ie/˚ C; (6.6)

i.e, we have an additional state F D F.v/ 2 C at the vertex v. The quadratic form
is the extended quadratic form defined by

d. Of / D dv. Of / WD kf 0k2G D
X

e

kf 0
e k2Ie ;

where Of D .f; F / 2 domd D H 1 	 L2.G/˚ C and

H 1 D H 1
v WD

M

e

H1
0.Ie/˚ C:
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Note that in Sect. 2.3, we used the notation Od0 for d. Moreover, H1
0.Ie/ D

H1.Ie; 0/ D f f 2 H1.Ie/ j fe.0/ D 0 g is the Sobolev space with Dirichlet
condition in 0. Obviously, the quadratic form d is decoupled, i.e. d D L

e d
D
e ˚ 0,

where dD
e is the quadratic form on H1

0.Ie/ with Dirichlet condition at 0 and 0 is the
trivial quadratic form on C (see also Corollary 2.3.4). The corresponding operator

� D �v D ˚�0Ie ˚ 0;

is also decoupled, where �0
Ie

is the Laplacian with Dirichlet condition at 0 and
Neumann condition at `e (if `e < 1).

Moreover, the boundary triple .�v; �
0

v ;Gv/ associated with dv is given by Gv WD
C
Ev;int and

�vW H 1
v �! C

Ev;int ; � 0
v W W 2

v �! C
Ev;int ;

�v
Of WD ffe.`e/ge2Ev;int ; � 0

v
Of WD ff 0

e .`e/ge2Ev;int ;

where

W 2
v WD

M

e

H2
0.Ie/˚ C and H2

0.Ie/ D H2.Ie/\ H1
0.Ie/

with the corresponding maximal operator L�. Note that the boundary triple is
decoupled, i.e. .�v; �

0
v ;Gv/ is the direct sum of the boundary triples .�e; � 0

e ;Ge/
associated with the form dD

e , where

�efe WD fe.`e/; � 0
e fe WD f 0

e .`e/; Ge WD C:

The following result is now obvious:

Proposition 6.1.6.

1. The triple .�v; �
0

v ;Gv/ is a bounded, elliptic boundary triple associated with d D
dv with k�vk1!0 � .2=`�.v//1=2.

2. The corresponding Neumann and Dirichlet operators are

�v D �N
v D

M

e2Ev

�0
Ie

˚ 0 and �D
v D

M

e2Ev

�@Ie
Ie

˚ 0;

where �@IeIe is the Laplacian with Dirichlet conditions on @Ie. Moreover,

�.�N
v / D

n .2k � 1/2

.2`e/2

ˇ
ˇ
ˇ e 2 E; k 2 N

o
and �.�D

v / D
n k2

`2e

ˇ
ˇ
ˇ e 2 E; k 2 N

o
:

3. Let F D fFege2Ev;int 2 Gv and z 2 C n RC. Then the Dirichlet solution operator
is given by h D Sv.z/F , where he D Fe sinz;e;C if e 2 Ev;int and he D 0 if
e 2 Ev;ext.
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4. The Dirichlet-to-Neumann map is given by

�v.z/ D
M

e2Ev;int

�e.z/; where �e.z/ D p
z cot.

p
z `e/:

6.1.3 The Borderline Case

In the borderline case, the limit space is again an extended quantum graph
.G;Cp;L/ with weighted standard vertex space Cp, but now with non-trivial
operator L. Since the vertex space Cp is one-dimensional, L D L.v/ is the
multiplication with a real number. Let us recall the definitions from Sect. 2.3. The
underlying Hilbert space is the same as in (6.6). The quadratic form is given by

d. Of / D dv. Of / WD kf 0k2G D
X

e

kf 0
e k2Ie

with domain dom d D H 1 and

H 1 D H 1
v WD ˚ Of D .f; F / 2 H1

p.G/˚ C
ˇ
ˇ f .v/ D LF

�

coupling the extra state with the values of f at the vertex v. In the notation of
Sect. 2.3, we have d D OdL and H 1 D OH 1

L . We will fix the quantities pe.v/ > 0 and
L D L.v/ > 0 in Sect. 6.6. The corresponding operator acts as

�v
Of D

�
�f 00;� L

jpj2
X

e2Ev

pef
0
e .0/

�
(6.7a)

for Of D .f; F / 2 dom�v D H 2, where

H 2 WD ˚
.f; F / 2 H2

p.G/˚ C
ˇ
ˇ f .v/ D LF; f 0

e .`e/ D 0 8e 2 Eint
�

(6.7b)

(see Corollary 2.3.5).
The boundary triple .�v; �

0
v ;Gv/ associated with dv in this situation is given by

Gv WD C
Ev;int and

�vW H 1
v �! C

Ev;int ; � 0
v W W 2

v �! C
Ev;int ;

�v
Of WD ffe.`e/ge2Ev;int ; � 0

v
Of WD ff 0

e .`e/ge2Ev;int ;

where
W 2

v WD ˚ Of D .f; F / 2 H2
p.G/˚ C

ˇ
ˇ f .v/ D LF

�
:
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is the Sobolev space of order 2, and the (Sobolev-)maximal operator is defined
formally as in (6.7a), but with domain W 2

v .
The proof of the following result is very similar to the one of Proposition 6.1.4:

Proposition 6.1.7.

1. The triple .�v; �
0

v ;Gv/ is a bounded, elliptic boundary triple associated with d D
dv and k�vk1!0 � .2=`�.v//1=2.

2. The corresponding Neumann operator is �v with domain given in (6.7b). The
corresponding Dirichlet operator has the same domain, but with the conditions
fe.`e/ D 0 at the finite ends, e 2 Ev;int.

3. Let F D fFege2Ev;int 2 Gv and z 2 C n RC. Then the Dirichlet solution operator

is given by Oh D Sv.z/F , where Oh D .h;H/ and

he.s/ D
(
h.v/pe sinz;e;�.s/C Fe sinz;e;C.s/; if e 2 Ev;int

h.v/peei
p

z s ; if e 2 Ev;ext

with

h.v/ D 1

eC.z/

X

e2Ev;int

pe

sinz `e
� Fe and

eC.z/ D
X

e2Ev;int

p2e cotz `e � i
X

e2Ev;ext

p2e �
p

z

L2
:

4. The Dirichlet-to-Neumann map is represented by the matrix

�v.z/e1;e2 D

8
ˆ̂
<̂

ˆ̂
:̂

�
p

z
eC.z/

� pe1pe2
sinz `e1 � sinz `e2

; if e1 ¤ e2

�
p

z
eC.z/

� p2e1
.sinz `e1 /

2
C p

z cotz `e1 ; if e1 D e2

for e1; e2 2 Ev;int.

Let us calculate the Dirichlet solution and Dirichlet-to-Neumann map in the special
case of an equilateral star graph `e D 1 for all e 2 Ev:

Corollary 6.1.8. Assume that `e D 1 for all e 2 Ev (in particular, there are no
exterior edges).

1. The spectrum of the (Neumann) and Dirichlet operator�v and�D
v is given by

�.�N
v / D

n .2k � 1/2�2

4

ˇ
ˇ
ˇ k 2 N

o
[ ˚

	 > 0
ˇ
ˇD.

p
	/ D 0

�
and

�.�D
v / D f�2k2 j k 2 N g [ ˚

	 > 0
ˇ
ˇD.

p
	/ D 0

�
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respectively, where

D.w/ WD cos w � 1

jpj2L2 � w sin w:

2. Let F D fFege2Ev 2 Gv and z 2 C n RC. Then the Dirichlet solution operator is
given by h D Sv.z/F , where

he.s/ D h.v/pe sinz;e;�.s/C Fe sinz;e;C.s/

with

h.v/ D 1

D.
p

z/jpj2
X

e2Ev

peFe

3. The Dirichlet-to-Neumann map is given by

�v.z/ D p
z
� �1
D.

p
z/ sin

p
z

� P C cot
p

z � �
�
;

where P is the orthogonal projection onto Cp in C
Ev . The eigenvalues of �.z/

are
�p

z..D.
p

z/ sin
p

z/�1 � cot
p

z/ and
p

z cot
p

z

with eigenvector p and eigenspace p? of dimension deg v � 1, respectively. In
particular, for z D ��2 and � > 0, the eigenvalues of �.��2/ are positive and
given by

�
�

coth � � 1

.cosh � C .jpj2L/�2� sinh �/ sinh �

�
and � coth �:

Note that formally, L D 0 corresponds to the slowly decaying case and L D 1
to the fast decaying case (in the sense that L ! 1 enforces F D 0 andP

e pef
0
e .0/ D 0). Moreover, D.w/ D DL.w/ ! cos w as L ! 1, and we obtain

the formula for the Dirichlet-to-Neumann map as in the fast decaying case.

6.2 The Manifold Models

6.2.1 A Simple Graph-Like Manifold

Edge and Vertex Neighbourhoods

In this section, we construct a building block consisting roughly of the neighbour-
hood of the star-graph G D Gv. Let us first treat the case when all length `e are
finite; for the general case see Sect. 6.2.4. Assume that X D XC

v is a d -dimensional
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Riemannian manifold having a finite number of cylindrical ends Xe, labelled by
e 2 E D Ev. More precisely, let Xe;Xv 	 X be d -dimensional, compact,
connected submanifolds, such that

X D XC
v D Xv �[ �[

e2E
Xe; (6.8)

i.e. the union is disjoint up to sets of d -dimensional measure 0. For the cylindrical
ends, we assume that

Xe D Ie � Ye
with product metric, where Ie WD Œ0; `e� and where Ye is a compact connected
Riemannian manifold of dimensionm WD d � 1.

Definition 6.2.1. We call the manifoldX a graph-like manifold associated with the
metric star graph G. Moreover, we call Xv and Xe the vertex neighbourhood and
edge neighbourhood, respectively. Finally, we call the manifold Ye the transversal
manifold associated with the edge e.

Let us now carefully describe the different boundary components. For the general
notion we refer to Sect. 5.1.2.

The Boundaryless Case

We first treat the case when Ye D ; for all edges e. Then the boundary ofX consists
of

@X D @1X D �[
e

f`eg � Ye and @0X D ;;

i.e. the total boundary equals the longitudinal boundary, the transversal boundary
@0X is empty.

The boundary of the subset Xv 	 X consists of internal boundary only, i.e.

@Xv D V@Xv D �[
e

@eXv;

where @eXv Š Ye is the component meeting the edge neighbourhood Xe. The
boundary of the cylindrical end Xe is given by

@Xe D V@Xe �[ @1Xe;

where
@1Xe D f`eg � Ye and V@Xe D @vXe D f0g � Ye (6.9)

denotes the longitudinal and internal boundary, respectively. In this situation, all
boundary components are smooth submanifolds (provided all manifolds Ye are
smooth).
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The Case of Transversal Boundaries

Let us now treat the case when all transversal manifolds Ye have non-trivial
boundary. The mixed case can be treated similarly. In this situation, the boundary of
X consists of

@X D @1X �[ @0X;

where
@1X D �[

e

f`eg � Ye and @0X D @X n @1X

denotes the longitudinal boundary and transversal boundary, respectively. More-
over,

@Xv D V@Xv �[ @0Xv

is the decomposition into the internal and transversal boundary of the vertex
neighbourhoodXv, where

V@Xv D �[
e

@eXv;

and @eXv Š Ye is the component meeting the edge neighbourhoodXe, and where
@0Xv D @0X \ Xv. In addition,

@Xe D @vXe �[ @0Xe �[ @1Xe

is the decomposition into the internal, transversal and longitudinal boundary of the
edge neighbourhoodXe, respectively. Here,

@0Xe D Ie � @Ye;

and @1Xe and V@Xe are given as in (6.9). Note that in both cases, we have

@vXe D @eXv Š Ye and @1Xe Š Ye

isometrically.

A Further Decomposition of the Vertex Neighbourhood

In order to show Sobolev trace estimates as in (6.20), we need to decompose the
vertex neighbourhoodXv into further components, namely,

Xv D X�
v

�[ �[
e2E

Xv;e (6.10)

where X�
v ; Xv;e 	 Xv are again closed subsets of X and d -dimensional compact

connected submanifolds, and whereXv;e is a collar neighbourhood of the boundary
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component @eXv. More precisely, we assume that

Xv;e D Iv;e � Ye; Iv;e D Œ0; `v;e�;

together with the product metric. We assume that


 min
e
`e � `v;e � `max 8 e 2 Ev;

where 0 < 
 � 1 and `max > 0. For convenience, we choose 
 D 1 and `max D 1,
so that

`�.v/ � min
e
`e � min

e
`v;e � 1; (6.11)

but any other value for 
 and `max would work as well, as far as it is independent
of v. Sometimes it is useful to keep the independent lengths scale; for example when
dealing with approximations of other vertex conditions as in [EP09].

Remark 6.2.2. It is easy to see that the decomposition (6.10) always exists if X has
smooth transversal boundary @0X (or if @0X D ;). If Xv does not have long enough
cylindrical ends Xv;e, we start with another decomposition of X into OXe and OXv.
More precisely, OXv consists of Xv and a cylinder of length 
`e taken from the (old)
edge neighbourhood Xe for each edge. The new edge neighbourhood OXe has now
length .1 � 
/`e . In order to obtain an edge neighbourhood of full length `e, we
need to stretch the length coordinate Ose 2 OIe D Œ
`e; `e� into se 2 Ie D Œ0; `e� by an
affine-linear transformation.

We have seen in Proposition 5.3.7 that such a rescaling of the longitudinal
direction leads to Oı-quasi-unitary equivalent quadratic forms on each edge, where
Oı D 2
.1 � 
/�1=2. Note that we have r.s/ D 1 and `.s; y/ D 1 in the
notation of Proposition 5.3.7. Moreover, it is easy to see that the quadratic forms
on the full space OXv �[ �S

e
OXe resp. OXv �[ �S

e Xe (cf. Sect. 6.2.3 below) are
again Oı-quasi-unitarily equivalent. In particular, as identification operators we define
J WD id OXv

˚L
e Je (recall that .Jef /.Ose; ye/ D f .se; ye/ as in the proof of

Proposition 5.3.7) and similarly for J 0. These operators respect the spaces of order
0 and 1 (but not of higher order).

In the scaled version X" of the manifold X defined below, we can choose 
 D
O."/.

The Scaled Graph-Like Manifold

In what follows, we need a shrinking parameter 0 < " � 1. Set

X";e WD Ie � "Ye and X";v WD "X;
v (6.12)

i.e. X";e and X";v are the manifoldsXe D Ie � Ye and Xv with metrics

g";e D ds2e C "2he and g";v D "2gv;
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where he and gv are metrics on Ye and Xv, respectively. Moreover, we decompose
the vertex neighbourhoodX";v as above into

X";v D X�
";v

�[ �[
e2E

X";v;e ;

where
X";v;e D ".Iv;e � Ye/ and X�

";v D "X�
v :

The regularity of the scaled manifoldX" is as good as the regularity of the unscaled
manifold X , i.e. if the edge and vertex neighbourhoods Xv and Xe fit smoothly
(resp. Lipschitz continuous) together, thenX";v andX";e fit smoothly (resp. Lipschitz
continuous) to a manifold

X" D X";v �[ �[
e2E

X";e

(see Figs. 6.1 and 6.2).

Definition 6.2.3. We call the Riemannian manifold X" constructed above the
scaled graph-like manifold associated with the metric star graph G with vertex
neighbourhood scaling ".

We will frequently refer to X" simply as graph-like manifold, although more
precisely, we should speak of the family fX"g" of graph-like manifolds. However,
no confusion should occur.

Moreover, we use again the short hand notation X" for the Riemannian manifold
.X; g"/, where g" is given by g";e and g";v on the components X";e and g";v.
respectively.

For the different boundary components we employ a similar notation as in the
unscaled case. In particular, we have the scaling behaviour

Fig. 6.1 A smooth 2-dimensional graph-like manifold with vertex neighbourhood scaling ". The
transversal manifolds Ye are 1-dimensional spheres, and have no boundary. Moreover, the total
boundary @X" of X" equals the longitudinal boundary @1X" and consists of three 1-spheres here

(dashed line). The internal boundaries V@X";e , V@X";v and V@X�

";v are drawn by dotted lines
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Fig. 6.2 A 2-dimensional graph-like manifold with smooth transversal boundary @0X" (solid line)
with vertex neighbourhood scaling ". The transversal manifolds Ye are 1-dimensional intervals.

The longitudinal boundary @1X" is drawn dashed, and the internal boundaries V@X";e , V@X";v and
V@X�

";v are drawn dotted

@1X" D "@1X

for the longitudinal boundary of the entire manifold. Moreover, for the edge
neighbourhood, we have

V@X";e D @vX";e D "@vXe D " V@Xe;

and
@0X";e D Ie � "@Ye and @1X";e D "@1XeI

recall that @0Xe D Ie � @Ye. For the vertex neighbourhood, we have behaviour

@1X";v D "@1Xv; V@X";v D �[
e

@eX";v D �[
e

"@eXv D " V@Xv and @eX";v D "@eXv

for the transversal boundary and the internal boundary (components) of Xv;e (see
Fig. 6.2).

6.2.2 Graph-Like Manifolds with Different Scalings

Let us now consider the case when the transversal manifold and the vertex
neighbourhood have a different scaling. Namely, we assume that the edge and vertex
neighbourhoods are defined as

X";e WD Ie � "Ye and X";v WD "˛X;
v (6.13)
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i.e. X";e and X";v are given by the manifolds Ie � Ye and Xv with metrics

g";e D ds2e C "2he and g";v D "2˛gv;

respectively. Here, the vertex neighbourhood scales with a slower rate

0 < ˛ < 1

than the transversal manifolds Ye.
In order that the boundary components @vX";e Š "Ye of the edge neighbourhood

and the corresponding component "˛@eXv Š "˛Ye of the vertex neighbourhood fit
together, we have to assume a sort of homogeneity on the transversal manifold Ye.
In particular, we assume that @Ye is non-trivial for all e, and that for each edge e,
there is an isometric embedding

'";e W "Ye ,! Ye (6.14)

for all 0 < " � 1, i.e. there is a differentiable map

'";e WYe ,! Ye

such that
he.y/

�
d'";e.y/:�; d'";e.y/:�

� D "2he.y/.�; �/

for all � 2 TyYe and y 2 Ye . We assume that the longitudinal derivative '0
";e defined

as
'0
";e.y/ WD @"'";e.y/ 2 TeyYe; ey D '";e.y/;

is bounded by some constant Ce > 0 depending only on Ye , i.e. that

j' 0
";e.y/j2he.ey/ WD he

�
' 0
";e.y/; '

0
";e.y/

� � C2
e (6.15)

for all y 2 Ye and 0 < " � 1.
The basic example we have in mind is Ye D B.0; re/ 	 R

m, i.e. a closed ball in
Euclidean space, together with

'";e.y/ WD "y (6.16)

on the unscaled space Ye (see Fig. 6.3). Here, we have

' 0
";e.y/ D y and j' 0

";e.y/j D jyj � re DW Ce;

i.e. the constant Ce depends only on the radius of Ye. Note that the embedding '";e
is not unique. We could alternatively define '";e.y/ WD "y � y0 for some point
y0 2 B.0; re/ provided " is small enough.
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Fig. 6.3 The embedding '";e for Ye being an interval, on the left the unscaled manifold (on which
we formally define the map '";e), on the right the isometric picture of the scaled version

Fig. 6.4 The radius function r";v;e and the truncated cone KX";v;e with underlying space Xv;e D
Iv;e � Ye and warped product metric Kg";e D "2ˇds2 C r";v;e.s/

2he . The truncated cone has length
"ˇ`v;e and two ends "Ye and "˛Ye. Here, the transversal manifold Ye is an interval. Note that the
coordinate lines (dotted) of the underlying space are orthogonal

Denote by

X";v;e D "˛.Iv;e � Ye/ and X�
";v D "˛X�

v

the scaled subsets of the decomposition (6.10); recall that Iv;e D Œ0; `v;e�, and that
X";v;e D "˛Xv;e is a short hand notation for the manifold

Xv;e WD Iv;e � Ye with product metric g";v;e WD "2˛.ds2 C he/:

In the following, we need a truncated cone defined by

KX";v;e WD "ˇIv;e �r";v;e Ye: (6.17)

Here, r";v;e is the affine-linear function given by r";v;e.0/ D " and r";v;e.`v;e/ D "˛

(see Fig. 6.4), and KX";v;e is the corresponding warped product (see Definition 5.3.2),
i.e. KX";v;e is the Riemannian manifold with underlying ("-independent!) space Xv;e

with warped product metric
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Kg";v;e D "2ˇds2e C r";v;e.se/
2he;

where
ˇ > ˛

is an additional scaling parameter to be fixed later on. The homogeneity of Ye allows
us to embed the manifold KX";v;e into X";v;e D "˛Xv;e as follows. For simplicity, we
omit the labels e and v occasionally, e.g., we write  " D  ";v;e for the embedding
and r" D r";v;e and for the radius function. We define the embedding by

 "W KX";v;e ,! X";v;e;  ".s; y/ D ."ˇ�˛s; 'er".s/;e.y// 2 Iv;e � Ye
(see Fig. 6.5),

where

er".s/ D "�˛r".s/ D "1�˛ C .1 � "1�˛/s
`v;e

:

Note that the additional factor "�˛ comes from the fact that the underlying space
of the Riemannian manifold X";v;e D "˛Xv;e is the "-independent space Xv;e D
Iv;e � Ye.

In general, the embedding is not isometric: For example the coordinate lines of
the embeddings are not all orthogonal as it is for the coordinate lines of the truncated
cone KX";v;e (see Figs. 6.4 and 6.5). Let us therefore compare the warped product
metric Kg";v;e on the truncated cone with the pull-back

eg";v;e WD  �
" g";v;e

of the product metric on the product X";v;e. We use the short hand notation

eX";v;e for the Riemannian manifold .Xv;e;eg";v;e/:

Fig. 6.5 The truncated cone (dark grey) embedded in the product X";v;e . On the left, we sketched
the unscaled manifold Xv;e in which  " formally maps, the range of  " is the dark grey area. On
the right, we have the isometric picture. Here, the dark grey area is isometric to eX";v;e , i.e. the
truncated cone with pull-back metriceg";v;e D  �

" g";v;e D "2˛ �

" .ds
2 C he/. The coordinate lines

(dotted) of the truncated cone are in general not orthogonal, and the pull-back metriceg";v;e on the
cone therefore differs from the warped product metric Kg";v;e
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Note that eX";v;e is (by definition) isometrically embedded in the scaled product
X";v;e D "˛Xv;e (see Fig. 6.5). We occasionally identify eX";v;e with its isometric
image in X";v;e.

For the notion of relative distortion and relative density we refer to Defini-
tion 5.2.1.

Lemma 6.2.4. Assume that 0 < ˛ < 1 and 0 < " � 1. Denote by A" D A";v;e
(resp. �") the relative distortion (resp. density) of the pull-back metric eg";v;e with
respect to the warped product metric Kg";v;e . Then the relative density is trivial, i.e.
�" D detA1=2" D � is constant onXv;e. In other words, the embedding " is volume-
preserving. Moreover, the eigenvalues of A" are 1 (with multiplicity m � 1), 0 <
˛� � 1 and 1 � ˛C D 1=˛�, where

˛C D 1C 1

2

�
o11 C

q
o211 C 4o11

�
and

o11.s; y/ D "�2ˇ.r 0
".s//

2j'0
er".s/

.y/j2he.y/ � "�2.ˇ�˛/ � C
2
e

`2v;e
:

Finally,
1C o11 � ˛C � 2C o11 D O."�2.ˇ�˛//:

Proof. We choose coordinates yi in a neighbourhood of a point y 2 Y . Without
loss of generality, we can assume that f@y1 ; : : : ; @ymg is an orthonormal basis
of .TyYe; he.y// at the point y only. In this way, f@s; @y1 ; : : : ; @ymg becomes an
orthonormal basis of T.s;y/Xv;e Š R ˚ TyYe with metric ds2 C he.

The pull-back metriceg";v;e is represented by the matrix

eG" D eG";v;e D
 
"2ˇ C r 0

".s/
2j'0
er".s/

.y/j2
h
eg";v;e.s; y/.@s ; @yi /

eg";v;e.s; y/.@yj ; @s/ r".s/
2ıij

!

with respect to the orthonormal basis f@s; @y1 ; : : : ; @ymg, where

eg";v;e.s; y/.@s ; @yi / D "2˛er 0
".s/he.ey/

�
'0
er".s/

.y//;D'er".s/.y/:@yi
�
;

where ey D 'er".s/.y/. Moreover, the warped product metric Kg";v;e has the matrix
representation

KG" D KG";v;e D
�
"2ˇ 0

0 r".s/
2ıij

�

:

The relative distortion A" D A";v;e D KG�1
"
eG" of eg";v;e with respect to Kg";v;e is

represented by

A" D
�

1C o11 "�ˇr".s/o12
"ˇr".s/

�1o�
12 idT Y

�
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(for the notation see (5.22)), where

o11.s; y/ D "�2ˇ.r 0
".s//

2
ˇ
ˇ'0
er".s/

.y/
ˇ
ˇ2
he.ey/ 2 R and

o12.s; y/ D "�ˇr".s/�1eg".@s; �/ 2 T �
y Ye:

Moreover, we have

jo12.s; y/j2.T �

y Y;he .y//
D

mX

iD1
"�2.ˇ�˛/�er 0

".s/
�2
ˇ
ˇ
ˇhe.ey/

�
'0
er".s/

.y/;eei
�ˇˇ
ˇ
2 D o11;

where

eei WD 1

er".s/
�D'er".s/.y/:@yi :

Here, we used the fact that feei giD1;:::;m is an orthonormal basis of .TeyYe; he.ey// in
ey D 'er".s/.y/ since 'er".s/Wer".s/Ye �! Ye is an isometry.

We have calculated the relative density and eigenvalues of A" in Sect. 5.3.1.
We conclude that �" D detA1=2" D � is constant on Xv;e, since jo12j2 D o11
and o22 D 0 (in the notation of Sect. 5.3.1). In other words, the embedding  "
is volume-preserving. In particular, ˛� D 1=˛C. Finally, the estimates on ˛C are
obvious, and the estimate on o11 follows from combining (6.15) with the fact that
r 0
".s/ D "˛.1 � "1�˛/=`v;e � "˛=`v;e. ut

We can now state the main conclusion needed in further estimates. Basically, the
next estimate says that we can replace the norm contribution of the derivative on the
truncated cone with warped product metric by the pull-back metric up to a constant.
We will see in Lemma 6.3.2 that the divergent constant can be compensated. Recall
that u0.s; y/ D @su.s; y/ is a short hand notation for the partial derivative in the first
(i.e. longitudinal) variable.

Corollary 6.2.5. We have

ku0k2KX";v;e � kduk2KX";v;e �
�
2C "�2.ˇ�˛/ � C

2
e

`2v;e

�
� kduk2eX";v;e

for u 2 H1.Xv;e/.

Proof. The first inequality is obvious, since we have the pointwise estimate

ju0dsj2Kg�

";v;e
D "�2ˇju0j2 � "�2ˇju0j2 C 1

r2"
he.dYeu; dYeu/ D jduj2Kg�

";v;e
:

The second inequality follows from �" D � and

Kg�
";v;e.
; 
/ Deg";v;e.
; .A

�/�1
/ � ˛Ceg�
";v;e.
; 
/

for 
 2 T �Xv;e using (5.14). ut
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Let us finally fix some notation for boundary components of X";v;e and X";v:
The boundary of the truncated cone KX";v;e (or of eX";v;e , which is the same) has two
components isometric to "Ye and "˛Ye, a “smaller” and “larger” end. Let Z";v;e WD
 ";v;e.f0g � Ye/ Š '"1�˛ .Ye/ be the range of the “smaller” boundary component of
the truncated cone KX";v;e D .Xv;e; Kg";v;e / under the embedding ";v;e into the product
X";v;e D .Xv;e; g";v;e/ D .Iv;e � Ye; "2˛gv;e/, where gv;e D ds2 C he. Note that here
the space Z";v;e is "-dependent, and

.Z";v;e; gv;e�Z";v;e / Š .Ye; "
2.1�˛// D "1�˛Ye:

The space Z";v;e equipped with the (restricted) scaled product metric g";v;e is
isometric with "Ye, i.e.

.Z";v;e; g";v;e�Z";v;e / Š .Ye; "
2he/ D "Ye:

Here, we have to break our convention, that the underlying spaces are always
"-independent, since we deal with boundary components with scaling behaviour
"Ye embedded into the space X";v;e D "˛Xv;e . We use the short hand notation

@eX";v WD .Z";v;e ; g";v;e�Z";v;e / (6.18)

for the Riemannian manifold corresponding to the shorter end of the truncated cone
embedded into the scaled manifold X";v;e (see Fig. 6.5). The product X";v;e has a
boundary component .f0g � Ye; "2˛he/ 	 X";v;e, denoted by "˛@eXv. Note that the
isometric embedding

@eX";v ,! "˛@Xv

is not surjective provided ˛ < 1 and " < 1.
Identifying the smaller end @eX";v Š "Ye of the truncated cone with the end

@vX";e D "@xXe D f0g � "Ye of the edge neighbourhood, we obtain the total space
X" by

X" WD X";v �[ �[
e

X";e D "˛Xv �[ �[
e

Ie � "Ye;

where we used the notation of Sect. 5.1.2 (see Figs. 6.6 and 6.7). Note that X" can
be equipped with Lipschitz-continuous charts. In addition, we assume that X" has
Lipschitz boundary @X".

Now, the internal boundary of X";v as subset of X" is given by

V@X";v D �[
e

@eX";v;

isometric to the disjoint union of "Ye, e 2 Ev. The remaining (closed) part of @X";v,
i.e. the transversal boundary, is then given by

@0X";v WD @X";v n V@X";v
(see Fig. 6.6).
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∼ εα

Xε

X́ε;v;e

∂vXε;

;

e
∼= ∂eXε;v

Xε;v;e

∂eXε;v = εα ∂eXv Xε ;v

Xε e

∼ ε

X−
ε ;v

∼ εβ

Fig. 6.6 A 2-dimensional graph-like manifold with non-smooth boundary. The shrinking rate at
the vertex neighbourhood is 0 < ˛ < 1. The transversal manifolds Ye are 1-dimensional intervals.
Note that the boundary part @vX";e Š "Ye (short thick line) is identified with the “small” end of
the truncated cone KX";v;e isometric to "Ye . The transversal boundary @0X";v of X";v is plotted by a
thin solid line

Xε e

∼ ε

Xε;v;e

Xε

Xε;v

X−
ε;v

εα ∂eXv

∂vXε;

;

e ∼= ∂eXε;v

∼ ε β

∼ εα

Fig. 6.7 Another 2-dimensional graph-like manifold with non-smooth boundary. Here the product
sets X";v;e (light and dark grey) are really “inside” the vertex neighbourhood X";v. The transversal
boundary @0X";v of X";v is plotted by a thin solid line
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Definition 6.2.6. We call the (non-smooth) manifold X" constructed above the
graph-like manifold with different vertex scaling associated with the metric star
graph with vertex neighbourhood scaling "˛, 0 < ˛ < 1. We also refer to ˛ as
vertex neighbourhood scaling rate.

The model we have chosen here (i.e. gluing directly the edge and vertex
neighbourhoods together) has the advantage that it simplifies some of the approx-
imation arguments in the subsequent sections. We will give the necessary modi-
fications in order to allow arbitrary (in particular boundaryless) manifolds Ye in
Sects. 6.9 and 6.10. Basically, we do not assume that the truncated cone KX";v;e
is embedded in X";v, but put the cone between the edge neighbourhood with
boundary @vX";e D "@vXe and the vertex neighbourhood with boundary @eX";v D
"˛Xv.

6.2.3 The Associated Quadratic Form, Operator
and Boundary Triple

Let us now define the Laplacian associated with the space X". We start with
the Neumann Laplacian (in the case that @X" ¤ ;). The Dirichlet case under
certain special conditions will be treated in Sect. 6.11. It is convenient to define
the Laplacian via its quadratic form.

Remark 6.2.7. Here and in the sequel, we denote the "-depending spaces and
operators by a tilde e.�/, and do not denote the "-dependence explicitly. One reason
is not to have too many subscripts, the other is the consistency with the notation in
Chap. 4. In this sense, the notation e.�/ reads as .�/".
The underlying Hilbert space associated with X" is

fH WD L2.X"/ D
M

e2E
L2.Ie/˝ L2.Ye/˚ L2.Xv/: (6.19)

As quadratic formed, we set

fH 1 WD domed WD H1.X"/; ed.u/ WD kduk2X" :

In particular, the corresponding operator e� D �X" fulfils Neumann boundary
conditions on @X" D @0X" �[ @1X". Recall that the transversal boundary @0X" may
be empty, depending on whether all transversal manifolds Ye are boundaryless or
not.

In order to pass from a star graph Gv and its associated graph-like manifold
XC
";v D X" to more complicated graphs, we need the notion of boundary triples

introduced in Sect. 3.4. In Chap. 7, we use these “building blocks” associated with
a vertex v in order to construct a global boundary triple as in Sect. 3.9.



6.2 The Manifold Models 315

Defineedv WDed,

fH v WD L2.X
C
";v/;

fH 1
v WD H1.XC

";v/ and fW 2
v WD H2.XC

";v/;

where H2.XC
";v/ is the usual Sobolev space of order 2.

Remark 6.2.8. We developed a theory in Sect. 3.4 avoiding quantitative estimates
involving the second order norm, so the precise definition (possibly depending
on ") of the norm k�kH2.XC

";v/
is of no importance. We only need quantitative

estimates on “first order” spaces, like the norm estimate on e� v in the proposition
below.

As boundary space, we choose the L2-space on the longitudinal boundary @1XC
";v Š

Y";v, consisting of the “free” cylindrical ends f`eg � Y";e , i.e.

eG v WD L2.Y";v/ D
M

e2Ev

L2.Y";e/ D
M

e2Ev

eG e; eG e D L2.Y";e/;

where
Y";v WD �[

e2Ev

Y";e

denotes the disjoint union of all transversal cross-sections Y";e with edge e adjacent
to v (see (6.1)). The boundary maps

e� vW fH 1
v �! eG v and e�

0
vWfW 2

v �! eG v

are defined by

e� vu D
M

e2Ev

e� v;eu and e� 0
vu D

M

e2Ev

e� 0
v;eu;

where

e� v;eW fH 1
v �! eG e; e� 0

v;eWfW 2
v �! eG e;

u 7! ue.`e; �/; u 7! u0
e.`e; �/:

Here, u0
e.`e; �/ denotes the outer normal derivative on @1X";e . Let us summarise the

facts already proven in Sect. 3.4:

Proposition 6.2.9. The triple .e� v;e�
0
v;
eG v/ is an elliptic boundary triple associated

with the quadratic formedv. Moreover,

ke� vk1!0 � 2

`�.v/
D 2

minef`e; 1g ;
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where ke� vk1!0 denotes the norm of e� v as operator fH v ! eG v. In particular,
the norm bound is independent of ". Let z … �.�D

X
C

";v
/. The associated Dirichlet-

to-Neumann map e�v.z/ in eG v is the usual Dirichlet-to-Neumann map, i.e.  D
e�v.z/' is defined by  D @nh�

@1X
C

";v
, where h D S.z/' is the unique solution of the

Dirichlet problem
.�

X
C

";v
� z/h D 0; h�@1X" D ':

Moreover, the scale of boundary Hilbert spaces agrees as vector space with the
corresponding Sobolev spaces, i.e.

eG k
v D Hk.Y";v/ D

M

e2Ev

Hk.Y";e/:

Proof. The proof follows from elliptic theory for partial differential operators,
see Theorem 3.4.39 if the transversal manifolds do not have boundary and The-
orem 3.4.40 for the case with boundary. Note that the ends have a cylindrical
structure as required in Theorem 3.4.40. The norm estimate on e� v is a consequence
of Corollary A.2.12, similarly as for the Sobolev trace estimate (6.21). ut

6.2.4 Manifolds with Infinite Ends

For ends of infinite length, i.e. for edges e 2 Eext D E n Eint, we do not have
a longitudinal boundary. In particular, the longitudinal boundary of the graph-like
manifoldX is given by

@1X D
[

e2Eint

@1Xe D
[

e2Eint

f`eg � Ye

and similarly for the scaled graph-like manifold X". Consequently, the boundary
space associated with X" is given by

eG WD
M

e2Eint

L2.Y";e/;

i.e. we only have to replace the edge set E by Eint in Sect. 6.2.3.

6.3 Some Vertex Neighbourhoods Estimates

Let us now provide estimates for functions on the vertex neighbourhood in terms
of the natural scale of Hilbert space of order one, associated with the Neumann
Laplacian on X or subsets of X . We follow closely the arguments of [EP05, P06].
Similar arguments have been used in [RuS01a, KuZ01, KuZ03].
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We tried to obtain estimates which are as geometric as possible, i.e. which

depend only on intrinsic quantities like the ratio volXv= vol V@Xv or on the second
(first non-zero Neumann) eigenvalue 	2.Xv/. In some applications, it is essential
to have a control over these parameters: For example, one can approximate other
vertex conditions in the limit than the weighted standard ones by Schrödinger-type
operators on the manifold. Here, the minimal length parameter `�.v/ D minef`e; 1g
at a vertex is important, see [EP09].

Let us start with two fundamental estimates, which are shown in a general setting
in Sect. A.2. Let us briefly recall the notation as needed here: The interval I is one
of the intervals Ie D Œ0; `e� or Iv;e D Œ0; `v;e�. For the fibre space we set H .s/ D
H0 D L2.Ye/ and k�kH .s/ D k�kH0 , i.e. the distortion functions �˙ are constant,
namely �˙ D 1, and the fibred space H .I / Š L2.I / ˝ L2.Ye/ D L2.I � Ye/
is a product. Then from Corollary A.2.12 we obtain the following Sobolev trace
estimates

kuk2@eXv
�eakduk2Xv;e

C 2

ea
kuk2Xv;e

(6.20)

kuk2@vXe
� aku0k2Xe C 2

a
kuk2Xe (6.21)

for 0 < a � `e and 0 <ea � `v;e.

Remark 6.3.1. Consider the restriction as operator �v;eW H1.Xv;e/ �! L2.@eXv/,
then the norm can be estimated as

k�v;ek1!0 
 kuk2
@eXv

kduk2Xv;e
C kuk2Xv;e

D vol @eXv

`v;e volYe
D 1

`v;e
;

where we inserted the constant function u D �. In particular, we cannot expect
a better coefficient of kuk2Xv;e

in estimate (6.20) in terms of ea up to the universal
constant 2. Note that this constant comes from the Cauchy-Young inequality (see
Sect. A.2), and can be pushed down to any constant 1 < 
 � 2, the price being a
larger coefficient of kduk2Xv;e

. A similar remark holds for (6.21).

In order to define identification operators from the graph-like manifold onto the
graph, we need the following averaging operators

�R
vu WD �

Z

Xv

udxv and �R
e
u.s/ WD �

Z

Ye

u.s; �/dye (6.22)

for u 2 L2.X/, where �R
Xv

resp. �R
Ye

denote the normalised integral, see (5.3). By
Cauchy-Schwarz, we also have

volYe
ˇ
ˇ�R
eu.0/

ˇ
ˇ2

CS� kuk2@eXv
D kuk2@vXe

:
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and similarly for �R
eu.s/. In particular, by Fubini, �R

eu.s/ is defined and finite for
almost all s 2 Ie. Note that

�R
eu.0/ D �R

@eX";v
u (6.23)

since @eX";v and @vXe D f0g � Ye are identified by assumption. Recall that if the
scaling rate ˛ of the vertex neighbourhood fulfils 0 < ˛ < 1 and if 0 < " < 1, then
@eX";v Š "Ye is strictly embedded in the entire boundary component "˛@eXv Š
"˛Ye (see Fig. 6.6). In this case, the two averaging operators

�R
@eX";v

u and �R
"˛@eXv

u D �R
@eXv

u

differ, since the first operator averages over a smaller set than the second. Neverthe-
less, we can compare the two averaging operators. Recall the definition of Ce and
pm�2 in (6.15) and Definition A.2.13, respectively.

Lemma 6.3.2. Assume that 0 < ˛ < 1 and ˇ > ˛, then

"m volYe
ˇ
ˇ�R
@eX";v

u
ˇ
ˇ2 � ı2";v;ekduk2X";v;e C 4"m volYe

ˇ
ˇ�R
@eXv

u
ˇ
ˇ2 and

"m volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2 � ı2";v;ekduk2X";v;e C 4"m volYe

ˇ
ˇ�R
@eX";v

u
ˇ
ˇ2;

where

ı2";v;e WD 4"1�.ˇ�˛/pm�2."1�˛/
�
2"2.ˇ�˛/ C C2

e

`2v;e

�
C 4"m.1�˛/Cˇ`v;e

D O
�
"1�.ˇ�˛/Œlog "�

�
:

Here, the term Œlog "� occurs only if m D 1.

Proof. For the first estimate, we have

"m volYe
ˇ
ˇ�R
@eX";v

u
ˇ
ˇ2 � 2apm�2."1�˛/"1�˛ku0k2KX";v;e C 2"m volYe

ˇ
ˇ�R fag�Yeu

ˇ
ˇ2

� 2apm�2."1�˛/"1�˛
�
2C "�2.ˇ�˛/ � C

2
e

`2v;e

�
kduk2eX";v;e C 2"m volYe

ˇ
ˇ�R fag�Yeu

ˇ
ˇ2

D 2"1�.ˇ�˛/pm."1�˛/
�
2"2.ˇ�˛/ C C2

e

`2v;e

�
kduk2eX";v;e C 2"m volYe

ˇ
ˇ�R fag�Yeu

ˇ
ˇ2

using Proposition A.2.17 with a D "ˇ`v;e , r0 D " and r1 D "˛ on the warped
product space KX";v;e . Here, fag � Ye denotes the transversal manifold in Xv;e at
s D a. Moreover, we used Corollary 6.2.5 in the second estimate. Similarly, we
can express the averaging operator over fag � Ye by the averaging operator over
@eXv D f0g � Ye, now via the product space X";v;e , namely,
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"˛m volYe
ˇ
ˇ�R fag�Yeu

ˇ
ˇ2 � 2aku0k2"˛.Œ0;a��Ye / C 2"m˛ volYe

ˇ
ˇ�R
@eXv

u
ˇ
ˇ2

using again Proposition A.2.17 with r0 D r1 D "˛. Altogether, we obtain the desired
estimate using the fact that eX";v;e and "˛.Œ0; a� � Ye/ are isometric subsets of X";v;e .
Finally, it is easy to see that the error "1�.ˇ�˛/ is dominant, since we assumed ˇ > ˛.
Moreoverpm�2."1�˛/ � 1 ifm 
 2 and p�1."1�˛/ D O.jlog "j/ by Lemma A.2.14.
The second estimate follows similarly. ut

Let us now come back to the unscaled case. The following lemma is an
application of Proposition 5.1.3 together with the Sobolev trace estimate (6.21)

as input. Recall that V@Xv D �S
e @eXv denotes the internal boundary of Xv (see

Sect. 6.2.1) and that `�.v/ WD minef`e; 1g:

Lemma 6.3.3. We have

vol V@Xv

ˇ
ˇ�R V@Xv

u � �R
vu
ˇ
ˇ2

CS�
X

e2E
volYe

ˇ
ˇ�R
@eXv

u � �R
vu
ˇ
ˇ2 � 1

`�.v/

�
1C 2

	2.Xv/

�
kduk2Xv

for u 2 H1.Xv/.

We immediately obtain in the scaled case:

Corollary 6.3.4. We have

"˛m vol V@Xv

ˇ
ˇ�R V@Xv

u � �R
vu
ˇ
ˇ2

CS� "˛m
X

e2E
volYe

ˇ
ˇ�R
@eXv

u � �R
vu
ˇ
ˇ2

� "˛

`�.v/

�
1C 2

	2.Xv/

�
kduk2X";v

for u 2 H1.X";v/.

If ˛ D 1, then we can immediately apply the previous result to the graph-like
manifolds. If 0 < ˛ < 1, then the latter averaging operators are not compatible with
the ones on the edge neighbourhoods. We can compensate this fact by Lemma 6.3.2

(recall that V@X";v D �S
e @eX";v Š �S

e "Ye is the boundary part where the edge
neighbourhoods are attached):

Proposition 6.3.5. Assume that 0 < ˛ � 1, ˇ > ˛ and 0 < " < 1, then

vol V@X";v
ˇ
ˇ�R V@X";v u � �R

vu
ˇ
ˇ2

CS� "m
X

e2E
volYe

ˇ
ˇ�R
e
u.0/� �R

vu
ˇ
ˇ2 � Oı2";vkduk2X";v

for u 2 H1.X";v/, where

Oı2";v WD "

`�.v/

�
1C 2

	2.Xv/

�
D O."/
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if ˛ D 1 and

Oı2";v WD max
e
ı2";v;e C 4"2˛Cm�˛d 1

`�.v/

�
1C 2

	2.Xv/

�
D O

�
"1�.ˇ�˛/Œlog "�

�

if 0 < ˛ < 1.

The proposition is only needed in the cases m=d < ˛ � 1 and ˛ D m=d .

Proof. The case ˛ D 1 follows immediately from Corollary 6.3.4 and (6.23). For
0 < ˛ < 1 we have the chain of estimates

vol V@X";v
ˇ
ˇ�R V@X";vu � �R

vu
ˇ
ˇ2

CS� "m
X

e2E
volYe

ˇ
ˇ�R
@eX";v

u � �R
vu
ˇ
ˇ2

� max
e
ı2";v;ekduk2X";v C 4"m

X

e

volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2

� �R
vu � Oı2";vkduk2X";v

using Lemma 6.3.2 with u replaced by u � �R
vu and (6.23) for each edge, and

Corollary 6.3.4 in the last estimate. Again, the error O."1�.ˇ�˛// is dominant, since

.2˛ Cm � ˛d/ � .1 � .ˇ � ˛// D .m � 1/.1� ˛/C .ˇ � ˛/ > 0

and we are done. ut
We also need an estimate over the vertex neighbourhood. On the scaled manifold

X", the estimate assures that no family of eigenfunctions fu"g" with eigenvalues
lying in a bounded interval can concentrate on X";v as " ! 0. We start with an
estimate on the unscaled manifold (i.e. we set " D 1):

Lemma 6.3.6. We have

kuk2Xv
� 4

h 1

	2.Xv/
C volXv

vol V@Xv

�
eaC 2

ea	2.Xv/

�i
kduk2Xv

C 4 volXv

ˇ
ˇ�R V@Xv

u
ˇ
ˇ2

� 4
h 1

	2.Xv/
C volXv

vol V@Xv

�
eaC 2

ea	2.Xv/

�i
kduk2Xv

C 4
volXv

vol V@Xv

h
aku0k2XE C 2

a
kuk2XE

i

for u 2 H1.X/, 0 < a � mine `e and 0 < ea � mine `v;e , where XE WD �S
e Xe

denotes the union of all edge neighbourhoods.

Proof. We start with the estimate

kuk2Xv
� 2

�	
	u � �R

vu
	
	2
Xv

C 	
	�R

vu
	
	2
Xv

�
� 2

� 2

	2.Xv/
kduk2Xv

C volXv

ˇ
ˇ�R

vu
ˇ
ˇ2
�
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using Lemma 6.3.3 and the fact that �R
vu is constant. Moreover, the last term has an

upper bound given by

vol V@Xv

ˇ
ˇ�R

vu
ˇ
ˇ2 � 2 vol V@Xv

�ˇ
ˇ�R

vu � �R V@Xv
u
ˇ
ˇ2 C ˇ

ˇ�R V@Xv
u
ˇ
ˇ2
�

� 2
�
ea C 2

ea	2.Xv/
kduk2Xv

C
X

e

vol @eXv

ˇ
ˇ�R
@eXv

u
ˇ
ˇ2
�

using (6.20). Since " D 1, we have the equality of the averagings of the vertex and
edge neighbourhood boundaries (6.23), and we can estimate the latter sum by

X

e

vol @vXe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2 �

X

e

k@vXek2u � aku0k2XE C 2

a
kuk2XE

for all 0 < a � mine `e due to (6.20) on each edge e. ut
Let us now treat the case of a scaling rate 0 < ˛ � 1 at the vertex neighbourhood:

Proposition 6.3.7. Assume that 0 < ˛ � 1 and ˛ < ˇ < 1C ˛, then we have

kuk2X";v � ı2";v
�kduk2X" C kuk2X"

�
;

where

ı2";v WD max
n 8"

`�.v/
� volXv

vol V@Xv

; "2C 2
v

o
D O."/ if ˛ D 1;

ı2";v WD max
n32"˛d�m

`�.v/
� volXv

vol V@Xv

; "2˛C 2
v C 4"˛d�m max

e
ı2";v;e � volXv

vol V@Xv

o

with ı2";v D O."˛d�m/ if 0 < ˛ < 1, and

C2
v WD 4

	2.Xv/
C volXv

vol V@Xv

� 4

`�.v/

�
1C 2

	2.Xv/

�
: (6.24)

Proof. The case ˛ D 1 follows immediately from Lemma 6.3.6. For the case 0 <
˛ < 1, we obtain

kuk2X";v � "2˛C 2
v kduk2X";v C 4"˛d volXv

ˇ
ˇ�R V@Xv

u
ˇ
ˇ2

CS� "2˛C 2
v kduk2X";v C 4"˛d

volXv

vol V@Xv

X

e

volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2
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�
�
"2˛C 2

v C 4"˛d�m max
e
ı2";v;e � volXv

vol V@Xv

�
kduk2X";v

C 16"˛d
volXv

vol V@Xv

X

e

volYe
ˇ
ˇ�R
e
u.0/

ˇ
ˇ2

using Lemma 6.3.6 withea D `�.v/ � 1 and the appropriate scaling behaviour in
the first inequality. Moreover, we employed Lemma 6.3.2 and (6.23) in the third
inequality. Now, the latter sum over the averaging operators can be estimated by
the Sobolev trace estimate (6.21) on each edge neighbourhood with a D `�.v/ � 1,
leading to the final expression for ı2";v. For the error estimate, we note that "˛d�mı2";v;e
is dominant in the second term of ı2";v, since

2˛ � �
.˛d �m/C 1 � .ˇ � ˛/� > .d � 2/.1� ˛/ 
 0

using ˇ > ˛. Since also ˇ < 1C ˛, the total error is of order "˛d�m. ut
Let us make a comment on the optimality of the previous vertex neighbourhood

estimate in the case ˛ D 1:

Remark 6.3.8. Assume that X" is compact, i.e. all length `e are finite and bounded
by 0 < `� � `e � `C. Then the constant function u D � belongs to H1.X/, and we
have

kuk2X";v
kuk2X" C kduk2X"

D kuk2X";v
kuk2X"

D "
volXv

volXE C " volXv

 "

`C
� volXv

volY C "`�1C volXv
;

where
volXE D

X

e

volXe D
X

e

`e volYe: (6.25)

In particular, the coefficient of the norm contribution kuk2X";E in the previous

vertex neighbourhood estimate is at least of order `�1C " (see also Lemma 6.3.6).
Moreover, if the lengths do not vary too much, the coefficient of kuk2X";E has to be

" volXv.vol V@Xv/
�1`�1� up to some universal factor (8 in our case). In this sense, the

scaled version of the estimate in Lemma 6.3.6 is optimal.

In the fast decaying vertex case, we can also consider a globally smooth manifold
X" with non-homogeneous vertex neighbourhood scaling, namely2 we assume that
X" decomposes as

X" D X";v �[ �[
e

X";e; (6.26)

2For the notation "Xv � X";v � "˛Xv see (5.9).
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where

X";e D Ie � "Ye; "Xv � X";v � "˛Xv and V@X";v D " V@Xv (6.27)

for some ˛ 2 .m=d; 1/. In particular, we may assume that the manifold X" near
@vX";e Š @eX";v is a cylinder of radius ", and the scaling rate on X";v changes only
away from @eX";e . Therefore, (6.23) holds in this case. The next corollary follows
then immediately from Lemma 6.3.6 and the scaling estimates (5.11) with ˛1 D ˛

and ˛2 D 1:

Corollary 6.3.9. Let u 2 H1.X";v/, then

kuk2X";v � ı2";v
�kduk2X" C kuk2X"

�
;

where ı2";v is given in this case by

ı2";v WD max
n8"˛d�m

`�.v/
� volXv

vol V@Xv

; "˛.dC2/�dC 2
v

o
:

In particular, if ˛ < m=d D .d � 1/=m, then ı";v D O.".˛d�m/=2/.

Proof. For the error estimate, note that in the fast decaying case, we have

˛.d C 2/� d D ˛d �mC .2˛ � 1/ > 2˛ � 1 > 1 � 2

d

 0;

i.e. the term "˛d�m is dominant. ut
In the case that the vertex volume decays slowly, i.e. 0 < ˛ < m=d , we need a

different estimate:

Proposition 6.3.10. Assume that 0 < ˛ < m=d D .d � 1/=d and ˛ < ˇ < 1C ˛,
then we have

"m
X

e2E
volYe

ˇ
ˇ�R
e
u.0/

ˇ
ˇ2 �eı2";v

�
kduk2X";v C kuk2X";v

�

for u 2 H1.X";v/, where

eı2";v WD max
n
max
e
ı2";v;e C 4"m�˛dC2˛; "m�˛d 8

`�.v/

o
D O."m�˛d /:

Proof. We have

"m
X

e

volYe
ˇ
ˇ�R
e
u.0/

ˇ
ˇ2 D "m

X

e

volYe
ˇ
ˇ�R
@eX";v

u
ˇ
ˇ2

� max
e
ı2";v;ekduk2X";v C 4"m

X

e

volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2
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CS� max
e
ı2";v;ekduk2X";v C 4"m

X

e

�
ku0k2Xv;e

C 2

`�.v/
kuk2Xv;e

�

� �
max
e
ı2";v;e C 4"m�˛dC2˛�kduk2X";v C "m�˛d 8

`�.v/
kuk2X";v

using (6.23) and Lemma 6.3.2. Moreover, we employed (6.20) withea D `�.v/ and
the scaling behaviour of the norms. For the error estimate, it is easy to see that "m�˛d
dominates the error of ı2";v;e D O."1�.ˇ�˛/Œlog "�/, since ˇ < 1C˛ and ˛d < m. ut

6.4 Fast Decaying Vertex Neighbourhoods: Reduction
to the Graph Model

Let us now prove one of the main results of this chapter, namely the partial isometric
equivalence of the Laplacian on X" and the (weighted standard) Laplacian on the
star-shaped graph G. More precisely, we prove the partial isometric equivalence
of the corresponding quadratic forms (see Definition 4.4.11 and Sect. 4.4). We first
consider the case when the transversal volume volY";e D "m volYe dominates the
vertex neighbourhood volume volX";v D "˛d volXv, i.e. we are in the fast decaying
case

m

d
D d � 1

d
< ˛ � 1: (6.28)

In this situation, the vertex neighbourhoods are negligible, and in the limit, we
obtain the (weighted) standard (“Kirchhoff”) vertex condition at the vertex v. For
the notation and the definition of the spaces, we refer to Sects. 6.1.1 and 6.2.1.

We now define the zeroth and first order identification operators. Recall that we
have set

H WD L2.G/; H 1 WD H1
p.G/; d.f / WD kf 0k2; (6.29a)

fH WD L2.X"/; fH 1 WD H1.X"/; ed.u/ WD kduk2X" : (6.29b)

Moreover, we need the weights of the vertex condition, namely we set

pe WD .volYe/
1=2: (6.30)

Let J"W H �! fH be given by

J"f WD
M

e2E
.fe ˝ ��";e/˚ 0 D "�m=2M

e2E
.fe ˝ ��e/˚ 0 (6.31)

with respect to the decomposition (6.19). Here, ��e is the normalised eigenfunction
of Ye associated with the lowest eigenvalue 0, i.e. ��e.y/ D .vold�1 Ye/�1=2 and
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��";e D "�m=2��e the corresponding normalised eigenfunction of the scaled manifold
Y";e D "Ye. In order to respect the Sobolev spaces of order 1 we need a first order
identification operator J 1" W H 1 �! fH 1, which we define by

J 1" f WD
M

e2E
.fe˝��";e/˚"�m=2f .v/�v D "�m=2�M

e2E
.fe˝��e/˚f .v/�v

�
: (6.32)

Here, �v is the constant function on Xv with value 1. Note that J 1" is well defined:

.J 1" f /e.0; y/ D "�m=2p�1
e fe.0/ D "�m=2f .v/ D .J 1" f /v

due to (6.30) and (6.4), i.e. the function J 1" f matches along the components @vX";e
and @eX";v, independently of the embedding (6.14) (if ˛ < 1), and therefore J 1" f 2
H1.X/. Moreover,f .v/ is defined for f 2 H1.G/ (see Lemma 6.1.1). The definition
of J 1" is quite natural, since we do not expect the eigenfunctions u" of the Laplacian
on X" with eigenvalues in a bounded interval (independent of ") to vary very much
on X";v.

The adjoint J �
" W fH �! H of J" is given by

.J �
" u/e.s/ D h��";e ; ue.s; �/iY";e D "m=2.volYe/1=2�R

e
u.s/: (6.33)

Furthermore, we define the corresponding first order operator J 01
" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD "m=2.volYe/

1=2
h

�R
e
u.s/C �e.s/

�
�R

vu � �R
e
u.0/

�i
: (6.34)

Here �e is a continuous, piecewise smooth cut-off function such that �e.0/ D 1

and �e.`e/ D 0. If we choose the function �e to be piecewise affine-linear with
�e.0/ D 1, �e.a/ D 0 and �e.`e/ D 0, where a WD `�.v/ � 1, then k�ek2Ie D
a=3 � 1 and k�0

ek2Ie D a�1 D `�.v/�1. Moreover, .J 01
" u/e.0/ D "m=2pe�R

vu so that
f WD J 01

" u fulfils f .0/ 2 Cp and therefore f 2 H1
p.G/.

Now we are in position to demonstrate that the two quadratic forms d and
ed associated with the (Neumann-)Laplacian on X" and the (weighted standard)
Laplacian on G are ı-partial isometrically equivalent (see Definition 4.4.11 and
Proposition 4.4.13):

Theorem 6.4.1. Assume that ˛ 2 .m=d; 1�. Then the quadratic forms ed and d
are ı"-partial isometrically equivalent with identification operators J", J 1" and J 01

" ,
where

ı2" WD max
n 8"

`�.v/
� volXv

vol V@Xv

;
"

`�.v/2
�
1C 2

	2.Xv/

�
;

"2

mine 	2.Ye/
; "2C 2

v

o
D O."/

ı2" WD max
n
ı2";v;

1

`�.v/
� Oı2";v;

"2

mine 	2.Ye/

o
D O."˛d�m/:
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and where the first line is valid for ˛ D 1 and the second line for m=d < ˛ < 1.

In particular, the error depends only on an upper estimate of volXv= vol V@Xv, and
lower estimates on 	2.Xv/, 	2.Ye/ and `e (e 2 E), if ˛ D 1, and additionally on
upper estimates on Ce, if ˛ 2 .m=d; 1/.
Recall the definition of Cv and ı";v in Proposition 6.3.7 and the definition of Oı";v in
Proposition 6.3.5. The constant Ce was given in (6.15). If ˛ 2 .m=d; 1/ then we
have set ˇ D 1 in ı";v;e (see Lemma 6.3.2). Note that ˛ < 1 < 1C ˛.

Proof. The first condition in (4.29a), i.e. J �
" J"f D f , is easily seen to be fulfilled.

The second estimate in (4.29a) is more involved. Here, we have

ku � J"J �
" uk2X" D

X

e

ku � �R
euk2X";e C kuk2X";v :

The first term can be estimated by

	
	u � �R

e
u
	
	2
X";e

D
Z

Ie

	
	u.s/ � �R

e
u.s/

	
	2
Y";e

ds

� "2

	2.Ye/

Z

Ie

kdYeu.s/k2Y";eds D "2

	2.Ye/
kdYeuk2X";e

using Proposition 5.1.1, where u.s/ WD u.s; �/ and 	2.Ye/ denotes the second (first
non-vanishing) eigenvalue of the Laplacian on Ye . Note that 	2.Y";e/ D "�2	2.Ye/.
The second term can be estimated by Proposition 6.3.7, so that

ı2" 
 max
n "2

mine 	2.Ye/
; ı2";v

o

is enough for the estimate (4.29a). Moreover, the first estimate in condition (4.29b)
reads as

kJ"f � J 1" f k2X" D "˛d�m volXvjf .v/j2 � 2"˛d�m

`�.v/
� volXv

vol V@Xv

�kf 0k2G C kf k2G
�

using Lemma 6.1.1 with a D `�.v/, the scaling volX";v D "˛d volXv and the

fact that jpj2 D vol V@Xv due to (6.30). Note that the error term obtained here is
already contained in ı";v (see Proposition 6.3.7). The second estimate in (4.29b) is
here

kJ �
" u � J 01

" uk2G D "m
X

e2E
k�ek2Ie volYe

ˇ
ˇ�R

vu � �R
e
u.0/

ˇ
ˇ2 � Oı2";vkduk2X";v ;
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using Proposition 6.3.5. Condition (4.29c), i.e. J 01
" J

1
" f D f , is easily seen.

Moreover, for estimate (4.29d) we have

ˇ
ˇd.J 01

" u; f /�ed.u; J 1" f /
ˇ
ˇ2 � "m

ˇ
ˇ
ˇ
X

e

.volYe/1=2
�

�R
vu � �R

e
u.0/

�
h�0
e; f

0iIe
ˇ
ˇ
ˇ
2

CS�
Oı2";v
`�.v/

kduk2X";vkf 0k2G

using again Proposition 6.3.5. Note that the derivative terms cancel on the edges
due to the product structure of the metric and the fact that dYe��e D 0. Moreover,
the vertex contribution vanishes since dXv� D 0. If ˛ < 1 then we fix ˇ D 1, and
we have

0 < ˛d �m < 1 � ˇ C ˛ D ˛ < 1;

and in particular, ı2" D O."˛d�m/. Recall that if ˛ < 1, then

ı2";v D O."˛d�m/ and Oı2";v D O."1�.ˇ�˛/Œlog "�/ D O."˛Œlog "�/;

where the term Œlog "� appears only if m D 1.
ut

Let us again make a remark on the optimality of the errors:

Remark 6.4.2. Assume that we have given the identification operators as above. If
we chose fe.s/ D pe for s 2 Ie on each edge, then f 2 H1

p.G/ and

kJ 1" � J"k21!0 
 kJ 1" f � J"f k2
kf k21

D "˛d�m volXv

volXE
D O."˛d�m/;

where volXE D P
e `e volYe . Moreover, if u D � is constant, then

keid � J"J
�
" k21!0 
 ku � J"J �

" uk2
kuk21

D kuk2X";v
kuk21

D "˛d�m volXv

volXE C "˛d�m volXv

D O."˛d�m/:

In particular, we cannot expect that the deviation ı" from being unitarily equivalent
is better than ı" D O.".˛d�m/=2/. Moreover, if ˛ D 1, we only get ı" D O."1=2/
with our choice of identification operators. We obtain the same error estimate if we
directly compare the eigenvalues using Corollary 4.4.19. Note that Grieser [G08a]
found an eigenvalue expansion in terms of ", and therefore gets the better estimate
	k."/ D 	k.0/ C O."/, where 	k."/ and 	k.0/ denote the k-th eigenvalue of �X"
(" > 0) and �, respectively.
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Alternatively, we can consider a globally smooth manifold X" with non-homo-
geneous vertex neighbourhood scaling, namely3 we assume that X" decomposes as
in (6.26) such that

X";e D Ie � "Ye; "Xv � X";v � "˛Xv and V@X";v D " V@Xv

for some ˛ 2 .m=d; 1/. In this case, we obtain the following result:

Theorem 6.4.3. Assume that the graph-like manifold scales as in (6.27). Then the
metric graph quadratic form d on L2.Gv/ is ı"-partial isometrically equivalent with
the manifold quadratic formed on L2.X"/, where

ı2" WD max
n8"˛d�m

`�.v/
� volXv

vol V@Xv

;
"2˛�1

`�.v/2
�
1C 2

	2.Xv/

�
;

"2

mine 	2.Ye/
; "˛.dC2/�dC 2

v

o

and `�.v/ WD mine2Ev f1; `eg. In particular, ı" D O.".˛d�m/=2/, and the error

depends only on an upper estimate of volXv= vol V@Xv, and lower estimates on
	2.Xv/, 	2.Ye/ and `e for e 2 E .

Recall the definition of Cv in (6.24).

Proof. The proof is similar to the proof of Theorem 6.4.1, using now Lemma 6.3.3
together with the scaling inequalities (5.11) and Corollary 6.3.9. Note that the error
is indeed of order O."˛d�m/ since ˛d �m � ˛.d C 2/� d � 2˛ � 1 � 2. ut

We also obtain a closeness result for the associated boundary triples .�v; �
0

v ;Gv/

and .e� v;e�
0
v;
eG v/ defined in Sects. 6.1.1 and 6.2.3. For the notion of ı-closeness of

two boundary maps �v and e� v we refer to Definition 4.8.1. We define the boundary
identification operator as

I"W Gv D C
Ev;int �! eG v D L2.Y";int/ D

M

e2Ev;int

L2.Y";e/;

I"F WD f"�m=2Fe��ege; (6.35)

i.e. we extend the single value Fe to a constant normalised function on Ye . Its adjoint
is given by

.I �
"  /e D "m=2h��e;  eiYe D "m=2.volYe/1=2�R

e
 :

Moreover, we set

k.F / WD 0 and ek. / D kdY  k2Y"

3For the notation "Xv � X";v � "˛Xv see (5.9).
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with domek D H1.Y"/ D G 1
v . The corresponding transversal operators are K D 0

and eK D �Y";int
; the latter has Neumann boundary condition, if @Y D �S

e @Ye ¤ ;.

Theorem 6.4.4. The boundary maps

�vW H1
p.G/ �! C

Ev;int ; e� vW H1.X"/ �! L2.Y";int/;

�vf WD ffe.`e/ge; e� vu WD fue.`e; �/ge
associated with the forms d and ed are 0-close with the identification operators
J 1" , J 01

" and the boundary identification operator I". Moreover, I" is a Oı"-partial
isometry w.r.t. k andek, where Oı" D ".mine.	2.Ye//�1=2. Finally, eKI" D I"K.D 0/.

Proof. It follows straightforward from the definitions that

.e� J 1" f /e D "�m=2fe.`e/��e D .I�f /e and

.�J 01
" u/e D "m=2.volYe/1=2�R

e
u.`e/ D .I �e� u/e:

In particular, the 0-closeness follows. For the partial isometry of I", the condition
I�
" I"F D F is obvious. Moreover,

k � I"I�
"  k2Y";int

D "m
X

e2E

	
	 e � h��e;  ei��e

	
	2
Ye

� "2

mine.	2.Ye/
ek. /

for  2 domek D H1.Y";int/ using Proposition 5.1.1 on each manifold Ye . The
intertwining property eKI" D I"K of I" is obvious, since eKf��ege D 0. ut

6.5 Slowly Decaying Vertex Neighbourhoods:
Reduction to the Graph Model

In this section, we prove the partial isometric equivalence of the Laplacian onX" and
the decoupled Dirichlet Laplacian on the graphG (more precisely, of the associated
quadratic forms). Here, we assume that the vertex neighbourhood volume volX";v D
"˛d volXv dominates the transversal volume volY";e D "m volYe, i.e.

0 < ˛ <
m

d
D d � 1

d
: (6.36)

In this case, the vertex neighbourhood serves as big obstacle. In the limit, the
obstacle enforces a Dirichlet condition on each edge at the vertex v, and leads to
an extra state associated with the vertex. We first treat the simpler situation where
the differently scaled manifolds X";e D Ie � "Ye and X";v D "˛Xv are directly
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glued together; the general case will be treated in Sect. 6.9. For the notation and the
definition of the manifold, we refer to Sect. 6.2.1.

Let us now define the zeroth and first order identification operators. Remember
that

H WD L2.G/˚ C; H 1 WD
M

e

H1
0.Ie/˚ C; d. Of / WD kf 0k2; (6.37a)

fH WD L2.X"/; fH 1 WD H1.X"/; ed.u/ WD kduk2X" (6.37b)

as in Sects. 6.1.2 and 6.2.3.
Let J"W H �! fH be given by

J" Of WD
M

e2E
.fe ˝ ��";e/˚ F.v/��";v

D "�m=2
�M

e2E
.fe ˝ ��e/˚ ".m�˛d/=2F.v/��v

�
; (6.38)

where ��v resp. ��";v is the normalised constant function on Xv resp. X";v D "˛Xv.
For the spaces of order 1, we define J 1" W H 1 �! fH 1 by

J 1"
Of WD

M

e2E

�
fe C

� volY";e
volX";v

�1=2
�eF.v/

�
˝ ��";e ˚ F.v/��";v

D "�m=2
�M

e2E

�
fe C ".m�˛d/=2

� volYe
volXv

�1=2
�eF.v/

�
˝ ��e˚

˚ ".m�˛d/=2F.v/��v

�
; (6.39)

where �e is the continuous, piecewise affine-linear cut-off function with �e.0/ D 1,
�e.a/ D 0 and �e.`e/ D 0 with a WD `�.v/ � 1. The operator J 1" is well defined:

.J 1"
Of /e.0; y/ D .volX";v/

�1=2F.v/ D .J 1"
Of /.x/; x 2 Xv;

since fe.0/ D 0, i.e. the function J 1" Of matches along the components @vX";e and
@eX";v (again independently of the embedding (6.14)), and J" Of 2 H1.X/. Note that
the identification operator J 1" reflects the fact that we expect an additional, almost
constant eigenfunction on the big vertex neighbourhood as " ! 0.

The adjoint J �
" W fH �! H of J" is given by

.J �
" u/e.s/ D h��";e ; ue.s; �/iY";e D "m=2.volYe/1=2�R

e
u.s/; (6.40a)

.J �
" u/.v/ D h��";v; uviX";v D "˛d=2.volXv/

1=2�R
vu; (6.40b)

where the averaging operators �R
vu and �R

e
u.s/ where introduced in (6.22). Note that

these operators do not see the scaling, i.e. �R
";vu D �R

vu and �R
";e

u.s/ D �R
e
u.s/, but
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recall that there are two different averaging operators associated with the boundary
component @eXv, see Lemma 6.3.2. Furthermore, we define J 01

" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD "m=2.volYe/1=2

�
�R
e
u.s/� �e.s/�

R
e
u.0/

�
; (6.41a)

.J 01
" u/.v/ WD "˛d=2.volXv/

1=2�R
vu: (6.41b)

To see that the operator J 01
" indeed maps into the given space, let Of D .f; F / WD

J 01
" u then fe.0/ D 0 and therefore fe 2 H1

0.Ie/ and Of 2 H 1.
Now we are in position to demonstrate that the two quadratic forms d anded are

ı-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):

Theorem 6.5.1. The quadratic formsed and d are ı"-partial isometrically equiva-
lent with identification operators J", J 1" and J 01

" , where

ı2" WD max
n2"m�˛d

`�.v/
� vol V@Xv

volXv
;
2eı2";v
`�.v/

;
"2

mine 	2.Ye/
;

"2˛

	2.Xv/

o
D O."minfm�˛d;2˛g/:

In particular, the error depends only on upper estimates of vol @Xv= volXv and Ce
(see (6.15)) and on lower estimates of 	2.Xv/, 	2.Xe/ and `e.

Recall the definition ofeı";v in Proposition 6.3.10. Note that the fastest decay (in ")
of the error term is achieved for m � ˛0d D 2˛0, i.e. for ˛0 D m=.d C 2/ < m=d .
If 0 < ˛ < ˛0, then ı" D O."˛/, if ˛0 < ˛ < m=d , then ı" D O.".m�˛d/=2/.

Proof. The first condition in (4.29a), i.e. J �
" J"

Of D Of , is easily seen to be fulfilled.
For the second condition in (4.29a), we estimate

ku � J"J �
" uk2X" D

X

e

ku � �R
euk2X";e C ku � �R

vuk2X";v

� max
e2E

n "2

	2.Ye/
;
"2˛

	2.Xv/

o
kduk2X"

by Proposition 5.1.1 and the scaling behaviour of the spectrum. Moreover, the first
condition in (4.29b) is here

kJ 1" Of � J" Of k2X" D "m�˛d X

e

volYe
volXv

k�ek2Ie
ˇ
ˇF.v/

ˇ
ˇ2 � "m�˛d vol V@Xv

volXv

ˇ
ˇF.v/

ˇ
ˇ2;

using the fact that k�ek2Ie � 1. The second estimate in (4.29b) can be seen by

kJ �
" u � J 01

" uk2H D "m
X

e2E
volYek�ek2Ie

ˇ
ˇ�R
eu.0/

ˇ
ˇ2 �eı2";v

�
kduk2X";v C kuk2X";v

�
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using Proposition 6.3.10. Moreover, equation (4.29c) is again easily seen to be
fulfilled. For the form estimate, we have

ˇ
ˇd.J 01

" u; Of / �ed.u; J 1" Of /ˇˇ2 D
ˇ
ˇ
ˇ
X

e

h
"m=2.volYe/1=2�

Z

e

u.0/h�0
e; f

0
e iIe

C ".m�˛d/=2� volYe
volXv

�1=2hu0
e; �

0
e ˝ ��eiXeF.v/

iˇ
ˇ
ˇ
2

CS� 2

`�.v/

h
eı2";v

�
kduk2X";v C kuk2X";v

�
kf 0k2G

C "m�˛d vol V@Xv

volXv
ku0k2X";E

ˇ
ˇF.v/

ˇ
ˇ2
i

using Proposition 6.3.10 again and k�0
ekIe D `�.v/�1. Here,X";E WD �S

e X";e. Note
thateı2";v D O."m�˛d / if ˛ 2 .0;m=d/. ut

As in the fast decaying case, we obtain a closeness result for the associated
boundary triples .�v; �

0
v ;Gv/ and .e� v;e�

0
v;
eG v/ defined in Sects. 6.1.2 and 6.2.3. The

boundary identification operator I"W Gv �! eG v is the same as in (6.35). Moreover,
we use the same transversal operatorsK D 0 and eK D �Y";int

as in Sect. 6.4:

Theorem 6.5.2. The boundary maps

�vW H 1
v �! C

Ev;int ; e� vW H1.X"/ �! L2.Y";int/;

�v
Of WD ffe.`e/ge; e� vu WD fue.`e; �/ge

associated with the forms d and ed are 0-close with the identification operators
J 1" , J 01

" and the boundary identification operator I". Moreover, I" is a Oı"-partial
isometry w.r.t. k andek, where Oı" D ".mine.	2.Ye//�1=2. Finally, eKI" D I"K.D 0/.

Proof. It follows straightforward from the definitions that

.e� J 1"
Of /e D "�m=2fe.`e/��e D .I� Of /e and

.�J 01
" u/e D "m=2.volYe/1=2�R

e
u.`e/ D .I �e� u/e;

where .I� /e D "m=2.volYe/1=2�R
e
 . In particular, the 0-closeness follows. The

remaining assertions follow as in Theorem 6.4.4. ut

6.6 The Borderline Case: Reduction to the Graph Model

In this section, we consider the case when the transversal volume volY";e D
"m volYe and the vertex neighbourhood volume volX";v D "˛d volXv are of the
same order, i.e. if
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˛ D m

d
D d � 1

d
: (6.42)

Here, we obtain a non-trivial limit operator, different from the usual (weighted)
standard Laplacian. Namely, the limit operator is the corresponding extended
Laplacian, extended at the vertex v by the vertex space Cp.v/ and the “operator”
L.v/ > 0 (see Sect. 2.3 for details). We first present the simpler situation where the
differently scaled manifolds X";e D Ie � "Ye and X";v D "˛Xv are directly glued
together. This construction is only possible for certain homogeneous transversal
manifolds like Ye D B.0; re/; the general case will be treated in Sect. 6.10. For
the notation and the definition of the manifold, we refer to Sect. 6.2.1.

As usual, we start with defining the zeroth and first order identification operators.
Remember that in this situation,

H WD L2.G/˚ C; H 1 WD ˚ Of 2 H1
p.G/˚ C

ˇ
ˇ f .v/ D L.v/F.v/

�
; (6.43a)

fH WD L2.X"/; fH 1 WD H1.X"/; (6.43b)

d. Of / WD kf 0k2 anded.u/ WD kduk2X" (see Sects. 6.1.3 and 6.2.3), where Of D .f; F /.
Moreover, by

L.v/ D .volXv/
�1=2 and pe WD .volYe/1=2; (6.44)

we relate the different graph and manifold parameters. Let J"W H �! fH be
given by

J" Of WD
M

e2E
.fe ˝ ��";e/˚ F.v/��";v D "�m=2�M

e2E
.fe ˝ ��e/˚ F.v/��v

�
(6.45)

using (6.42). For the spaces of order 1, we use the same operator restricted to H 1,
i.e. J 1" Of WD J" Of if Of 2 H 1. Note that

.J 1"
Of /e.0; y/ D "�m=2p�1

e fe.0/ D "�m=2f .v/

D "�m=2.volXv/
�1=2F.v/ D .J 1"

Of /.x/; x 2 Xv

due to (6.44) and (6.4), i.e. the function J 1" Of matches along the components @vX";e

and @eX";v (again independently of the embedding (6.14)), and therefore J 1" Of 2
H1.X"/.

The adjoint J �
" W fH �! H of J" is given by

.J �
" u/e.s/ D h��";e ; ue.s; �/iY";e D "m=2.volYe/1=2�R

e
u.s/; (6.46a)

.J �
" u/.v/ D h��";v; uviX";v D "m=2.volXv/

1=2�R
vu (6.46b)
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using again (6.42). Furthermore, we define J 01
" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD "m=2.volYe/

1=2
�

�R
e
u.s/C �e.s/

��R
vu � �R

e
u.0/

��
; (6.47a)

.J 01
" u/.v/ WD "m=2.volXv/

1=2�R
vu: (6.47b)

As usual, �e is the continuous, piecewise affine-linear cut-off function with

�e.0/ D 1, �e.a/ D 0 and �e.`e/ D 0, where a D `�.v/. To see that J 01
" maps

indeed into the given space, let Of D .f; F / WD J 01
" u. Then fe.0/ D "m=2pe�R

vu
so that f .v/ D "m=2�R

vu, and f 2 Cp, i.e. f 2 H1
p.G/. Moreover, F.v/ D

.volXv/
1=2f .v/ and finally, Of 2 H 1.

Now we are again in position to demonstrate that the two quadratic forms d anded
are ı-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):

Theorem 6.6.1. The quadratic formsed and d are ı"-partial isometrically equiva-
lent with identification operators J", J 1" and J 01

" , where

ı2" WD max
n Oı2";v
`�.v/

�
1C 2

	2.Xv/

�
;

"2

mine 	2.Ye/
;
"2˛

	2.Xv/

o
:

In particular, the error is of order4 ı" D O."1=2�/ and depends only on an upper
estimate on Ce and on lower estimates on 	2.Xv/, 	2.Ye/ and `e .

Recall the definition of Oı";v in Proposition 6.3.5.

Proof. The first condition in (4.29a) is easily seen to be fulfilled. For the second
condition in (4.29a) we estimate

ku � J"J �
" uk2X" D

X

e

ku � �R
e
uk2X";e C ku � �R

vuk2X";v

� max
e2E

n "2

	2.Ye/
;
"2˛

	2.Xv/

o
kduk2X"

by Proposition 5.1.1 and the scaling behaviour. The first estimate in (4.29b) is
trivially fulfilled, even with equality. The second estimate in (4.29b) reads as

kJ �
" u � J 01

" uk2H D "m
X

e2E
k�ek2Ie volYe

ˇ
ˇ�R

vu � �R
e
u.0/

ˇ
ˇ2 � Oı2";vkduk2X";v

4 Here, ı" D O."1=2�/ means that for any � > 0 small enough, we have ı" D o."1=2��/, i.e.
ı""

�.1=2��/ ! 0 as " ! 0.
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using Proposition 6.3.5. Moreover, (4.29c) is easily seen to be fulfilled. For the
estimate on the forms, we have

ˇ
ˇd.J 01

" u; Of / �ed.u; J 1" Of /ˇˇ2 D "m
ˇ
ˇ
ˇ
X

e

.volYe/1=2
��R

vu � �R
e
u.0/

�h�0
e; f

0iIe
ˇ
ˇ
ˇ
2

CS�
Oı2";v
`�.v/

kduk2X";vkf 0k2G

using again Proposition 6.3.5 and k�0
ekIe D `�.v/�1. For the total error recall

that Oı2";v D O."1�.ˇ�˛/Œlog "�/, where Œlog "� occurs only if m D 1. Since
2˛ > .1 � ˇ C ˛/ in the borderline case, the dominant error in ı2" is of the same
order. Choosing ˇ D ˛ C 2� for 0 < 2� < 1, then ı2" D O."1�2�Œlog "�/ D o."1��/,
as we claimed. ut

As in the fast and slowly decaying case, we obtain a closeness result for the
associated boundary triples .�v; �

0
v ;Gv/ and .e� v; e�

0
v;
eG v/ defined in Sects. 6.1.3

and 6.2.3. The boundary identification operator I"W Gv �! eG v is the same as
in (6.35). Moreover, we use the same transversal operators K D 0 and eK D �Y";int

as in Sect. 6.4:

Theorem 6.6.2. The boundary maps

�vW H 1
v �! C

Ev;int ; e� vW H1.X"/ �! L2.Y";int/;

�v
Of WD ffe.`e/ge; e� vu WD fue.`e; �/ge

associated with the forms d and ed are 0-close with the identification operators
J 1" , J 01

" and the boundary identification operator I". Moreover, I" is a Oı"-partial
isometry w.r.t. k andek, where Oı" D ".mine.	2.Ye//�1=2. Finally, eKI" D I"K.D 0/.

The proof is literally the same as for Theorem 6.4.4.

6.7 The Embedded Case

We show in this section that certain neighbourhoods of an embedded (star) graph fall
into the class of graph-like manifolds as described above up to some error estimates.
In particular, we obtain similar limit theorems as for graph-like manifolds.

6.7.1 Embedded Graph-Like Spaces

Assume that G 	 R
2 is a metric star graph embedded in R

2, and that OX" 	 R
2 is a

closed neighbourhood of G with decomposition
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OX" D OX";v �[ �[
e2E

OX";e: (6.48)

For simplicity only, we assume that all length `e are finite, and therefore G and
OX" are compact. Let us give a more precise description of OX" in terms of the

parametrisation

 e D . e;1;  e;2/W Ie �! R
2

of the edge e as curve in R
2, see also Sect. 5.4 for the case of a single curve. We

assume that  e has sufficient regularity, e.g.,  e 2 C3 is enough. The vertex v
corresponds to the point  e.0/ 2 R

2, and the latter is independent of e 2 Ev.
Denote by

�e WD  0
e;1 

00
e;2 �  00

e;1 
0
e;2 (6.49)

the curvature of the embedded edge e. Assume that for each edge, there is a
Lipschitz continuous function reW Ie �! .0;1/. The "re-tubular neighbourhood
of the embedded graph is defined via the parametrisation

�";e.s; y/ WD  e.s/C "re.s/yne.s/; .s; y/ 2 Ie � Y;

where ne denotes a continuous unit vector field normal to the tangent vector field
 0
e , and where Y WD Œ�1=2; 1=2�. In order to avoid self-intersections, we assume

that

0 < " � "0 WD min
e

1

k�ek1krek1
:

Then

1C "�e.s/re.s/y 
 1

2
> 0

for all y 2 Y , s 2 Ie , 0 < " � "0 and all edges e (see condition (5.24)).
Let 0 < ˛ � 1 and 0 < " � "˛ WD "

1=˛
0 . We assume that the components of OX"

are given by

OX";e WD �";e.Œ`e"
˛; `e� � Y �/ and OX";v WD

[

e2Ev

�"˛;e.Œ0; `e"
˛� � Y �/;

i.e. OX";e consists of the "re-neighbourhood of the curve  e away from the vertex,
and OX";v denotes a tubular neighbourhood of radius of order "˛ of the “"˛-star graph”
G" D �S

e  e.Œ0; `e"
˛�/.

The associated quadratic form on OX" is defined by

Od.u/ WD kruk2OX" ; dom Od WD H1. OX"/:
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Let us compare the quadratic form Od with the quadratic formed associated with the
scaled graph-like manifold X" D X";v �[ �S

e X";e (see Definition 6.2.6), where

X";v D "˛Xv and X";e D Ie �"re Y D Ie �re "Y

(for the notation of the warped product, see Definition 5.3.2). Here, the transversal
space, for which we need an embedding of different scalings as in (6.14), is given
by an interval of length re.0/. Moreover, we use the embedding (6.16), and obtain
Ce D re.0/ as bound on the derivative of the embedding.

The concept of ı-quasi-unitarily equivalence of quadratic forms was introduced
in Sect. 4.4 (see Definition 4.4.11). We consider three cases of the embeddings:

• Straight edges, constant radius: Assume that re is constant and that �e D 0.
Then OX";e is isometric to I";e � Y";e where I";e is an interval of length .1 � "˛/`e
and Y";e is an interval of length "re > 0. Moreover, the vertex neighbourhood OX";v
is "˛-homothetic to a fixed subset Xv 	 R, i.e. OX";v is isometric to X";v D "˛Xv.

In order to compare OX";e withX";e, we need to enlarge slightly the longitudinal
coordinate. From Proposition 5.4.4 (with re.s/ D re and `e.s; y/ D 1 being
constant) it follows that the quadratic forms Od and ed are Oı"-quasi-unitarily
equivalent, where

Oı" D 2"˛.1 � "˛/�1=2 D O."˛/

depends only on ˛.
• Curved edges, constant radius: Assume that re is again constant, but the

curvature �e may be non-trivial (see Fig. 6.8).
The error from the edge neighbourhood is O."˛/, since we have again the

correction of the longitudinal coordinate (Proposition 5.4.4). The error depends
now on k�ek1, k�0

ek1 and re. Moreover, the curvature produces a perturbation
from the product structure, so by Proposition 5.4.2, we get another error term of
order O."/, depending on k�ek1 and re.

If the curvature �e vanishes near the vertex, we can choose OX";v such that OX";v
is "-homothetic with a fixed set Xv 	 R

2. If the curvature �e does not vanish near
the vertex v, the vertex neighbourhood differs slightly from an exact "-homothetic
one. The error made in the quadratic forms is of order O."˛/. This can be seen by
cutting the vertex neighbourhood into deg v-many pieces which can be treated as
embedded tubular neighbourhoods as in Sect. 5.4 away from the vertex (see the
grey-shaded parts of OX";v in Fig. 6.8). The radius of the tubular neighbourhoods
may be chosen to be re.0/ since re.s/ � re.0/ for s D O."˛/. “Straightening”
the edge leads to an error term of order O."˛/ as in Proposition 5.4.2.

Altogether, the quadratic forms Od anded are O."˛/-quasi-unitarily equivalent,
where the error depends only on k�ek1, k� 0

ek1, re and ˛.
• Curved edges, variable radius: In the most general case, we allow a variable

radius re and non-trivial curvature �e .
For the edge neighbourhood, the error is O."˛/ from the shortened edge

(Proposition 5.4.4) depending on re and �e and its first derivatives. In addition,
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v;e
Xv

Xv;e Xe

e
X−
v

e

X̂ε;v

(e;e )

X̂ε X̂ε ;e

Xε;v

X−
ε v

e

Xε;v;e

ε v;

;

e εre

s

e

re

∼ εα

Xε;e

εre

Xε

X

∼ εα

Fig. 6.8 A 2-dimensional closed tubular neighbourhood OX" of an embedded star graph with
curved edges in R

2. Here, OX" has non-smooth boundary and constant radius on each edge. Below,
we sketched the corresponding unscaled and scaled graph-like manifolds X and X" (with vertex
neighbourhood scaling "˛), respectively. Note that the edge neighbourhoods Xe and X";e have the
same length `e as the original edge e. We will see later on that the angle between two edges does not
directly enter in our model assumptions, only a lower bound on the second Neumann eigenvalue
	2.Xv/ is needed

the curvature and the variable radius produce a perturbation from the product
structure, so by Proposition 5.4.2, we get another error term of order O."/
depending on the same quantities.

Moreover, the vertex neighbourhood OX";v is "˛-homothetic up to an error
O."˛/ of the quadratic forms depending now on re and the curvature �e by the
same arguments as in the previous case.

Altogether, the quadratic forms Od anded are O."˛/-quasi-unitarily equivalent,
where the error depends now on krek1, kr�1

e k1, kr 0
ek1, k�ek1, k� 0

ek1 and ˛.

6.7.2 Reduction to the Graph Model

Let us now apply the results of Sects. 6.4–6.6 to the situation when the star graph
G is embedded in R

2 with curved edges and has a constant tubular radius re > 0

around each edge, see Fig. 6.8. Here, d D 2 and m D 1. Basically, the quadratic
forms on the embedded space and the abstract graph-like manifold are Oı"-quasi-
unitarily equivalent, where Oı" D O."˛/ depends on k�ek1, k�0

ek1, re and the
scaling rate ˛ of the vertex neighbourhood. Combining the results of Sects. 6.4–
6.6, we can show that the quadratic form on OX" is ı"-quasi-unitarily equivalent with
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the corresponding quadratic form on the graph (depending on the scaling rate ˛ of
the vertex neighbourhood).

The fast decaying case:

Assume that the scaling rate ˛ of the vertex neighbourhood fulfils m=d D 1=2 <

˛ � 1, then we have (see Sect. 6.4):

Theorem 6.7.1. The quadratic form Od.u/ WD kruk2OX" is ı"-quasi-unitarily equiva-

lent with the quadratic form d associated with the (weighted) standard Laplacian
on G as defined in Sect. 6.1.1, where ı" D O.".˛d�m/=2/ D O."˛�1=2/. The
error depends only on lower bounds on 	2.Xv/, `e and on upper bounds on re,

volXv= vol V@Xv, k�ek1 and k�0
ek1.

The proof follows from Theorem 6.4.1 and the additional error estimates considered
in Sect. 6.7.1 below. Note that the error term of Theorem 6.4.1 is dominant, since
˛d � m D 2˛ � 1 � ˛. Moreover, the upper bound on re arises since we need a
lower bound on 	2.Ye/ D �2=r2e . Here, Ye is an interval of length re > 0.

The slowly decaying case:

Assume that 0 < ˛ < m=d D 1=2, then we have (see Sect. 6.5):

Theorem 6.7.2. The quadratic form Od.u/ WD kruk2OX" is ı"-quasi-unitarily equiva-

lent with the decoupled extended Dirichlet form d as defined in Sect. 6.1.2, where
ı" D O."˛/ if 0 < ˛ � 1=4 and ı" D O."1=2�˛/ if 1=4 � ˛ < 1=2. The
error depends only on lower bounds on 	2.Xv/, `e and on upper bounds on re,

vol V@Xv= volXv, k�ek1 and k�0
ek1.

The proof follows from Theorem 6.5.1 and the reasoning in Sect. 6.7.1.

The borderline case:

Assume that ˛ D m=d D 1=2, then we have (see Sect. 6.6):

Theorem 6.7.3. The quadratic form Od.u/ WD kruk2OX" is ı"-quasi-unitarily equiv-

alent with the coupled form d as defined in Sect. 6.1.3, where ı" D O."1=2�/. The
error depends only on lower bounds on 	2.Xv/, `e and on upper bounds on re,
k�ek1 and k� 0

ek1.

The proof follows similarly from Theorem 6.6.1.

Remark 6.7.4. Although the curvature �e of the edge and the angle ].e; e0/ between
two adjacent edges (see e.g. Fig. 6.8) are not detectable in the limit, the error
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ı" depends on �e, � 0
e and 	2.Xv/. From Theorem 4.6.4 we see that 	k."/ D

	k.0/ C O."1=2/ for the k-th eigenvalue 	k."/ and 	k.0/ of Od and d, respectively.
Using the eigenvalue comparison Corollary 4.4.19 one can show directly the same
result. Note that [G08a, GJ09] obtained an asymptotic expansion 	k."/ D 	k.0/C
"	1k.0/C"2	2k.0/C : : : for the eigenvalues of straight edges. It would be interesting
whether one can detect information e.g. on the angles between the edges via the
coefficients 	1

k.0/; 	
2
k.0/; : : : . For a curved tubular neighbourhood with Dirichlet

boundary conditions around a closed curve of length ` with positive curvature in
R
3, the first eigenvalue expands as

	D
1 ."/ D 	1

"2
� 3

4`

Z `

0

�1.s/
2ds C O."/

(cf. [KP88, Thm. 4.1]), where 	1 is the first Dirichlet eigenvalue of the unit disc and
�1 is the curvature of the curve embedded in R

3.

Remark 6.7.5. If we consider tubular neighbourhoods of an edge e with variable
radius function reW Ie �! .0;1/ (see Fig. 6.9), we obtain a different limit form on
each edge (see Sect. 5.5). Let us illustrate the necessary arguments in the case of
fast decaying vertex volume. The other cases can be treated similarly. As reference
transversal manifold we use Ye D Œ�1=2; 1=2�, so that volYe D 1. We assume that
re has sufficient regularity, say, re 2 C2.

e

X̂ε

s

e

v;e
Xv

e

X̂ε;e

Xe

re(s)

Xv;e
re(0)

Xε ;v εre(s)

Xε;e

e

X

X̂ε;v

Xε ∼ εα

X−
v

Fig. 6.9 A 2-dimensional closed tubular neighbourhood OX" with variable radius on each edge,
here for simplicity with vertex neighbourhood scaling ". Note that the “straightened” unscaled
vertex space Xv has constant radius re.0/ on the arm associated with the edge e. The scaled graph-
like manifold X" is drawn for a smaller " than the original tubular neighbourhood OX"
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In the limit, we basically have to replace the measure ds D dse on Ie by the
weighted measure we.s/ds D re.s/

mds withm D 1 here. The corresponding Hilbert
space is now given by

L2.G; rds/ WD
M

e

L2.Ie; re.s/ds/:

Moreover, the limit quadratic form is defined as

d.f / D
X

e

kf 0
e k2Ie ;reds D

Z

Ie

jf 0
e .s/j2re.s/dse

with domain

domd D ˚
f 2

M

e

H1.Ie; re.s/dse/
ˇ
ˇ f continuous at v

�
:

The corresponding operator will act as in (5.27) on each edge. Using the transfor-
mation fe 7! ef e D r

1=2
e fe on each edge, one obtains a unitary operator from the

weighted space L2.G; rds/ into the unweighted Hilbert space

L2.G/ D
M

e

L2.Ie/:

Moreover, the quadratic form transforms into a quadratic form q given by

q.ef / D
X

e

�kef 0
ek2Ie C hef e;Qe

ef eiIe
�C L.v/jf .v/j2

with domain

dom q D H1
cont.G/ D ˚

f 2 H1
max.G/

ˇ
ˇ f .0/ D f .v/p 2 Cp

�

where p D fpeg and pe D re.0/
1=2 (see Proposition 5.5.3). Here, the potentials on

the edges and vertices are given by

Qe WD q2e C q0
e; qe WD 1

2
.log re/

0 and L.v/ WD
X

e

qe.0/p
2
e :

Note that

Qe D
� r 0

e

2re

�2 C
� r 0

e

2re

�0
and L.v/ D 1

2

X

e

r 0
e.0/:

The transformed quadratic form q is non-negative since the unitary equivalent form
d is – although the edge and vertex potentials Qe and L.v/ may achieve negative
values.
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6.8 Slowly Decaying and Borderline Case for Arbitrary
Transversal Manifolds

In the following sections, we provide the necessary modifications in order to
treat arbitrary transversal manifolds Ye (and not only “homogeneous” ones as
in Sect. 6.2.2) also in the case of slowly decaying vertex volume (Sect. 6.9) or
the borderline case (Sect. 6.10). As before, we construct the manifold associated
with a star graph G with one vertex v and finitely many edges e 2 E D Ev of
lengths `e 2 .0;1�. We define the (modified) graph-like manifold and collect some
estimates needed for both cases in this section.

6.8.1 The Enlarged Vertex Neighbourhood with Added
Truncated Cones

If the transversal manifolds Ye are not homogeneous, i.e. we do not have an
embedding as in (6.14), then we have to modify the construction of a graph-like
manifold. This is in particular the case for transversal manifolds like Ye D S

1. For
such transversal manifolds, we cannot glue together two parts X";e D Ie � "Ye
and X";v D "˛Xv (˛ < 1) having a different scaling, such that the resulting
space has a (Lipschitz) continuous metric. In order to overcome this problem, we
add a truncated cone KX";v;e between the edge neighbourhood X";e and the vertex
neighbourhoodX";v for each edge (see Figs. 6.10 and 6.11).

The truncated cone is given by the warped product

KX";v;e WD "ˇI";v �r";v;e Ye; ˇ > ˛

(see Definition 5.3.2), where the radius function is given by the affine-linear function
r";v;eW Iv;e D Œ0; `v;e� �! .0;1/ with

r";v;e.0/ D " and r";v;e.`v;e/ D "˛:

εβ
v;e

s

0 v;e

ε

εα

rε;v;e(s)

εYe

X́ε ;v;e

εαYe

Fig. 6.10 The truncated cone KX";v;e for the transversal manifold Ye D S
1
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Xε;v

X́ε;v;e

Xε;e

X́ε;v

Fig. 6.11 The enlarged vertex neighbourhood KX";v with an added truncated cone KX";v;e for each
adjacent edge

Recall that KX";v;e is the manifoldXv;e D Iv;e � Ye with metric

Kg";v;e D "2ˇds2 C r";v;e.s/
2he;

where he is a given metric on Ye. Such a truncated cone was already used in
Sect. 6.2.2 where we embedded the cone into X";v;e 	 X";v. Here, in contrast, we
put the truncated cones between each edge neighbourhood and the central vertex
neighbourhood: We therefore define the enlarged vertex neighbourhood by

KX";v WD X";v �[ �[
e

KX";v;e

(see Fig. 6.11),
where again, the central part of KX";v scales homogeneously, i.e.

X";v D "˛Xv; for some 0 < ˛ � m

d

(recall that m WD dimYe D d � 1 and dimXv D d ). Note that in the fast decaying
case m=d < ˛ < 1, we have already treated smooth manifolds in Theorem 6.4.3
allowing a non-homogeneous scaling (6.27) of X";v. If ˇ � 1, then the enlarged
vertex neighbourhood KX";v fulfils (6.27) with underlying unscaled space

KXv WD Xv �[ �[
e

Xv;e

(i.e. we set " D 1). Note that Xv;e D KXv;e , since for " D 1, the truncated cone
becomes a cylinder. The graph-like manifold (with added cones) associated with
the underlying star graph G is now defined by

X" WD KX";v �[ �[
e

X";e;
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where we identified each “small” end of the truncated cone KX";v;e (isometric to "Ye)
with the corresponding end @vX";e D f0g�"Ye of the edge neighbourhood. As usual,
we denote by

V@ KX";v D �[
e

@e KX";v and V@X";v D �[
e

@eX";v

the internal boundary of KX";v and X";v as subsets of X". Note that

V@ KX";v D " V@ KXv and V@X";v D "˛ V@Xv:

We start with a lemma assuring that we do not add “too much” volume by
introducing the truncated cones. Recall that volX";v D "˛d volXv:

Lemma 6.8.1. Assume that 0 < " � 1, then we have

volX";v � vol KX";v �
�
1C "ˇ�˛ vol V@Xv

volXv

�
volX";v:

In particular, if ˛ < ˇ, then the additional truncated cones are negligible, i.e.

volX";v

vol KX";v
! 1 as " ! 0:

Proof. We apply Proposition A.2.17 with a D "ˇ`v;e , r0 D ", r1 D "˛ and obtain

"ˇC˛m

mC 1
� `v;e volYe � vol KX";v;e � "ˇC˛m � `v;e volYe � "ˇC˛m � volYe;

since `v;e � 1. In particular, we have

0 � vol KX";v volX";v D
X

e

vol KX";v;e � "ˇC˛m vol V@Xv D "ˇ�˛ vol V@Xv

volXv
� volX";v

noting that vol V@Xv D vol V@ KXv D P
e volYe . ut

6.8.2 Some More Vertex Neighbourhood Estimates

Here, we provide the necessary estimates needed for the reduction to the graph
models in Sects. 6.9 and 6.10. Let us start with introducing the following averaging
operators
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K�R
vu WD �

Z

KXv

u; K�R
";vu WD �

Z

KX";v
u; (6.50a)

�R
vu WD �

Z

Xv

u D �
Z

X";v

u; �R
e
u.s/ WD �

Z

Ye

u.s; �/ D �
Z

Y";e

u.s; �/ (6.50b)

for u 2 L2.X/. As before, �R
e
u.s/ is finite for almost every s 2 Ie D Œ0; `e�, and

�R
e
u 2 L2.Ie/. Since KX";v does not scale homogeneously, we do not have the scale

invariance
K�R

vu ¤ K�R
";vu

as for X";v D "˛Xv and Y";e D "Ye. Since we identified the smaller end @e KX";v D
"@e KXv Š "Ye of the truncated cone KX";v;e with one end of the edge neighbourhood
@vX";v D f0g � "Ye in the total space we have

�R
e
u.0/ D �

Z

@e KX";v
u (6.51)

for u 2 H1.X"/.
Let us first compare the averaging operators on KX";v and X";v:

Lemma 6.8.2. We have

ˇ
ˇ.vol KX";v/1=2 K�R

";vu � .volX";v/1=2�R
vu
ˇ
ˇ2

� 2
�
1 � volX";v

vol KX";v
�
kuk2KX";v � 2"ˇ�˛ vol V@Xv

volXv
� kuk2KX";v

for u 2 H1. KX";v/.
Proof. We have

ˇ
ˇ.vol KX";v/1=2 K�R

";vu � .volX";v/
1=2�R

vu
ˇ
ˇ2

D 1

vol KX";v
ˇ
ˇ
ˇ

Z

KX";vnX";v
u C

�
1 �

�vol KX";v
volX";v

�1=2� Z

X";v

u
ˇ
ˇ
ˇ
2

CS� 2
hvol. KX";v nX";v/

vol KX";v
kuk2KX";vnX";v C

�
1 �

�vol KX";v
volX";v

�1=2�2 volX";v

vol KX";v
kuk2X";v

i

� 2max
˚
1 � �; .p� � 1/2

o
kuk2KX";v ;

where � WD volX";v= vol KX";v � 1. The result follows from the fact that .
p
��1/2 �

j1 � �j for all � 
 0. For the last estimate, we apply Lemma 6.8.1 and the fact that
1 � � � 1=� � 1 if � � 1. ut
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Next, we need to compare the second (first non-vanishing) Neumann eigenvalues
	2. KX";v/ and 	2.X";v/ D "�2˛	2.Xv/ on KX";v and X";v D "˛Xv, respectively:

Lemma 6.8.3. Assume that ˇ > ˛ and that

0 < " � "0 WD min
n�
8C 8	D

2 .Xv/
�� 1

ˇ�˛ ; 1
o
; (6.52a)

where 	D
2 .Xv/ denotes the second eigenvalue with Dirichlet conditions on

S
e @eXv,

1

	2. KX";v/
� 2

	2.X";v/
D 2"2˛

	2.Xv/
: (6.52b)

Proof. The eigenvalue estimate follows from Proposition 4.4.18 with H D
L2. KX";v/, fH D L2.X";v/, d.f / WD kdf k2KX";v , ed.u/ WD kduk2X";v and J 1f WD
f �X";v . Namely, we have to check the necessary estimates Proposition 4.4.18: The
estimateed.J 1f / � d.f / is trivially fulfilled, i.e. we have ı0

0 D ı0
1 D 0. For the

estimate on the quadratic forms, we use again the decomposition of the central
manifold

X";v D X�
";v

�[ �[
e

X";v;e where X�
";v D "˛X�

v and X";v;e D "˛Xv;e:

Applying Proposition A.2.17 with a D `v;e"
ˇ, b D `v;e"

˛, r0 D " and r1 D "˛ (and
a change of the longitudinal coordinate s 7! "ˇs) yields

kf k2H � kJ 1f k2eH D
X

e

kf k2KX";v;e

� 4"˛CˇX

e

`2v;e �
�
kf 0k2

X
C

";v;e
C 1

"2˛`2v;e
kf k2

X
C

";v;e

�

� ı1d.f /C ı0kf k2;

where XC
";v;e WD KX";v;e �[ X";v;e denotes the union of the truncated cone

and the cylinder X";v;e 	 X";v, and where ı0 WD 4"ˇ�˛ and ı1 WD 4"ˇC˛
(recall that `v;e � 1). In addition, the condition ı0 C ı1	k < 1 is fulfilled,
since

ı0 C ı1	k. KX";v/ � 4
�
1C 	D

k .Xv/
�
"ˇ�˛ � 1

2

provided 0 < " � "0. Here, we used the eigenvalue monotonicity

	k. KX";v/ � 	D
k .X";v/ D "�2˛	D

k .Xv/
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since X";v 	 KX";v. Finally, from Proposition 4.4.18 we obtain

	k.X";v/ � 	k. KX";v/
1 � ı0 � ı1	k. KX";v/

� 2	k. KX";v/;

and the result follows with k D 2. ut
The following estimate is needed in the slowly decaying case; a similar result

has been proven in Proposition 6.3.10. For the definition of pm�2, we refer to
Definition A.2.13.

Proposition 6.8.4. Assume that ˇ > ˛ and that 0 < ˛ < m=d D .d � 1/=d , then
we have

"m
X

e2E
volYe

ˇ
ˇ�R
e
u.0/

ˇ
ˇ2 �eı2";v

�
kduk2KX";v C kuk2X";v

�

for u 2 H1. KX";v/, where

eı2";v WD max
n
2"1Cˇ�˛pm�2."1�˛/; 2"m�˛dC2˛; "m�˛d 4

`�.v/

o
:

Here,eı2";v D O."m�˛d / provided ˇ > .1 � ˛/m � 1.

Proof. We have

"m volYe
ˇ
ˇ�R
e
u.0/

ˇ
ˇ2 D "m volYe

ˇ
ˇ�R
@e KX";vu

ˇ
ˇ2

� 2"ˇ`v;epm�2."1�˛/"1�˛ku0k2KX";v;e C 2"m volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2

using (6.51) and Proposition A.2.17 with a D "ˇ`v;e. The latter averaging term can
be estimated by

"m volYe
ˇ
ˇ�R
@eXv

u
ˇ
ˇ2

CS� "mkuk2@eXv
� "m

�
`v;eku0k2Xv;e

C 2

`v;e
kuk2Xv;e

�

D "m
�
"�.d�2/˛`v;eku0k2X";v;e C 2"�d˛

`v;e
kuk2X";v;e

�

using (6.20) and the scaling behaviour of the norms. The result follows by summing
over e. For the error estimate, it is easy to see that "m�˛d dominates the error of
ı2";v for ˇ > .1 � ˛/m � 1. Recall that pm�1.
/ ! 1=.m � 1/ if m 
 2 and
p�1.
/ D O.jlog "j/ as 
 ! 0 (see Lemma A.2.16). ut

The next proposition is similar to Proposition 6.3.5 and used in the borderline
case:
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Proposition 6.8.5. Assume that ˇ > ˛, then we have

X

e2E
volYe

ˇ
ˇ�R
e
u.0/� �R

vu
ˇ
ˇ2 � Oı2";vkduk2KX";v

for u 2 H1. KX";v/, where

Oı2";v WD max
n
2"1Cˇ�˛pm�2."1�˛/; 2"2˛Cm�˛d � 1

`�.v/

�
1C 2

	2.Xv/

�o
:

If ˛ D m=d D .d � 1/=d then Oı2";v D O."2˛/.

Proof. As in the previous proof, we apply Proposition A.2.17 with u replaced by
w D u � �R

vu and (6.51) and obtain

"m volYe
ˇ
ˇ�R
e
u.0/� �R

vu
ˇ
ˇ2 D "m volYe

ˇ
ˇ�R
@e KX";v w

ˇ
ˇ2

� 2"ˇ`v;epm�2."1�˛/"1�˛ku0k2KX";v;e C 2"m volYe
ˇ
ˇ�R
@eXv

w
ˇ
ˇ2:

Note that u0 D w0. Using Corollary 6.3.4, we can estimate the sum over the second
term by

2"m
X

e

volYe
ˇ
ˇ�R
@eXv

w
ˇ
ˇ2 � 2"2˛Cm�˛d � 1

`�.v/

�
1C 2

	2.Xv/

�
kduk2X";v ;

since the central manifold X";v D "˛Xv scale homogeneously. If ˛ D m=d then
2˛ < 1C ˇ � ˛ and therefore, Oı2";v D O."2˛/. ut

6.9 Slowly Decaying and Arbitrary Transversal Manifolds:
Reduction to the Graph Model

Let us now show that the quadratic formed associated with the (Neumann) Laplacian
on the d -dimensional manifold X" is ı"-partial isometrically equivalent with a
quadratic form on the underlying metric graph. Here, the graph-like space associated
with the metric star graph G is given by

X" D KX";v �[ �[
e

X";e

where KX";v is the central manifold X";v D "˛Xv together with the truncated cones
KX";v;e for e 2 Ev. In particular, for each edge e 2 Ev, the truncated cone KX";v joins

the end of radius " from the edge neighbourhood with the corresponding boundary
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part of radius "˛ of the central manifoldX";v. For details we refer to Sect. 6.8.1. Let
us assume in this section, that the (d -dimensional) vertex neighbourhood volume
dominates the (m-dimensional) transversal volume, i.e. we assume that

0 < ˛ <
m

d
D d � 1

d
:

In this case, we have

vol KX";v
@ KX";v

� volX";v
volY"

D "˛d�m volXv

volY
! 0 as " ! 1

(see Lemma 6.8.1), where

volY" D vol@ KX";v D "m volY and volY D
X

e

volYe

denotes the m-dimensional volume of the union of all transversal manifolds
Y";e D "Ye.

Let us now define the zeroth and first order identification operators. We use the
same spaces as in (6.37). Denote by K��";v the normalised constant function on KX";v
and by K�v the constant function on KXv with value 1. Let J"W H �! fH D L2.X"/
be given by

J" Of WD
M

e2E
.fe ˝ ��";e/˚ F.v/ K��";v

D "�m=2M

e2E
.fe ˝ ��e/˚ .vol KX";v/�1=2F.v/ K�v (6.53)

for Of D .f; F / 2 H D L2.G/˚ C; similarly as in (6.38), but with respect to the
decomposition

L2.X"/ D
M

e2E
L2.X";e/˚ L2. KX";v/: (6.54)

For the spaces of order 1, we define J 1" W H 1 �! fH 1 D H1.X"/ by

J 1"
Of WD

M

e2E

�
fe C

� volY";e
volX";v

�1=2
�eF.v/

�
˝ ��";e ˚ .volX";v/�1=2F.v/ K�v (6.55)

D "�m=2
�M

e2E

�
fe C ".m�˛d/=2

� volYe
volXv

�1=2
�eF.v/

�
˝ ��e ˚ ".m�˛d/=2

.volXv/1=2

� F.v/ K�v

�
;

for Of D .f; F / in the decoupled space H 1 D L
e H1

0.Ie/ ˚ C, where H1
0.Ie/ D

f f 2 H1.Ie/ jf .0/ D 0 g. Again, we use a similar definition as in (6.39), but with
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respect to the decomposition (6.54). As in Sect. 6.5, it is easy to see that the function
J 1"

Of matches along the different components, i.e. J 1" Of 2 H1.X/.
The mapping in the opposite direction is given by the adjoint J �

" W fH �! H ,
namely,

.J �
" u/e.s/ D h��";e ; ue.s; �/iY";e D "m=2.volYe/1=2�R

e
u.s/; (6.56a)

.J �
" u/.v/ D h K��";v; uvi KX";v D .vol KX";v/1=2 K�R

";vu: (6.56b)

Furthermore, we define J 01
" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD "m=2.volYe/

1=2
�

�R
e
u.s/� �e.s/�

R
e
u.0/

�
; (6.57a)

.J 01
" u/.v/ WD h��";v; uviX";v D .volX";v/

1=2�R
";vu D "˛d=2.volXv/

1=2�R
vu (6.57b)

as in (6.41). Recall the definition of the averaging operators in (6.50). Again, it is
easily seen that .f; F / WD J 01

" u 2 H 1, in particular, that fe.0/ D 0.
Now we are in position to demonstrate that the decoupled Dirichlet form

on the graph d. Of / D P
e kf 0

e k2Ie with domd D H 1 and the quadratic form
ed.u/ D kduk2X";v with dom d D H1.X"/ on the manifold are ı-partial isometrically
equivalent (see Proposition 4.4.13 and Definition 4.4.11):

Theorem 6.9.1. The quadratic formsed and d are ı"-partial isometrically equiva-
lent with identification operators J", J 1" and J 01

" , where

ı2" WD max
n�
2"m�˛d C "ˇ�˛� 1

`�.v/
� vol V@Xv

volXv
;eı2";v

C 2"ˇ�˛ � vol V@Xv

volXv
;
2eı2";v
`�.v/

;
"2

mine 	2.Ye/
;
2"2˛

	2.Xv/

o
;

ˇ > ˛, 0 < " � "0, and where "0 is given in (6.52a). In particular, if ˇ > m.1�˛/,
then ı" D O."minf.m�˛d/=2;˛g/, and the error depends only on an upper estimate of

vol V@Xv= volXv, and 	D
2 .Xv/, and lower estimates on 	2.Xv/, 	2.Ye/ and `e .

Recall the definition ofeı";v in Proposition 6.8.4.

Proof. As usual, the first condition in (4.29a) is easily seen to be fulfilled. For the
second condition, we estimate

ku � J"J
�
" uk2X" D

X

e

ku � �R
e
uk2X";e C ku � K�R

";vuk2KX";v

� max
e2E

n "2

	2.Ye/
;

1

	2. KX";v/
o
kduk2X" � max

e2E

n "2

	2.Ye/
;
2"2˛

	2.Xv/

o
kduk2X"
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by Proposition 5.1.1 and Lemma 6.8.3. The first condition in (4.29b) is here

kJ 1" Of � J" Of k2X" D
h
"m�˛d X

e

volYe
volXv

k�ek2Ie C
ˇ
ˇ
ˇ
�vol KX";v

volX";v

�1=2 � 1
ˇ
ˇ
ˇ
2iˇ
ˇF.v/

ˇ
ˇ2

� �
"m�˛d C "ˇ�˛�vol V@Xv

volXv

ˇ
ˇF.v/

ˇ
ˇ2

using Lemma 6.8.1 together with j
1=2 � 1j � j
 � 1j for 
 
 0 and the fact that
k�ek2Ie � 1. The second estimate in (4.29b) can be seen by

kJ �
" u � J 01

" uk2H D
X

e2E
volYek�ek2Ie

ˇ
ˇ�R
e
u.0/

ˇ
ˇ2

C
ˇ
ˇ
ˇ.vol KX";v/1=2 K�R

";vu � .volX";v/
1=2�R

";vu
ˇ
ˇ
ˇ
2

�
�
eı2";v C 2"ˇ�˛ vol V@Xv

volXv

��kduk2KX";v C kuk2KX";v
�

applying Proposition 6.8.4 and Lemma 6.8.2. Moreover, (4.29c) is again easily seen
to be fulfilled. Finally, (4.29d) follows from

ˇ
ěd.u; J 1" Of /� d.J 01

" u; Of /ˇˇ2 D
ˇ
ˇ
ˇ
X

e

h
".m�˛d/=2� volYe

volXv

�1=2hu0
e; �

0
e ˝ ��";eiX";eF .v/

C "m=2.volYe/1=2�
Z

e

u.0/h�0
e; f

0
e iIe

iˇ
ˇ
ˇ
2

CS� 2

`�.v/

h
"m�˛d vol V@Xv

volXv
ku0k2X";E

ˇ
ˇF.v/

ˇ
ˇ2

C 2eı2";v

�
kduk2KX";v C kuk2X";v

�
kf 0k2G

i

using Proposition 6.8.4 again and k�0
ekIe � 1=`�.v/. For the error estimate on ı2";v,

note that ˇ > m.1� ˛/ implies that ˇ � ˛ > .m � ˛d/ andeı2";v D O."m�˛d /. ut
We can also allow a non-homogeneous scaling on Xv, namely,

"˛2Xv � X";v � "˛1Xv; 0 < ˛1 � ˛2 <
m

d
: (6.58)

Then similarly as in Lemma 6.8.1, we conclude

volX";v � vol KX";v �
�
"ˇ�.˛2�˛1/m�˛2 vol V@Xv

volXv
C 1

�
volX";v; and

"d.˛2�˛1/�2˛1	2.Xv/ � 	2.X";v/
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using (5.9). In particular, if ˛1, ˛2 and ˇ fulfil

ˇ > .˛2 � ˛1/mC ˛2; .d C 2/˛1 > d˛2;

then the two quadratic forms are again ı"-partial isometrically equivalent as in
Theorem 6.9.1 with ı" D O."� / for some � > 0 depending on ˛1, ˛2 and ˇ.

6.10 The Borderline Case with Arbitrary Transversal
Manifolds: Reduction to the Graph Model

Here, we treat the case when the vertex neighbourhood volume is of the same order
as the transversal volume, i.e. we assume that

˛ D m

d
D d � 1

d
:

For the notation of the spaces, see Sect. 6.8.1. The setting is similar to the one in
Sect. 6.6; we only use the decomposition (6.54) instead of (6.19). Moreover, we
use averagings over different spaces for the zeroth and first order identification
operators, in contrast to Sect. 6.5. For the notation of the total spaces on the graph
and the manifold, we refer to (6.43). Here, the parameters of the graph and the
manifold are related by

L.v/ D .volXv/
�1=2 and pe D .volYe/1=2; (6.59)

i.e. the coupling factor L.v/ is given by the unscaled volume of the smaller vertex
neighbourhoodXv 	 KXv.

Let us define the zeroth and first order identification operators. The operator
J"W H �! fH is given by

J" Of WD
M

e2E
.fe ˝ ��";e/˚ F.v/ K��";v

D "�m=2M

e2E
.fe ˝ ��e/˚ .vol KX";v/�1=2F.v/ K�v (6.60)

as in (6.45), but with respect to the decomposition (6.54). As before, K��";v is the
normalised constant function on KX";v D "˛ KXv and K�v the constant function on KXv

with value 1. For the spaces of order 1, we define J 1" W H 1 �! fH 1 by

J 1"
Of WD

M

e2E
.fe ˝ ��";e/˚

�vol KX";v
volX";v

�1=2
F.v/ K��";v

D "�m=2
�M

e2E
.fe ˝ ��e/˚ .volXv/

�1=2F.v/ K�v

�
:
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Note that the latter operator is well defined:

.J 1"
Of /e.0; y/ D "�m=2p�1

e fe.0/ D "�m=2f .v/ D "�m=2.volXv/
�1=2F.v/

D .J 1"
Of /.x/

for x 2 KXv due to (6.44) and (6.4), i.e. the function J 1" Of matches along the different
components and therefore J 1" Of 2 H1.X/.

The mapping in the opposite direction is given by the adjoint J �
" W fH �! H ,

i.e.

.J �
" u/e.s/ D h��";e ; ue.s; �/iY";e D "m=2.volYe/1=2�R

e
u.s/; (6.61a)

.J �
" u/.v/ D h K��";v; uvi KX";v D .vol KX";v/1=2 K�R

";vu: (6.61b)

Furthermore, we define J 01
" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD "m=2.volYe/1=2

h
�R
e
u.s/C �e.s/

�
�R

vu � �R
e
u.0/

�i
; (6.62a)

.J 01
" u/.v/ WD h��";v; uviX";v D .volX";v/

1=2�R
";vu D "m=2.volXv/

1=2�R
vu; (6.62b)

again as in (6.47), but with respect to the decomposition (6.54). Recall the definition
of the averaging operators in (6.50). To see that the operator indeed maps into the
given space, let Of D .f; F / WD J 01

" u then fe.0/ D "m=2pe�R
vu so that f .v/ D

"m=2�R
vu, and f 2 Cp, i.e. f 2 H1

p.G/. Moreover, F.v/ D .volXv/
1=2f .v/ and

finally, Of 2 H 1.
Let us now demonstrate that the two quadratic forms d. Of / WD P

e kf 0
e k2Ie ,Of 2 H 1 and ed are ı-partial isometrically equivalent (see Definition 4.4.11 and

Proposition 4.4.13):

Theorem 6.10.1. In the borderline case ˛ D m=d , the quadratic formsed and d
are ı"-partial isometrically equivalent with identification operators J", J 1" and J 01

" ,
where

ı2" WD max
n
2"ˇ�˛ � vol V@Xv

volXv
;

Oı2";v
`�.v/

;
"2

mine 	2.Ye/
;
2"2˛

	2.Xv/

o
D O."2˛/

provided 0 < " � "0 (see (6.52a)) and ˇ 
 3˛. Moreover, the error depends only

on an upper estimate of vol V@Xv= volXv and 	D
2 .Xv/, and on lower estimates on

	2.Xv/, 	2.Ye/ and `e .

Recall the definition of Oı";v in Proposition 6.8.5.

Proof. The first condition in (4.29a) is easily seen to be fulfilled, and the second
estimate follows as in the proof of Theorem 6.9.1. The first condition of the ı"-partial
isometric equivalence in (4.29b) is here
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kJ 1" Of � J" Of k2X" D
h�vol KX";v

volX";v

�1=2 � 1
i2ˇ
ˇF.v/

ˇ
ˇ2 � "ˇ�˛ vol V@ KXv

volXv

ˇ
ˇF.v/

ˇ
ˇ2

using Lemma 6.8.1. The second estimate in (4.29b) follows from

kJ 01
" u � J �

" uk2H D "m
X

e2E
k�ek2Ie volYe

ˇ
ˇ�R

vu � �R
e
u.0/

ˇ
ˇ2

C ˇ
ˇ.volX";v/

1=2�R
vu � .vol KX";v/1=2 K�R

";vu
ˇ
ˇ2

� max
n Oı2";v; 2"ˇ�˛ vol V@Xv

volXv

o�kduk2KX";v C kuk2KX";v
�

using Lemma 6.8.2 and Proposition 6.8.5. Moreover, (4.29c)is easily seen to be
fulfilled. Finally, we have

ˇ
ˇd.J 01

" u; Of /�ed.u; J 1" Of /ˇˇ2 D "m
ˇ
ˇ
ˇ
X

e

pe

�
�R

vu � �R
e
u.0/

�
h�0
e; f

0iIe
ˇ
ˇ
ˇ
2

CS�
Oı2";v
`�.v/

kduk2KX";vkf
0k2G

using Proposition 6.8.5 and k�0
ekIe � 1=`�.v/. ut

Note that the error we obtain here converges faster than the one in Theorem 6.6.1,
since ˛ D m=d > 1=2.

6.11 Dirichlet Boundary Conditions: The Decoupling Case

In this section we present an abstract graph-like manifold with non-trivial transver-
sal boundary @0X . In particular, we show that if the vertex neighbourhood is small
in a spectral sense, then the rescaled Laplacian with Dirichlet boundary conditions
on @0X converges to a decoupled Laplacian on the underlying graph. The rescaling
is necessary since the lowest transversal eigenvalue 	1 is non-zero in the Dirichlet
case. Recently, Molchanov and Vainberg resp. Grieser (see [MV07, G08a] and
Sect. 1.2.2) treated the general case (i.e. general vertex neighbourhoods, allowing in
principle also other types of boundary conditions like Robin-type ones). The limit
problem in the general situation depends on a scattering problem on the unscaled
manifold (with infinite ends). As in our situation here, one obtains generically only
a decoupled limit operator.

6.11.1 The Graph and Manifold Models

Let G D Gv be a metric star graph having only one vertex v and deg v adjacent
edges E of length `e 2 .0;1�. Before defining the limit operator on the graph,



6.11 Dirichlet Boundary Conditions: The Decoupling Case 355

we fix the abstract manifold associated with the graph. Assume that X D XC
v is a

d -dimensional Riemannian manifold with boundary @X having a finite number of
cylindrical ends, labelled by e 2 E D Ev. More precisely, we assume that

X D XC
v D Xv �[ �[

e2E
Xe

is a manifold with jEj-many ends. Here, Xe WD Ie � Ye, and Ye is a compact,
connected Riemannian manifold of dimension m WD d � 1, having non-trivial
boundary @Ye. Recall that Ie D Œ0; `e� if `e < 1 and Ie D Œ0;1/ if `e D 1. Let
us recall some notation for the different boundary components already introduced
in Sect. 6.2 (see also Fig. 6.12).

Namely, we denote by @1X and @0X the longitudinal and transversal boundary
of X i.e.

@1X WD
[

e2Eint

f`eg � Ye and @0Xv D @X n @1X :

Here, Eint D f e 2 E j `e < 1 g denotes the set of interior edges (i.e. edges of

finite length. Moreover, the boundary ofXv decomposes as @Xv D V@Xv �[ @0Xv, i.e.
into the internal and transversal boundary, respectively. The internal boundary has
.deg v/-many components

V@Xv D
[

e

@eXv; where @eXv D @vXe D f0g � Ye

is the boundary component of Xv where the edge neighbourhoodXe is attached.

∂0Xε

Xε;v

Xε

Xε;e

∂1Xε;e

∂̊Xv

ε

Fig. 6.12 A graph-like manifold X" with scaling parameter " and Dirichlet boundary conditions
on the transversal boundary @0X". In dark and light grey we pictured the vertex neighbourhood X";v
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As in Sect. 6.2, we assume that the vertex neighbourhoodXv decomposes as

Xv D X�
v

�[ �[
e2E

Xv;e

where Xv;e D Iv;e � Ye and Iv;e D Œ0; `v;e� with `v;e > 0 such that 0 < `�.v/ �
`v;e � minf`e; 1g, where `�.v/ D mine `e is the minimal edge length.

We assume that the metrics onXe andXv;e have product structure d2sChe , where
he is a metric on Ye. From Corollary A.2.7 we obtain the Sobolev trace estimate

kuk2@eXv
�eaku0k2Xv;e

C 2

ea
kuk2Xv;e

(6.63)

for 0 <ea � `v;e and

u 2 H1.Xv; @0Xv/ D ˚
u 2 H1.Xv/

ˇ
ˇ u�@0Xv

D 0
�
:

As scaled manifolds we consider

Y";e WD "Ye; X";e WD Ie � Y";e and X";v WD "Xv; (6.64)

for 0 < " � 1, i.e. the edge neighbourhoods shrink in the transversal direction
of order ", whereas the vertex neighbourhoods shrink in all directions of order ".
Denote by X" the corresponding total scaled space.

Denote the k-th eigenvalue of the Dirichlet Laplacian on Ye by 	k.Ye/ D 	D
k .Ye/.

The quadratic form on the manifold X" is defined by

eh.u/ WD kduk2X" � 	1

"2
kuk2X" ;

where
	1 WD min

e
	D
1 .Ye/ > 0: (6.65)

denotes the smallest transversal eigenvalue. This rescaling is necessary since the
first transversal mode is no longer zero. Note that 	D

1 .Y";e/ D "�2	D
1 .Ye/.

The limit operator on the graph survives only on the edges

E0 WD f e 2 E j	D
1 .Ye/ D 	1 g; (6.66)

i.e. only on those edges, for which the lowest transversal eigenvalue agrees with
the minimal eigenvalue. We call these edges thick. Let G0 be the corresponding
metric subgraph with edges E0 and one vertex v. The associated Hilbert space and
quadratic form are given by

L2.G0/ WD
M

e2E0
L2.Ie/; h.f / WD kf 0k2G0 D

X

e2E0
kf 0

e k2Ie ; dom h WD
M

e

H1
0.Ie/;
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where H1
0.Ie/ D f f 2 H1.Ie/ j f .0/ D 0 g. In particular, the limit operator (i.e. the

operator associated with h) is the decoupled Laplacian

� D
M

e2E0
�0
Ie

with Dirichlet condition at each point 0 2 Ie of the thick edges.

6.11.2 Some Vertex and Edge Neighbourhoods Estimates

We start with an estimate showing that no eigenfunction concentrates on the vertex
neighbourhood:

Lemma 6.11.1. Assume that 	1.Xv/ > 	1, then we have

kuk2Xv
� 1

	1.Xv/� 	1

�kduk2Xv
� 	1kuk2Xv

�

for u 2 H1.Xv; @0Xv/, where 	k.Xv/ D 	
@0Xv
k .Xv/ denote the eigenvalues of the

Laplacian with Dirichlet conditions on @0Xv and Neumann conditions on V@Xv.

Proof. Applying Proposition 5.1.2 we obtain

kuk2Xv
� 1

	1.Xv/
kduk2Xv

D 1

	1.Xv/

�kduk2Xv
� 	1kuk2Xv

�C 	1

	1.Xv/
kuk2Xv

:

By assumption, 	1=	1.Xv/ < 1, so we can bring the last term on the LHS and divide
by .1 � 	1=	1.Xv// > 0. ut

Let us make a comment on the spectral condition used in the previous lemma::

Remark 6.11.2. The condition 	1.Xv/ > 	1 on the vertex neighbourhood eigen-
value 	1.Xv/ D 	

@0Xv
1 .Xv/ and the lowest transversal eigenvalue 	1 is a sort

of “smallness condition” on the vertex neighbourhood. In particular, for given
transversal manifolds Ye, the eigenvalue 	1.Xv/ has to be large enough. Roughly
speaking, this means, that Xv is “small”. We give a construction for the existence
of such manifolds in the embedded case in Remark 6.11.10 and show as well, that
the "-neighbourhood of an embedded graph does not fulfil the condition, see the
discussion taken from [P05] in Sect. 6.11.5.

Under the above spectral condition, we can also assure that the quadratic formeh
is non-negative:

Proposition 6.11.3. Assume that 	1.Xv/ 
 	1, theneh 
 0.

Proof. We have



358 6 Plumber’s Shop: Estimates for Star Graphs and Related Spaces

eh.u/ D
X

e

�
kduk2X";e � 	1

"2
kuk2X";e

�
C kduk2X";v � 	1kuk2X";v



X

e

�
kdYeuk2X";e � 	1.Ye/

"2
kuk2X";e

�
C �

	1.Xv/� 	1
�kuk2X";v 
 0

using Proposition 5.1.2. ut
Next, we need to estimate the contribution of a function u on the internal

boundary V@Xv of Xv. Denote by 'e the first Dirichlet eigenfunction on Ye.

Lemma 6.11.4. We have

X

e

ˇ
ˇh'e; u.0; �/iYe

ˇ
ˇ2

CS� kuk2V@Xv
�
�
ea C 	1ea

2 C 2

ea.	1.Xv/ � 	1/
��kduk2Xv

� 	1kuk2Xv

�

for u 2 H1.Xv; @0Xv/ and 0 <ea � mine `v;e .

Proof. We have

X

e

ˇ
ˇh'e; u.0; �/iYe

ˇ
ˇ2

CS�
X

e

kuk2@eXv
�
X

e

�
eakduk2Xv;e

C 2

ea
kuk2Xv;e

�

�ea
�kduk2Xv

� 	1kuk2Xv

�C
�
ea	1 C 2

ea

�
kuk2Xv

�
�
ea C 	1ea

2 C 2

ea.	1.Xv/ � 	1/
��kduk2Xv

� 	1kuk2Xv

�

where we used (6.63) in the second inequality and Lemma 6.11.1 in the last
inequality. ut

Similarly as in Lemma 6.11.1, we can show that the “thin” edges do not
contribute to the limit:

Lemma 6.11.5. Assume that e 2 E n E0, i.e. 	1.Ye/ > 	1, then we have

kuk2Xe � 1

	1.Ye/� 	1

�kduk2Xe � 	1kuk2Xe
�

for u 2 H1.Xe; @0Xe/.

Proof. Applying Proposition 5.1.2 we obtain

kuk2Xe D
Z

Ie

ku.s/k2Yeds � 1

	1.Ye/

Z

Ie

kdYeu.s/k2Yeds

� 1

	1.Ye/
kduk2Xe D 1

	1.Ye/

�kduk2Xe � 	1kuk2Xe
�C 	1

	1.Ye/
kuk2Xe :
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By assumption, 	1=	1.Ye/ < 1, so we can bring the last term on the LHS and divide
by .1 � 	1=	1.Ye// > 0. ut

6.11.3 Reduction to the Graph Model

We now define the zeroth and first order identification operators. Here,

H WD L2.G0/ D
M

e2E0
L2.Ie/; H 1 WD

M

e2E0
H1
0.Ie/; (6.67a)

fH WD L2.X/; fH 1 WD H1.X; @0X/: (6.67b)

Let J"W H �! fH be given by

J"f WD
M

e2E0
.fe ˝ '";e/˚ 0 D "�m=2 M

e2E0
.fe ˝ 'e/˚ 0; (6.68)

where we set the value 0 on the vertex neighbourhood and on all “thin” edges
E nE0. Moreover, '";e is the normalised eigenfunction of Y";e associated with the
lowest eigenvalue 	1.Y";e/ D "�2	1.Ye/ > 0. Note that '";e D "�m=2'e where 'e is
the normalised eigenfunction associated with 	1.Ye// D 	1. Since functions in H 1

vanish at the vertex, the map J 1" WD J"�H 1 already respects the Sobolev spaces of
order 1, i.e. J 1" W H 1 �! fH 1.

The mapping in the opposite direction is given by the adjoint J �
" W fH �! H ,

i.e. we have

.J �
" u/e.s/ D

(
h'";e; u.s; �/iY";e D "m=2h'e; u.s; �/iYe ; if e 2 E0,
0; otherwise.

(6.69)

Furthermore, we define J 01
" W fH 1 �! H 1 by

.J 01
" u/e.s/ WD h'";e; u.s; �/iY";e � �e.s/h'";e; u.0; �/iY";e

D "m=2
�
h'e; u.s; �/iYe � �e.s/h'e; u.0; �/iYe

�
(6.70)

on all thick edges e 2 E0, and we set .J 01
" u/e D 0 if e 2 E nE0. As usual, �e is the

piecewise affine-linear with �e.0/ D 1, �e.a/ D 0 and �e.`e/ D 0 for a D `�.v/.
In particular, k�ek2Ie D a=3 � 1 and k�0

ek2Ie D a�1. Moreover, .J 01
" u/e.0/ D 0 so

that J 01
" u 2 H 1.

Now we are in position to demonstrate that the two quadratic forms h andeh are
ı-partial isometrically equivalent (see Definition 4.4.11 and Proposition 4.4.13):



360 6 Plumber’s Shop: Estimates for Star Graphs and Related Spaces

Theorem 6.11.6. Assume that

	1.Xv/� 	1 > 0; (6.71a)

then the quadratic forms eh and h are ı"-partial isometrically equivalent with
identification operators J", J 1" and J 01

" , where

ı2" WD max
n "

`�.v/2
�
1C 	1 C 2

	1.Xv/� 	1

�
;

"2

mine.	2;e � 	1/ ;
"2

	1.Xv/� 	1

o

and

	2;e WD
(
	2.Ye/; if e 2 E0 (i.e. 	1.Ye/ D 	1),

	1.Ye/; otherwise.
(6.71b)

Moreover, 	k.Ye/ D 	D
k .Ye/ denotes the k-th Dirichlet eigenvalue on Ye and 	k.Xv/

the k-th eigenvalues with Dirichlet condition on @0Xv and Neumann conditions on
V@Xv and `�.v/ WD minef`e; 1g.

In particular, ı" D O."1=2/ where the error depends only on an upper estimate
of 	1 WD mine 	1.Ye/ and on lower estimates of `e, 	2;e � 	1 and 	1.Xv/� 	1.

Note that minef	2;e � 	1g is the distance of 	1 to the remaining spectrum of
�Y D L

e2E �Ye
.

Proof. The first condition in (4.29a) is easily seen to be fulfilled. The second
estimate can be shown as follows:

ku � J"J
�
" uk2X" D "m

X

e2E0

Z

Ie

ku.s; �/� h'e; u.s; �/i'ek2Yeds C
X

e2EnE0
kuk2X";e

C "dkuk2Xv

�
X

e

"2

	2;e � 	1
�
kduk2X";e � 	1

"2
kuk2X";e

�

C "2

	1.Xv/� 	1

�
kduk2X";v � 	1

"2
kuk2X";v

�

� "2 max
e

n 1

	2;e � 	1 ;
1

	1.Xv/� 	1

o�
kduk2X" � 	1

"2
kuk2X"

�

using Proposition 5.1.2, Lemmata 6.11.1 and 6.11.5 and again the scaling behaviour.
The first estimate (4.29b) is trivially fulfilled, here even with equality. The second
condition follows from

kJ �
" u � J 01

" uk2G0 D "m
X

e2E0
k�ek2Ie

ˇ
ˇh'e; u.0; �/i

ˇ
ˇ2

� "a
�
eaC 	1ea

2 C 2

ea.	1.Xv/� 	1/

��
kduk2X";v � 	1

"2
kuk2X";v

�
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using Lemma 6.11.4 for 0 < a � mine `e and 0 < ea � mine `v;e and the scaling
behaviour. Moreover, (4.29c) is easily seen to be fulfilled. Finally, we have

ˇ
ˇh.J 01

" u; f / �eh.u; J 1" f /
ˇ
ˇ2 D "m

ˇ
ˇ
ˇ
X

e2E0
h�0

e; f
0iIeh'e; u.0; �/i

ˇ
ˇ
ˇ
2

� "

a

�
ea C 	1ea

2 C 2

ea.	1.Xv/ � 	1/
�
kf 0k2G

�
�
kduk2X";v � 	1

"2
kuk2X";v

�

using Lemma 6.11.4. Note that we also used the fact that 	1 D 	D
1 .Ye/ for e 2 E0

in the first equality of the latter estimate. The final expression for ı" can be obtained
by setting a Dea D `v.v/ � 1. ut

Let us define the associated boundary triples in the Dirichlet case: The boundary
spaces are given by

Gv WD C
E0;int and eG v D L2.Y";int/ D

M

e2Eint

L2.Y";e/

whereE0;int WD E0 \Eint andEint D f e 2 E j `e < 1 g. We denote by .�v; �
0

v ;Gv/

and .e� v; e�
0
v;
eG v/ the boundary triples defined as in Sects. 6.1 and 6.2. Note that

the first one is bounded and elliptic (see Proposition 2.2.18) and the second is
unbounded and elliptic (see Theorem 3.4.41).

We define the boundary identification operator in the Dirichlet case by

I"W Gv �! eG v; .I"F /e WD
(
Fe'";e; if e 2 E0;int,

0; otherwise,

i.e. we choose the Fe-multiple of the first Dirichlet eigenfunction on the thick edges.
The adjoint is given by .I � /e D "m=2h'e;  ei for e 2 E0;int. The transversal
operators here are

K D 0 and eK D �D
Y";int

� 	1

"2
D
M

e2E

�
�D
Y";e

� 	1

"2

�

with associated quadratic forms k D 0 on Gv andek. / D kd k2Y";int
�"�2	1k k2Y";int

.

For the notion of ı-closeness of two boundary maps �v and e� v we refer to
Definition 4.8.1.

Theorem 6.11.7. The boundary maps

�vW H1
p.G0/ �! C

E0;int ; e� vW H1.X"/ �! L2.Y";int/;

�vf WD ffe.`e/ge; e� vu WD fu.`e; �/ge
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associated with the forms h andeh are 0-close with the identification operators J 1" ,
J 01
" and the boundary identification operator I". Moreover, I" is a Oı"-partial isome-

try w.r.t. k andek, where Oı" D ".mine.	2;e � 	1//�1=2. Finally, eKI" D I"K.D 0/.

Proof. It follows straightforward from the definitions that

.e� J 1f /e D "�m=2fe.`e/'e D .I"�f /e;

.�J 01u/e D "m=2h'e; u.`e; �/i D .I�
"
e� u/e

for thick edges e 2 E0;int. In particular, the 0-closeness follows.
For the partial isometry, I�

" I"F D F is obvious. Moreover,

k � I"I
�
"  k2Y";int

D "m
�X

e2E0

	
	 e � h'e;  ei'e

	
	2
Ye

C
X

e2EnE0

	
	 e

	
	2
Ye

�

� "2

mine.	2;e � 	1/
ek. /

for  2 domek D VH1.Y";int/ using Proposition 5.1.2 and an argument similar as in
Lemma 6.11.5 on each component. The intertwining property eKI" D I"K of I" is
obvious, since eK vanishes on the eigenfunctions 'e of the thick edges e 2 E0. ut

6.11.4 The Embedded Case

Let us apply the previous results to the situation when the graph G is embedded
in R

2 and has a constant tubular radius re > 0 around each edge. We denote
the closed neighbourhood of G by OX" 	 R

2 (see Sect. 6.7.1 for details). The
transversal manifolds Ye here are just intervals of length re with eigenvalues
	D
k .Ye/ D �2k2r�2

e . The thick edges here are given by

E0 WD f e 2 E j	D
1 .Ye/ D 	1 g D f e 2 E j re D rC g;

where

	1 D min
e
	D
1 .Ye/ D �2

r2C
and rC D max

e
re;

explaining the name “thick” edge. The quadratic form on OX" is defined as

Oh".u/ WD kruk2OX" � 	1

"2
kuk2OX" D kruk2OX" � �2

"2r2C
; dom Oh" D H1. OX"; @0 OX"/:

Denote by Oh";e the restriction of Oh" to the Sobolev space H1. OX";e; @0 OX";e/, where
OX";e is given in (6.48) and where @0 OX";e D @ OX" \ OX";e is the transversal boundary.
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We have seen in Sect. 5.4 that the metric on OX";e in the intrinsic coordinates I";e �Ye
is given by

g";e D `2";eds
2 C "2r2e dy2e ;

i.e. Oh";e is unitarily equivalent with the corresponding form h";e on X";e D .I";e �
Ye; g";e/, where

h";e.u/ WD kduk2X";e � 	1

"2
kuk2X";e ; domh";e D H1.X";e; @0X";e/:

Here, we keep the slightly shortened length of the embedded edge neighbourhood,
i.e. I";e D Œ0; `";e� is an interval of length `";e D `e.1 � "
/ for some 
 2 .0; 1/.
Moreover,

`";e.s; y/ D 1C "�e.s/rey;

where �e denotes the curvature of the embedded edge (see (6.49)). Note that the
function b.y/ D y is harmonic on the interval Ye.

On the interval I";e , we define a quadratic form by

q";e.f / WD kf 0
e k2I";e C hfe;KefeiI";e ; Ke WD ��

2
e

4

and dom qe WD H1
0.I";e/. In Proposition 5.6.6 we have shown, that h";e (and therefore

Oh";e) is ı"-partial isometrically equivalent with the quadratic form q";e . Note that we
used a fixed interval I in Propositions 5.6.5 and 5.6.6, but the explicit formula for
ı" shows, that the result remains true for "-depending intervals. The error depends
on upper bounds on re and k�.j /e k1, j D 0; 1; 2.

In a last step, we can get rid of the "-dependence of the interval I";e , by an
argument similarly as in Proposition 5.3.7: Denote by qe the quadratic form with
the same formal expression as q";e , but now defined on dom qe WD H1

0.Ie/. Now, it
is easy to see that q";e and qe are O."/-quasi unitarily equivalent, where the error
depends only on k�ek1 and k� 0

ek1.

Remark 6.11.8. It is not clear if we could directly compare the quadratic form h";e
with a similar quadratic form on the full space Ie � Ye as in Proposition 5.4.4 for
the Neumann case. Note here, that the divergent terms with 	1"�2 coming from the
rescaling usually cause trouble, if they do not cancel each other exactly.

Putting the decoupled parts together, we can define a quadratic form

q WD
M

e2E0
qe; domq WD H 1 D

M

e
2

E0

H1
0.Ie/

on the graph. The corresponding operator is

M

e2E0

�
�0Ie � �2e

4

�
;
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where �0
Ie

is the Laplacian on Ie with Dirichlet condition at 0 and Neumann
condition at `e, if `e < 1. Finally, we obtain the following result; its proof being
similar to the one of Theorem 6.11.6:

Theorem 6.11.9. Assume that

	1.Xv/� �2

r2C
> 0; (6.72)

then the quadratic form Oh" is ı"-partial isometrically equivalent with the decoupled
form q as defined above with the curvature induced potentials, where ı" D O."1=2/.
The error depends only on lower bounds on `e and 	1.Xv/ � �2r�2C , and on upper
bounds on mine2EnE0 .rC � re/, k�ek1, k� 0

ek1 and k�00
e k1.

6.11.5 The Spectral Vertex Neighbourhood Condition

We finish this section with a comment on the smallness condition (6.72) on the
vertex neighbourhoodXv, and give examples where this condition holds or fails. To
simplify the presentation, we assume that the star graphG is again embedded in R

2.
First, we show, that the condition can always be fulfilled, provided the vertex

neighbourhood is small enough:

Remark 6.11.10. Suppose that we start with the closed 1-neighbourhood denoted
by Xv.0/, i.e. we set " D 1 and regard the unscaled vertex neighbourhood Xv.
For simplicity, we assume that the curvature vanishes near the vertices. Therefore
Xv.0/ is bounded by straight lines. Then we deform Xv.0/ smoothly in order to
obtain a family Xv.
/, 
 
 0, shrinking to the graph, but fixing the boundary parts
@eXv.
/ D @eXv.0/, e 2 Ev, where the edge neighbourhoods touch (cf. Fig. 6.13).

As in [P03a, Sect. 7] we can show that the first eigenvalue of the Laplacian on
Xv.
/ tends to 1, i.e.

	1.Xv.
// ! 1 as 
 ! 1,

where we impose Dirichlet boundary conditions on the transversal boundary

@0Xv.
/ and Neumann boundary conditions on the internal boundary V@Xv.
/ DS
e @eXv.
/ (see Fig. 6.13) In particular, we can always find some 
 2 .0;1/ for

whichXv WD Xv.
/ satisfies (6.72). Fixing this shrinking parameter 
 , we obtain an
("-unscaled) vertex neighbourhoodXv fulfilling the desired estimate.

An Example Not Satisfying the Smallness Assumption

Let us briefly give an example of a vertex neighbourhood not satisfying (6.72).
For suitable vertex neighbourhoods (e.g. arising from the "-neighbourhood of a
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Fig. 6.13 The original vertex
neighbourhood Xv.0/ (light
grey) and the shrunken vertex
neighbourhood Xv.
/ (dark
grey). The internal boundary
is drawn by a thin solid line,
and the boundary component
@eXv.
/ D @eXv.0/ by a
thick solid line

∂0Xv(τ)

∂eXv(0) = ∂eXv(τ)

Aε;1 Xε;1

Xε;2

Aε;2

Aε;3

Xε;3

s

s

s
y

α

α

X̂ε

Fig. 6.14 A simple trial function supported in a neighbourhood of the vertex has an eigenvalue
below the threshold 	1="2 D �2=.r

C

"/2 with r
C

D 2

graph) we will show the existence of an eigenvalue below the threshold 	1="2 D
�2=.rC"2/. The case of an "-neighbourhood of a vertex with four infinite edges
emanating (a “cross”) is considered in [SRW89] and [ABGM91]. In the former
reference one can also find a contour plot of the first eigenfunction. In particular,
the rescaled operator �D

OX" � �2=.rC"2/2 is no longer non-negative, i.e. (6.72)

fails.
The existence of such an eigenvalue below the threshold can easily be established

by inserting an appropriate trial function in the Rayleigh quotient. We consider
a graph with one vertex and three adjacent edges of length ` and denote its "-
neighbourhood by OX". We decompose OX" into three rectangles X";e and three sets
A";e as in Fig. 6.14.

On the rectangle X";e we use the coordinates 0 < s < ` and �" < y < " where
s D 0 corresponds to the common boundary with A";e. We extend these coordinates
from X";e onto A";e and define
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u.s; y/ WD "�1=2�.s/ cos
��y

2"

�

as a test function on each of the three sets X";e [ A";e. Here, �.s/ D 1 for s < 0

(i.e. on A";e), �.s/ D cos.�s=.2"�// for 0 � s � �" and �.s/ D 0 for " < s < `

where � > 0 is some constant to be specified below. Although u is not differentiable
across the different borders (but continuous), it still lies in the quadratic form domain
H1. OX"; @0 OX"/.

A straightforward calculation yields

kduk2OX"
kuk2OX"

� �2

4"2
D
� 8� cos˛ C 3�2 sin ˛ � 16�

..3�2 � 4/ cos˛ C 3�2� sin ˛ C 8/�

� �2

4"2
: (6.73)

This quantity is negative for all 0 < ˛ < 0:93� if we choose e.g. � D 3. In
particular, there exists a negative eigenvalue of �D

OX" � 	1="
2 of order "�2, and

Condition (6.72) fails here for any choice of vertex neighbourhoods X";v, since
�D

OX" � �2=.2"2/2 is no longer non-negative (see Proposition 6.11.3). Note that the

vertex neighbourhoodsX";v are not uniquely determined. One could enlarge X";v at
each edge emanating by a cylinder of length a" taken away from the corresponding
edge neighbourhood.

It was shown in [G08a] that the negative eigenvalues of�D
OX" �	1="2 do not arise

from a problem formulated on the graph, but from a scattering problem on a related
space obtained from the unscaled vertex neighbourhood Xv with infinite cylinders
Xe;1 D Œ0;1/ � Ye attached. The dependence of the leading order on the angle
˛ in (6.73) indicates that the behaviour should depend on the angles of the edges
meeting at a vertex.



Chapter 7
Global Convergence Results

In this final chapter, we prove convergence results for general metric graphs and
the associated graph-like manifolds. In particular, we show resolvent convergence,
convergence of the discrete and essential spectrum and of resonances. The idea
is as follows: we decompose a general metric graph G given by .V;E; @; `/ (cf.
Sect. 2.2) and an associated graph-like manifold X" into star graphs Gv and their
graph-like manifolds XC

";v. For such spaces, we already showed the convergence of
the associated quadratic forms dv andedv (more precisely their ı".v/-partial isometry
resp. ı".v/-unitary equivalence). The corresponding vertex coupling depends on the
behaviour at the vertex region, and is encoded in a space Vv � C

Ev at each vertex.
For example in the “fast decaying” case (including the case of a "-homothetic
vertex neighbourhood X";v D "Xv in the centre), we have Vv D Cp.v/, where
p.v/ D fpege2E and pe D .volYe/1=2 is the square root of the transversal volume.
The precise model settings are fixed in the previous chapter.

In Sect. 7.1 we define boundary maps coupled via the graph G (cf. Sect. 3.9
for a definition) starting from the boundary maps associated with the star-shaped
spaces Gv and XC

";v together with their quadratic forms dv andedv. To do so, we need
suitable global assumptions like e.g. a positive global lower bound infe2E `e > 0.
Note that the Neumann operator associated with the coupled boundary map is the
original operator on G resp. on X". We can then use an abstract convergence result
for coupled boundary triples .�; � 0;G / and .e� ;e� 0;eG / developed in Sect. 4.8 (more
precisely, we only need coupled boundary maps � W H 1 �! G and e� W fH 1 �! eG ).
This convergence result needs again some global assumptions, assuring that the
local error terms ı".v/ are uniformly convergent, namely that supv ı".v/ ! 0 as
" ! 0. We treat the different cases depending on the scaling behaviour at the
vertex neighbourhood resp. the boundary conditions in Sects. 7.1.1–7.1.4. We also
comment on the situation, when the metric graph G is embedded in R

2 and X" is a
small neighbourhood of G in R

2, in Sect. 7.1.5.
In Sect. 7.2, we use the abstract convergence results for resonances developed in

Sect. 4.9. We recall some facts, in particular the definition of the complexly dilated
operators H� and H�

" . Their discrete eigenvalues are (locally) independent of the
complex parameter � and actually poles of a suitable meromorphic continuation of

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6 7, © Springer-Verlag Berlin Heidelberg 2012
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the resolvents .�G�z/�1 and .�X"�z/�1, i.e., resonances (see Sects. 3.6–3.8). Note
that in the cases, when the limit operator on the graph decouples (like in the slowly
decaying and the Dirichlet decoupled case), all resonances on the graph are real-
valued and embedded eigenvalues in the continuous spectrum. These eigenvalues
are seen on the corresponding graph-like manifold as resonances converging to
the real eigenvalues. This phenomena is related to a Helmholtz resonator (see
Remark 1.4.6 and Corollaries 7.2.8 and 7.2.13).

7.1 Spectral Convergence for Graph-Like Spaces

Let us now explain in more detail how the global spaces and the operators can be
obtained from the corresponding objects on the star graph. LetG be a metric graph.
Metric graphs and its associated operators are introduced in detail in Sects. 2.2
and 2.3. We decompose G into its star-graph components by splitting each edge
of finite length (i.e., interior edges e 2 Eint) into two halves. Next, we collect the
half-edges (and edges of infinite length, i.e., exterior edges e 2 Eext) adjacent to a
vertex v in order to form a star graph Gv. We similarly decompose the graph-like
manifoldX" into its closed star-graph componentsXC

";v, i.e. we have

G D �[
v2V

Gv and X" D �[
v2V

XC
";v

for the graph and the manifold, respectively.1 For the precise definition of the star
graph neighbourhoodsXC

";v associated with the star graph Gv with different scaling
behaviour near the vertex we refer to Sects. 6.2 and 6.8. If we consider a metric
graph G embedded in some ambient space R

d and an associated graph-like space
X" � R

d , we obtain additional error terms, cf. Sects. 6.7.1 and 7.1.5.
We have proven in Chap. 6 in various cases, that the quadratic form kduk2

X
C

";v
is

ı".v/-partial isometrically equivalent with a corresponding quadratic form on the
star graph, where ı".v/ ! 0 as " ! 0. Using the abstract setting of boundary maps
coupled via graphs (see Sect. 3.9), we can define a boundary triple associated with
the forms on G and X", respectively. The boundary maps (and triples) �vW H 1

v �!
Gv and e� vW fH 1

v �! eG v associated with Gv and XC
";e were defined in Sects. 6.1.1–

6.1.3 and Sects. 6.2.3–6.2.4, respectively. For the Dirichlet case, see Sect. 6.11.3
(in the sequel, for the Dirichlet case, one has to replace Ev;int D Ev \ Eint by
E0;v;int D E0 \ Ev \ Eint, the set of thick edges, see (6.66)).

Let us recall the setting here: We have Gv D C
Ev;int and .�vf /e D fe.`e=2/, i.e.,

we evaluate fe on the midpoint of the edge e 2 Ev;int. The space H 1
v depends on

the model setting, but near the midpoints of an edge, fe is in H1.

1The notation G D �S
v Gv means “disjoint union up to measure 0”.
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On the manifold model XC
";v, we have eG v D L2.Y";int/ where @1XC

";v WD Y";int D�S
e2Ev;int

Y";e is the disjoint union of the transversal manifolds of the interior edges
adjacent to v (for the boundary notation of manifolds, see Sect. 5.1.1). Here,
.e� vu/e D ue.`e=2; �/. Locally, XC

";v is of product structure near the (longitudinal)
boundary @1XC

";v.
Let us first check that we can define boundary maps coupled via the graph

.V;E; @/ from the boundary maps. Here, Gint denotes the graph obtained from the
graph G by deleting all exterior edges (edges of infinite length). For the Dirichlet
case, one has to delete in addition the non-thick edges.

Proposition 7.1.1. Assume that infe2E `e > 0, then the boundary maps�vW H 1
v �!

Gv and e� vW fH 1
v �! eG v associated with Gv and XC

";e are compatible with the graph
Gint (see Definition 3.9.1), and the coupled boundary maps � W H 1 �! G and
e� W fH 1 �! eG as defined in (3.92) exist.

Proof. The compatibility is obvious from the construction, namely we set �v;ef WD
fe.`e=2/ and e� v;eu WD ue.`e=2; �/. Moreover, Ge WD C and eG e WD L2.Y";e/. We
now have to check the conditions of Proposition 3.9.2. In both cases, we estimated
the norm of �v and e� v by 2= infef

p
`e; 1g (see Propositions 6.1.4, 6.1.6, 6.1.7

and 6.2.9), which is finite by assumption. Moreover, f 2 H 1
v;e iff fe0 .`e0=2/ ¤ 0

only for e D e0, and similarly for u 2 fH 1
v;e . Now, G 1=2

e Š C D Ge and
eG
1=2
e Š H1=2.Y";e/ D G 1=2

e , so that in particular G 1=2
e and eG 1=2

e are dense in Ge
and eG e . Therefore, the result follows by Proposition 3.9.2. ut

It is now easy to see that the Neumann operators of the coupled boundary triples
are the original operators onG resp.X": For example, on the manifold, the quadratic
form on the coupled system is defined on the domain

fH 1 D ˚
u 2

M

v

H1.XC
";v/

ˇ
ˇ e� @

�

e;eu D e� @
C

e;eu; 8 e 2 E �:

The conditions on the boundaries e� @
�

e;eu D e� @
C

e;e just mean continuity, so that
fH 1 equals the Sobolev space H1.X"/ (resp. VH1.X"/ in the Dirichlet case), i.e.,
the domain of the quadratic form associated with the original Laplacian on X". In
particular, the Neumann operator HN of the coupled system is just the Laplacian
�X"

(resp. �D
X"

). A similar remark holds for the operators on the metric graph.
Let us now fix the scaling on the vertex neighbourhoods and the corresponding

limit operators.

7.1.1 Fast Decaying Vertex Volume

We start with the fast decaying case. Recall that each star graph neighbourhoodXC
";v

decomposes as
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XC
";v D X";v �[ �[

e2Ev

X";e:

In the fast decaying case, we assume that each vertex neighbourhood X";v behaves
like

"Xv � X";v � "˛Xv; where
m

d
D d � 1

d
< ˛ � 1;

(see (5.9) for the notation). For simplicity, we assume that the scaling rate ˛ is
independent of the vertex v. The convergence for the quadratic forms associated
with the star graph Gv was established in Sect. 6.4. Let us now define the global
spaces associated with the entire graph G. The space H and the quadratic form d
on G are defined by

H WD L2.G/ D
M

e2E
Ie; d.f / WD

X

e2E
kf 0

e k2Ie

H 1 WD domd WD ˚
f 2 H1

max.G/
ˇ
ˇ f .v/ 2 Cp.v/ 8v 2 V �:

The corresponding operator is the weighted standard Laplacian � WD �G given by
.�Gf /e D �f 00

e and domain

dom�G D ˚
u 2 H2

max.G/
ˇ
ˇf .v/ 2 Cp.v/;

X

e2Ev

pe
Õ
f

0
e
.v/ D 0 8v 2 V �;

see Corollary 2.2.11. The weights of the vertex space Vv D Cp.v/ are given by

pe WD .volYe/1=2; where p.v/ D fpege2Ev :

For the manifold, we set

fH WD L2.X"/; ed.u/ WD kduk2X" and fH 1 D domed WD H1.X"/:

The associated operator e� D �X"
is the Laplace operator with Neumann boundary

conditions if @X" ¤ ;.
In order to assure the global convergence, we need some uniformity conditions.

Namely, we assume that

`� WD inf
e2E `e > 0; �2.E/ WD inf

e2E �2.Ye/ > 0; (7.1a)

volC WD sup
v2V

volXv

vol V@Xv

< 1; �2.V / WD inf
v2V �2.Xv/ > 0; (7.1b)

where �2.Ye/ and �2.Xv/ denote the second (first non-vanishing) Neumann eigen-
value of Ye resp. Xv.
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Theorem 7.1.2. Assume that the above global assumptions (7.1) are fulfilled. Then
d anded are ı"-partial isometrically equivalent, where ı" D O.".˛d�m/=2/ depends
only on the above global constants. In particular, if the vertex neighbourhoods scale
of order " (i.e. ˛ D 1), then ı" D O."1=2/.

Proof. The ı";v-partial isometry of dv andedv follows from Theorem 6.4.3. Moreover,
the boundary operators �v and e� v are 0-close with the corresponding identification
operators J 1v and J 01

v by Theorem 6.4.4. The step from the estimates on each star
graph Gv to the global graph G follows now from Proposition 4.8.3 (7). Note that
we need (7.1) in order to assure that ı" WD supv ı";v < 1. ut

7.1.2 Slowly Decaying Vertex Volume

In the slowly decaying case, we use the decomposition

XC
";v D PX";v �[ �[

e2Ev

X";e

where PX";v is either the homogeneously scaled manifoldX";v D "˛Xv (see Sect. 6.2)
or the homogeneously scaled manifold X";v D "˛Xv together with the truncated
cones KX";v;e , i.e. PX";v D KX";v D X";v �[ �S

e2E KX";v;e (see Sect. 6.8). In both cases, we
assume that the scaling rate ˛ fulfils

0 < ˛ <
m

d
D d � 1

d
:

The convergence for the quadratic forms associated with the star graph Gv was
established in Sects. 6.5 and 6.9.

Let us now define the global spaces and operators. The space H and the
quadratic form d on the (extended) metric graph G are given by

H WD L2.G/˚ `2.V /; d. Of / WD
X

e2E
kf 0

e k2Ie

H 1 WD domd WD ˚ Of D .f; F / 2 H1
max.G/˚ `2.V /

ˇ
ˇf .v/ D 0 8v 2 V �;

Note that the quadratic form is decoupled. The corresponding operator

� D �D
G ˚ 0 D

M

e2E
�D
Ie

˚ 0

is as well decoupled. In the terminology of Sect. 2.3,� is the extended operator with
L D 0 (see Corollary 2.3.4). For the manifold we set

fH WD L2.X"/; ed.u/ WD kduk2X" and fH 1 WD domed WD H1.X"/:
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Note again that e� D �X" is the Laplacian with Neumann boundary conditions if X"
has a non-trivial boundary. The global assumptions are

`� WD inf
e2E `e > 0; �2.E/ WD inf

e2E �2.Ye/ > 0; (7.2a)

vol� WD inf
v2V

volXv

vol V@Xv

> 0; �2.V / WD inf
v2V �2.Xv/ > 0; (7.2b)

where �2.Ye/ and �2.Xv/ denote the second (first non-vanishing) Neumann eigen-
value of Ye resp. Xv. Moreover, we need either

supCe < 1 or �D
2 .V / WD sup

v2V
�D
2 .Xv/ < 1 (7.2c)

depending on whether we used the vertex neighbourhood PX";v D X";v of Sect. 6.2
with homogeneous transversal manifolds or the space PX";v D KX";v with attached
truncated cones (see Sect. 6.8). Here, Ce is defined in (6.15) as bound on the
derivative of the homogeneous embedding 'eW "Ye ,! Ye , and �D

2 .Xv/ is the second

eigenvalue of Xv with Dirichlet condition on V@Xv and Neumann condition on @0Xv

if @0Xv D @Xv \ Xv is non-empty.

Theorem 7.1.3. Assume that the above global assumptions (7.2) are fulfilled. Then
d anded are ı"-partial isometrically equivalent. Moreover, the error is of order ı" D
O."minf.m�˛d/=2;˛g/ and depends only on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.5.1,
6.5.2 and 6.9.1. ut

7.1.3 The Borderline Case

Let us here use the construction of the vertex neighbourhood KX";v with the truncated
cones attached (see Sects. 6.8 and 6.10). Recall that the homogeneously scaled
(central) vertex neighbourhoodX";v D "˛Xv is assumed to scale with rate

˛ D m

d
D d � 1

d
:

The convergence for the quadratic forms associated with the star graph Gv was
established in Sect. 6.10.

Let us now define the global spaces and operators. The space H and the
quadratic form d on the (extended) metric graph G are given by

H WD L2.G/˚ `2.V; jpj2/; d. Of / WD
X

e2E
kf 0

e k2Ie
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H 1 WD dom d WD ˚ Of D .f; F / 2 H1
p.G/˚ `2.V; jpj2/ ˇˇ f .v/ D L.v/F.v/8v2V �;

where
pe WD .volYe/1=2 and L.v/ D .volXv/

�1=2:

Recall the notation f .v/ D f .v/p.v/ and

f .v/ D ffe.v/ge2E; Hk
p.G/ D ˚

f 2 Hk
max.G/

ˇ
ˇf .v/ 2 Cp.v/ 8v 2 V �:

Moreover, `2.V; jpj2/ is the weighted `2-space with norm given by kF k2
`2.V;jpj2/ D

P
vjF.v/j2jp.v/j2. Note that the space and the quadratic form are the extended space

and form associated with the standard weighted quantum graph with operator L D
fL.v/g, see Sect. 2.3. In particular, we have H D OH , d D OdL and H 1 D OH 1

L ,
where L D fL.v/g acts via multiplication on `2.V; jpj2/. The operator associated
with the quadratic form d is � D O�L with domain

dom� D ˚ Of 2 H2
p.G/˚ `2.V; jpj2/ ˇˇ f .v/ D L.v/F.v/ 8v 2 V �;

and acts as

� Of D ˚�f 00
e

�
e

˚
n L.v/

jp.v/j2
X

e2Ev

pe
Õ
f

0
e
.v/
o

v

(see Corollary 2.3.5).

Remark 7.1.4. The above operator couples the extra state space `2.V; jpj2/ non-
trivially. Note that the eigenvalue equation� Of D � Of reads as

�f 00
e D �fe;

1

vol V@Xv

X

e2Ev

.volYe/
1=2

Õ
f

0
e
.v/ D � � .volXv/f .v/

for each edge e and each vertex v. Considering only the graph part, we can
think of this operator as of a delta-interaction with energy-depending strength (see
Remark 2.4.4 (1)).

For the manifold we set again

fH WD L2.X"/; ed.u/ WD kduk2X" ; and fH 1 WD domed WD H1.X"/;

and e� D �X"
is the (Neumann) Laplacian on X". The global assumptions are

`� WD inf
e2E `e > 0; �2.E/ WD inf

e2E �2.Ye/ > 0; (7.3a)

vol� WD inf
v2V

volXv

vol V@Xv

> 0; �2.V / WD inf
v2V �2.Xv/ > 0; (7.3b)
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�D
2 .V / WD sup

v2V
�D
2 .Xv/ < 1; (7.3c)

where �2.Ye/ and �2.Xv/ denote the second (first non-vanishing) Neumann eigen-
value of Ye resp. Xv, and �D

2 .Xv/ the second eigenvalue of Xv with Dirichlet

condition on V@Xv and Neumann condition on @0Xv.

Theorem 7.1.5. Assume that the above global assumptions (7.3) are fulfilled. Then
d anded are ı"-partial isometrically equivalent, where ı" D O.".d�1/=d / depends
only on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.6.2
and 6.10.1. ut

7.1.4 The Dirichlet Decoupled Case

Let us now treat the case when the Laplacian on X" has Dirichlet boundary
conditions on @X" ¤ ;. Before defining the limit graph space, we need some
more information on the manifold approximation. Let G be a metric graph given
by .V;E; @; `/. To each edge e 2 E, we associate the transversal manifold Ye with
non-trivial boundary @Ye ¤ ;. Note that the lowest transversal eigenvalue �D

1 .Ye/

of the Dirichlet operator on Ye is no longer 0. In particular,

�D
1 .Y";e/ D �D

1 .Ye/

"2

diverges as " ! 0. We therefore need a rescaling in order to expect convergence.
Denote by

�1 WD inf
e2E �

D
1 .Ye/ (7.4)

the infimum of all lowest transversal eigenmodes. We have already seen on a star
graph in Sect. 6.11 that only those edges survive in the limit operator which have
the lowest eigenmode equal to �1, namely

E0 WD f e 2 E j�D
1 .Ye/ D �1 g;

i.e. E0 is the set of edges for which the infimum is achieved. We assume here that
E0 ¤ ;.

Let us now define the limit space. The Hilbert space H , the quadratic form d
and the operator� on the metric graph G are given by

H WD L2.G0/; d.f / WD
X

e2E0
kf 0

e k2Ie ; H 1 WD domd WD
M

e2E0
VH1.Ie/;

� D
M

e2E0
�D
Ie
; dom� D

M

e2E0

�
H2.Ie/\ VH1.Ie/

�
:
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Note that the limit operator is decoupled. However, we do not need an extra discrete
space as in the slowly decaying case of Sect. 7.1.2.

For the manifold we set

fH WD L2.X"/; ed.u/ WD kduk2X" � �1

"2
kuk2X" and fH 1 WD domed WD VH1.X"/:

The corresponding operator is e� D �D
X"

� �1
"2

, where �D
X"

denotes the Laplacian
with Dirichlet boundary conditions on @X". The global assumptions are

`� WD inf
e2E `e > 0; �21.E/ WD inf

e2E0
�
�D
2 .Ye/ � �D

1 .Ye/
�
> 0; (7.5a)

�1.E/ WD inf
e2EnE0

�
�D
1 .Ye/ � �1

�
> 0; �1.V / WD inf

v2V
�
�1.Xv/� �1

�
> 0; (7.5b)

where �D
k .Ye/ denotes the k-th Dirichlet eigenvalue of Ye and �1.Xv/ the first

Dirichlet Neumann eigenvalue of Xv with Dirichlet condition on the boundary

part @0Xv coming from @X" and Neumann conditions on the parts V@Xv DS
e2Ev

@eXv, where the edge neighbourhoods are attached. Recall the definition of
�1 in (7.4).

Note that the condition �1.V / > 0 is a global smallness condition on the vertex
neighbourhoodXv, see the discussion in Remark 6.11.2 and Sect. 6.11.5.

Theorem 7.1.6. Assume that the above global assumptions (7.5) are fulfilled. Then
d anded are ı"-partial isometrically equivalent, where ı" D O."1=2/ depends only
on the above global constants.

Proof. The proof follows similarly as in Theorem 7.1.2, now using Theorems 6.11.6
and 6.11.7. ut

7.1.5 The Embedded Case

Let us make a short comment on the case when the graph G is embedded in R
2,

and the manifoldX" is a closed neighbourhood ofG in R
2 (see Sects. 6.7.1 and 6.7)

with constant radius re > 0. The previous theorems remain true, if we assume
additionally that

sup
e

re < 1; sup
e

k�ek1 < 1 and sup
e

k�0
ek1 < 1:

In the Dirichlet case, we need in addition

sup
e

k�00
e k1 < 1:
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We allow variable radii reW Ie �! .0;1/ for the edge neighbourhoods, and set
Ye D Œ�1=2; 1=2� as fixed transversal manifold. Moreover, we need the additional
uniformity assumptions

sup krek1 < 1; sup kr�1
e k1 < 1 and sup kr 0

ek1 < 1:

In the limit, we obtain the operator

.Df /e D � 1

re

�
refe

�0

(see Remark 6.7.5) in L2.G; r/ D L
e L2.Ie; re.s/dse/ with domain

domD D
n
f 2 H2

max.G/
ˇ
ˇ
ˇ f continuous;

X

e2Ev

re.v/
Õ
f

0
e
.v/ D 0 8 v 2 V

o
:

The transformation f 7! ef D fr1=2e fege yields a unitary operator from
L2.G; re.s/dse/ onto the unweighted space L2.G/. If we assume in addition that
supe kr 00

e k1 < 1, then the operatorD transforms into

.eDf /e D �ef 00
e CQe

ef e;

with domain dom eD given by

n
ef 2 H2

max.G/
ˇ
ˇ
ˇ ef .v/ D ef .v/p.v/;

1

jp.v/j2
X

e2Ev

pe.v/
Õ
ef

0

e
.v/C L.v/ef .v/ D 0

o
;

(see Proposition 5.5.3 and Remark 6.7.5). Here, p.v/ D fpe.v/ge2Ev and pe.v/ D
re.v/1=2. Moreover the potentials on the edges and vertices are given by

Qe WD q2e C q0
e; qe WD 1

2
.log re/0 and L.v/ WD

X

e2Ev

qe.v/pe.v/
2:

Note that

Qe D
� r 0

e

2re

�2 C
� r 0

e

2re

�0
and L.v/ D 1

2

X

e2Ev

r 0
e.v/:

In particular, we obtain a Schrödinger-type operator with edge potentials Qe and
vertex potentials (or delta-interactions) of strengths L.v/. Recall that eD is still a
non-negative operator since D is a non-negative operator, although L.v/ and Qe

may achieve negative values.
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Remark 7.1.7. In [P06] we showed that the manifold operator is close to the above
weighted graph operatorD with the weaker assumption of a lower bound on re only
near the vertices. Therefore, we may also allow infinite edge neighbourhoods with
decaying radius function re . Note that the Hilbert spaces L2.Ie; re.s/dse/ and L2.Ie/
differ in general.

For example we can treat horn-like shapes as in [DS92]. If the spectrum of the
Laplacian on the corresponding edge neighbourhoodX";e is Œ0;1/, then the spectral
convergence following from the quasi-partial isometry of the forms does not give
new information. Nevertheless, one can show the convergence of resonances or
embedded eigenvalues in this case (see Sect. 7.2). On the other hand, the spectrum
on X";e is purely discrete, for example for radial functions decaying fast enough
like re.s/ D e�sˇ , ˇ > 1 (cf. [EH89, DS92]). An example of a horn-like end with
infinitely many spectral gaps in the essential spectrum was constructed in [Lo01,
Thm. 3]. In principle, these results can be recovered with our analysis.

7.2 Convergence of Resonances

In this section we want to show the convergence of resonances of non-compact
graph-like manifolds. Resonances are defined as (complex) eigenvalues of a com-
plexly dilated operator (see Definition 3.8.3). Our spaces here have a finite number
of cylindrical ends, and therefore the spectrum of each of the operators is always
Œ0;1/ (as a set). The method of complex dilation allows to ’reveal’ eigenvalues
embedded in the essential spectrum, as well as poles of a meromorphic continuation
of the resolvent. For simplicity, both, the embedded eigenvalues and the poles, will
be called resonances.

Before explaining some concrete examples, recall that we have proven a quite
general result on the convergence of resonances in Sect. 4.9: Once, we are able to
show that the quadratic forms on the interior spaces (e.g. on a graph and a shrinking
manifold) are ı"-quasi unitarily equivalent for some ı" ! 0 (and some other natural
conditions), we may conclude the convergence of resonances of the associated non-
compact spaces with half-lines and cylinders attached.

For the convergence of resonances, the case of a decoupling limit operator as in
the slowly decaying or Dirichlet case is also of interest. Namely, we obtain the non-
trivial information that for each discrete eigenvalue (e.g. of a decoupled component
of the graph) there is a resonance converging to this eigenvalue.

Let us first define the corresponding boundary triples (for the general notion, see
Sect. 3.4). Assume that G is a non-compact metric graph with finitely many exterior
edges

Eext WD f e 2 E j `e D 1 g:
For technical reasons, we use a cut into an interior and exterior part away from the
vertices. In particular, we denote by Gint the subspace of G consisting of all interior
edges and all vertices, and the segment Œ0; 1� for each exterior edge e 2 Eext (i.e. we
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cut at s D 1 along each half-line). Consequently, the exterior part Gext consists of
jEextj-many disjoint half-lines Œ1;1/. When associating the corresponding graph-
like manifold, we do not consider the boundary points 1 2 Ie D Œ0;1/, e 2 Eext as
vertices (see Remark 2.2.17). Since the boundary @G WD Gint \Gext can be labelled
by Eext we use

G WD C
Eext

as associated boundary space. The boundary maps

��W H 1� �! G and � 0� W W 2� �! G

are defined by

.�intf /e WD fe.1�/; .�extf /e WD fe.1C/; (7.6a)

.� 0
intf /e WD f 0

e .1�/; .� 0
extf /e WD f 0

e .1C/; (7.6b)

where 1˙ denotes the limit from the left/right. The spaces H 1� and W 2� will be
given later on, but for the boundary triple, only the contribution of fe 2 H1.RC/
resp. H2.RC/ and the quadratic form near @G play a role. Both are the same in all
our examples below.

Let X" be a graph-like manifold associated with the metric graph G. We use
the corresponding split into an interior and exterior part X";int and X";ext. Namely,
X";int consists of all vertex neighbourhoodsX";v (resp. KX";v if we need the attached
truncated cones), all interior edge neighbourhoods X";e, e 2 Eint and the exterior
edge neighbourhood segment Œ0; 1� � "Ye, e 2 Eext. Consequently, the exterior part
X";ext is the disjoint union of the half-infinite cylinders Œ1;1/ � "Ye, e 2 Eext.
Denote by Y" WD X";int \ X";ext the common boundary. Note that Y" is isometric to
the disjoint union of all transversal spaces Y";e D "Ye. The boundary space on the
manifold is

G" WD L2.Y"/ D
M

e2Eext

L2.Y";e/

with boundary operators

�";�W H 1
";� �! G and � 0

";�W W 2
";� �! G

given by

.�";intu/e WD ue.1�; �/; .�";extu/e WD ue.1C; �/; (7.7a)

.� 0
";intu/e WD u0

e.1�; �/; .� 0
";extu/e WD u0

e.1C; �/: (7.7b)

Here, u0 D @su denotes the longitudinal derivative. Moreover,

H 1
";� WD H1.X";�/; W 2

";� WD H2.X";�/;

and the Sobolev-maximal operator is the Laplacian on X";�.
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Remark 7.2.1. Note that we have shown in Proposition 3.8.8 that the definition of
resonances is independent of where we make the cut into an interior and exterior
part. For computational reasons it easier to split the graph at the initial vertices @�e
of the exterior edges e 2 Eext. The jump condition then becomes part of the vertex
condition of the metric graph.

Let us now assume that the interior graph is compact, i.e. that

jEintj < 1;

where Eint WD E n Eext, although some of the results remain true for non-compact
interior spaces.

7.2.1 Fast Decaying Vertex Volume

We start again with the fast decaying case. For the notation of the spaces we refer to
Sect. 7.1.1. Let us first define the dilated coupled boundary triple together with the
complexly dilated operatorsH� and H�

" . On the interior part of the graph, we set

H 1
int WD H1

p.G�/ and W 2
int WD ˚

f 2H2
p.G/

ˇ
ˇ
X

e2Ev

pe
Õ
f

0
e
.v/ D 0 8 v 2 V �:

Recall the notation

Hk
p.Gint/ WD ˚

f 2 Hk
max.Gint/

ˇ
ˇ8v 2 V 9f .v/ 2 CWf .v/ D f .v/p.v/

�
(7.8)

and

p.v/ D fpege2Ev ; pe D .volYe/
1=2; f .v/ D ffe.v/ge2Ev :

On the exterior part, we simply have

H 1
ext WD H1.Gext/ and W 2

ext WD H2.Gext/; where Hk.Gext/ D
M

e2Eext

Hk.RC/:

The Sobolev-maximal operator L�� acts as . L��f /e D �f 00
e for f 2 W 2� . We denote

by d� the quadratic form given by

d�.f / WD
X

e2E
�

kf 0
e k2; dom d� WD H1

p.G�/:

The transversal operators resp. quadratic forms on the cylindrical ends are

K WD 0; k D 0; K" WD
M

e2Eext

�Y";e
; k". / D

X

e2Eext

kdYe ek2Y";e
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with dom k" D L
e2Eext

H1.Y";e/. For the notion of (elliptic) boundary triples and
the coupled versions we refer to Sects. 3.4–3.6.

Proposition 7.2.2. Assume that the interior metric graph is compact with finitely
many attached half-lines (i.e. jEj < 1). Then the following assertions are true:

1. The triples .�int; �
0

int;G / and .�";int; �
0
";int;G"/ are elliptic boundary triples

associated with the quadratic forms dint and d";int, respectively. The boundary
triple .�int; �

0
int;G / is bounded.

2. The triples .�ext;�� 0
ext;G / and .�";ext;�� 0

";ext;G"/ are elliptic boundary triples
with transversal operators K D 0 and K", respectively. In addition, the triple
.�ext; �

0
ext;G / is bounded. Finally, K" has purely discrete spectrum given by

�.K"/ D
n �k.Ye/

"2

ˇ
ˇ
ˇ k 2 N; e 2 Eext

o
;

where �k.Ye/ is the k-th eigenvalue of Ye . Moreover, the eigenvalue 0 is of
multiplicity jEextj.

3. The coupled boundary triples .�; � 0;G / and .�"; � 0
" ;G"/ are elliptic.

Proof. The ellipticity of the two interior boundary triples follow from Proposi-
tion 2.2.18 for the metric graph and from Theorems 3.4.39 and 3.4.40 for the man-
ifold. For the exterior boundary triples, the ellipticity follows from Theorem 3.5.6.
The ellipticity of the coupled boundary triples is shown in Propositions 3.6.13
and 3.6.11. The assertion on the spectrum ofK" is a consequence of the fact that the
boundary Y" D �S

e2Eext
Y";e is compact as finite union of compact manifolds. Note

that �1.Ye/ D 0 for all e 2 Eext. ut
For convenience, we recall the notion of a complexly dilated operator, i.e. the

Neumann operator of the associated dilated coupled boundary triple (see Sects. 3.6–
3.7). On the metric graph, the dilated coupled operator acts as

.H�f /e D �f 00
e ; .H�f /e D �e�2�f 00

e

for interior resp. exterior edges. The vertex conditions, especially the jump condi-
tions at the boundaryGint \Gext, are encoded in the domain

domH� WD ˚
f 2 W 2

int ˚ W 2
ext

ˇ
ˇ�extf D e�=2�intf; �

0
extf D e�=2� 0

intf
�
:

On the manifold, we have

.H�
" u/int D �X";int

u; .H�
" u/e D �e�2�u00

e C .id ˝�Y";e /ue
on the interior part resp. on exterior edges. The domain contains the jump conditions
at the common boundary Y" D X";int \ X";ext, i.e.,
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domH�
" WD ˚

u2H2.X";int/˚H2.X";ext/
ˇ
ˇ�";extu D e�=2�";intu; �

0
";extu D e�=2� 0

";intu
�
:

Let us summarise the facts about the graph operator �G D H0 and its dilated
counterpartH� (cf. Theorems 3.7.14 and 3.8.2):

Theorem 7.2.3. Assume that the interior metric graph is compact with finitely
many attached half-lines (i.e. jEj < 1). Then the following assertions are true:

1. The complexly dilated coupled operator H� has spectrum in the sector ˙# D
f z 2 C j jarg zj � # g, the family fH�g� is self-adjoint and depends analytically
on � 2 S# D R C .�#=2; #=2/i.

2. The essential spectrum of H� is given by

�ess.H
�/ D e�2� Œ0;1/

with multiplicity jEextj.
3. The spectrum �.H�/ depends only on Im � and �.H�/ D �.H�/ (complex

conjugation).
4. The discrete spectrum �disc.H

�/ is locally constant in � , i.e. if 0 < Im �1 �
Im �2 < #=2 then �disc.H

�1/ � �disc.H
�2/.

5. For � … R we have �.H� / \ Œ0;1/ D �p.�G/, where �p.�G/ denotes the set
of eigenvalues of �G , i.e. the eigenvalues of �G embedded in the continuous
spectrum are unveiled.

6. The singular continuous spectrum ofH is empty.

We have exactly the same statement for the manifold operators�" D H0
" and H�

" ,
except that

�ess.H
�
" / D e�2� Œ0;1/ [

[

kD2;3;:::I e2Eext

�k.Ye/

"2
e�2� Œ0;1/:

In particular, only the first branch (of multiplicity jEextj) does not tend to 1 as
" ! 0. Recall that a resonance of �G is a discrete eigenvalue of H� for jIm � j
large enough (see Definition 3.8.3). Note that the definition does not depend on �
by (4) of the previous theorem. Similarly, we define a resonance of �X"

.
Let the boundary identification operator be defined by

I"W G D C
Eext �! G"; .I"F /e WD "�m=2Fe��e;

i.e. we extend the single value Fe to a constant normalised function on Ye. The
adjoint is given by

.I�
" '/e D "m=2.volYe/1=2�R

e
':

In particular, we obtain a closeness result for the boundary triples .�int; �
0

int;G / and
.�";int; �

0
";int;G"/, using the first order identification operators J 1" and J 01

" defined on
each star graph by (6.32) and (6.34). We assume that the cut-off function 	e used
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in the definition of J 01
" on the exterior edge e has support in Œ0; 1�. In particular, we

then have

.J 1" f /e.y/ D "�m=2.volYe/
�1=2fe.1/ and .J 01

" u/e D "m=2.volYe/
1=2�R

e
u.1/

for e 2 Eext. For the notion of ı-closeness of two boundary maps �int and �";int we
refer to Definition 4.8.1.

Proposition 7.2.4. The boundary maps �int and �";int associated with the forms dint

and d";int are 0-close with the identification operators J 1" , J 01
" and the boundary

identification operator I". Moreover, I" is Oı"-partial isometrically equivalent of
order 1 w.r.t. the forms k D 0 and k", where Oı" D ".mine2Eext �2.Ye//

�1=2. Finally,
ran I" � domK" andK"I" D I"K.D 0/.

Proof. The 0-closeness follows from the definitions, namely,

.�";intJ
1
" f /e D "�m=2fe.0/��e D .I"�intf /e;

.�intJ
01
";intu/e D "m=2.volYe/

1=2�R
e
u.1/ D I�

" �";intu:

Moreover, I�
" I"F D F , and by applying Proposition 5.1.1 on each component we

have

k' � I"I
�
" 'k2Y" D "m

X

e

�
�'e � h��e; 'ei��e

�
�2
Y

� "2

mine2Eext �2.Ye/

�
k".'/C k'k2Y"

�

for ' 2 dom k" D H1.Y"/. Clearly, ran I" � domK" since the range consists of
locally constant functions only, and K" is the Laplacian. Finally, the intertwining
propertyK"I" D I"K D 0 of I" is obvious. ut
Theorem 7.2.5. Let # 2 .0; 
=2/ and � 2 S# , i.e. jIm � j < #=2. Assume that the
interior metric graph Gint is compact and that jEextj < 1. Then H� and H�

" are
ı"-partial isometrically equivalent, where ı" D O.".˛d�m/=2/. The error depends
only on # , on Re � and on the constants in (7.1).

Proof. We apply Theorem 4.9.8 and check the necessary assumptions (1)–(5).
The boundary space G is finite-dimensional and therefore elliptic. Moreover,

the coupled dilated boundary triple on the manifold is elliptic, see Proposi-
tion 7.2.2 (3).

For Theorem 4.9.8 (1), note the following. The partial isometry of the interior
forms was shown in Theorem 7.1.2, together with the error estimates depending
only on the constants mentioned in (7.1).

For (2)–(3) note the following. The closeness of the boundary maps and the
intertwining conditionK"I" D I"K are fulfilled by Proposition 7.2.4. The last item
(4) is obvious since K D 0. ut



7.2 Convergence of Resonances 383

As a consequence, we obtain from Theorem 4.9.12:

Corollary 7.2.6. Let � be a resonance of�G (i.e. a discrete eigenvalue ofH� ) with
multiplicity �. Then there exist � resonances �j ."/ of�X"

(i.e. discrete eigenvalues
of H�

" ), j D 1; : : : ; �, not necessarily mutually distinct, such that

�j ."/ ! � as " ! 0:

If, in addition, � D 1, i.e. if � is a simple eigenvalue with normalised eigenvector
 , then for each " > 0 small enough, there exist a normalised eigenvector " ofH�

"

such that

kJ" �  "k D O.".˛d�m/=2/ and kJ �
"  " �  k D O.".˛d�m/=2/:

Finally, the convergence depends only on # , on Re � , on constants in (7.1) and on
H� (more precisely on k.H� � z/�1k for z 2 @D, whereD � C is chosen such that
D \ �.H� / D f�g).

We showed indeed a stronger result, namely the quasi-isometric equivalence for
the associated sesquilinear forms, see Theorem 4.9.7. Moreover, other convergence
results like the convergence of the resolvents or the spectral projections of the dilated
operators follow (see Sect. 4.5).

7.2.2 Slowly Decaying Vertex Volume

Let us now describe the case of slowly decaying vertex volumes. For the notation
of the spaces we refer to Sect. 7.1.2. Recall that in the slowly decaying case, the
limit operator on the graph decouples (see Theorem 7.1.3). In order to obtain a
non-decoupled interior graph, let us associate the slowly decaying vertex neigh-
bourhoods X";v with scaling exponent 0 < ˛ < .d � 1/=d only to the coupling

vertices @�e, e 2 Eext. On the inner vertices VV WD V n f @�e j e 2 Eext g, we assume
a fast decaying vertex neighbourhood (for simplicity with scaling ", i.e. ˛ D 1).

We only describe the notion differing from the fast decaying case, namely the
limit quadratic form and operator. On the graph, the spaces are given by

Hint WD L2.Gint/˚ C
Eext ; H 1

int WD H1
p.Gint/˚ C

Eext ;

W 2
int WD ˚

f 2 H2
p.Gint/

ˇ
ˇ
X

e2Ev

pe
Õ
f

0
e
.v/ D 0 8 v 2 V �˚ C

Eext

(see (7.8) for the definition of Hk
p.Gint/), where we have Dirichlet vertex conditions

at the coupling vertices only, i.e.

p.v/ D 0; v 2 Vext WD f @�e j e 2 Eext g:
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Moreover, the boundary maps on the interior graph are the same as in (7.6),
replacing the symbol f by Of . The quadratic form dint on the graph is given by

dint. Of / WD
X

e2Eint

kf 0
e k2; dom dint WD H 1

int:

The corresponding Laplacian has the form �int D �D
Gint

˚ 0. Here, �D
Gint

is the
metric graph Laplacian associated with the quantum graph .Gint;

L
v2V Cp.v/ (see

Sect. 2.2.2), fulfilling Dirichlet conditions on the connecting vertices v 2 Vext.
The boundary triple on the exterior graph part Gext is defined as in Sect. 7.2.1.

Note that the complexly dilated operator on the graph is in this case decoupled, i.e.
H� acts as before, but the domain is a direct sum. In particular, the dilated operator
is the direct sum of �D

Gint
, 0 (on C

Eext ) and jEextj copies of �e�2�@ss , the dilated
Laplacian on RC with Dirichlet boundary condition at 0.

The solely discrete eigenvalues of H� are the ones from the interior operator
�D
Gint

with Dirichlet conditions on Vext. Moreover, 0 is an eigenvalue of multiplicity
jEextj, which is not revealed as Im � increases.

Theorem 7.2.7. Let # 2 .0; 
=2/ and � 2 S# , i.e. jIm � j < #=2. Assume that
the interior metric graph Gint is compact and that jEextj < 1. Then H� and H�

"

are ı"-partial isometrically equivalent, where ı" D O."minf.m�˛d/=2;˛g/. The error
depends only on # , on Re � , and on the constants in (7.2).

The proof is very similar to the proof of Theorem 7.2.5, except that for Theo-
rem 4.9.8 (1), we use Theorem 7.1.3 together with the error estimates, depending
only on the constants mentioned in (7.2).

Corollary 7.2.8. Let � 2 .0;1/ be an eigenvalue of �D
Gint

with multiplicity �.
Then there exist � resonances �j ."/ of �X"

(i.e. discrete eigenvalues of H�
" ), j D

1; : : : ; �, not necessarily mutually distinct, such that

�j ."/ ! � as " ! 0:

If, in addition, � D 1, i.e. if � is a simple eigenvalue with normalised eigenvector
 , then there exist normalised eigenvectors  " of H�

" such that

kJ" �  "k D O."minf.m�˛d/=2;˛g/ and kJ �
"  " �  k D O."minf.m�˛d/=2;˛g/:

Finally, the convergence depend only on # , on Re � and �D
Gint

and on the constants
in (7.2).

7.2.3 The Borderline Case

We now describe the borderline case ˛ D .d � 1/=d . Namely we assume that to
each vertex of the graph we associate a vertex neighbourhood KX";v with volume of
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the same order as the transversal manifold as explained in Sects. 6.8 and 6.10. For
the notation of the spaces we refer to Sect. 7.1.3. On the manifold, we use the same
setting as before. On the graph, the spaces are given by

Hint WD L2.Gint/˚ C
V ; H 1

int WD ˚ Of 2 H1
p.Gint/˚ C

V
ˇ
ˇ f .v/ D L.v/F.v/ 8v2V �;

W 2
int WD ˚ Of 2 H2

p.Gint/˚ C
V
ˇ
ˇ f .v/ D L.v/F.v/ 8v 2 V �;

where Of D .f; F / and L.v/ D .volXv/
�1=2. The quadratic form dint on the graph

is given by

dint. Of / WD
X

e2Eint

kf 0
e k2; dom dint WD H 1

int:

Again, both dilated operators, on the graph and on the manifold, fulfil the assertions
of Theorem 7.2.3. The main result in the borderline case is the following:

Theorem 7.2.9. Let # 2 .0; 
=2/ and � 2 S# , i.e. jIm � j < #=2. Assume that the
interior metric graph Gint is compact, and that jEextj < 1. Then H� and H�

" are
ı"-partial isometrically equivalent, where ı" D O."˛/. The error depends only on
# , on Re � , and on the constants in (7.3).

The proof is again similar to the proof of Theorem 7.2.5, using now Theorem 7.1.5.
Denote by � the operator associated with the form d (cf. Sect. 7.1.3). Not that

this operator is in general not decoupled.

Corollary 7.2.10. Let � be a resonance of� (i.e. a discrete eigenvalue ofH� ) with
multiplicity �. Then there exist � resonances �j ."/ of�X"

(i.e. discrete eigenvalues
of H�

" ), j D 1; : : : ; �, not necessarily mutually distinct, such that

�j ."/ ! � as " ! 0:

If, in addition, � D 1, i.e. if � is a simple eigenvalue with normalised eigenvector
 , then there exist normalised eigenvectors  " of H�

" such that

kJ" �  "k D O."˛/ and kJ �
"  " �  k D O."˛/:

Finally, the convergence depend only on # , on Re � , on the constants in (7.3) and
on H� (more precisely on k.H� � z/�1k, z 2 @D, D \ �.H�/ D f�g).

7.2.4 The Dirichlet Decoupled Case

We also obtain a closeness result for operators with Dirichlet conditions on @0X".
For the notation we refer to Sect. 7.1.4. We recall that
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�1 WD inf
e2E �

D
1 .Ye/

denotes the infimum of all lowest transversal eigenmodes. We have already seen on
a star graph in Sect. 6.11 that only those edges survive in the limit operator which
have the lowest eigenmode equal to �1 (the “thick” edges), namely

E0 WD f e 2 E j�D
1 .Ye/ D �1 g:

i.e. E0 is the set of edges for which the infimum is achieved. We denote by

E0;int WD Eint \ E0 and E0;ext WD Eext \E0
the corresponding thick interior (`e < 1) and exterior (`e D 1) edges. In order
to obtain non-trivial results, we assume that E0;int and E0;ext are both non-empty.
Let G0 be the metric subgraph generated by all thick edges E0. We use the
decomposition into an interior and exterior part as before on the exterior edges at
s D 1 and denote the corresponding spaces by G0;int and G0;ext.

On the graph, the spaces are given by

Hint WD L2.G0;int/; H 1
int WD H1

0.G0;int/; W 2
int WD H2

0.G0;int/;

where the Sobolev spaces Hk
0.G0;int/ D L

e2E0;int
f f 2 Hk.Ie/ j f �@Ie D 0 g are

completely decoupled. The quadratic form dint on the graph here is given by

dint.f / WD
X

e2E0;int

kf 0
e k2; domdint WD H 1

int;

and also decoupled. The corresponding objects on the exterior part are defined as in
the previous cases. For the manifold we set

H";� WD L2.X";�/; H 1
";� WD H1

@0X"
.X";�/; W 2

";� WD H2
@0X"

.X";�/;

where functions in H1
@0X"

.X";�/ vanish on @0X" D @X" \X";�, i.e. the boundary part
coming from the manifold boundary @X". The forms and operators are given by

d";�.u/ WD kduk2X";� � �1

"2
kuk2X";� ; dom d";� WD H 1

";�;

�";� D �D
X";�

� �1

"2
; �1 WD min

e2E �
D
1 .Ye/:

The boundary spaces for the graph and the manifold are given by

G WD C
E0;ext ; G" WD

M

e2Eext

L2.Y";e/:
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The boundary maps on the graph and manifolds are defined as before by the eval-
uation at s D 1 on each thick exterior edge. Moreover, the boundary identification
operator in the Dirichlet case is given by

I"W G �! G"; .I"F /e WD
(
Fe'";e; if e 2 E0;ext,

0; otherwise,

i.e. we choose the Fe-multiple of the first Dirichlet eigenfunction on the thick
exterior edges. The adjoint is given by .I� /e D "m=2h'e;  ei for e 2 E0;ext. The
transversal operators here are

K D 0 and K" D �D
Y"

� �1

"2
D
M

e2Eext

�
�D
Y";e

� �1

"2

�

with associated quadratic forms k D 0 on G andek. / D kd k2Y" �"�2�1k k2Y" . The
spectrum of the associated operatorK" has again purely discrete spectrum given by

�.K"/ D
n �D

k .Ye/� �1

"2

ˇ
ˇ
ˇk 2 N; e 2 E0;ext

o
;

where �D
k .Ye/ is the k-th Dirichlet eigenvalue of Ye. Moreover, the eigenvalue 0 is

of multiplicity jE0;extj.
As in Theorem 6.11.7, we obtain a closeness result for the boundary triples (the

identification operators J 1" and J 01
" were defined in Sect. 6.11.2):

Proposition 7.2.11. The boundary maps �int and �";int associated with the forms
dint and d";int are 0-close with the identification operators J 1" , J 01

" and the boundary
identification operator I".

Moreover, I" is Oı"-partial isometrically equivalent of order 1 w.r.t. the forms
k D 0 and k", where Oı" D ".mine2E0;ext �2;e � �1/

�1=2, where �2;e was defined
in (6.71b). Finally, K"I" D I"K.D 0/.

Both dilated operators, on the graph and on the manifold, fulfil the assertions of
Theorem 7.2.3. As in the slowly decaying (Neumann) case, the complexly dilated
operator on the graph is decoupled, i.e. H� is unitarily equivalent with the direct
sum with respect to a decomposition into the metric graph generated by all interior
edges and the exterior entire edges.

In particular, the solely discrete eigenvalues ofH� are the ones from the interior
operator �D

Gint
with Dirichlet conditions on Vext. Moreover, 0 is an eigenvalue of

multiplicity jEextj, which is not revealed as Im � increases.
The main result in the Dirichlet decoupled case is the following:

Theorem 7.2.12. Let # 2 .0; 
=2/ and � 2 S# , i.e. jIm � j < #=2. Assume that the
interior metric graph Gint is compact, and that jEextj < 1. Then H� and H�

" are
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ı"-partial isometrically equivalent, where ı" D O."1=2/. The error depends only on
# , on Re � , and on the constants in (7.5).

The proof is exactly the same as the one of Theorem 7.2.5, except that for (1), we use
Theorem 7.1.6 together with the error estimates, depending only on the constants
mentioned in (7.5).

Corollary 7.2.13. Let � 2 .0;1/ be an eigenvalue of �D
G0;int

with multiplicity �,

i.e. � D .k
=`e/
2 for some e 2 E, k 2 N. Then there exist � resonances �j ."/

of �D
X"

(i.e. discrete eigenvalues of H�
" ), j D 1; : : : ; �, not necessarily mutually

distinct, such that
�j ."/ ! � as " ! 0:

If, in addition, � D 1, i.e. if � is a simple eigenvalue with normalised eigenvector
 , then there exist normalised eigenvectors  " of H�

" such that

kJ" �  "k D O."1=2/ and kJ �
"  " �  k D O."1=2/:

Finally, the convergence depend only on # , on Re � and on the constants in (7.5).



Appendix A

A.1 Convergence of Set Sequences

In this section we collect some facts on the convergence of a sequence of closed
sets An to A, typically the sets will be spectra of operators and therefore be subsets
of RC or C. Nevertheless, we need also a weighted distance, so we formulate this
chapter in terms of a complete metric space .M; d/ and assume An;A � M . We
denote the open and closed metric balls by

B�.x/ WD f y 2 M j d.x; y/ < � g and B�.x/ WD f y 2 M j d.x; y/ � � g:

Moreover, for a set B � M and a 2 M , we define the distance of a to B by

d.a;B/ WD inf
b2B d.a; b/ 2 Œ0;1�: (A.1)

Note that if B is compact, then the minimum is achieved, and we can replace inf by
min.

Definition A.1.1. We define the myemphmaximal outside distance of A to B by

dC.A;B/ WD sup
a2A

d.a; B/ 2 Œ0;1�:

Moreover, the maximal inside distance of A to B is given by

d�.A;B/ WD dC.B;A/:

Finally, the Hausdorff distance of A and B is defined by

d.A;B/ WD maxfdC.A;B/; d�.A;B/g:

O. Post, Spectral Analysis on Graph-Like Spaces, Lecture Notes in Mathematics 2039,
DOI 10.1007/978-3-642-23840-6, © Springer-Verlag Berlin Heidelberg 2012
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The proof of the following proposition is standard:

Proposition A.1.2. We have d˙.A;B/ D d˙.A;B/ and d.A;B/ D d.A;B/.
Moreover, the Hausdorff distance is indeed a metric on the space

K .M/ WD fK � M jK compact g:

If .M; d/ is complete, so is .K .M/; d/.

Note that the maximal outside and inside distances are not symmetric: Assume that
A, B are compact. Then dC.A;B/ D 0 is equivalent to A � B , i.e. the maximal
outside distance of A to B does not see points in B n A, and similarly for d�.

Lemma A.1.3. Let � �. We have the following equivalent characterisations for
compact subsets A;B � M :

dC.A;B/ � � , 8a 2 A 9b 2 BWd.a; b/ � �;

d�.A;B/ � � , 8b 2 B 9a 2 AWd.a; b/ � �:

Note that this characterisation allows to define maps f�WA �! B and g�WB �! A

such that d.a; f�.a// � � and d.b; g�.b// � �. This point of view is useful when
comparing two different metric spaces A, B in the Gromov-Hausdorff distance (see
e.g. [Ka02, Ka06]).

Definition A.1.4. Let An;A 2 K .M/ be compact subsets of M .

1. An converges from outside to A (An & A) if dC.An; A/ ! 0.
2. An converges from inside to A (An % A) if d�.An; A/ ! 0.
3. An converges to A (An ! A) if d.An;A/ ! 0.

Remark A.1.5. Again, we warn from taking the terminology too literally: if
An � A, then dC.An; A/ D 0, i.e. a sequence An inside A converges from outside
to A, and similarly for d�. In particular, if An & A converges from outside, then
the limit can suddenly expand. For example, if An D A0 ¨ A, then dC.An; A/ D 0.
The convergence from outside does not note what happens inside A. Similarly, if
An % A converges from inside, then the limit can suddenly collapse. For example,
if An D A0 © A, then d�.An; A/ D 0. The convergence form inside does not
note what happens outside A. Nevertheless, if An ! A (i.e. An converges to A in
Hausdorff distance), the limit A cannot either expand nor collapse.

Let us give an element-wise characterisation of the convergence from inside and
outside. Recall that an assertion .An/ holds eventually if there exists n0 2 N such
that .An/ holds for all n � n0. Similarly, .An/ holds infinitely often if for all n0 2 N

there exists n � n0 such that .An/ holds.

Proposition A.1.6. Assume thatM is a compact metric space. Let An;A 2 K .M/

be closed subsets. Then the following conditions are equivalent:
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An & A , 8x 2 M n A 9� > 0WB�.x/ \An D ; eventually;

An % A , 8a 2 A 9anAnWd.an; a/ ! 0:

Proof. Assume that An & A then d.an; A/ ! 0. Let x … A. Since Ac is open,
there exists � > 0 such that B2�.x/ \ A D ;. Now, if an 2 B�.x/ \ An infinitely
often, then

d.a; an/ � d.a; x/ � d.x; an/ > 2�� � D �

for all a 2 A, i.e. d.an; A/ � �, contradicting d.an; A/ ! 0.
For the opposite direction, assume that An & A is not true, i.e. there exists

� > 0 and a sequence an 2 An such that d.an; A/ � � infinitely often. Since M
is compact, we can extract a convergence sub-sequence ank ! x. In particular,
d.x;A/ � �, thus x 2 M n A. From the assumption, we have B�.x/ \ An D ;
eventually, in contradiction to ank ! x.

The second equivalence is simpler: The convergence An % A is equivalent
to d.a;An/ ! 0 uniformly in a 2 A. In particular, the pointwise convergence
d.a;An/ ! 0 for all a 2 A follows. For the opposite direction, we use again the
compactness of M in order to obtain the uniform convergence. ut

A.2 Estimates on Abstract Fibred Spaces

In this section, we develop an abstract framework in order to prove Sobolev trace
theorems and related estimates on graphs and manifolds. In the abstract setting, we
consider (weakly) differentiable functions on an interval with values in a Hilbert
space. We allow the Hilbert spaces along the interval to vary, and define abstractly
(warped) products and spaces close to (warped) products. All relevant examples are
covered, e.g., the Sobolev trace estimate for a manifold with boundary or estimates
on cone-like manifolds. Our approach here is related (at least formally) to [B89,
GG91], as well as to the abstract approach to so-called “Dirac systems” in [BBC08].
There are also relations to “half-line boundary triples” introduced in Sect. 3.5.

A.2.1 Vector-Valued Integrals

Let us start with some facts about vector-valued integrals. More details can be
found e.g. in [Y80, GG91]. Let .M;�/ be a measure space and X a Banach space.
A function uWM �! X is said to be weakly measurable if ' ı uWM �! C,
s 7! '.u.s//, is measurable for all ' 2 X � in the dual space. A function
uWM �! X is said to be a step function if its range ran u D u.M/ is finite,
say, u.M/ D fx1; : : : ; xkg; and if �.u�1.xi // < 1 for all i D 1; : : : ; k, provided
xi ¤ 0. A function uWM �! X is said to be strongly measurable if there is
a sequence of step functions unWM �! X (an approximating sequence) such
that kun.s/� u.s/k ! 0 for �-almost all s 2 S . By Pettis’ theorem, a weakly
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measurable function is strongly measurable provided X is separable (or at least if
the closed subspace generated by ran u is separable). In our application below, X
will be a separable Hilbert space. Moreover, we use the case X D L .H / and
u.s/ D �'.s/.H � s/�1 for a closed operator H (see Theorems 3.3.6 and 3.3.20).
Note that in the latter situation, the closed subspace generated by the range of u is
an abelian sub-algebra of L .H / and therefore separable.

For strongly measurable functions, the vector-valued integral is defined in the
obvious way. A function uWM �! X is said to be Bochner-integrable, if u is
strongly measurable (with approximating sequence un) and if

R
M

ku.s/� un.s/kd�
.s/ ! 0. It can be seen that the definition of the integral in the next theorem is
independent of the approximating sequence (two approximating sequences can be
combined into a single approximating sequence). By Bochner’s theorem, a strongly
measurable function is Bochner-integrable iff s ! ku.s/k is integrable:

Theorem A.2.1 (Bochner). Let .M;�/ be a measure space, and X a Banach
space. Assume that uWM �! X is strongly measurable. Then u is (Bochner-)
integrable iff Z

M

ku.s/kd�.s/ < 1: (A.2)

In particular, if the integrability condition (A.2) if fulfilled, then the vector-valued
integral Z

M

u.s/d�.s/ WD lim
n!1

X

x2ran unnf0g
�.u�1

n .x//x 2 X

exists in the norm-topology on X , where un is an approximating sequence.
Moreover, �

�
�

Z

M

u.s/d�.s/
�
�
� �

Z

M

ku.s/kd�.s/:

Let now X D H0 be a (separable) Hilbert space. Then weakly measurable func-
tions are strongly measurable. Moreover, we have a vector-valued generalisation of
the Cauchy-Schwarz inequality, namely

ˇ
ˇ
ˇ
DZ

M

u.s/d�.s/;
Z

M

v.s/d�.s/
E

H0

ˇ
ˇ
ˇ

CS�
Z

M

ku.s/kH0kv.s/kH0d�.s/; (A.3)

provided the RHS is finite, i.e. u; v 2 L2.M;H0/. Here, L2.M;H0/ is the space of
(equivalence classes of) measurable functions uWM �! H0 such that

kuk2L2.M;H0/
WD
Z

M

ku.s/k2H0
d�.s/ < 1:

In particular, L2.M;H0/ is a Hilbert space with inner product

hu; viL2.M;H0/ WD
Z

M

hu.s/; v.s/iH0d�.s/ D
DZ

M

u.s/d�.s/;
Z

M

u.s/d�.s/
E

H0

:
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Here, the latter equality is true since the Bochner integral commutes with (bounded)
linear operators. Note that L2.M;H0/ is also unitarily equivalent with L2.M/˝H0

and with the direct integral
R˚
M

H0d�.s/with constant fibre, see the next subsection.
Moreover, in the vector-valued case, we also have a “scalar-vector” version of

the Cauchy-Schwarz inequality, namely

�
�
�

Z

M

f .s/u.s/d�.s/
�
�
�
2

H0

CS�
Z

M

jf .s/j2d�.s/
Z

M

ku.s/k2H0
d�.s/ (A.4)

for f 2 L2.M;C/ and u 2 L2.M;H0/.

A.2.2 Fibred Spaces Over an Interval

Assume that I � R is an interval and that H .s/ is a family of separable Hilbert
spaces based on the same vector space H0 (i.e. H .s/ D H0 as vector space). It is
unimportant whether we choose I to be open or closed, since individual points are
not seen by the Lebesque measure ds. We assume that H .s/ is measurable, i.e. that
s 7! ku0k2H .s/ is measurable for all u0 2 H0. We set

H .I / D
Z ˚

I

H .s/ds

(for an abstract definition of the direct integral of Hilbert spaces
R ˚
I

H .s/ds, we
refer e.g. to [Di69] or [RS80, Sec. XIII.16]). Equivalently, we can define H .I /

as the completion of the space of continuous functions C.I;H0/ under the norm
k�kH .I /, where

kuk2H .I / WD
Z

I

ku.s/k2H .s/ds < 1:

Similarly, we define a fibred Sobolev space H 1.I / as the completion of the
space of functions C1.I;H0/ under the norm k�kH 1.I /, where

kuk2H 1.I /
WD
Z

I

�ku.s/k2H .s/ C ku0.s/k2H .s/

�
ds < 1:

We denote by H k.s0; s1/ the corresponding space H k.I / with I D .s0; s1/. Note
that

I1 � I2 implies kukH k.I1/
� kukH k.I2/

: (A.5)

Since the Hilbert spaces H .s/ and H0 differ only in their inner product, there
exists a positive operator-valued, measurable function s 7! A.s/ such that

ku0k2H .s/ D hu0; u0iH .s/ D hu0; A.s/u0iH0
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for all u0 2 H0 and almost all s 2 I with respect to the Lebesque measure.
Moreover, there exist measurable functions �˙W I �! .0;1/ such that

��.s/ku0k2H0
� ku0k2H .s/ � �C.s/ku0k2H0

for almost all s 2 I and all u0 2 H0. For example, we can choose ��.s/ WD
inf �.A.s// and �C.s/ WD sup �.A.s//.

We will now make more assumptions on the functions �˙.

Definition A.2.2.

1. We say that the fibred space H .I / is an almost warped product if there is a
function � called distortion function and constants �˙ > 0 such that

���.s/ � ��.s/ and �C.s/ � �C�.s/

i.e.

���.s/ku.s/k2H0
� ku.s/k2H .s/ � �C�.s/ku.s/k2H0

(A.6a)

for almost all s 2 I and all u0 2 H0. We call �1 WD �C=�� the global relative
distortion.

2. We say that H .I / is a warped product if it is an almost warped product with
relative distortion �1 D 1, i.e. if ��.s/ D �C.s/ DW �.s/, or equivalently,
A.s/ D �.s/ idH0 , or, what is the same,

ku0k2H .s/ D �.s/ku0k2H0
(A.6b)

for all u0 2 H0. We call � (resp. �˙) the (upper/lower) distortion function.

The case when the distortion functions are constant deserves a special name:

Definition A.2.3.

1. We say that H .I / is an almost product if it is an almost warped product with
constant functions �˙, i.e. �˙.s/ D �˙;0 for almost all s 2 I . In this case,
�1 D �C;0=��;0.

2. We say that the fibred space H .I / is a product if it is an almost product with
relative distortion �1 D 1, i.e. ku0k2H .s/ D ku0k2H0

. In this case,

H .I / D L2.I; �0H0/ Š L2.I /˝ �0H0

where �0 denotes the constant value of the distortion function � and �0H0 is the
Hilbert space H0 with norm defined by ku0k2�0H0

WD �0ku0k2H0
.

On an (almost) product H .I /, the identification operator from H .I / onto L2.I /˝
�0H0 resp. L2.I / ˝ �˙;0H0 defines a bijective isomorphism resp. an isometry.
By suitably inserting the distortion functions �˙ into the inequality (A.4), we can



A.2 Estimates on Abstract Fibred Spaces 395

extend the inequality to (almost) warped products, as we will do in the following
lemma:

Lemma A.2.4. Assume that H .I / is an almost warped product and that s0 < s1 < s2
where si 2 I . If u 2 H 1.I / with u.s2/ D 0, then

ku.s1/k2H .s1/
� �1�1.s1; s2/ku0k2H .s1;s2/

; (A.7a)

kuk2H .s0;s1/
� �1�2.s0; s1; s2/ku0k2H .s0;s2/

; (A.7b)

where

�1.s1; s2/ WD �.s1/

Z s2

s1

1

�.s/
ds and �2.s0; s1; s2/ WD

Z s1

s0

�1.t; s2; �/dt:

Proof. By a density argument, we can assume that u is of class C1. Then we have

u.t/ D �
Z s2

t

u0.s/ds:

Using the Cauchy-Schwarz inequality for vector-valued integrals (A.4) we obtain

ku.t/k2H .t/

CS�
Z s2

t

�C�.t/
���.s/

ds
Z s2

t

���.s/
�C�.t/

ku0.s/k2H .t/ds

� �1
Z s2

t

�.t/

�.s/

Z s2

t

ku0.s/k2H .s/ds

using (A.6a) and the first estimate follows for t D s1. The existence of the vector-
valued integral u.t/ is guaranteed once the integrals on the RHS are finite (cf.
Theorem A.2.1). The second estimate follows by integrating over t from s0 to s1
and using the monotonicity of the norms (A.5). ut
Remark A.2.5. Note that the condition u.s2/ D 0 is well-defined for functions in
H 1.I / by a similar argument as above.

If u does not vanish at s2, we can argue as follows.

Proposition A.2.6. Assume that H .I / is an almost warped product and that u 2
H 1.s0; s2/, then

ku.s1/k2H .s1/
� 2�1e�1.s1; s2; �/ku0k2H .s1;s2/

C 2�1e�1.s1; s2; �0/kuk2H .s1;s2/
;

kuk2H .s0;s1/
� 2�1e�2.s0; s1; s2; �/ku0k2H .s0;s2/

C 2�1e�2.s0; s1; s2; �0/kuk2H .s0;s2/
;
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where

e�1.s1; s2; �/ WD �.s1/

Z s2

s1

j�.s/j2
�.s/

ds; e�2.s0; s1; s2; �/ WD
Z s1

s0

�1.t; s2; �; �/dt;

and where � is a Lipschitz function such that �.s/ D 1 for s0 � s � s1 and
�.s2/ D 0.

Proof. Set eu WD �u. Then eu fulfils the assumptions of Lemma A.2.4. Moreover
u.t/ Deu.t/ for t 2 Œs0; s1�. We start with

ku.t/k2H .t/ � 2
�
�
�

Z s2

t

�.s/u0.s/ds
�
�
�
2

H .t/
C 2

�
�
�

Z s2

t

�0.s/u.s/ds
�
�
�
2

H .t/
;

and argue then as in the proof of Lemma A.2.4. The last estimate follows as before
by integration. ut

Let us now fix the cut-off function � D �a: Assume that 0 < a � s2�s1. Denote
by �a the continuous, piecewise affine linear function given by

�a.s/ D

8
ˆ̂
<

ˆ̂
:

1; for s0 � s � s1,

1 � a�1.s � s1/; for s1 � s � s1 C a,

0; for s1 C a � s � s2.

(A.8)

We obtain the following corollary. For the definitions of the functions �1 and �2 see
Lemma A.2.4.

Corollary A.2.7. Assume that H .I / is an almost warped product. If u 2
H 1.s0; s2/ then

ku.s1/k2H .s1/
� 2�1�1.s1; s1 C a/

�
ku0k2H .s1;s2/

C 1

a2
kuk2H .s1;s2/

�
(A.9a)

� 2�1�1.s1; s1 C a/

minf1; a2g kuk2H 1.s1;s2/
(A.9a’)

for 0 < a � s2 � s1 and a � 1. Moreover,

kuk2H .s0;s1/
� 2�1�2.s0; s1; s1 C a/

�
ku0k2H .s0;s2/

C 1

a2
kuk2H .s0;s2/

�
(A.9b)

� 2�1�2.s0; s1; s1 C a/

minf1; a2g kuk2H 1.s0;s2/
: (A.9b’)

Proof. The result follows from Proposition A.2.6 by simply estimating j�a.s/j � 1

and j�0
a.s/j D 1=a for s1 � s � s1 C a. ut
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If H .I / is an almost product, we have the following estimate:

Corollary A.2.8. Assume that H .I / is an almost product. If u 2 H 1.s0; s2/ then

ku.s1/k2H .s1/
� �1

�
aku0k2H .s1;s2/

C 2

a
kuk2H .s1;s2/

�
(A.10)

� 2�1
minf1; .s2 � s1/gkuk2H 1.s1;s2/

(A.10’)

for 0 < a � s2 � s1 and a � 1.

Proof. Again, the result follows from Proposition A.2.6 by evaluating the integrals
e�i for �a. ut
Remark A.2.9. Note that the estimate (A.7a) is optimal in the following sense:
Assume that H .I / is a warped product and that u.s/ D .

R s2
s1
�.s/ds/�1'0 with

k'0kH0
D 1, i.e. u is constant and kukH .s1;s2/ D 1. Moreover, assume that

�0.s/ < 0 for all s1 � s � s2. Then we have

1 D ˇ
ˇ�.s2/ � �.s1/

ˇ
ˇ2 D

�Z s2

s1

j�0.s/jds
�2 CS�

Z s2

s1

�.s/ds
Z s2

s1

j�0.s/j2
�.s/

ds:

If the distortion function is �.s/ D ��0.s/ D j�0.s/j, then we have equality in the
Cauchy-Schwarz inequality, and in particular,

ku.s1/k2H .s1/
D �.s1/
R s2
s1
�.s/ds

D �.s1/

Z s2

s1

j�0.s/j2
�.s/

ds De�1.s1; s2; �
0/kuk2H .s1;s2/

by the above equality of Cauchy-Schwarz, the definition ofe�1 and the fact that u is
normalised on H .s1; s2/. Therefore, estimate (A.7a) is optimal. A similar remark
holds for the other estimates.

Let us now fix a normalised vector '0 2 H0. Denote by P0u0 WD h'0; u0iH0
'0

the corresponding orthogonal projection onto the subspace C'0. In our applications
later on, '0 will be an eigenvector associated with the lowest eigenfunction of an
operatorK on H0. For a warped product, the projection is independent of s:

Lemma A.2.10. Let H .I / be a warped product. Then '0 ¤ 0 in H .s/ for almost
all s 2 I , and 's WD '0=k'0kH .s/ D �.s/�1=2'0 is normalised in H0. Moreover, P0
is also the orthogonal projection onto 's in the Hilbert space H .s/. In particular,

kP0u0k2H .s/

CS� ku0k2H .s/

for u0 2 H .s/ D H0.

Proof. We have k'0k2H .s/ D �.s/k'0k2H0
D �.s/ > 0 for almost all s 2 I ; in

particular, '0 ¤ 0 2 H .s/. Moreover, the orthogonal projection onto 's in H .s/
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is given by

h's; u0iH .s/'s D �.s/�1h'0; u0iH .s/'0 D h'0; u0iH0'0 D P0u0:

The last estimate follows from Cauchy-Schwarz. ut
Proposition A.2.11. Let H .I / be a warped product. Then

�.s1/kP0u.s2/� P0u.s1/k2H0
D �.s1/

ˇ
ˇh'0; u.s2/iH0

� h'0; u.s1/iH0

ˇ
ˇ2

� �1.s1; s2/ku0k2H .s1;s2/

for u 2 H 1.I /.

Proof. We have

�
�h'0; u.s2/ � u.s1/iH0

'0
�
�2

H0

CS� ku.s2/� u.s1/k2H0

D
�
�
�
D
'0;

Z s2

s1

u0.s/ds
E

H0

'0

�
�
�
2

H0

CS�
Z s2

s1

1

�.s/
ds
Z s2

s1

ku0.s/k2H0
�.s/ds

using Cauchy-Schwarz for vector-valued integrals (A.4) for the second inequality.
The result follows by the definition of �1 in Lemma A.2.4. ut

A.2.3 Examples: Cones and Cylinders

We will give now some special cases coming from a warped product metric on a
manifold as applied in Chap. 6. Denote by X D I �s Y the warped product of
I D Œ0; `� and the compact Riemannian manifold Y with radius function r W I �!
.0;1/, i.e. X is equipped with the metric g D ds2 C r.s/2h, where h is the metric
on Y (see Definition 5.3.2). Then we have

kuk2L2.X;g/ D
Z

I

ku.s/k2L2.Y;h/r.s/
mds:

In particular, L2.X; g/ D H .I / is a warped product with distortion function �.s/ D
r.s/m and fibre Hilbert space H0 D L2.Y; h/.

For the next corollary, assume that r is constant, say r D 1.

Corollary A.2.12 (Product). Assume that I D Œ0; `� and X D I �Y with product
metric g D ds2 C h. Then H .I / is a product (in the sense of Definition A.2.3).
Moreover,
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ku.0; �/k2L2.Y / � aku0k2L2.X/ C 2

a
kuk2L2.X/ � 2

minf1; `gkuk2H1.X/ (A.11)

for all 0 < a � minf1; `g and u 2 H1.X/.

Proof. The result follows from Corollary A.2.8. Note that H1.X/ � H 1.I / since

kuk2H 1.I /
D kuk2L2.X/Cku0k2L2.X/ � kuk2L2.X/ Cku0k2L2.X/ CkdY uk2L2.X/ D kuk2H1.X/

for u 2 H1.X/. ut
We return to the abstract framework, and calculate the functions �1, �2 of

Lemma A.2.4 for special choices of the distortion function � D rm. Let us first
define some universal functions occurring in the estimates later on. Universal refers
here to the fact that the functions depend only on the parameterm.

Definition A.2.13. We set

pm.	/ WD 1

1 � 	

Z 1

	

umdu and epm.	/ WD 1

1 � 	

Z 1

	

pm.t/dt:

We have the following properties of the functions pm andepm:

Lemma A.2.14.

1. We have

pm.	/ D

8
ˆ̂
<̂

ˆ̂
:̂

1

mC 1

mX

iD0
	i ; if m � 0,

� log 	

1 � 	
; if m D �1,

and

epm.	/ D

8
ˆ̂
<̂

ˆ̂
:̂

1

mC 1

mX

iD0

1

i C 1

iX

jD0
	j ; if m � 0,

dilog 	 C 	.1 � log 	/ � 1
1 � 	

if m D �1,

where dilog 	 WD R 	
1

log t
1�t dt . Moreover, pm and epm are polynomials of degree

indicated by the subscript (for non-negative subscripts) with continuous exten-
sion pm.1/ D 1 andepm.1/ D 1. In addition, p�1 andep�1 extend to an analytic
functions also in 	 D 1 by setting p�1.1/ WD 1 andep�1.1/ WD 1.

2. For 0 < 	 � 1 and m � 0, we have

1

mC 1
� pm.	/; epm.	/ � 1; � log 	 � p�1.	/ � 1 � log 	:
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Moreover, we have the asymptotic behaviour

pm.	/ �0

1

mC 1
; p�1.	/ �0 � log 	;

epm.	/ �0

1

mC 1

mX

iD0

1

i C 1
; ep�1.	/ �0


2

6
� 1;

at 	 D 0. Here, f .	/ �a g.	/ means that lim	!a f .	/=g.	/ D 1.
3. For 1 � 	 and m � 0, we have

	m

mC 1
� pm.	/ � 	m;

	m

.mC 1/2
� epm.	/ � 	m:

In addition, we have

pm.	/ �1
	m

mC 1
; p�1.	/ �1

log 	

	
;

epm.	/ �1
	m

.mC 1/2
ep�1.	/ �1 log 	:

Proof. The properties follow by direct calculation, e.g., for 	 ¤ 1 and m > �1, we
have

pm.	/ D 1

1 � 	

Z 1=	

1

1

tmC2 dt D 1

.mC 1/
� 1 � 	mC1

1 � 	
D 1

mC 1

mX

iD0
	i

substituting u D 1=t . For m D �1 the result follows similarly. Moreover,

epm.	/ D 1

1 � 	
Z 1

	

pm.	/	d	 D 1

mC 1
� 1

1 � 	

mX

iD0

Z 1

	

	 id	

D 1

mC 1

mX

iD0

1

i C 1
� 1 � 	iC1
1 � 	

D 1

mC 1

mX

iD0

1

i C 1

iX

jD0
	j

for m > �1 and similarly for m D �1. The other assertions can be checked
easily. ut

In the following lemma, it is convenient to use the differences a D s1 � s0 and
b D s2 � s1:
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Definition A.2.15. We set s0 D 0, s1 D a and s2 D aC b for a; b > 0 and define

�1.b/ WD �1.a; a C b/ and �2.a; b/ WD �2.0; a; aC b/:

Moreover, we set

vol.s0; s1/ WD
Z s1

s0

�.s/ds; vol.a/ WD vol.0; a/:

Let us now fix the radius function r , and therefore the distortion function � D rm:
Note that if r is constant, then the resulting warped product manifold X D I �r Y

is a product, or a cylinder. If r is affine linear, then X D I �r Y is a cone. Recall
that we allowed weak regularity on r and therefore on the metric of the manifold
(see Sect. 5.1). Therefore, we may consider the following (piecewise) affine linear
function r , i.e. we consider two cones (if ri�1 ¤ ri ) or cylinders (if ri�1 D ri )
attached together:

Lemma A.2.16.

1. (Almost) Product: If �.s/ D rm0 , then

�1.b/ D b;

�2.a; b/ D
Z s1

s0

.s2 � t/dt D 1

2

�
.a C b/2 � a2

� D a.b C a=2/ � a.a C b/;

vol.a/ D arm0 :

2. (Almost) warped product If �.s/ D r.s/m, where r is the continuous affine linear
function such that r.si / D ri , i D 0; 1; 2, and 	i WD ri�1=ri are the relative radii,
then

�1.b/ D bpm�2.	2/	2

abpm�2.	2/	2pm.	1/ � �2.a; b/ � a
�
aepm�2.	1/C bpm�2.	2/	2pm.	1/

�
;

vol.a/ D arm0 pm.	
�1
1 /;

Note that �1 and �2 depend only on the ratio 	1 D r0=r1 and 	2 D r1=r2 an not on
the values ri itself.

Proof. The first result is an easy calculation. For the second, note that

r.s/ WD ri C .s � si / rj � ri
sj � si ; 0 � i < j � 2; si � s � sj :

Moreover, for r1 ¤ r2 and m > 1, we have

�1.s1; s2/ D
Z s2

s1

�r.s/

r1

��m
ds D b	2

1 � 	2
Z 1=	2

1

	�md	 D b	2pm�2.	2/
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using the substitution 	 D r.s/=r1 and the fact that d	 D .1 � 	2/.b	2/
�1ds. If

m D 1, then

�1.s1; s2/ D � b	2

1 � 	2
log 	2 D bp�1.	2/	2:

In addition, if r1 D r2, i.e. 	2 D 1, then �1.b/ D b by the first part. But pm.1/ D 1

for m D �1; 0; 1; : : : , so that the formula for �1 also holds in this case. In order to
estimate �2, we observe that

�1.t; s2/ D �1.t; s1/C �.t/

�.s1/
�1.s1; s2/:

The integral over the first term can be estimated as

Z s1

s0

�1.t; s1/dt D
Z s1

s0

.s1 � t/pm�2
� r.t/

r1

�r.t/

r1
dt

� a

Z s1

s0

pm�2
� r.t/

r1

�r.t/

r1
dt D a2

1 � 	1

Z 1

	1

pm�2.	/	d	

using the substitution 	 D r.t/=r1 and d	 D .1 � 	1/a�1dt .
The second term can be integrated by

Z s1

s0

�.t/

�.s1/
dt D

Z s1

s0

� r.t/

r1

�m
dt D a

1 � 	1
Z 1

	1

	md	 D apm.	1/:

The calculation for vol.a/ follows similarly. ut
We will use the following special case in Sects. 6.3 and 6.8 on warped products:

Proposition A.2.17. Assume that I D Œ0; a C b�, where 0 < a � b. Let � be
the continuous, piecewise affine linear function with �.0/ D r0, �.a/ D r1 and
�.aC b/ D r1, where r0 � r1. Then H .I / is a warped product and,

kuk2H .0;a/ � 4ab
�
ku0k2H .0;aCb/ C 1

a2
kuk2H .0;aCb/

�
and (A.12a)

a

mC 1
rm1 � vol.a/ � arm1 (A.12b)

for u 2 H 1.I /. Moreover, if P0 is a projection in H0 with one-dimensional range,
then

rm0 kP0u.0/k2H0
� 2apm�2

�r0

r1

�r0

r1
C 2rm0 kP0u.a/k2H0

(A.12c)

for u 2 H 1.I /.
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Proof. The first estimate follows from Corollary A.2.7 and the estimate

�2.a; b/ � a
�
aepm�2.	1/C bpm.	1/

� � a2 C ab � 2ab:

Here, we used Lemma A.2.16 with the setting 	1 D r0=r1 � 1, 	2 D 1,
epm�2.	1/� 1, pm.	1/ � 1 and a � b. The second estimate estimate is a
consequence of Lemma A.2.16 and

1

.mC 1/
	�1
1 � pm.	

�1
1 / � 	�m

1

using Lemma A.2.14. Finally, the last estimate can be seen from Proposition A.2.11
and �1.a/ D apm�2.	1/	1. ut

Let us finish this section with some more examples illustrating the abstract
setting. The possibly simplest example is given by H .s/ D C. The estimate follows
from Corollary A.2.8:

Corollary A.2.18 (Interval). Let I D Œ0; `�. Assume that H .s/ D C and that the
distortion function is constant, say �.s/ D 1. Then H .I / D L2.I / is a product and

jf .0/j2 � akf 0k2L2.I / C 2

a
kf k2L2.I / � 2

`�
kf k2H1.I /

for all 0 < a � `� D minf1; `g and f 2 H1.I / D H 1.I /.

The following result is only needed in the special case H .s/ D C:

Proposition A.2.19. Assume that I D Œ0; `�, then

kf 0k2L2.I / � 1025

`2�
kf k2L2.I / C 2kf 00k2L2.I / � 1025

`2�

�
kf k2L2.I / C kf 00k2L2.I /

�

for f 2 H2.I /.

Proof. Partial integration and Cauchy-Young’s inequality yield

kf 0k2 CY� 1

2
kf k2 C 1

2
kf 00k2 C ˇ

ˇf .0/f 0.0/
ˇ
ˇ C ˇ

ˇf .`/f 0.`/
ˇ
ˇ:

The boundary term at s D 0 can be estimated by

ˇ
ˇf .0/f 0.0/

ˇ
ˇ

CY� �

2

ˇ
ˇf 0.0/

ˇ
ˇ2 C 1

2�

ˇ
ˇf .0/

ˇ
ˇ2

� �

2

�
b0kf 00k2 C 2

b0 kf 0k2
�

C 1

2�

�
bkf 0k2 C 2

b
kf k2

�

D 1

�b
kf k2 C �b0

2
kf 00k2 C 1

2

�2�

b0 C b

�

�
kf 0k2
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for � > and b; b0 2 .0; `�, applying Corollary A.2.18 to f and f 0. A similar result
holds for the boundary term at s D `, so that we end up with the inequality

kf 0k2 �
�1

2
C 2

�b

�
kf k2 C

�1

2
C �b0�kf 00k2 C

�2�

b0 C b

�

�
kf 0k2:

If we set � WD a=8, b WD a=32 and b0 WD a for 0 < a � `, then the coefficient of
kf 0k2 on the RHS equals 1=2. Bringing this term on the LHS and multiplying by 2
yields the desired estimate with a D `�. Note that 1C 4=.�b/ D 1C 1;024=a2 �
1;025=a2 and 12�b0 D 1C a2=4 � 2 since a � 1. ut

More generally than in Corollary A.2.18, we may assume that the measure on
I is weighted, i.e. we replace the Lebesque measure ds by w.s/ds. Then from
Corollary A.2.7 we conclude (with the estimate �1.a/ � !a):

Corollary A.2.20 (Interval with weights). Assume that I D Œ0; `�, that
wW .0; `/ �! .0;1/ is a measurable function, and that H .s/DCw.s/. Then
H .I / D L2.I;wds/ is a warped product with distortion function � D w. If in
addition

! WD w.0/

inf w.Œ0;minf1; `g�/ < 1;

then

jf .0/j2 � 2a!kf 0k2L2.I;w.s/ds/ C 2!

a
kf k2L2.I;w.s/ds/ � 2!

minf1; agkf k2H1.I;w.s/ds/

for 0 < a � minf1; `g and f 2 H1.I;w.s/ds/ D H 1.I /.

Let us finally give another example, which is needed for topological perturbations
like removing balls from a manifold or adding handles to it. We will present such
constructions in a subsequent work.

Example A.2.21 (Polar coordinates). Assume that .X; g/ is a Riemannian mani-
fold. Here, we apply the warped product structure of a metric g on a manifold X
given in polar coordinates.

Denote by �x.r/ the maximal absolute value of the sectional curvature on Bx.r/.
Let r�.x/ be the maximal radius r > 0 such that r � 
=.2

p
�x.r// with the

convention 1=0 D 1. We set

r0.x/ WD minfinj radx; r�.x/g: (A.13)

For x 2 X , we can parametriseMx WD B.x; r0.x// with polar coordinates .s; y/ 2
Ix � Y , Ix WD .0; r0.x//, Y D S

m. The metric in these coordinates is given by

g D ds2 C hs;
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where hs is an s-depend metric on Y . We denote the standard metric on S
d�1 by h.

Recall that the warped product metric g0 D ds2 C s2h is the flat metric around x,
i.e. RC �r S

m Š R
mC1, where r.s/ D s is the radius function (see Definition 5.3.2).

From [Au82, Thm. 1.53] and the definition of r0.x/ in (A.13), it follows that we
have the estimate

ds2 C s2
� 2




�2
h � g D ds2 C hs � ds2 C s2

�
sinh

�


2

� 2




�2
h:

In particular, L2.Bx/ is an almost warped product with distortion function �.s/ D sm

and relative distortion �1 D .sinh.
=2//m.



•

•
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Poincaré 8 (2007), 1151–1176.
[KPS07] V. Kostrykin, J. Potthoff, and R. Schrader, Heat kernels on metric graphs and a

trace formula, Adventures in Mathematical Physics, Contemp. Math., vol. 447, Amer.
Math. Soc., Providence, RI, 2007, pp. 175–198.

[KS99] V. Kostrykin and R. Schrader, Kirchhoff’s rule for quantum wires, J. Phys. A 32
(1999), 595–630.

[KS03] , Quantum wires with magnetic fluxes, Comm. Math. Phys. 237 (2003), 161–
179, Dedicated to Rudolf Haag.

[KS06] , Laplacians on metric graphs: eigenvalues, resolvents and semigroups,
Quantum graphs and their applications, Contemp. Math., vol. 415, Amer. Math. Soc.,
Providence, RI, 2006, pp. 201–225.

[Ko00] S. Kosugi, A semilinear elliptic equation in a thin network-shaped domain, J. Math.
Soc. Japan 52 (2000), 673–697.

[Ko02] , Semilinear elliptic equations on thin network-shaped domains with variable
thickness, J. Differential Equations 183 (2002), 165–188.

[KSm97] T. Kottos and U. Smilansky, Quantum chaos on graphs, Phys. Rev. Lett. 79 (1997),
4794–4797.

[KSm99] , Periodic orbit theory and spectral statistics for quantum graphs, Ann.
Physics 274 (1999), 76–124.

[KSm03] , Quantum graphs: a simple model for chaotic scattering, J. Phys. A 36
(2003), 3501–3524, Random matrix theory.

[KOZ94] S. M. Kozlov, O. A. Oleı̆nik, and V. V. Zhikov, Homogenization of differential
operators and integral functionals, Springer, Berlin, 1994.

[Kr47] M. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian trans-
formations and its applications. I, Rec. Math. [Mat. Sbornik] N.S. 20(62) (1947),
431–495.

[Ku01] P. Kuchment, The mathematics of photonic crystals, Mathematical modeling in optical
science, SIAM, Philadelphia, PA, 2001, pp. 207–272.

[Ku04] , Quantum graphs: I. Some basic structures, Waves Random Media 14 (2004),
S107–S128.

[Ku05] , Quantum graphs: II. Some spectral properties of quantum and combinatorial
graphs, J. Phys. A 38 (2005), 4887–4900.

[Ku08] , Quantum graphs: an introduction and a brief survey, in [EKKC08] (2008),
291–312.

[KuP07] P. Kuchment and O. Post, On the spectra of carbon nano-structures, Comm. Math.
Phys. 275 (2007), 805–826.

[KuZ01] P. Kuchment and H. Zeng, Convergence of spectra of mesoscopic systems collapsing
onto a graph, J. Math. Anal. Appl. 258 (2001), 671–700.



414 References

[KuZ03] , Asymptotics of spectra of Neumann Laplacians in thin domains, Advances in
differential equations and mathematical physics (Birmingham, AL, 2002), Contemp.
Math., vol. 327, Amer. Math. Soc., Providence, RI, 2003, pp. 199–213.

[Ks08] P. Kurasov, Graph Laplacians and topology, Ark. Mat. 46 (2008), 95–111.
[KN05] P. Kurasov and M. Nowaczyk, Inverse spectral problem for quantum graphs, J. Phys.

A 38 (2005), 4901–4915.
[KN06] , Corrigendum to [KN05], J. Phys. A 39 (2006), 993.
[KZh98] S. Kusuoka and X. Y. Zhou, Waves on fractal-like manifolds and effective energy

propagation, Probab. Theory Related Fields 110 (1998), 473–495.
[KSh03] K. Kuwae and T. Shioya, Convergence of spectral structures: a functional analytic

theory and its applications to spectral geometry, Comm. Anal. Geom. 11 (2003),
599–673.

[LU01] M. Lassas and G. Uhlmann, On determining a Riemannian manifold from the
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Appl., vol. 174, Birkhäuser, Basel, 2007, pp. 105–116.

[OSY92] O. A. Oleı̆nik, A. S. Shamaev, and G. A. Yosifian, Mathematical problems in elasticity
and homogenization, Studies in Mathematics and its Applications, vol. 26, North-
Holland Publishing Co., Amsterdam, 1992.

[Oz81] S. Ozawa, Singular variation of domains and eigenvalues of the Laplacian, Duke
Math. J. 48 (1981), 767–778.

[Oz82] , Spectra of domains with small spherical Neumann boundary, Proc. Japan
Acad. Ser. A Math. Sci. 58 (1982), 190–192.

[Pan06] K. Pankrashkin, Spectra of Schrödinger operators on equilateral quantum graphs,
Lett. Math. Phys. 77 (2006), 139–154.

[Par08] L. Parnovski, Bethe-Sommerfeld conjecture, Ann. Henri Poincaré 9 (2008), 457–508.
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Lecture Notes in Math., vol. 1096, Springer, Berlin, 1984, pp. 521–539.

[RuS01a] J. Rubinstein and M. Schatzman, Variational problems on multiply connected thin
strips. I. Basic estimates and convergence of the Laplacian spectrum, Arch. Ration.
Mech. Anal. 160 (2001), 271–308.

[RuS01b] , Variational problems on multiply connected thin strips. II. Convergence of
the Ginzburg-Landau functional, Arch. Ration. Mech. Anal. 160 (2001), 309–324.

[RSc53] K. Ruedenberg and C. W. Scherr, Free–electron network model for conjugated
systems, I. Theory, J. Chem. Phys. 21 (1953), 1565–1581.

[Ry07] V. Ryzhov, A general boundary value problem and its Weyl function, Opuscula Math.
27 (2007), 305–331.

[Sa00] Y. Saito, The limiting equation for Neumann Laplacians on shrinking domains.,
Electron. J. Differ. Equ. 31 (2000), 25 p.

[SP80] E. Sánchez-Palencia, Nonhomogeneous media and vibration theory, Lecture Notes in
Physics, vol. 127, Springer, Berlin, 1980.

[SRW89] R. L. Schult, D. G. Ravenhall, and H. W. Wyld, Quantum bound states in a classically
unbound system of crossed wires, Phys. Rev. B 39 (1989), 5476–5479.

[Sh00] T. Shirai, The spectrum of infinite regular line graphs, Trans. Amer. Math. Soc. 352
(2000), 115–132.

[Si72] B. Simon, Quadratic form techniques and the Balslev-Combes theorem, Comm. Math.
Phys. 27 (1972), 1–9.

[Si79] , The definition of molecular resonance curves by the method of exterior
complex scaling, Phys. Lett. A 71 (1979), 211–214.

[Si96] , Operators with singular continuous spectrum. VI. Graph Laplacians and
Laplace-Beltrami operators, Proc. Amer. Math. Soc. 124 (1996), 1177–1182.

[Sk79] M. M. Skriganov, Proof of the Bethe-Sommerfeld conjecture in dimension 2, Dokl.
Akad. Nauk SSSR 248 (1979), 39–42.

[Sk85] , The spectrum band structure of the three-dimensional Schrödinger operator
with periodic potential, Invent. Math. 80 (1985), 107–121.

[Sm07] U. Smilansky, Quantum chaos on discrete graphs, J. Phys. A 40 (2007), F621–F630.
[SmS06] U. Smilansky and M. Solomyak, The quantum graph as a limit of a network of

physical wires, Quantum graphs and their applications, Contemp. Math., vol. 415,
Amer. Math. Soc., Providence, RI, 2006, pp. 283–291.

[So04] M. Solomyak, On the spectrum of the Laplacian on regular metric trees, Waves
Random Media 14 (2004), S155–S171, Special section on quantum graphs.

[Su08] T. Sunada, Discrete geometric analysis, Analysison Graphs and its Applications
(Providence, R.I.) (P. Exner, J. P. Keating, P. Kuchment, T. Sunada, and A. Teplayaev,
eds.), Proc. Symp. Pure Math., vol. 77, Amer. Math. Soc., 2008, pp. 51–83.

[Ta96] M. E. Taylor, Partial differential equations. Basic theory, Springer-Verlag, New York,
1996.

[Tel83] N. Teleman, The index of signature operators on Lipschitz manifolds, Inst. Hautes
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Notation

We give an overview of some general notation used in this work. Other commonly
used symbols are listed in the index.

General notation

• N D f1; 2; 3; : : : g, N0 D f0; 1; 2; : : : g,
• Z D f: : : ;�2;�1; 0; 1; 2; : : : g,
• RC D Œ0;1/,@CI WD I \ RC n I denotes the topological boundary in the

relative topology RC (I � RC), e.g., @CŒ0; �� D f�g.

• We use the short hand notation

@sf .s/ D @f .s/

@s

Moreover, du denotes the exterior derivative of u 2 C1.M/.

Sets and topology

• jAj denotes the number of elements in the set A
• C D A �[ B means that C D A[ B and that A, B are disjoint (A \ B D ;)

Let A;B;C be subsets of a topological space X .

• A denotes the closure of A, VA denotes the interior of A.
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420 Notation

Measure spaces

Let X be a measure space.

• X D A �[ B (“X is the disjoint union of A and B up to measure 0”) means that
X D A[ B and that A \ B has measure 0.

• X D �S
i Ai (“X is the disjoint union of all Ai up to measure 0”) means that

X D S
i Ai and that Ai \ Aj has measure 0 for all i ¤ j .

• len.I / denotes the Lebesque measure of I (length of the interval I � R).

Hilbert spaces, operators and function spaces

All our Hilbert spaces are assumed to be separable, i.e. having a countable
orthonormal basis. The inner product and all sesquilinear forms are anti-linear in
their first argument.

• a
CS� b means that we applied the Cauchy-Schwarz inequality.

• The Cauchy-Young reads as

2
ˇ
ˇhf; giˇˇ CY� �kf k2 C 1

�
kgk2 (1)

for any � > 0. In particular, if � D 1,

2
ˇ
ˇhf; giˇˇ � kf k2 C kgk2:

• H1˚H2 denotes the orthogonal sum of the Hilbert spaces H1 and H2; elements
of H1 ˚ H2 are written as f D .f1; f2/ or f D f1 ˚ f2. Similarly, elements ofL

e He written as f D ffege or sometimes as
L

e fe .
• H1 PC H2 denotes the topological sum of the spaces Hi � H , i.e., the direct

(but not necessarily orthogonal) sum, and Hi is assumed to be closed in H .
• If a linear operator A is not defined for all elements of H , we write domA for

the domain ofA. Similarly, for a quadratic form h, we write domh for its domain.
The corresponding sesquilinear form is then definded on hW dom h�dom h �! C.

• For a linear operator AW H �! G we denote the range of A by ranA WD f g 2
G j 9h 2 domAWAh D g g and the kernel of A by kerA WD f h 2 domA jAh D
0 g.

• C1
c .I / denotes the space of smooth functions with compact support in VI .

• Sobolev spaces Hk.I / WD f f 2 L2.I / j f .i/ 2 L2.I / 8 i D 1; : : : ; k g with
norm kf k2

Hk.I /
WD Pk

iD0 kf .i/k2L2.I /, where f .i/ is the i -th (weak) derivative,

VHk.I / is the closure of C1
c .I / w.r.t. the norm k�kHk.I /.



Index

Symbols

jAj (number of elements of A) 419
h�; �i D h�; �iH (inner product) 97
h�; �ik;�k (pairing H k � H �k) 102
D� (dual of D) 101
0 (trivial quadratic form) 98
1 (quadratic form given by the squared norm)

98
A �[ B (disjoint union of A and B) 419
A �[ B (disjoint union up to measure 0) 420
�S
i Ai (disjoint union up to measure 0) 420

�

R
M u (average of u on M ) 264

K
�

R
";vu (averaging on enlarged scaled vertex

neighbourhood) 344
K
�

R
vu (averaging on enlarged vertex

neighbourhood) 344
CS� (Cauchy-Schwarz inequality) 420
CY� (Cauchy-Young inequality) 420
k�k D k�kH (norm of H ) 97
k�k1 (norm associated with a quadratic form)

98
k�k1=2 D k�kG 1=2 (norm on G 1=2) 119
k� k1!0 (norm of � W H 1 �! G ) 119
k�k1;H (norm on first order space associated

with non-self-adjoint operator H )
108

k�k1;
 (norm on the complexly dilated coupled
first order space 171

k�k
˙2;H (natural norm on operator domain and

its dual) 105
k�k2;D D k.HD C 1/�k 126
kAk operator norm of A 98
k�kh (norm associated with the form h) 98

k�kk (norm associated with a scale of Hilbert
spaces) 102

k�kX D k�kL2.X/ (L2-norm on X) 262
k�kHk .I / (norm of a Sobolev space) 420

VA (topological interior of A) 419
A (topological closure of A) 419
H1 ˚ H2 (orthogonal sum of the Hilbert

spaces H1 and H2) 420L
e He (orthogonal sum of the Hilbert spaces

He) 420
H1

PC H2 (topological sum of the Hilbert
spaces H1 and H2) 420

@G (boundary of a metric graph) 76
@U (total boundary of U � X) 260
@X (boundary of the manifold X) 260
@

C

I WD I \ R
C

n I 419
@0X (transversal boundary of X) 261, 302,

303
@1X (longitudinal boundary of X) 261, 302,

303, 316
@eX";v (scaled boundary component at edge e)

312
@eXv (boundary component at edge e) 302,

303
V@U (internal boundary of U � X) 28, 260,

302, 303, 312
V@X";v (internal boundary of Xv) 312
VX (interior of the manifold X) 260
@WE �! V � V (connection map of a graph)

58
@sf .s/ D @f .s/

@s
419

VV D V n @G (interior vertices of a metric
graph) 76

Õ

�
e .v/ (oriented evaluation of a 1-form) 64

f
e
.v/ (Unoriented evaluation of fe at v) 30
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422 Index

f
e
.v/ (unoriented evaluation of fe at v) 70

Õ

f
e
.v/ (Oriented evaluation of fe at v) 30

Õ

f
e
.v/ (oriented evaluation of fe at v) 70

A

AV .v;w/ 67, 95
A.z/ (adjoint of Neumann solution operator)

129
adjoint, ı- 209, 234
almost product 394
almost warped product 394
analytic vector 176
anti-linear 97, 101
averaging operator 264
averaging principle 6

B

B.z/ (adjoint of Dirichlet solution operator)
129

B
.z/ (adjoint of the dilated (coupled)
Dirichlet solution operator) 151, 166

Bethe-Sommerfeld conjecture 47
bipartite 92
Bochner-integrable 392
borderline case 6, 29, 50, 293, 299, 332, 339,

342, 352, 372, 384
boundary identification operator 328, 361,

381, 387
boundary map 242
boundary map associated with a quadratic form

116
boundary map coupled via a graph 181, 182
boundary map, non-proper 116
boundary map, proper 116
boundary maps compatible with a graph 181
boundary maps coupled via graphs 180
boundary of a manifold 260
boundary of a metric graph 76
boundary space of a quantum graph,

unweighted 161
boundary space of a quantum graph, weighted

161
boundary triple 37, 77, 114
boundary triple associated with a manifold

39, 117, 133
boundary triple associated with a manifold

(couupled dilated) 160

boundary triple associated with a quadratic
form 35, 116

boundary triple associated with a quantum
graph 39, 76, 136

boundary triple associated with a quantum
graph (couupled dilated) 161

boundary triple coupled via a graph 184
boundary triple, bounded 37, 77, 117
boundary triple, complexly dilated 148
boundary triple, coupled 42, 44, 152, 154
boundary triple, dilated 147
boundary triple, dilated coupled 152, 158,

159
boundary triple, elliptic 38, 77, 97, 125
boundary triple, half-line 140, 142
boundary triple, ordinary 23, 39, 77, 114,

121, 132
boundary triple, quasi- 38, 132
boundary triple, unbounded 117
boundary triples compatible with a graph

183
boundary triples coupled via graphs 180
boundary, internal 28
boundary, transversal 28
bounded boundary triple 117
bounded, .1C ı/- 210
bounded, C1- 234

C

C.G;V / (Hilbert chain associated with a discrete
quantum graph) 67, 88

C.Gmet ;V / (Hilbert chain associated with a
quantum graph) 87

C.Gmet ;V ;L/ (Hilbert chain associated with an
extended quantum graph) 89

CD.'; �/ (constant in holomorphic functional
calculus) 107, 114

Ce (constant in scaled embedding) 307
C.z;w/ 123
C
.z;w/ 149
C
.z;w/ 149
C�# .z;w/ 149
C

�# .z;w/ 149
Cv (constant in vertex neighbourhood estimate)

321
C#
1 .z/ (norm estimate of complexly dilated

coupled Dirichlet solution operator)
172

C1

c .I / (space of smooth functions with
compact support) 420



Index 423

C1

c .X; Y / (space of smooth functions on X
with support disjoint from Y � X)
262

Cauchy-Schwarz inequality 420
Cauchy-Young inequality 420
closed operator 99
closed path 92
closed quadratic form 98
closed sesquilinear form 98
closeness of boundary maps, ı- 243
closeness of non-self-adjoint operators,

.ı; �; U /- 222
closeness of non-symmetric sesquilinear

forms, .ı; �; U /- 235
closeness of operators of order m � 0, ı-

195
closeness of operators, ı- 195
closeness of quadratic forms, ı- 210
coboundary operator 64, 65
cohomology of a quantum graph 87
collar neighbourhood 303
combinatorial (discrete) Laplacian 39, 163,

178
combinatorial length 91
combinatorial path 91
compatibility operator 108, 109, 171
compatible of order 1, C - 110
compatible with zeroth order identification

operator, .ı; C; z0/- 237
compatible with zeroth order identification

operator, ı- 215
compatible with a non-negative operator 108
complex dilation 10, 40, 41, 140, 141, 148
complex scaling 10, 41
complexly dilated boundary triple 148
complexly dilated coupled operator 164, 170
complexly dilated coupled operator on first

order spaces 170
complexly dilated coupled sesquilinear form

173
conductor 11
connection map of a graph 58
continuous vertex space 61
convergence from inside 390
convergence from outside 390
convergence in the generalised sense 32
convergence of operators acting in different

Hilbert spaces 32
convergence of resonances 44
coupled boundary triple 152, 154
coupled boundary triple, 
 - 159
crushed ice problem 16
cycle 92

D

«� (discrete (weighted) Laplacian) 60«�comb
G (combinatorial (discrete) Laplacian)

39«�norm
G (normalised discrete Laplacian) 39

«�V (discrete generalised Laplacian) 64
ı";v (constant in vertex neighbourhood

estimate) 321
Oı";v (constant in average vertex neighhourhood

estimate) 319
eı";v (constant in vertex neighbourhood

estimate, slowly decaying case) 323
ı";v;e (constant in vertex neighbourhood

estimate) 318O�.V ;L/ (extended Laplacian of a quantum
graph) 82

�X (Laplacian on the manifold X) 264
�
@0X
X (Laplacian on the manifold X with

Dirichlet condition on @0X 263
�D
X (Laplacian on the manifold X with

Dirichlet condition) 264
�p (standard Laplacian with weight p) 73
�V (metric graph Laplacian associated with

the vertex space V ) 72
OdL (extended quadratic form of a quantum

graph) 82
d@0X (quadratic form on the manifold X with

Dirichlet condition on @0X 263
du (exterior derivative of u) 419«d (standard discrete exterior derivative) 60«dV (exterior discrete derivative associated with

the vertex space V ) 64
dV (exterior derivative associated with the

vertex space V ) 71
Od.V ;L/ (extended exterior derivative of a

quantum graph) 82
decoupled Sobolev space of a metric graph

70
deg v (degree of the vertex v) 59
degree of a vertex 59
delta-interaction at a vertex 87, 373, 376
densely embedded with constant C 100
differential form 54
dilated boundary triple 147
dilated coupled boundary triple 152, 158,

159
dilated coupled Dirichlet solution operator

166
dilated Dirichlet solution operator 148
dilated quadratic form 147



424 Index

Dirichlet operator associated with a boundary
map/triple 116

Dirichlet operator associated with a boundary
triple 37

Dirichlet operator associated with a quantum
graph 79

Dirichlet part of a vertex condition 74
Dirichlet problem 118
Dirichlet problem, strong solution of the 124
Dirichlet solution operator 23, 118, 119, 123
Dirichlet solution operator (weak) 118, 123
Dirichlet solution operator associated with a

quantum graph 80
Dirichlet solution operator, dilated 148
Dirichlet vertex space 62, 73
Dirichlet-to-Neumann operator 37, 120, 130
Dirichlet-to-Neumann operator associated with

a quantum graph 80
discrete exterior graph 59
discrete generalised Laplacian 64
discrete graph 58
discrete magnetic Laplacian 66
discrete quantum graph 61
distortion analyticity 10
distortion function of a warped product 394
distortion, global relative 394
domA (domain of the operator A) 420
dom h (domain of the quadratic form h) 420
dom h (domain of the sesquilinear form h)

420
domain of a quadratic form 420
domain of a sesquilinear form 420
domain of an operator 420
dual of a space 101
dual vertex space 61

E

"M ("-homothetic version of M ) 267
E (matrix with all entries 1) 61
E (set of edges of a graph) 58
E0 (set of thick edges) 356, 386
E0;ext (set of thick exterior edges) 386
E0;int (set of thick edges of finite length))

361
E0;int (set of thick interior edges) 386
Eext (set of exterior edges) 59
Eint (set of interior edges) 59
Ev (set of edges adjacent to v) 58
E˙

v (set of incoming/outgoing edges at v) 58
edge neighbourhood 26, 302
edge-weighted discrete exterior graph 59

edge-weighted graph 59
eigenvalues in gaps 48
elliptic boundary triple 38, 77, 97, 125
elliptic estimate 127
energy-dependent vertex condition 87, 373
energy-independent vertex condition 74
equilateral metric graph 49, 59, 84
equivalent closed paths 92
Euler characteristic 67, 87, 89
evaluation operators of a metric graph 70
.�/ext (label for exterior boundary triple) 153
extended discrete Hilbert chain 90
extended exterior derivative of a quantum

graph 82
extended form of degree 0 of a a quantum

graph 89
extended Hilbert space 30, 138
extended Laplacian of a quantum graph 31,

82
extended quadratic form 138
extended quantum graph 81
exterior boundary triple 153
exterior derivative associated with a quantum

graph 71
exterior derivative on a discrete graph 64
exterior dilation operator 41
exterior discrete derivative associated with a

vertex space 64
exterior edge 40, 59
exterior part of a space 40
exterior scaling method 10

F

'D.H/ (holomorphic functional calculus of
H ) 107, 114

˚
 (flow) 179
fast decaying vertex volume 6, 29, 49, 293,

322, 324, 339, 369, 379
first order identification operator 7
Floquet theory 47
flow, non-smooth 179
flow, smooth 180
flux condition on the derivatives 73
forbidden zone 11
form of degree 0 of a a quantum graph,

extended 89
form of degree 0 of a discrete graph 60, 61
form of degree 0 of a quantum graph 71, 87
form of degree 1 of a discrete graph 60
form of degree 1 of a quantum graph 71, 87
fractal metric graph 56



Index 425

fractal spectrum 51
fractal-like manifold 18
Fredholm index 67, 87, 89
free form 108
free operator 108
functional calculus, L

1

- 104
functional calculus, holomorphic 107, 114
fundamental solution 79

G

� W H 1 �! G (boundary map) 37, 116
� 0W W 2 �! G (second boundary map of a

boundary triple) 117
.�; � 0; G / (boundary triple) 116
.�0; �1; G / (ordinary boundary triple) 23,

114
. N�

�

; N� 0

�

; NG / (weighted boundary space of a
quantum graph) 162

.�
�

; N� 0

�

; NG / (weighted boundary space of a
quantum graph) 162

.�ext;�� 0

ext; G / (exterior boundary triple)
153

.�int; �
0

int; G / (interior boundary triple) 153
.� 
 ;�� 0
 ; G / (dilated boundary triple) 147
.� 
 ; � 0
 ; G / (dilated coupled boundary triple)

159
�D
# .z/ resolvent estimate 150, 165
�

D;1
# .z/ resolvent estimate 150, 166
� 1� (adjoint of � w.r.t. inner products of H 1

and G ) 120
�.z/ resolvent norm profile of complexly

dilated coupled operator 173
�1.z/ resolvent norm profile of order 1 of

complexly dilated coupled operator
174

G (Hilbert space (boundary space)) 37
G 1=2 (range of the boundary map) 37, 116
G k (scale of Hilbert spaces associated with

Dirichlet-to-Neumann operator) 120
G (metric graph) 291
g";e (scaled metric on edge neighbourhood)

307
g";v (scaled metric on vertex neighbourhood)

307
Kg";v;e (metric on truncated cone) 308, 343
Gmet (metric graph) 69
G top (topological graph) 69
.G; V / (quantum graph) 71
Gv (star-shaped metric graph) 291
generalised adjacency matrix 66

generalised norm resolvent convergence 198,
223

generating operator of a densely embedded
space 101

global module of continuity 276
global relative distortion 394
grH (graph of the operator H ) 99
graph-coupled quadratic form 181
graph-coupled space of order 1 181
graph-decoration 48
graph-like manifold 7, 28, 291, 302
graph-like manifold (scaled) 291
graph-like manifold according to a self-similar

graph 18
graph-like manifold with different vertex

scaling 314
graph-like space 27
Green’s formula (abstract) 36, 114, 117
Gromov-Hausdorff distance 19, 390
Gromov-Hausdorff topology 19

H

H (Hilbert space) 37, 97
H 1 (coupled first order space) 153
H 1 (domain of the Neumann quadratic form)

37, 98, 116
H 1;dec (decoupled first order space) 153
H 1;D (domain of the Dirichlet quadratic form)

37, 116
H 1;
 (dilated coupled first order space) 158
H 1.H/ (first order space associated with

non-self-adjoint operator H ) 108
H 2 (operator domain with natural norm) 99
H ˙2.H/ (scale of order ˙2 associated with

H ) 105
OH 2
L (domain of the extended operator) 139

H 2;
 domain of the complexly dilated coupled
operator) 170

OH (extended Hilbert space) 81, 138
OH 1
L (extended space of order 1) 82, 139

H k (scale of Hilbert spaces associated with a
non-negative operator) 102

H k;D (scale associated with the Dirichlet
operator) 116

H k;N (scale associated with the Neumann
operator) 116

H k.�/ (scale of Hilbert spaces associated
with� � 0) 102

H 1
v;e (first order space on graph-coupled

boundary maps) 182
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h (quadratic form) 37, 98
h (sesquilinear form) 98
h? (transversal quadratic form of a half-line

boundary triple) 147
hD (Dirichlet quadratic form) 116
OhL (extended quadratic form) 138
hH (sesquilinear form associated with the

operator H ) 99
h
 (complexly dilated coupled sesquilinear

form) 171, 173
h
 (dilated coupled quadratic form) 158
h
 (dilated quadratic form) 147
H? D id ˝K (transversal operator of a

half-line boundary triple) 142
LH (operator in Green’s formula) 117
HD (Dirichlet operator associated with a

boundary triple) 37, 116
he (metric on transversal manifold) 307
HN (Neumann operator associated with a

boundary triple) 37, 116
Hp.G;V / (cohomology of a discrete quantum

graph) 67
Hp.Gmet;V / (cohomology associated with a

quantum graph) 87
H
 (dilated coupled operator) 159
H
 (dilated operator) 147
eH
 complexly dilated coupled operator)

164, 168
eH
 D H
 complexly dilated coupled

operator) 170
LH
 (dilated operator in Green’s formula)

147
H
;D (dilated Dirichlet operator on coupled

space) 165
H
;D (dilated Dirichlet operator) 150
H
;N (dilated Neumann operator) 150
OHL (extended operator) 139

H1.X/ (first order Sobolev space on X) 263
H1.X; @0X/ D H1.X; @0X; g/ (first order

Sobolev space on X with Dirichlet
condition on @0X) 263

Hk.I / (Sobolev space of order k on I ) 420
VH1.X/ (first order Sobolev space on X with

Dirichlet condition on @X) 263
VHk.I / (Sobolev space of order k with

vanishing boundary values) 420
Hk

max.G/ (maximal Sobolev space of the metric
graph G) 70

Hk
V .G/ (Sobolev space associated with

.G;V /) 71
half-line boundary triple 140, 142
Hausdorff distance 19, 389

heat kernel of a quantum graph 95
Helmholtz resonator 45, 54, 178, 257, 368
Herglotz function 122
Hilbert chain associated with a vertex space

67
Hilbert chain morphism 88, 90
Hilbert space 97, 420
homothetical version of a manifold, "- 267
homothetically scaled manifold 27

I

�D;
 (embedding H 1;D � H 1;
 ) 171
�DN (natural inclusion of the Dirichlet into the

Neumann form domain) 116
�ell;D (embedding domHD � W 2) 126, 127
�ell;N (embedding domHN � W 2) 126, 127
Iv;e (longitudinal space of collar

neighbourhood) 304
identification operator 32, 33, 189
identification operator of order 1 209, 234
Im h (imaginary part of the form h) 99
impurity of a periodic structure 49
index of a discrete quantum graph 67
index of a Hilbert chain 67
index of a quantum graph 87
index of an extended quantum graph 89
initial edge of a path 91
initial vertex 58
initial vertex of a path 92
inner product 97, 420
insulator 11
.�/int (label for interior boundary triple) 153
interior boundary triple 153
interior edge 59
interior of a manifold 260
interior part of a space 40
interior vertex 76
internal boundary 260, 312
irreducible vertex space 63

J

J , J 0 (zeroth oder identification operators)
189

J 1, J 01 (first order identification operators)
209, 239

J 1, NJ 01 (first order identification operators)
234
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NJ 1, J 01 (first order identification operators
234

J"W H0 �! H" (identification operator) 32
J 0

" W H" �! H0 (identification operator) 32

K

k (transversal quadratic form of a half-line
boundary triple) 141

K (transversal operator of a half-line boundary
triple) 141

kerA (kernel of the operator A) 420
kernel of an operator 420
Kirchhoff Laplacian 30, 73
Kirchhoff vertex space 61
Krein � -field 23
Krein’s Q-function 122
Krein’s resolvent formula 23, 38, 42, 84,

136, 164

L

�.z/ (Dirichlet-to-Neumann operator) 130
`

�

(lower bound of the edge lengths) 60
`e (length of the edge e) 59
`v;e (length of collar neighbourhood) 304
l (quadratic form of the Dirichlet-to-Neumann

operator) 119
L2.X/ D L2.X; g/ (L2-space on .X; g/) 262
L2.G/ (Hilbert space of the metric graph G)

70
`2.V; deg/ (weighted `2-space) 30
Laplacian associated with a quantum graph

72
Laplacian of a quantum graph, extended 82
Laplacian on a manifold 263
Laplacian, combinatorial (discrete) 39, 163,

178
Laplacian, discrete magnetic 66
Laplacian, generalised discrete 64
Laplacian, normalised discrete 39, 163
left-inverse 210
len.I / (Lebesque measure of I ) 420
length of a metric path 93
length of an edge 59
line graph 65
Lipschitz manifold 262
local module of continuity 276
local operator on a vertex space 61

local vertex space 61
longitudinal boundary 261, 302, 303, 315

M

m.z/ 137, 139
OmL0.�/ 140
MV (principle part of a generalised discrete

Laplacian) 66, 95
magnetic perturbation of a vertex space 63
magnetic (standard) vertex space 62
magnetic perturbation of a vertex space 62
magnetic vector potential 62
manifold, Lipschitz 262
manifold, smooth 262
maximal inside distance 389
maximal Sobolev space of a metric graph 70
maximal vertex space 61, 62
maximally #-sectorial 99
measurable, strongly 391
measurable, weakly 391
measured Hausdorff topology 20
metric graph 69
metric graph, equilateral 49, 59, 84
metric graph, fractal 56
metric graph, self-similar 50
metric length of a path 93
metric measure space 69
metric path 93
min-max principle 104, 220
minimal vertex space 62
moc.�; ı/ (module of continuity) 276
mocs0 .�; ı/ (local module of continuity) 276
module of continuity 276
module of continuity, local 276
module of continuity, uniform global 276
multiplicity of a resonance 43

N

N 1 (weak solution space at z D �1) 118
N 1.z/ (weak solution space) 122
N 2 (strong solution space at z D �1) 118
N 2.z/ (strong solution space) 124
N D f1; 2; 3; : : : g 419
N0 D f0; 1; 2; : : : g 419
n.z/ 137, 139
naturally bounded 127, 131
Neumann operator associated with a boundary

map/triple 116
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Neumann operator associated with a boundary
triple 37

Neumann operator associated with a quantum
graph 80

Neumann part of a vertex condition 74
Neumann problem 118, 125
Neumann problem, strong solution of the

125
Neumann solution operator 125
Neumann vertex space 62, 73
Nevanlinna function 122
non-homogeneous vertex neighbourhood

scaling 328
non-proper boundary map 116
non-smooth flow 179
norm of an operator 98
normalised discrete Laplacian 39, 163
numerical range of an operator 99

O

operator induced by a sesquilinear form 112
operator, complexly dilated coupled 164
ordering of quadratic forms 100
ordinary boundary triple 39, 77, 114, 121,

132
orientation of a graph 58
oriented evaluation at a vertex 30, 64, 70
orthogonal sum of Hilbert spaces 420

P

partial isometric (of order k), ı- 189
partial isometric equivalence of non-self-

adjoint operators, .ı; �; U /-, .ı; �; U /�-,
.ı; C; z0/- 222, 223

partial isometric equivalence of non-symmetric
sesquilinear forms, .ı; �; U /- 241

partial isometric equivalence of operators (of
order m � 0), ı- 196

partial isometric equivalence of quadratic
forms 215

partial isometric equivalence, ı- 22, 222
partial isometry of first order identification

operators, ı- 210, 239
periodic, 
 - 47
photonic crystal 11
polarisation identity 98
prime cycle 92

principle part of a generalised discrete
Laplacian 66

product (fibred space) 394
product, almost (fibred space) 394
proper boundary map 116
properly closed path 92

Q

quadratic form 98
quadratic form, closed 98
quadratic form, sectorial 98
quantum graph 12, 71
quantum graph, extended 81
quantum graph, simple 81
quantum network 12
quasi-boundary triple 38, 132
quasi-inverse 198
quasi-unitary equivalence of non-self-adjoint

operators, .ı; �; U /-, .ı; �; U /�-,
.ı; C; z0/- 222, 223

quasi-unitary equivalence of non-symmetric
sesquilinear forms, .ı; �; U /- 238

quasi-unitary equivalence of operators (of
order m � 0), ı- 196

quasi-unitary equivalence of quadratic forms,
ı- 215

quasi-unitary equivalence, ı- 22, 32, 222
quasi-unitary of order k, ı- 189
quasi-unitary, ı- 32, 189

R

�.A/ (resolvent set of A) 98, 222
R.C; z0/ (set of operators with resolvent norm

profile C on fz0g) 106
R.�; U / D R0.�; U / (set of operators with

resolvent norm profile � on U ) 106
R1.�; U / (set of operators with resolvent norm

profile � on U of order 1) 110
R

C

D Œ0;1/ 419
R D .�C 1/�1 (resolvent of �) 103
R.z/ D .H � z/�1 (resolvent of H in z) 105
R D .H � z0/�1 (resolvent of H in a fixed

point z0) 105
RD D .HD C 1/�1 (resolvent of the Dirichlet

operator in z D �1) 123
RD.z/ D .HD � z/�1 (resolvent of the

Dirichlet operator) 123
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R
;D.z/ D .H
;D � z/�1 (resolvent of the
dilated Dirichlet operator on coupled
space) 165

R
;D.z/ D .H
;D � z/�1 (resolvent of the
dilated Dirichlet operator) 150

R
.z/ (resolvent of the complexly dilated
coupled operator, 
 complex) 164,
167

R
.z/ D .H
 � z/�1 (resolvent of the dilated
coupled operator, 
 real) 163

radius function of a warped product 274
ranA (range of the operator A) 67, 420
range of an operator 420
Rayleigh quotient 271
Re h (real part of the form h) 99
regularity assumptions 125
relative distortion of two metrics 269
relative Euler characteristic 68
residually finite group 52, 85
resolvent 105
resolvent norm profile 97, 106, 188
resolvent norm profile of order 1 109
resolvent set 222
resolvent set of an operator 98
resonance 9, 43, 97, 174, 177, 249, 377, 381
Robin part of a vertex condition 74

S

˙# WD f z 2 C j jarg zj � # g (sector with
angle #) 98

S D S.�1/ (weak solution operator at
z D �1) 118

S.z/ D SD.z/ (Dirichlet solution operator in z)
118, 123

SN.z/ (Neumann solution operator) 118, 125
S�1 (adjoint of S w.r.t. inner products of G and

H 1) 120OS.z/ (extended solution operator) 139
S
 .z/ (dilated Dirichlet solution operator)

148
S
 .z/ (dilated coupled Dirichlet solution

operator) 166
S# D f 
 2 C j jIm 
 j < #=2 g (horizontal

strip in C) 148
scale of Hilbert spaces 103
scale of order 2 associated withH 105
scaled graph-like manifold 291, 305
scaling rate of a vertex neighbourhood 27,

314
scattering amplitude associated with a vertex

space 93

scattering operator of a vertex condition 74
Schrödinger-type operator 376
sectorial form 98
sectorial operator 99
sectorial operator, maximally 99
self-loop 58
self-similar metric graphs 50
semi-conductor 11
sesquilinear form 98
sesquilinear form associated with a general

closed operator 112
sesquilinear form associated with an operator

99
sesquilinear form associated with an operator

in the generalised sence 113
sesquilinear form with symmetric domain 98
sesquilinear form, closed 98
sesquilinear form, sectorial 98
Sierpiński metric graph 50
simple graph 58
simple quantum graph 81
singular continuous spectrum 175
slowly decaying vertex volume 6, 29, 52,

293, 297, 329, 339, 342, 348, 371, 383
smooth flow 180
smooth manifold 262
Sobolev space 420
Sobolev space associated with a quantum

graph 71
Sobolev space of a metric graph, decoupled

70
Sobolev space of a metric graph, maximal 70
Sobolev trace estimate 317
solution of the Dirichlet problem, (weak)

122
solution operator, Dirichlet 118
solution operator, Neumann 118
�.A/ (spectrum of A) 98
spectral band 11, 47
spectral band edges 52
spectral distance 20
spectral engineering 15, 46, 52, 54
spectral gap 11, 46, 85
spectral relation 137
spectral relation for discrete and quantum

graphs 85
spectral smallness condition 29
spectral vertex neighbourhood condition 28
spectrum of an operator 98
spectrum, singular continuous 175
standard Laplacian 30, 73
standard vertex space 61
step function 391
strong solution of the Dirichlet problem 124
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strongly measurable 391
subdivision graph 65, 76

T

# < #0 (sectorial angles) 149
T 
 (compatibility operator for the complexly

dilated coupled operator) 171
terminal edge of a path 91
terminal vertex 58
terminal vertex of a path 92
theta-function 48, 94, 96
thick edge 356, 362
topological graph 69
topological sum 122, 420
total boundary 260
trace formula 94–96
transversal boundary 261, 291, 302, 303,

312, 314
transversal manifold 26, 302
transversal operator of a half-line boundary

triple 142
transversal quadratic form of a half-line

boundary triple 142
tubular neighbourhood, "re- 336

U

U 
 (unitary dilation operator on coupled
space) 158

U 
 (unitary dilation operator) 146
unbounded boundary triple 117
uniform global module of continuity 276
uniform graph 46
uniform graph-like space 46
unique continuation principle 178
unitary group generated by a flow 179
unoriented evaluation at a vertex 30, 70
unweighted boundary space of a quantum

graph 161

V

V (vertex space) 61
V mag;˛ (magnetic vertex space) 62
V max (maximal vertex space) 61
V min (minimal vertex space) 62
V ? (dual vertex space) 61

V p (standard weighted vertex space) 72
V p (weighted standard vertex space) 62
V std (standard vertex space) 61, 72
Vv (vertex space at v) 61
V max

v D C
Ev (maximal vertex space at v) 61

V (set of vertices of a graph) 58
vertex condition 12, 72
vertex condition, Dirichlet part of a 74
vertex condition, energy-dependent 87, 373
vertex condition, energy-independent 74
vertex condition, Neumann part of a 74
vertex condition, Robin part of a 74
vertex neighbourhood 26, 302
vertex neighbourhood scaling rate 314
vertex neighbourhood scaling, non-

homogeneous 328
vertex potentials 376
vertex space 57, 61
vertex space, continuous 61
vertex space, Dirichlet 62
vertex space, Kirchhoff 61
vertex space, magnetic (standard) 62
vertex space, maximal 61, 62
vertex space, minimal 62
vertex space, Neumann 62
vertex space, standard 61
vertex space, weighted standard 62
vertex volume, borderline case 6, 29, 50,

293, 299, 332, 339, 342, 352, 372, 384
vertex volume, fast decaying 6, 29, 49, 293,

322, 324, 339, 369, 379
vertex volume, slowly decaying 6, 29, 52,

293, 297, 329, 339, 342, 348, 371, 383
volX D voln X (volume of the n-dimensional

Riemannian manifold X 260

W

W 2 (domain of � 0 and LH for a boundary
triple) 117

W 2;dec (decoupled second order space) 153
W 2;
;N (domain of the complexly dilated

coupled operator) 164, 170
W 2;
;N (domain of the dilated coupled

operator) 159
VW 2 D ker� \ ker� 0 117
W 
;�1!1.z/ (resolvent difference for the

complexly dilated coupled boundary
triple) 173

W 
.z/, W 
;0!2.z/ (resolvent difference for
the complexly dilated coupled boundary
triple) 167
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WV .c/ (weight associated with the path c) 95
warped product 274, 394
warped product metric 274, 281
warped product, almost 394
weak solution 122
weak solution space 151
weakly measurable 391
weight associated with a path 95
weight of an edge 59
weighted boundary space of a quantum graph

161
weighted standard vertex space 62
Wentzell condition 31
Weyl-Titchmarsh function 122

X

X" (scaled graph-like manifold) 27, 291
Xe (edge neigbhourhood) 302
X";e (scaled edge neighbourhood) 27, 291,

304
Xv;e (collar neighbourhood of Xv) 303
X";v (scaled vertex neighbourhood) 27, 291,

304

KX";v (enlarged vertex neighbourhood) 343
XC

";v (scaled graph-like manifold associated
with a star-shaped graph 291

X�

";v (scaled vertex neighbourhood subset)
305

X";v;e (scaled collar neighbourhood of X";v)
305KX";v;e (truncated cone) 308, 342

Xv (vertex neighbourhood) 302
XC

v (star-shaped vertex neighbourhood) 302
X�

v (vertex neighbourhood subset) 303

Y

Y" (total scaled transversal manifold) 293
Ye (transversal manifold) 291, 302
Y";e (scaled transversal manifold) 293, 304

Z

Z D f: : : ;�2;�1; 0; 1; 2; : : : g 419
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